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Abstract
We present a theoretical analysis of a fictitious domain formulation of the Newtonian
cooling problem, motivated by applications in topology optimization. The method
reformulates the classical heat conductionmodelwithRobin-type boundary conditions
on a fixed computational domain using a so-called weak material approximation. In
this setting, the conductivity equals one in the solid subdomain�s and a small positive
parameter ε in the surrounding fictitious region. We derive a priori error estimates that
quantify the consistency error between the extended and original formulations and
prove that the solution restricted to �s converges to the true solution with an O(ε)

error in the H1(�s) norm. We further provide ε-dependent finite element (FE) error
estimates and show that for a mesh with characteristic size h, the condition number
of the FE systems scales as O(ε−1h−2). To address the ε-induced ill-conditioning,
we introduce a simple yet effective diagonal preconditioning strategy that removes
the ε-dependency from the condition number. Numerical experiments confirm the
theoretical convergence rate and demonstrate the effectiveness of the method. Thus,
this work provides a theoretical foundation for utilizing weakmaterial approximations
for boundary-effect-dominated problems, thereby extending existing analyses to cases
with Robin-type boundary conditions.
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1 Introduction

As the name suggests, numerical design optimization aims to find the best design, or
more precisely, the optimal distribution of material within a given domain � ⊂ R

d .
Throughout this article, we will refer to the material of interest as the solid and to the
domain it occupies as�s . In its most general form, the optimization allows topological
changes during the design process, which is why this approach is typically referred to
as topology optimization. Following the seminal work by Bendsøe and Kikuchi [1],
material distribution-based topology optimization has emerged as a powerful tool for
designing high-performance structures. In these methods, a material distribution coef-
ficient that enters the governing partial differential equations models the presence or
absence ofmaterial. Ideally, the optimization problem reduces to finding the character-
istic function of the optimal �s with respect to a given objective function. However,
in practice, one does not search for a 0–1 function. Instead, the coefficient field is
allowed to attain values in a continuum to enable gradient-based optimization, and the
lower bound is modified to a small strict positive number ε to avoid singularities of the
governing equations. From a computational perspective, the governing equations are
typically discretized using the finite element method, with the coefficient field repre-
sented as an element-wise constant function. As the primary focus of this work is not
on the optimization process itself, we note that many well-established techniques exist
for obtaining high-quality designs and refer the interested reader to the comprehensive
treatment in Bendsøe and Sigmund’s monograph [2].

This modeling approach naturally leads to what is known as the weak material
approximation. In particular, when the coefficient field takes the value ε in regions
outside the solid, the governing equation becomes equivalent to that obtained using
a classical fictitious domain method. The fictitious domain method was first intro-
duced by Saul’ev [3] to solve second-order elliptic problems, such as the Poisson and
Helmholtz equations, as well as the equations of linear elasticity. The relationship
between the original equation and its fictitious domain counterpart has been analyzed
for scalar elliptic problems with natural (Neumann) boundary conditions on ∂�s \∂�,
the interior boundary of the extended domain [4–8]. These studies demonstrate that
the weak material approximation introduces an O(ε) error—typically measured in a
problem-specific norm—between an extended version of the original problem and the
weak material approximated problem in �. Meanwhile, in this study, we show that
the convergence rate of the weak material solution for the Newtonian cooling problem
exhibits an O(ε) error that was measured in H1-norm on �s .

While much of the existing analysis focuses on scalar elliptic problems with nat-
ural boundary conditions, material distribution methods have also been successfully
applied to a broader class of problems. Originally developed for linear elasticity, these
methods were designed to maximize the stiffness of mechanical components subject
to material constraints. Over the past decades, the topology optimization commu-
nity has devoted considerable effort to extending the material distribution methods to
other physical domains. Recent reviews [9–12] highlight the growing interest in apply-
ing topology optimization to complex multiphysics settings, including fluid–structure
interaction, additive manufacturing, and fracture resistance. Our interest lies in an
extension that addresses problems where boundary effects play a significant role [13].
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This extension enables the solution to topology optimization problems, where the
boundary condition at the ∂�s \ ∂� is of Robin or Wentzell type.

Motivated by this extension, we recently explored its application to the design of
heat sinks, where boundary effects play a central role. In particular, we considered a
simplifiedmodel of the governing thermal–fluid system based on the Poisson equation
with a Newtonian cooling boundary condition. In the present work, we step back from
the optimization context to examine themathematical foundations of theweakmaterial
approximation in this setting. Specifically, we study the fictitious domain formulation
that arises when applying the weak material approximation to a problem with Robin-
type boundary conditions. We establish that the weak material approximation yields a
solution that converges to the true solution in �s with an O(ε) error measured in the
standard H1(�s) norm. These findings provide rigorous theoretical support for the
continued use of the weak material approximation in problems involving Robin-type
boundary conditions.

Finally, we show that the condition number of the standard FE system associated
with theweakmaterial approximation scales as O(ε−1h−2), which limits themethod’s
practical utility. By introducing a simple preconditioner, we remove the ε-dependence
from the conditioning.

2 Preliminaries

Let d ∈ {2, 3} and � ⊂ R
d be a bounded domain with strictly positive measure

and Lipschitz boundary ∂�, and let � be an open and connected subset of ∂� with
strictly positive measure. We denote by L2(�) the Sobolev space of square-integrable
functions on �, by H1(�) the Sobolev space of all functions on � in which each
function and all its partial derivatives are in L2(�), and by L2(�) the Sobolev space
of square integrable functions on �. The above spaces are Hilbert spaces with inner
products denoted (·, ·)L2(�), (·, ·)H1(�), and (·, ·)L2(�), and the corresponding norms
are denoted ‖·‖L2(�), ‖·‖H1(�), and ‖·‖L2(�), respectively. The H1(�) semi-norm is
|·|H1(�) = (‖·‖2H1(�)

− ‖·‖2L2(�)
)1/2. We will also use the fractional Sobolev space

H1/2(�) equipped with the norm

‖g‖2H1/2(�)
= ‖g‖2L2(�)

+
∫

�×�

|g(x) − g(y)|2
|x − y|d dx dy. (1)

Finally, we define the space H−1/2(�) of bounded linear functionals λ on functions
g ∈ H1/2(�). This space has the induced norm

‖λ‖H−1/2(�) = sup
g∈H1/2(�)\{0}

〈λ, g〉
‖g‖H1/2(�)

, (2)

where 〈λ, g〉 denotes the value of functional λ at g.
The trace T �u of a function u ∈ H1(�) generalizes the concept of restriction to

the boundary for smooth functions, so T �u = u|∂� if u is smooth. The trace of a
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Fig. 1 Illustration of the setup
for the base problem, the domain
�s receives a constant heat flux
through the boundary �q and is
subject to convective cooling
through the interface �s

Γ s

Ωs

Γ q

q

n

function in H1(�) lies in the fractional Sobolev space H1/2(∂�). It can be shown that
T � is a continuous bounded linear operator from H1(�) to H1/2(∂�). That is, there
is a constant C�

T such that (cf. [14, Theorem 6.58])

∥∥T �u
∥∥
H1/2(∂�)

≤ C�
T ‖u‖H1(�) ∀u ∈ H1(�). (3)

We also define the trace T �
� of a measurable subset � of ∂� by T �

� u = (T �u)
∣∣
�
.

Note that inequality (3) also holds with ∂� replaced by � since ‖·‖� ≤ ‖·‖∂�.
The inverse trace theorem [14, Theorem6.58] ensures the existence of a (not unique)

linear extension operator that is a right inverse of T �
� . Hackbusch [14] does however

not discuss the non-uniqueness issue. Here, we will use the minimum-norm extension,
which we here denote by X�

� . More precisely, given g ∈ H1/2(�), we define X�
� g =

u, where u ∈ H1(�) satisfies T �
� u ≡ g and ‖u‖H1(�) ≤ ‖v‖H1(�) for all v ∈ H1(�)

satisfying T �
� v = g. There is a constant C�

X ,�
such that

∥∥X�
� g

∥∥
H1(�)

≤ C�
X ,� ‖g‖H1/2(�) ∀g ∈ H1/2(�). (4)

3 The base problem

We start by considering steady heat conduction in the domain �s ⊂ R
d , depicted

in Figure 1. We assume that �s holds a solid heat-conducting material with relative
conductivity κ1 = 1. We assume that the domain receives a constant incoming heat
flux through �q . Moreover, we assume that along the interface �s , �s is cooled by
a fluid, which maintains a constant temperature u∗

f . Here, we make a Newtonian
cooling assumption, which simplifies the thermal-fluid heat flux by approximating the
interface heat flux as

qs(u) = hc(u − u∗
f ), (5)

where hc is the convective heat transfer coefficient, and u is the solid’s temperature. For
simplicity, we henceforth assume that u∗

f = 0 and hc = 1. The boundary segments
�q and �s are both open and connected with strictly positive measure and satisfy
�q ∪ �s = ∂�s and �q ∩ �s = ∅. That is, we are interested in studying the following
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model problem:
−∇ · ∇u = 0 in �s ,

−∇u · n = q on �q ,

−∇u · n = u on �s ,

(6)

where q is the incoming heat flux through the boundary �q , and n is an outward-
pointing normal vector.

The variational form of problem (6) is:

Find u ∈ H1(�s) such that: as(u, v) = �(v) ∀v ∈ H1(�s), (7)

where

as(u, v) = (∇u,∇v)L2(�s )
+

(
T �s

�s
u, T �s

�s
v
)
L2(�s )

, (8)

�(v) = −(q, v)L2(�q ). (9)

By using Cauchy–Schwarz inequality and trace inequality (3), we bound the bilinear
form as as

|as(u, v)| ≤
(
1 +

(
C�s
T

)2) ‖u‖H1(�s )
‖v‖H1(�s )

∀u, v ∈ H1(�s).

Similarly, given that q ∈ H−1/2(�q), we have the following bound for the linear form
�

|�(v)| ≤ ‖q‖H−1/2(�q ) C
�s
T ‖v‖H1(�s )

∀v ∈ H1(�s).

The following lemma shows that as is coercive, and thus by the Lax–Milgram theorem,
there exists a unique solution to problem (7).

Lemma 1 The form as is coercive. That is, there exists a constant Cc > 0 such that

as(u, u) = |u|2H1(�s )
+

∥∥∥T �s
�s

u
∥∥∥2
L2(�s )

≥ Cc ‖u‖2H1(�s )
∀u ∈ H1(�s). (10)

Proof If there is noCc > 0 such that inequality (10) holds, then the infimumof as(u, u)

taken over the unit sphere in H1(�s) must be zero, since as(u, u) ≥ 0 for all u. In
this case, there exists a sequence {un}n with un ∈ H1(�s) such that ‖un‖H1(�s)

= 1
for all n ∈ N and as(un, un) → 0 as n → ∞. A direct consequence of this is that

‖un‖L2(�s)
→ 1 and

∥∥∥T �s
�s

un
∥∥∥
L2(�s )

→ 0 as n → ∞.

Since {un}n is uniformly bounded in H1(�s) there is a limit element u∗ ∈ H1(�s)

and a subsequence, still denoted {un}n , such that {un}n converges weakly to u∗ in
H1(�s). Since, H1(�s) is compactly embedded in L2(�s) and H1/2(�s) is compactly
embedded in L2(�s), there exists a subsequence, again denoted {un}n , such that {un}n
converges strongly to u∗ in L2(�s), and {T �s

�s
un}n , converges strongly to T �s

�s
u∗ in
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Fig. 2 Arbitrary hold-all
domain �

Γ N

Γ s

Ωf

Ωs

Γ q

q

n

n

L2(�s). A direct consequence of the strong convergences is that ‖u∗‖L2(�s)
= 1 and∥∥∥T �s

�s
u∗

∥∥∥
L2(�s )

= 0.

Using that the semi-norm is (sequentially) weakly lower-semicontinuous, yields

∣∣u∗∣∣2
H1(�s)

≤ lim inf
n→∞ |un|2H1(�s )

≤ lim inf
n→∞ as(un, un) = 0. (11)

Thus |u∗|H1(�s )
= ‖∇u∗‖L2(�s)

= 0, which together with
∥∥∥T �s

�s
u∗

∥∥∥
L2(�s )

= 0 imply

that ∇u∗ ≡ 0 in �s and T �s
�s

u∗ ≡ 0 on �s , which together ensures that u∗ ≡ 0 on �s .
This contradicts ‖u∗‖L2(�s )

= 1, so there is a Cc > 0 so inequality (10) holds. ��

4 The extended problem

Our interest here is to study the so-called weak material approximation, which is
routinely applied in the context of topology optimization. More precisely, variational
problem (7) is modified to be defined using a so-called hold-all domain�with bound-
ary ∂� = �N ∪ �q as illustrated in Figure 2. Moreover, we define � f = � \ �s .
Hence, ∂� f = �N ∪ �s , where �N ∩ �s = ∅ and ∂�s ∩ ∂� f = �s .

We let
a f (u, v) = (∇u,∇v)L2(� f )

, (12)

and, for each ε > 0, define the variational problem:

Find u ∈ H1(�) such that: aε(u, v) = �(v), ∀v ∈ H1(�), (13)

where
aε(u, v) = as(u, v) + εa f (u, v). (14)

Note that, if we allow ε = 0, then problem (13) reduces to problem (7) in �s and
leaves u undefined in � f .

For each ε > 0, existence and uniqueness of a solution to problem (13) is proven
analogously to the uniqueness of a solution to problem (7). The coercivity constant
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for aε , however, depends on ε. To bound the consistency error below, we will use the
following ε-dependent estimate.

Lemma 2 Let u ∈ H1(�), then

‖u‖H1(�s )
≤ 1

C1/2
c

sup
v∈H1(�)\{0}

aε(u, v)

aε(v, v)1/2
. (15)

Proof The inequality trivially holds for u ≡ 0. For u ∈ H1(�) \ {0}, we have, by
Lemma 1 that

‖u‖H1(�s )
≤ 1

C1/2
c

as(u, u)1/2 ≤ 1

C1/2
c

aε(u, u)1/2 ≤ 1

C1/2
c

sup
v∈H1(�)\{0}

aε(u, v)

aε(v, v)1/2
,

(16)
where the last inequality follows from Cauchy–Schwarz inequality and the coercivity
of aε , ensuring aε(v, v) > 0 for v ∈ H1(�) \ {0} . ��

5 Relation between the base and extended problem

We are interested in detailing the difference between the solution us to problem (7)
and the solution uε to problem (13) restricted to �s . To do this, we will also consider
the following modified variational problem.

Find u ∈ H1(�) such that: aε(u, v) = �(v), ∀v ∈ V, (17)

where
V =

{
u ∈ L2(�) | u|�s ∈ H1(�s), u|� f ∈ U0

}
, (18)

in which
U0 =

{
u ∈ H1(� f ) | T � f

�s
u ≡ 0

}
. (19)

Lemma 3 Let ε > 0, us solve problem (7), define U f = {u ∈ H1(� f ) | T � f
�s

u =
T �s

�s
us}, and let u f solve the following variational problem.

Find u ∈ U f such that: a f (u, v) = 0, ∀v ∈ U0. (20)

Thenw ∈ H1(�) solves problem (17) if and only if,w|�s ≡ us in�s andw|� f = u f .

Proof First, note that w defined by w|�s ≡ us and w|� f ≡ u f is in H1(�s ∪ � f )

and has no jump over �s = ∂�s ∩ ∂� f , so w ∈ H1(�). Moreover, for any v ∈ V , we
have that aε(w, v) = as(w, v) + εa f (w, v) = as(us, v|�s ) + εa f (u f , v|� f ) = �(v)

so w solves problem (17).
Let w ∈ H1(�) solve problem (17), then by considering only test functions v that

vanish in � f , we recover problem (7), so w|�s ≡ us . Moreover, w ∈ H1(�), so

T � f
�s

w ≡ T �s
�s

w = T �s
�s

us , thus, by only considering test functions v that vanish in
�s , we recover problem (20), and we conclude w|� f ≡ u f . ��
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Note that variational problem (20) corresponds to the following partial differential
equation

−∇ · ∇u = 0 in � f ,

u = us on �s ,

−∇u · n = 0 on �N ,

(21)

whereus solves governing equation (6). For completeness,we remark that the extended
variational problem (13) corresponds to the following partial differential equation:

−∇ · (κ∇u) = 0 in �s ∪ � f ,

− (κ∇u) · n = q on �q ,

�u� = 0 on �s ,

− �(κ∇u) · n� = u on �s ,

− (κ∇u) · n = 0 on �N ,

(22)

where κ ≡ 1 in �s and κ ≡ ε in � f , n is an outward-pointing normal vector with
respect to �s on �s and �q , and with respect to � f on �N , and �·� denotes the jump
over �s—that is �·� = ·|�s − ·|� f .

6 Consistency error for small �

In this section,weprove that the solutionuε to problem (13) restricted to�s approaches
the solution us to problem (7) as ε → 0.

By comparing problem (17) to problem (13) or alternatively (6) and (21) to prob-
lem (22), one can notice that a key difference is in the boundary conditions at �s . This
motivates examining what happens on this boundary more closely. Formally, multi-
plying the normal derivative of the solution u f to problem (21) with a sufficiently
smooth function v, and integrating over �s yields

∫
�s

v
∂u f

∂n
=

∫
∂� f

v
∂u f

∂n
=

∫
� f

∇ · (v∇u f )

=
∫

� f

∇v · ∇u f +
∫

� f

v ∇ · ∇u f︸ ︷︷ ︸
0

= a f (u f , v).
(23)

The above computation assumes the existence of a classical solution u f to prob-
lem (21). Here we will use it as a motivation to the following definition of a
generalization of the normal derivative on �s .

Definition 4 For any u ∈ H1(�), we define the functional ∂nu by the pairing

〈∂nu, g〉 = a f

(
u,X� f

�s
g
)

, ∀g ∈ H1/2(�s). (24)
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Lemma 5 The functionals ∂nu are bounded in the sense that

‖∂nu‖H−1/2(�s )
≤ C

� f

X ,�s
‖u‖H1(� f )

(25)

holds for all u ∈ H1(�).

Proof Let g ∈ H1/2(�s)\ {0} be arbitrary. By using definition (24), Cauchy–Schwarz
inequality, and inequality (4), we find that

〈∂nu, g〉 = a f (u,X� f
�s

g) ≤ ‖u‖H1(� f )

∥∥∥X� f
�s

g
∥∥∥
H1(� f )

≤ C
� f

X ,�s
‖u‖H1(� f )

‖g‖H1/2(�s )
.

(26)
The desired result follows from dividing the above inequality by ‖g‖H1/2(�s )

. ��
Lemma 6 Let w be the solution to problem (17), then

‖∂nw‖H−1/2(�s )
≤ C

� f

X ,�s
CapC

�s
T ‖w‖H1(�s)

, (27)

where Cap > 0 is a constant.

Proof By Lemma 3, we have w|�s ≡ us in �s and w|� f = u f , where us solves
problem (7) and u f solves problem (20). Moreover, u f solves Laplace’s equation
with Dirichlet data us on �s , so we can use a standard a priori estimate (a consequence
of the trace theorem and the Lax–Milgram theorem)

∥∥u f
∥∥
H1(� f )

≤ Cap ‖us‖H1/2(�s )
, (28)

where Cap > 0 is a constant. Combining this with the results of Lemma 5 and a trace
inequality (3) yields the desired result. ��
Theorem 7 Let us and uε solve problems (7) and (13), respectively. Then

‖us − uε‖H1(�s )
≤

(
C�s
T

)2
C

� f

X ,�s
Cap

Cc
ε ‖us‖H1(�s )

. (29)

Proof Let w be the solution to problem (17). By Lemma 3, w|�s ≡ us in �s . For any
v ∈ H1(�), we have that aε(uε, v) = �(v) and

aε(w, v) = as(w, v) + εa f (w, v) = as(w, v) + εa f (w, v − X� f
�s

T � f
�s

v + X� f
�s

T � f
�s

v)

= as(w, v) + εa f (w, v − X� f
�s

T � f
�s

v︸ ︷︷ ︸
∈U0

) + εa f (w,X� f
�s

T � f
�s

v)

= �(v) + εa f (w,X� f
�s

T � f
�s

v) = �(v) + ε
〈
∂nw,T � f

�s
v
〉
.

(30)
Thus

aε(w − uε, v) = ε
〈
∂nw, T � f

�s
v
〉
. (31)
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Moreover, by using trace inequality (3) and the coercivity (10) of as , we find that

∥∥∥T �s
�s

v

∥∥∥
H1/2(�s )

≤ C�s
T ‖v‖H1(�s )

≤ C�s
T

C1/2
c

as(v, v)1/2 ≤ C�s
T

C1/2
c

aε(v, v)1/2 ∀v ∈ H1(�).

(32)

where the last inequality follows from that as(v, v) + ε |v|2
H1(� f )

= aε(v, v). Then,

by using Lemma 2, identity (31), inequality (32), and Lemma 6, we obtain that

‖w − uε‖H1(�s )
≤ 1

C1/2
c

sup
v∈H1(�)\{0}

aε(w − uε, v)

aε(v, v)1/2
≤ C�s

T
Cc

sup
v∈H1(�)\{0}

ε
〈
∂nw,T � f

�s
v
〉

∥∥∥T �s
�s

v

∥∥∥
H1/2(�s )

≤
(
C�s
T

)2
C

� f

X ,�s
Cap

Cc
ε ‖w‖H1(�s )

.

(33)
Since w|�s ≡ us , we have arrived at our desired result. ��

7 Discretization, accuracy, and conditioning

To avoid domain approximations in the analysis below, we assume that� is polyhedral
and Lipschitz—in practice, the hold-all domain� is typically a hyperrectangle. More-
over, we assume that �s is sufficiently smooth so that the solution uε to problem (13)
satisfies uε |�s ∈ H2(�s) and uε |� f ∈ H2(� f ). We use the finite element method to
solve variational problem (13). We thus introduce a family of triangulations {Th}h>0
of �, such that the diameter of every element in Th is bounded by h diam(�). That
is, h is the relative element mesh size. We assume that for each h and every K ∈ Th ,
either K ⊂ �s or K ⊂ � f . Next, we introduce the finite element spaces {Vh}h>0
corresponding to {Th}h>0. For each element K , we let hK and ρK denote the radii of
the smallest ball containing K and the largest ball inscribed in K , respectively. Here,
we use Lagrangian elements of order p, and letNh(ω) denote the set of nodal indices
associated with nodes in ω ⊆ �. We denote the standard Lagrangian basis functions
by ϕi , i = 1, 2, . . . , N . Thus, any function vh ∈ Vh can be expanded as

vh(x) =
∑

i∈Nh(�)

viϕi (x) =
N∑
i=1

viϕi (x), (34)

and we define v = (v1, v2, . . . , vN )T to be the column vector holding the nodal values
of vh .Moreover, we assume that the nodes are sorted so thatNh(�s) = {1, 2, . . . , Ns}.
Consequently, v = (vTs , vTe )T , where vs holds the nodes used in a finite element dis-
cretization of our base problem (7) cast on �s and ve holds the extra nodes associated
with the extension used by the weak material approximation.
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7.1 Approximation properties inÄs

Let uε denote the solution to problem (13) and uε,h its Galerkin approximation. To
bound the numerical error

∥∥us − uε,h
∥∥
H1(�s )

, we need a finite element approximation
result for uε . We recall the standard interpolation estimate [15, Theorem 4.4.4] for
functions in Vh : for each 0 ≤ m ≤ p there exists a constant C�,m,x such that

‖v − �hv‖H1(�x )
≤ C�,m,xh

m ‖v‖H1+m (�x )
, (35)

where �h is the standard nodal interpolant and x is either s or f . We introduce the
energy norm associated with the bilinear form aε

‖v‖2aε
= ‖∇v‖2L2(�s )

+ ‖v‖2L2(�s )
+ ε ‖∇v‖2L2(� f )

. (36)

In this norm, aε is coercive and bounded with continuity and coercivity constants
both equal to 1, so by combining Lemma 1, Cea’s lemma, trace inequality (3), and
interpolation estimate (35), we obtain

∥∥uε − uε,h
∥∥2
H1(�s)

≤ C−1
c

∥∥uε − uε,h
∥∥2
aε

≤ C−1
c inf

vh∈Vh

‖uε − vh‖2aε

≤ C−1
c

((
1 + (

C�s
T

)2) ‖uε − �huε‖2H1(�s )
+ ε ‖uε − �huε‖2H1(� f )

)

≤ C−1
c

((
1 + (

C�s
T

)2)
C2

�,m,sh
2m ‖uε‖2H1+m (�s )

+ εC2
�,m, f h

2m ‖uε‖2H1+m (� f )

)
.

(37)
In particular, for polynomial order p = 1 and choosing m = 1, there exists a constant
Ce > 0 such that

∥∥uε − uε,h
∥∥
H1(�s )

≤ Ce

(
h ‖uε‖H2(�s )

+ √
εh ‖uε‖H2(� f )

)
. (38)

Next, we stress that uε |� f solves Laplace’s equation with boundary data equal to its
trace on �s and with zero Neumann data on �N . By combining a standard elliptic
regularity estimate and a standard trace theorem [14, Theorem 6.5.8], we obtain

‖uε‖H2(� f )
≤ Cext ‖uε‖H3/2(�s )

≤ CextCtr ‖uε‖H2(�s )
. (39)

Combining this with the results from Theorem 7, we deduce that

∥∥us − uε,h
∥∥
H1(�s )

≤ ‖us − uε‖H1(�s )
+ ∥∥uε − uε,h

∥∥
H1(�s )

≤ C1ε ‖us‖H1(�s )
+ C2h ‖uε‖H2(�s )

+ C3
√

εh ‖uε‖H2(�s )
.

(40)
for some constants C1 > 0, C2 > 0, and C3 > 0. We remark that in addition to the
consistency error, we have two additional error terms, one O(h) term, consistent with
standard finite element error estimates, and one O(

√
εh) term, which could dominate

over the consistency error unless h is sufficiently small.
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7.2 Conditioning of the discrete system

For a given triangulation Th , a finite element discretization of problem (13) yields the
linear equation system

K εu = f , (41)

where u contains the nodal values of solution uε,h , and the N × N matrix K ε and
N × 1 vector f have entries

kε,i j = (∇ϕi ,∇ϕ j )L2(�s )
+ (ϕi , ϕ j )L2(�s )

+ ε(∇ϕi ,∇ϕ j )L2(� f )
,

f j = −(q, ϕ j )L2(�q ).
(42)

For any ε > 0, thematrix K ε is symmetric and positive definite. The spectral condition
number of K ε is given by

κ(K ε) =
max
u �=0

R(K ε, u)

min
u �=0

R(K ε, u)
(43)

where the Rayleigh quotient is defined by R(K ε, u) = uT K εu/uT u. Below, we will
study the condition number under the assumption that themesh family is quasi-uniform
and non-degenerate. That is, there exist constants CQ > 0 and Cρ > 0, such that

hK ≥ CQh ∀K ∈ Th and ρK ≥ Cρh ∀K ∈ Th . (44)

To study the conditioning, we need to relate the H1 and L2 norms of the finite
element function vh and the 2-norm of the coefficient vector v. Here we will use the
following standard element-level estimates.

Lemma 8 There exist constants C1 and C2 such that for any vh ∈ Vh and K ∈ Th

‖∇vh‖2L2(K )
≤ C1h

−2
K ‖vh‖2L2(K )

, (45)

and
‖vh‖2L2(∂K )

≤ C2h
−1
K ‖vh‖2L2(K )

. (46)

The inverse inequality (45) appears as Lemma 4.5.3 in Brenner and Scott’s mono-
graph [15]. The boundary estimate (46) follows from a standard trace inequality [15,
Theorem 1.5.1], inverse inequality (45), and a scaling argument. We also need the fol-
lowing relation between the norm of a function vh ∈ Vh and the norm of its coefficient
vector v (Proposition 6.3.1. in Quarteroni and Vialli’s monograph [16]):

Lemma 9 There exist constants cD and CD such that for each vh ∈ Vh

cDh
d ‖v‖22 ≤ ‖vh‖2L2(�)

≤ CDh
d ‖v‖22 , (47)

where ‖v‖2 is the 2-norm of the coefficient vector v.
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Theorem 10 For all ε ∈ (0, 1], κ(K ε) ≤ Cε−1h−2 for some constant C > 0.

Proof Let u �= 0 be arbitrary, and let uh ∈ Vh denote the finite element function with
coefficient vector u. Then, a direct calculation using that uh is continuous, inverse
inequalities (45)–(46), and norm equivalence (47), yields the following upper bound.

uT K εu = aε(uh, uh) = |uh |2H1(�s )
+

∥∥∥T �s
�s

uh
∥∥∥2
L2(�s )

+ ε |uh |2H1(� f )

≤
∑
K∈Th

(
‖∇uh‖2L2(K )

+ ‖uh‖2L2(∂K )

)
≤

∑
K∈Th

(
C1h

−2
K + C2h

−1
K

)
‖uh‖2L2(K )

≤ (C1 + C2)C
−2
Q h−2 ‖uh‖2L2(�)

≤ (C1 + C2)C
−2
Q CDh

dh−2 ‖u‖22 .

(48)
For the lower bound, we use that

uT K εu = aε(uh, uh) ≥ ε

(
|uh |2H1(�s )

+
∥∥∥T �s

�s
uh

∥∥∥2
L2(�s )

+ |uh |2H1(� f )

)
(49)

By applying the same arguments as in the proof of Lemma 1, we establish the existence
of the constant C̃c > 0 such that the sum in parenthesis on the right-hand side above
can by bounded by C̃c ‖uh‖2H1�

. By using this and the norm equivalence (47), we
obtain

uT K εu ≥ εC̃c ‖uh‖2H1(�)
≥ εC̃c ‖uh‖2L2(�)

≥ εC̃ccDh
d ‖u‖22 . (50)

By combining the upper and lower bounds on the Rayleigh quotient obtained by
dividing the above inequalities by ‖u‖22, we conclude that

κ(K ε) ≤ (C1 + C2)CD

C̃cC2
QcD

ε−1h−2. (51)

��

7.3 A Preconditioning Strategy for the Extended System

The condition number for K ε deteriorates proportionally to ε−1. Here, we examine a
simple yet effective diagonal scaling that yields an ε-independent condition number.
Let Eε be the diagonal matrix with entries ei = 1 for i = 1, 2, . . . , Ns , and ei = √

ε

for i = Ns+1, . . . , N . Below, we study the conditioning of the preconditioned system
matrix K̃ ε = E−1

ε K εE−1
ε . First, for an arbitrary u �= 0, we define ũ = E−1

ε u, and let
uh and ũh be the elements in Vh with coefficient vectors u and ũ, respectively. That
is,

ũh =
∑

i∈Nh(�)

ũiϕi =
∑

i∈Nh(�s )

uiϕi +
∑

i∈Nh(�s )

uiϕi +
∑

i∈Nh(� f )

ε−1/2uiϕi . (52)
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By construction, ũh = uh in �s and on �s . However, there is no simple scaling
between uh and ũh in � f , as the basis functions with nodes on �s are not scaled by√

ε. To prove the condition number estimate for K̃ ε , we need the following lemmas.

Lemma 11 Let ε ∈ (0, 1], and uh and ũh be elements in Vh whose coefficient vectors
are related by ũ = E−1

ε u, then ε |̃uh |2H1(� f )
≤ 4C1C

−2
Q CDh−2hd ‖u‖22.

Proof Let K ∈ Th be such that K ⊂ � f . First, we note that

ε |̃uh |2H1(K )
=

∣∣∣uh − ε1/2ũh − uh
∣∣∣2
H1(K )

≤ 2

(∣∣∣uh − ε1/2ũh
∣∣∣2
H1(K )

+ |uh |2H1(K )

)

≤ 2C1h
−2
K

⎛
⎜⎝

∥∥∥∥∥∥
∑

i∈Nh(�s )

ui

∥∥∥∥∥∥
2

L2(K )

+ ‖uh‖2L2(K )

⎞
⎟⎠ ,

(53)
where the final step uses inverse inequality (45). By summing over all elements and
applying Lemma 8 and that the mesh is quasi-uniform, we arrive at

ε |̃uh |2H1(� f )
≤ 2C1C

−2
Q CDh

−2hd
(∥∥u�s

∥∥2
2 + ‖u‖22

)
≤ 4C1C

−2
Q CDh

−2hd ‖u‖22 ,

(54)
where u�s is the coefficient vector of the function

∑
i∈Nh(�s )

uiϕi . ��

Lemma 12 For any boundary-node function vh = ∑
i∈Nh(�s )

viϕi , it holds |vh |2H1(� f )

≤ CT Lh−1 ‖vh‖2L2(�s )
.

Proof On each element K ⊂ � f with ∂K ∩ �s �= ∅, we have that |vh |H1(K ) =
‖vh‖2L2(�s∩∂K )

= 0 only if vh ≡ 0, so both these norms are indeed norms on the space
span{ϕi }i∈Nh(�s ). Due to norm equivalence and a scaling argument, we conclude that
there exists a constant Cr > 0 such that

|vh |2H1(� f ∩K )
≤ Crh

−1
K ‖vh‖2L2(�s∩∂K )

. (55)

The desired inequality follows from summing over all elements and using that h−1
K ≤

C−1
Q h−1 for all K . ��

Theorem 13 For all sufficiently small ε, the condition number of K̃ ε is bounded by
Ch−2 for some ε-independent constant C > 0.

Proof For the upper bound, we use the definition of K̃ ε and inequalities (48) and (54).

uT K̃ εu = ũT K ε ũ = aε (̃uh, ũh) = |̃uh |2H1(�s )
+

∥∥∥T �s
�s

ũh
∥∥∥2
L2(�s )

+ ε |̃uh |2H1(� f )

≤ (5C1 + C2)C
−2
Q CDh

dh−2 ‖u‖22 .

(56)
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For the lower bound, we start by writing uh |� f = u�s
h + ueh , where u�s

h =∑
i∈Nh(�s )

uiϕi and ueh = ∑
i∈Nh(� f )

uiϕi , and note that ũh |� f = u�s
h + ε−1/2ueh .

By using this decomposition, Cauchy–Schwarz inequality, Young’s inequality, and
the discrete trace lifting from Lemma 12, we estimate

ε |̃uh |2
H1(� f )

= ε

∣∣∣u�s
h

∣∣∣2
H1(� f )

+ 2
√

ε
(
∇u�s

h , ∇ueh

)
L2(� f )

+ ∣∣ueh
∣∣2
H1(� f )

≥ ε

∥∥∥∇u�s
h

∥∥∥2
L2(� f )

− 2
√

ε

∥∥∥∇u�s
h

∥∥∥
L2(� f )

∥∥∇ueh
∥∥
L2(� f )

+ ∥∥∇ueh
∥∥2
L2(� f )

≥ ε

∥∥∥∇u�s
h

∥∥∥2
L2(� f )

− 2ε
∥∥∥∇u�s

h

∥∥∥2
L2(� f )

− 1

2

∥∥∇ueh
∥∥2
L2(� f )

+ ∥∥∇ueh
∥∥2
L2(� f )

≥ 1

2

∥∥∇ueh
∥∥2
L2(� f )

− εCT Lh
−1 ‖uh‖2

L2(�s )
.

(57)
Moreover, since ueh is zero on �s , we can use a standard Poincare–Friedrichs type
inequality to bound

∥∥∇ueh
∥∥
L2(� f )

≥ C−1
PF

∥∥ueh
∥∥
L2(� f )

. So, for ε ≤ h/2CT L , we have
that

uT K̃ εu = aε (̃uh, ũh) ≥ |uh |2H1(�s )
+ 1

2

∥∥∥T �s
�s

uh
∥∥∥2
L2(�s )

+ 1

2

∣∣ueh
∣∣2
H1(� f )

≥ Cc

2
|uh |2L2(�s)

+ C−1
PF

2

∣∣ueh
∣∣2
L2(� f )

≥ min{Cc,C
−1
PF }

2
cDh

d
(
‖us‖22 + ‖ue‖22

)
= min{Cc,C

−1
PF }

2
cDh

d ‖u‖22 ,

(58)
where the last equality follows from the decomposition u = (uTs , uTe )T . By combining
the upper and lower bounds on the Rayleigh quotient obtained by dividing the above
inequalities by ‖u‖22, we conclude that

κ(K̃ ε) ≤ 2(5C1 + C2)CD

min{Cc,C
−1
PF }C2

QcD
h−2. (59)

��

In topology optimization, each finite element Ki may carry its own relative ther-
mal conductivity κi ∈ [ε, 1], and effective computations as ε → 0 require dedicated
preconditioning strategies. Nguyen et al. [17] introduced a more sophisticated pre-
conditioner tailored such weak material regimes, although their analysis focuses on a
problem with natural boundary conditions. We expect that the same approach can be
adapted to the present setting with Robin-type boundary conditions. Alternatively, the
case ε = 0 can also be handled by constructing an appropriate pseudoinverse of the
system matrix [18], again originally developed for natural boundary conditions, but
likely applicable here as well.
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Fig. 3 Geometry for the
conductive heat sink
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8 Numerical experiments and discussion

In this section, we present numerical experiments to validate the a priori error estimates
for the solution uε of the fictitious domain formulation of the Newtonian cooling prob-
lem, in comparison with the reference solution us described in the previous section.
In addition to the H1 error discussed in the previous section, we also investigate the
L2 error. Fig. 3 presents the geometry and setup of the numerical experiment used in
this study. More precisely, we consider a two-dimensional square domain � with side
length L = 1 and the prescribed constant heat flux q = −1 applied on the boundary
segment �q , which spans 10% of the bottom side of �, centered at its midpoint. The
solid region �s is a simplified conventional l × l heat-sink with five equidistant fins
of thickness 2r , where l = 0.9L and r = 0.5(L − l). The heat-sink is then connected
to the input heat flux interface �q via a connecting section with height r .

The numerical experiments were carried out using open-source software tools.
First, the design’s geometry was created in FreeCAD1 1.0.1. After that, the geom-
etry was meshed using Gmsh2 4.15.0 [19]. Finally, the Newtonian cooling problem
was solved using the FEniCS 0.10.0 computing platform3, which provides a finite
element framework to solve partial differential equations (PDEs). FEniCS combines
DOLFINx 0.10.0 [20], Basix 0.10.0 [21, 22], andUFL 2025.2.0 [23] to enable efficient
formulation and solution of variational problems.

The Newtonian cooling problem was solved using linear Lagrange (P1) elements
with various maximum mesh sizes hmax, configured in Gmsh. In Gmsh, hmax is
adjusted through two approaches: either an explicit refinement or a regular refine-
ment method. In the explicit refinement method, hmax value is set explicitly through
the maximum mesh element size variable “Mesh.MeshSizeMax” in the Gmsh

1 https://freecad.org/
2 https://gmsh.info/
3 https://fenicsproject.org/
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Fig. 4 The reference solution us
with hs,max = 2−12

0 0.07 0.14
us

Table 1 Numerical ε-convergence orders on a fixed mesh with hmax = 2−11 generated by regular refine-
ment

ε 2−1 2−2 2−3 2−4 2−5 2−6 2−7 2−8 2−9 2−10

L2 conv. order 0.47 0.56 0.66 0.76 0.84 0.90 0.94 0.97 0.98 0.98

H1 conv. order 0.47 0.56 0.66 0.76 0.84 0.90 0.94 0.97 0.98 0.98

ε 2−11 2−12 2−13 2−14 2−15 2−16 2−17 2−18 2−19 2−20

L2 conv. order 0.98 0.97 0.94 0.87 0.74 0.54 0.33 0.17 0.08 0.04

H1 conv. order 0.98 0.97 0.94 0.87 0.74 0.54 0.33 0.17 0.08 0.04

“.geo” script file. In contrast, the regular refinement approach uses the Gmsh func-
tion “Refine by splitting”, which reduces hmax by half by subdividing each
triangle into four smaller elements.

The consistency errors were verified using both refinement approaches. The ref-
erence solution us was obtained by solving the base problem on �s with maximum
mesh element size hs,max = 2−12 as shown in Fig. 4.

Meanwhile, the numerical solution uε,h was obtained by solving the extended prob-
lem on � for a sequence of maximum mesh sizes hmax ∈ {

2−11, 2−10, . . . , 2−4
}
and

ε ∈ {
2−20, 2−19, . . . , 20

}
. Fig. 5 illustrates the numerical solution uε,h and the error∣∣us − uε,h

∣∣ for ε ∈ {20, 2−10, 2−20}with mesh size hmax = 2−4. Additionally, Figs. 6
and 7 show the solutions and errors for mesh size hmax = 2−8 and hmax = 2−11,
respectively. All three figures are based on regular refinement; the results for explicit
refinement are omitted due to their qualitative similarity. As expected, the solution uε,h

on �s converges to the solution us in as both hmax and ε decrease. We also observe
that the error is largest near �q where the heat flux is applied.

Fig. 8 shows the resulting consistency error. The left column shows the result of
the explicit refinement and the right column shows the errors of the regular refinement
method. The top row shows the H1 errors, and the bottom row shows L2 errors. For
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Fig. 5 Solution uε,h and error
∣∣us − uε,h

∣∣ for hmax = 2−4. Top row: solution uε,h on �, middle row:
solution uε,h on �s , and bottom row: error

∣∣us − uε,h
∣∣ on �s

both explicit and regular refinement approaches, we can observe from Fig. 8 that
both H1 and L2 errors converge linearly in terms of ε until the discretization error
associated with hmax becomes dominant. Furthermore, when both hmax and ε are
sufficiently large, the mixed term O(

√
εh) dominates the discrete consistency error.

In addition, Table 1 reports the convergence orders with respect to ε for the regular
refinement mesh with hmax = 2−11.

These observations confirm the theoretical prediction in Theorem 7 and inequal-
ity (40). Furthermore, the plateau levels observed for decreasing ε correspond to the
discretization error, which decreases as hmax decreases, consistent with standard finite
element theory, where the H1 and L2 errors scale with hmax and h2max, respectively.
Finally, we note that the regular refinement approach consistently yields smaller errors
than the explicit refinement and therefore provides better numerical approximations.

The consistency error of the weak material approximation can be made arbitrar-
ily small by letting ε → 0. However, this limit introduces numerical challenges, as
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Fig. 6 Solution uε,h and error
∣∣us − uε,h

∣∣ for hmax = 2−8. Top row: solution uε,h on �, middle row:
solution uε,h on �s , and bottom row: error

∣∣us − uε,h
∣∣ on �s

the resulting finite element system becomes increasingly ill-conditioned. As we have
shown in Theorem 10, the condition number of the finite element systemmatrix grows
proportionally to ε−1. To overcome that problem, we have proposed a preconditioning
strategy that allows for effective computations even as ε → 0 in Section 7.3. In particu-
lar, Theorem 13 shows that the condition number of preconditioned system is bounded
independently of ε. Finally, Fig. 9 shows the condition number of both standard and
preconditioned systems. Here, we can see that the condition number of standard sys-
tems grows with order O(ε−1)while the condition number of preconditioned systems
is independent of ε.
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Fig. 7 Solution uε,h and error
∣∣us − uε,h

∣∣ for hmax = 2−11. Top row: solution uε,h on �, middle row:
solution uε,h on �s , and bottom row: error

∣∣us − uε,h
∣∣ on on �s
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Fig. 8 The H1(�s ) and L2(�s ) errors as functions of ε for finite element approximations of us and uε .
For both explicit and regular mesh refinement approaches, uε,h is computed for a sequence of mesh sizes,
while us is computed on a fine mesh with hs,max = 2−12
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Fig. 9 The condition number of standard and preconditioned systems
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