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Abstract

This thesis presents a design research project, comprising five papers
on the design and implementation of a topic-centered research-based
teacher guide for quadratic equations in Swedish upper-secondary
school. The thesis aims to explore if and how such teacher guides can
be designed to support mathematics teachers in their planning and
teaching, and their professional learning. Further, it examines how
teachers and their contexts affect conditions for such support.

The papers investigate teachers’ existing resource use when planning,
previous research on quadratic equations, the design of the teacher
guide, and the support found through teachers’ interactions with the
teacher guide in two cycles of implementation.

The practice of planning and teaching is examined through teachers’
interactions with resources, perceiving and mobilizing them in de-
signing instruction. Professional learning is operationalized as devel-
oping Mathematical Knowledge for Teaching and is further discussed
through the lens of the Documentational Approach to Didactics. A
theoretical contribution of the thesis is that the notion of what is edu-
cative differs across lenses for professional learning. Previous ideas on
educative features in curriculum materials are extended by highlight-
ing how these are interrelated and context-dependent in relation to
the support they provide. Such support is found to function differently
across stages of planning and teaching.

The findings provide empirical insights into teachers’ use of teacher
guides, and further suggest that teacher support will be most effective
when designed features meet the needs of teachers within their con-
text. For Swedish upper-secondary teachers, this was found to include
providing suggestions for lesson activities with rationale, grounded in
implications emerging from issues found in research, rather than
providing student tasks alone. The designed teacher guide constitutes
a practical contribution for teaching quadratic equations.
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1 Introduction

Teachers, when planning and teaching mathematics, rely on a range of
resources that function as tools supporting their work of designing and
enacting high-quality instruction. The most commonly used resources
are curriculum materials, or more broadly curriculum resources, such
as textbooks and teacher guides, which are also among the most influ-
ential tools in shaping teaching (Fan et al., 2013; Rezat et al., 2021; Re-
zat, 2024). The availability and design of these resources affect both
what is taught and how teachers develop professionally through their
use. It is therefore important to create more knowledge about how, and
under what conditions, such resources can support teachers. This is es-
pecially important for understanding how resource design, while tak-
ing the context into account, influences support. In this thesis, support
is understood as emerging through teachers’ interactions with a re-
source in planning and teaching, through their use and perceptions of
affordances.

Through research, we have come to understand that the relationship
between teachers and resources can be seen as participatory (Remil-
lard, 2005), meaning that teachers and resources shape the use in an
interactive and dialectical way (Brown, 2009). This goes back to socio-
cultural roots of tools as artifacts mediating action (Wertsch, 1998).
When designing instructional activities in planning, teachers perceive
and mobilize the resources available to them (Brown, 2009). Through
this work, agency for instructional guidance is distributed across the
teachers and resources. Resources mobilized not only mediate teaching
but can also contribute to professional learning, which can be described
as the development of Mathematical Knowledge for Teaching (MKT)
(Ball et al., 2008). Among such resources, teacher guides constitute a
central type of artifact that is specifically designed for teachers.

Teacher guides are intended to support planning and teaching broadly,
but ideas that such guides could also support teachers’ professional
learning are not new (e.g., Ball & Cohen, 1996). Curriculum materials
that include features supporting teacher learning are called educative.
These have been outlined and investigated mainly in the context of
teaching natural sciences (Davis & Krajcik, 2005; Davis et al., 2014,
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2017). Initially stemming from an American context, such work builds
on ideas from Pedagogical Content Knowledge (PCK; Shulman, 1986)
as an important form of teacher knowledge. Educative features can, for
example, include support for connecting and relating important con-
cepts, information on student thinking, and suggestions for productive
explanations. The ways teachers use teacher guides have received some
attention, but mainly for teachers of younger students (e.g., Ahl et al.,
2015; Buch et al., 2023; Gunnarsdottir & Palsdottir, 2014; Hemmi et
al., 2019). In contrast, research on upper-secondary school teacher
guides and their use is scarce. Among all types of curriculum resources
that have been researched, teacher guides are uncommon (Rezat,
2024), and little research has also targeted teachers’ interactions with
educative features (Trouche et al., 2023). This highlights an empirical
gap that remains to be explored, one that is especially relevant in the
context of Swedish upper-secondary school, where the availability of
teacher guides is low.

Focusing on the design of teacher guides is important for being able to
connect different features to teachers’ use. The designed content of
teacher guides has been found to be more important for how teaching
is enacted than teachers’ education level, experience, or knowledge
(Stein & Kaufman, 2010). What can be educative, in terms of what ac-
tually enables teacher learning, may differ across contexts and subjects.
As the main work on design principles for educative features stems
from the field of science education (Davis & Krajcik, 2005; Davis et al.,
2014, 2017), calls have been made for specific design principles for cur-
riculum resources that are intended to be educative in mathematics ed-
ucation (Pepin, 2018).

This thesis addresses challenges in bridging the research-practice gap
(see Hargreaves, 1996) by exploring the design and use of research-
based resources as a form of knowledge brokering (e.g., Rycroft-Smith,
2022; Rycroft-Smith & Stylianides, 2022), as informing practice is one
of the main purposes of mathematics education research (Schoenfeld,
2000). Still, challenges have been observed internationally, both in
terms of newly trained teachers’ difficulties in interacting with research
and in research institutes’ challenges in producing and communicating
relevant research (OECD, 2025).



Attending to the potential for supporting teachers through resources
and research requires an understanding of both the design of teacher
guides and how teachers engage with them in practice. Given the scar-
city of research on teacher guides, including their designs and educa-
tive features, and the challenges of bridging the research-practice gap,
this thesis explores how upper-secondary school mathematics teachers
in Sweden could be supported through interactions with a designed re-
search-based teacher guide. This is in line with design research in
mathematics being visionary, theory-driven, and interventionist
(Swan, 2020). Further, as a topical context for ecological validity,
quadratic equations (QE) is the mathematical concept that the teacher
guide focuses on, as this is one of the upper-secondary school topics
that is often challenging for students.

Teachers’ agency is acknowledged as central in the research design,
with the recognition that while research can offer some support, teach-
ers will be the ones determining what is supportive for them. In this
way, this thesis also aims to contribute to the understanding of the ten-
sion between intended and perceived affordances in curriculum re-
sources (cf. Dietiker & Riling, 2018; McGrenere & Ho, 2000).

1.1 Aim and research questions

Given the introduction, the overarching aim of this thesis project is to
explore if and how topic-centered research-based teacher guides could
be designed to function as tools to support teachers in planning, teach-
ing and professional learning, and how contextual factors, the role of
research, and teacher agency relate to such support. The context ex-
plored is Swedish upper-secondary school mathematics teachers and
the mathematical topic of QE.

Research questions:

e RQ1: What support for planning and teaching, and for profes-
sional learning, can topic-centered research-based teacher
guides provide teachers, and under what conditions?

e RQ2: What are design principles for topic-centered research-
based teacher guides that support teachers in planning and
teaching, and in professional learning?



1.2 Overview of the thesis project

In the thesis project, the aim manifested in the research questions was
pursued by conducting a series of exploratory steps within the context
of teachers planning for teaching in upper-secondary school in Sweden.

The general approach to answering these questions was taken through
design research (Bakker, 2018), which is here used to frame the thesis
project (Figure 1). Aiming to explore if and how teachers could be sup-
ported required initial preparation work. First, mathematics teachers’
resource use in authentic planning practice was investigated, providing
amap that illustrates context and needs (Paper 1). Second, the research
literature on the teaching and learning of QE was reviewed, which was
eventually done systematically (Paper 2), to inform planning and
teaching. Situated at the intersection between preparing and imple-
menting support for teachers in their practice, the teacher guide was
designed based on the initial preparation work. The design process was
further informed by principles for teacher guide designs from previous
research on educative curriculum materials (Paper 3). Implementation
through providing teachers with the first version of the designed
teacher guide and investigating their use and rationale for use (Paper
4) provided initial insights into what was supportive. Making a revision
of the teacher guide and providing it to teachers at a larger scale was
the final step, with a focus on investigating patterns of interactions and
perceived support, and the influence of teacher and contextual factors

(Paper 5).

Following these steps provided insights into how teachers were sup-
ported through their interactions with the teacher guide, related to
RQ1. By tracing the uptake of the teacher guide’s features into teachers’
practice, insights were added to how a teacher guide can be designed to
achieve such support, related to RQ2.



Figure 1. An overview of the sub-studies of the thesis
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1.3 Delimitations

Although acknowledging their existence, this thesis does not focus on
digital curriculum resources or generative AI. When this project
started, large language models, such as ChatGPT, were not yet present.
This explains the absence of Al as support for teachers in the design of
the teacher guide. Further, this thesis focuses on teachers and does not
focus on students or their learning.

1.4 Outline of the thesis

This first chapter of the thesis has described the rationale for pursuing
this thesis project, operationalized into aims and research questions,
and has shown an overview of how the individual papers relate to the
design research process. It will also in the following paragraph provide
an outline of the thesis.

In Chapter 2, the mathematical topical concept of this thesis is pre-
sented, together with how it relates to the Swedish curriculum teaching
context in which it is introduced. In Chapter 3, the Swedish context is
further described, with insights into the characteristics of teachers and
their practice, including in-service training initiatives and exposure to
research. Chapter 4 provides a description of previous research on
teachers’ interactions with curriculum resources in relation to planning
and teaching and professional learning, and on implementation of re-
search into practice. In Chapter 5, the theoretical framing of the thesis
is presented. This includes operationalizations of central concepts of
support, planning and teaching, and professional learning. Chapter 6



gives an overview of the design research methodological approach.
Chapter 7 provides a summary of each of the included papers. In Chap-
ter 8, the research questions of the thesis are answered on the basis of
findings from the individual papers. Finally, in Chapter 9, the findings
of this thesis are discussed in relation to theory and to previous re-
search, followed by methodological reflections, contributions, and im-
plications.



2 Quadratic equations

As QE is the topical context for the teacher guide designed in the thesis
project, this chapter aims to present a definition and a description of
the concepts involved in the topic?, as well as how these are depicted in
the Swedish upper-secondary school context investigated in the thesis
work.

2.1 Definition of quadratic equations

A definition of QE is polynomial equations of second degree written in
an equivalent form of ax? + bx + ¢ = 0, where a # 0, and its maximum
-b+Vb2-4ac

of two solutions are given by the quadratic formula x = ”

(Kiselman & Mouvitz, 2008).

2.2 Quadratic equations in the Swedish curriculum

In the Swedish curriculum context, the QE described in 2.1, in their
single-variable determinate univariate form, represent the predomi-
nant interpretation (e.g., x* = 2x + 5). When a quadratic equation in-
cludes two variables (the other typically denoted y), it is considered an
indeterminate quadratic equation and its solutions can be visualized as
a graph in a coordinate system, due to the infinite pairs of (x,y) that
satisfy the equation. In this sense, indeterminate QE can be seen as
functions f:R — R, y = f(x) = ax? + bx + ¢. This connection, alt-
hough acknowledged as important, has not been in focus in this thesis
project; the focus is on algebra. Unlike international contexts, where
QE can also refer to bivariate indeterminate equations (e.g., y = x? —
4x), representing graphable parabolas, Swedish curriculum materials
seldom call the latter QE, but rather quadratic functions.

The quadratic equation ax? + bx + ¢ = 0, is in Swedish curriculum ma-
terials divided into three “types” of equations, representing different
values of coefficients b and ¢, with associated solution methods (Son-
nerhed, 2011). These types are ax? = b, solved by the square root
method, ax? = bx, solved by factorization and the zero-product

1 For findings on the teaching and learning of QE, see Paper 2.
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property, and x? + px + g = 0, solved by methods of completing the
square or using the Swedish mathematics classroom version of the
quadratic formula, the “pg-formula” 2.

From an international perspective, it is worth noting that in Swedish
curriculum materials, solving QE by factoring utilizing Viete’s formulas
is not a common solution method for equations containing quadratic,
linear, and constant terms. These types of equations are mostly solved
by the quadratic formula or by completing the square.

2 In Sweden, most common is the reduced quadratic formula, where a = 1, such that x% +

2
px +q = 0 leads to solutions x = —gi (2) — g, also known as “the pg-formula”.

10



3 The Swedish context

In Sweden, school is mandatory from grades o to 9 (ages 6—15). Upper-
secondary school (ages 16—18) is not mandatory, but is still attended by
most youths, as an upper-secondary school diploma is often a mini-
mum requirement for job applicants. There are different tracks to
choose from, theoretical or vocational, depending on interest and fu-
ture career goals. Mathematics in upper-secondary school is taught in
courses, with different courses offered depending on the track. The
course covering QE comes in three variants, depending on the track:
natural sciences/technology track, a humanities/economics track, and
a vocational track. The mathematical content is approximately the
same across these tracks, but how the content is organized depends on
the school and track. Typically, this course is taught during the spring
semester of the first year for students in the natural sciences and tech-
nology track, while it spans two semesters in the other tracks, begin-
ning in the second year of upper-secondary school.

3.1 Swedish teachers

Mathematics may be taught either by generalist teachers, who teach a
range of subjects in addition to mathematics, or by subject teachers,
who teach only mathematics and possibly one additional subject. In the
Swedish school system, teachers of students between the ages of 6—12
are typically generalist teachers (grade 0—6), corresponding roughly to
primary school, while teachers of students between the ages of 13—18
(grades 7—9, and grade 1—3 of upper-secondary school) are subject
teachers. Swedish teacher education for subject teachers has under-
gone several reforms in recent decades. However, a consistent feature
throughout has been the requirement of substantial university credits
in the subjects for subject teachers, differing from a lower subject-
credit requirement for generalist teachers. Mathematics teacher edu-
cation has been found to provide good overall opportunities to learn,
but these are unevenly provided, both in terms of teaching core teach-
ing practices and across different universities (Christiansen & Erixon,
2024). To be permanently employed as a teacher, one needs credentials
in the form of a teaching certification, issued by the Swedish National
Agency for Education (Skolverket) to those with a teaching degree from
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a university. The certification is valid for specific subjects and ages, de-
pending on the orientation of the degree.

3.2 Swedish teachers’ planning and teaching practice and use of
curriculum materials

Swedish teachers report insufficient time for thorough lesson planning
and follow-up, and that their time is fragmented (Nordgren et al.,
2019). Teachers are to a large degree given autonomy in their planning
and teaching practice. This means that they are generally free to teach
using whatever methods and resources they want, even though local
school environments sometimes decide locally among colleagues. The
Swedish curriculum is broadly formulated with a low level of detail, al-
lowing considerable freedom in interpreting what aspects of content to
teach, and to what depth. Nevertheless, curriculum materials are often
important translators of official curriculum into practice (Fan et al.,
2013; Rezat et al., 2021), which has also been observed in the Swedish
context (Jablonka & Johansson, 2010). This aligns with studies show-
ing that Swedish mathematics teaching often includes individual seat-
work (Boesen et al., 2014; Tengberg et al., 2021).

The available Swedish mathematics curriculum materials to choose
from are all commercially produced. For primary school and lower sec-
ondary school, student textbooks often come with teacher guide mate-
rials available for purchase, whereas for upper-secondary school such
supporting materials are more sparsely found; an informal investiga-
tion of the market3 indicated only one major publisher having a printed
teacher guide accompanying the student textbook. Up until 1991 the
Swedish government organized quality assessment of curriculum ma-
terials (Johnsson Harrie, 2009). Since then, the responsibility for as-
sessing the quality of curriculum materials lies with the teachers choos-
ing them. There are no official surveys on the use of curriculum

3 This informal investigation was performed by the author in 2022 by online searches on
publishers’ websites, webshops, and through visiting publisher booths at the Swedish na-
tional mathematics teaching fair “Matematikbiennalen” in Vaxjo, Sweden, 2022. It is
acknowledged that curriculum materials sometimes have some accompanying supplements,
often digital, in terms of answer keys, diagnostic tests etc.
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materials for mathematics in upper-secondary school. Authors of cur-
riculum materials are often teachers, and some are researchers.

3.3 Swedish teachers’ professional development

Teachers’ professional development (PD) is the main concept used for
describing in-service teachers developing their professional teaching
skills, sometimes also discussed as teacher learning, and in this thesis
called professional learning. PD is sometimes research-informed. In
Sweden, the national research-based PD program “Boost for mathe-
matics” during the years 2013-2017 led to indications of changes in
teachers’ instructional practice (Lindvall et al., 2021; Osterholm et al.,
2024). Colleagues can be an important ingredient in successful PD
through collaborative lesson planning. However, schools in Sweden do
not have sufficient infrastructure for organizing collegial planning and
preparation, nor is the time used explicitly to enhance teaching
(Nordgren et al., 2021). The potential of PD through everyday teaching
with curriculum materials (e.g., Collopy, 2003; Remillard, 2000; Stein
& Kaufman, 2010) has not been extensively explored in the Swedish
context, particularly with respect to teachers of older students, in up-
per-secondary school.

3.4 Swedish teachers’ exposure to and use of research

Teachers’ exposure to research within their everyday practice can be
said to be sparse. The concept of research literacy has been made rele-
vant with the entry of teaching on scientific ground and tested experi-
ence (SFS 2010:800, 1 kap. 5 §). Teachers being research literate, and
‘using’ research in practice, comes with challenges (Stolpe, 2021).
Teachers are generally interested in engaging with research, but strug-
gle due to lack of time and lack of knowledge about how to access rele-
vant research (Nordgren et al., 2019). Teachers who have been found
to engage with research do so based on internal motivation, external
motivation, or altruistic motivation (Stolpe, 2024). Internal motivation
is characterized by curiosity and a desire to learn. External motivation
is characterized by pressure from peers or school leadership. Altruistic
motivation is characterized by a desire for students to experience more
interesting teaching or to help students learn better.
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Curriculum resources are common resources used by teachers, and
previous studies in Sweden have emphasized how teaching is often or-
ganized around the student textbooks (Boesen et al., 2014), used as a
main curriculum resource for organizing teaching (Jablonka & Johans-
son, 2010). However, curriculum materials in Sweden are generally not
explicitly research-based (Helenius & Ahl, 2024). However, one project
developed curriculum resources for primary school mathematics
teaching in collaboration with teachers (van Steenbrugge & Ryve,
2018), as a form of research-practice partnerships (e.g., Sjolund et al.,
2022).
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4 Previous research

This chapter presents previous research on central concepts in the the-
sis. It addresses research on planning and teaching, on professional
learning, and on teachers’ interactions with curriculum resources, es-
pecially teacher guides. Further, previous research focusing on educa-
tive curriculum materials is presented. The chapter ends with a subsec-
tion providing background on the implementation of research findings
in practice.

4.1 Research on planning and teaching, and professional learn-
ing

While providing a comprehensive overview of research on teachers’

planning and teaching, and professional learning, in mathematics

would be overly expansive, some key findings will be highlighted here.

Insights into planning can be seen in the recent overview provided by
Cevikbas et al. (2024), where they empirically examined research on
lesson planning competence. They showed that teachers, and especially
novices, face difficulties in lesson planning. This includes challenges
with designing and structuring lessons, anticipating student thinking,
and producing high-quality lesson plans. Teacher dispositions, such as
knowledge, beliefs, and motivations, affect the planning quality. To
plan effectively, teachers need guidance and support to improve their
lesson planning. Such support could come from improving awareness
of students’ thinking, and from effectively using curriculum and teach-
ing resources.

For teaching, Prediger et al. (2022) showed that while research has uti-
lized different approaches: empirical, epistemological, normative, and
pragmatic, some principles could be derived that span these ap-
proaches. Such principles are that teaching should have conceptual fo-
cus, be cognitively demanding for students, have a student focus with
adaptivity to diversity, and have longitudinal coherence in how the sub-
ject-matter is organized in trajectories. These are principles that Predi-
ger et al. (2022) have used in the design of PD programs for teachers.

Teachers’ professional growth is an ongoing continuous process
throughout their teacher practice (Clarke & Hollingsworth, 2002).
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Such growth takes place through enacting and reflecting on practice,
with changes within the personal domain by developing knowledge and
updating beliefs, interdependent on experiences from teaching and ob-
serving outcomes, and through external stimuli such as curriculum ma-
terials or PD. Effective PD has been found to be situated in practice
(Borko, 2004), to have strong content focus, to involve active and en-
gaging learning, to be coherent with teachers and with their governing
policies, to have enough duration, and to include a collective aspect
(Desimone, 2009). Teachers also need tools, organizational support,
and expert guidance to learn and enact new reform teaching (Cobb &
Jackson, 2012).

Empirical evidence on the impact of teacher knowledge on teaching
quality, and consequently on student learning, has highlighted PCK
(e.g., Shulman, 1986) as an especially important form of teacher
knowledge, in which having strong knowledge of the subject is a pre-
requisite for developing PCK (Baumert et al., 2010). Using measures of
teacher knowledge through the related construct MKT (Ball et al.,
2008), it has been shown that teachers that score higher on MKT
demonstrate higher quality of instruction (Hill et al., 2008a). Further,
teachers with less MKT have been found to have challenges in fully uti-
lizing ideas in curriculum materials (Charalambous et al., 2012), which
leads into the next section.

4.2 Teachers’ interactions with curriculum resources

Curriculum resources are defined as “all the material resources that are
developed and used by teachers and students in their interaction with
mathematics in/for teaching and learning, inside and outside the class-
room” (Pepin & Gueudet, 2020, pp. 172—173). Much research has tar-
geted curriculum resources in mathematics education, including what
they are and how they are used (Rezat, 2024). Cross-cultural studies
have shown differences in how curriculum resources are used and con-
ceptualized (Remillard, 2019; Trouche et al., 2023). The types of re-
sources used, and the extent to which they are used, differ between
countries and school levels. For example, Kohanova et al. (2025) found
that within upper-secondary schools the use of student textbooks, self-
generated materials, and digital apps were more common than for
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lower-grade teachers. Also, primary school teachers used teacher
guides to a larger extent than secondary teachers.

4.3 Teachers’ interactions with teacher guides

In this thesis, a teacher guide is considered an artifact that can function
as a tool, but it is also a type of curriculum resource, sometimes de-
noted as a text resource (Pepin & Gueudet, 2020). A teacher guide is
often linked to a student textbook and is sometimes accompanied by
manipulatives or digital resources. Such a collection of resources is
commonly called a textbook series. A recent survey on research con-
ducted on curriculum resources (Rezat, 2024) showed that the field is
still dominated by research on mathematics textbooks, something that
has also received much attention previously (Fan et al., 2013; Rezat et
al., 2021). Textbooks can influence what mathematics is taught, the im-
plementation of new instructional changes or reform pedagogy, and
students’ views and beliefs about mathematics (Rezat et al., 2021).

When teachers read curriculum resources, they have different modes
of engagement (Remillard, 2012), meaning what they read, which parts
they attend to, or who they are as readers. In parallel, such interactions
can be viewed as curricular noticing (e.g., Amador et al., 2017). Texts
can also be written to speak to teachers or through teachers (Remillard,
2012). Remillard (2005) mentions fidelity as a way of describing to
what extent teachers follow curriculum materials, and higher fidelity is
more likely to be achieved when support in the form of guidelines is
provided (Stylianides, 2008). Consequently, the designed content and
presentation of the materials read by teachers will affect their use.

The term textbook can be ambiguous. In some contexts, it refers to both
the student textbook and the teacher guide, whereas in other contexts
it denotes only the student textbook. As teachers are users of both stu-
dent textbooks and teacher guides, this ambiguity becomes problem-
atic. In Rezat’s (2024) survey, only 2 out of 355 studies explicitly ad-
dressed teacher guides. Identifying and synthesizing research on
teacher guide use specifically is therefore challenging. Much of the re-
search on teacher guides is therefore conceptualized as teachers’ use of
curriculum materials or curriculum resources.

17



Research specifically on teacher guides has had different foci (Buch et
al., 2023). Research has targeted the content, guidance, voice, or cul-
tural aspects of teacher guides (e.g., Hemmi et al., 2018; Koljonen et
al., 2018; Remillard et al., 2026; Stylianides, 2008). In terms of use,
teachers have been shown to use the same features of a teacher guide
differently (Rezat, 2014), and different teachers use different features
(Ahl et al., 2014). Even when noticing or attending to the same features,
the ways teachers interpret and make decisions depend on their orien-
tations (Roth McDulffie et al., 2018). Experienced teachers adapt cur-
riculum resources with respect to what they know about students from
previous experiences teaching, anticipating how something will play
out in practice (Choppin, 2011). In contrast, inexperienced teachers
may engage more fully with curriculum resources (Remillard & Bryans,
2004), differing from more experienced teachers (Ahl et al., 2014). Ad-
aptations can also depend on the type of curriculum material used.
Choppin et al. (2022) describe two types of curriculum materials as de-
livery mechanisms if they are more scripted and directive, speaking
through teachers, or as thinking devices if they are designed to speak
to teachers with rationale and support for anticipation and reflection.
They further found that teachers’ adaptations can amplify or counter-
act curriculum materials’ influence depending on if the teacher’s orien-
tations towards teaching are in line with one or the other.

Different teacher views on curriculum or the depiction of mathematics
matter both in how and to what degree the teacher guide is used (Re-
millard & Bryans, 2004), and teacher experience can override sugges-
tions from the curriculum material (Superfine, 2009). PD aiming to de-
velop a more flexible use of curriculum materials was found to increase
the degree of adaptations (Taylor, 2013). The need for a teacher to learn
how to adapt curriculum materials has also been raised by Nicol and
Crespo (2006), who found that pre-service teachers failed to fill the
gaps between the textbooks and the practice they were to enact. Still,
other findings show that teacher guide content affects how teaching is
enacted, rather than teachers’ education level, experience, or
knowledge (Stein & Kaufman, 2010).

Adopting curriculum materials across cultural contexts can come with
challenges. Swedish primary teachers teaching with Finnish
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curriculum materials highlighted challenges in adapting to materials
with another cultural embedding (Hemmi et al., 2019). In such a situ-
ation, the support offered by the materials was important for changing
classroom practice. Such challenges were also observed by van Steen-
brugge and Ryve (2018) when developing a new ambitious research-
based curriculum program in collaboration with Swedish primary
teachers, containing suggestions for practice new to them. These are
possible consequences of different countries having different cultural
scripts (Stigler & Hiebert, 2009). This is reflected in differences found
between Nordic and U.S. cultural contexts in how curriculum materials
are used. Remillard et al. (2026) found that Swedish and Finnish teach-
ers relied more on their own ideas for mathematics teaching, and less
on following lesson scripts or using teaching techniques from curricu-
lum materials, than U.S. teachers. For adopting the goals, sequencing,
and the lesson content of curriculum materials, there were smaller dif-
ferences across the cultural contexts.

4.4 Educative curriculum materials and teacher learning

Several studies have concluded that teachers can learn from their in-
teraction with curriculum materials (e.g., Collopy, 2003; Remillard,
2000; Remillard & Bryans, 2004; Stein & Kaufman, 2010). In China,
learning from textbooks is a common part of teachers’ practice (Li,
2004; Pu et al., 2018). Teachers’ orientations often determine whether
learning potential is realized (Remillard & Bryans, 2004). As previ-
ously stated, curriculum materials that can support teacher learning
have been called educative (Davis & Krajcik, 2005).

Insights into features of educative curriculum materials stem from two
seminal articles, Ball and Cohen (1996) and Davis and Krajcik (2005).
Ball and Cohen (1996) proposed that educative features could help
teachers anticipate and interpret student thinking, provide examples of
student work with commentary, and offer insights into subject-matter
ideas and alternative representations, while also making curriculum
design principles visible in how to connect lessons across the year. Da-
vis and Krajcik (2005) further proposed design heuristics for educative
science curriculum materials, extending ideas that such materials
could support the development of PCK (Shulman, 1986). These in-
cluded providing teachers with ways to enable students to have
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productive experiences making phenomena available, and warnings
about pitfalls with some experiences. Further, they included providing
instructional representations and anticipating students’ ideas about
science, and supporting development of knowledge of the subject.
Ideas on what is educative have later been advanced (Davis et al., 2014,
2017). For mathematics, what is educative may take other forms, and
Pepin (2018) made a call for such mathematics-specific design princi-
ples. Some theoretical work has been done in this direction (Quebec
Fuentes & Ma, 2018), but fewer empirical studies have targeted educa-
tive curriculum materials in mathematics, especially in relation to
teachers’ use (Trouche et al., 2023).

Educative curriculum materials have been suggested as support for
pre-service teachers in analyzing and planning teaching (Drake et al.,
2014; Gibbons et al., 2025). Such support needs to be carefully scaf-
folded by teacher educators (Drake et al., 2014). In line with such a
need are findings that pre-service teachers do not necessarily read ed-
ucative curriculum materials in ways that enable support (Land et al.,
2015). Collaborative work in focused discussions on teaching has been
suggested as a supporting structure for learning from educative curric-
ulum materials (Gibbons et al., 2025).

In-service teachers using educative teacher guides are more likely to
use a wider range of lesson design considerations (Ahl et al., 2015). Ed-
ucative teacher guides also provide more opportunities for professional
learning, as teacher guides influence how teachers think and prepare
for teaching (Gunnarsdoéttir & Palsdottir, 2014). However, teacher
guides containing little educative support can still have an educative
impact on teachers (Juki¢ Mati¢ & Glasnovi¢ Gracin, 2021). In relation
to other PD approaches, educative curriculum materials have the ad-
vantages of being scalable. Heck et al. (2019) isolated and compared
three different formats of engaging teachers in professional learning
experiences and found that merely using educative materials, if used as
intended, could potentially promote teacher learning to the same ex-
tent as more costly PD formats.
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4.5 Theresearch-practice gap and implementation

One trace of thought that permeates this thesis is the role of research
as a basis of informing, making something research-based or research-
informed. Accordingly, some background on this distinction is pre-
sented.

The issue of research benefitting, steering, supporting or being imple-
mented into teacher practice has been thoroughly discussed (e.g.,
Biesta, 2007; Hargreaves, 1996). What has commonly been described
as a “research-practice gap” could be interpreted as implying a norma-
tive standpoint where practice should be “using” research. Such con-
ceptualizations are also suggested by the term implementation of re-
search (e.g., Century & Cassata, 2016). A way of acknowledging the pro-
fessionality of teachers in handling this conundrum is by signaling that
the aim for teacher practice is to be research-informed rather than re-
search-based (Biesta, 2007); the former suggesting a greater extent of
supporting teachers in making professional decisions while the latter
corresponds to a “top-down” perspective. However, taking the re-
search-informed stance is not unproblematic, since exposing teachers
to research findings is never an objective endeavor. The choice of
presentation of findings both in form and content is a form of top-down
steering. In this thesis, I will mainly make use of the term research-
informed for teaching or teachers, with the meaning described here, as
it aligns with the aim and the context in terms of Swedish policy that
teaching is to have its foundation in research and proven experience
(SFS 2010:800, 1 kap. 5 §). However, the choice of wording as research-
based is still used, especially for describing products in terms of re-
sources and programs, that have been created through processes that
have been research-informed.

The emerging field of knowledge brokering could function as a bridge
between research and practice in education, but it is an underdevel-
oped area of research (Rycroft-Smith & Stylianides, 2022). Attempts at
designing research summaries for teachers have highlighted tensions
between the priorities of teachers and researchers (Rycroft-Smith,
2022). Teachers often seek topic relevance and accessible language,
whereas researchers are generally concerned about evidentiary
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trustworthiness and methodological transparency, making the accom-
modation of both concerns a balancing act.
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5 Theoretical framing

This chapter presents how central constructs are framed within the the-
sis. Conceptualizations for support for planning and teaching, and pro-
fessional learning, are followed by teachers’ use of resources, also of-
fering a complimentary view on professional learning through such
use. The chapter ends with a subsection describing how the theories
will be used in this thesis.

5.1 Support

Support is a concept that can have several meanings. In this thesis, sup-
porting a teacher is understood as providing resources that enables that
teacher to achieve something through interacting with them. Support
is therefore seen as emerging through teachers’ interactions, specifi-
cally with the provided teacher guide. In the following sections, fram-
ings of planning and teaching, and professional learning, are presented
to describe the aspects of teaching practice to be supported.

5.2 Planning and teaching

Teaching is a term whose meaning can be complex due to having (at
least) two meanings. It functions as an umbrella term to describe the
work teachers do, involving practices of planning lessons, enacting les-
sons, and reflecting on the enactment. Teaching can, however also, de-
pending on context, refer only to the enactment of lessons.

In this thesis, planning and teaching is considered one construct that
is framed by drawing on ideas from Yinger (1980), where planning con-
sists of three stages: problem-finding, problem formulation/solution
(design) and implementation, evaluation and routinization. The first
two stages consist of what happens before teaching, commonly known
in other contexts as planning, whereas the last stage corresponds to
teaching in the sense of instructional enactment in classrooms. That
planning and teaching in this thesis is used as one construct acknowl-
edges the difficulties in separating the two. However, emphasis is on
the planning stages, as these represent the out-of-classroom situations
investigated, while still acknowledging that teaching is part of plan-
ning, and planning is part of teaching.
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According to Yinger (1980), when planning, there are factors in the en-
vironment and organization, in the curriculum and available resources,
and in student characteristics that affect the planning process. These
factors can be seen as contextual, and act as institutional constraints,
framing the general teaching dilemma. Within this framing, teachers
use their knowledge and experience, which relate to and influence the
teaching goal conceptions in handling the planning dilemma of teach-
ing a specific lesson Yinger (1980). Such factors can be seen as teacher
factors, which are connected to the context in which the teacher acts.

These factors shape the stages of planning, and Yinger (1980) describes
the first stage as the planning problem-finding process. In this stage,
resources known to the teacher, including teaching materials and any
source of information that could be used in the classroom, help form
an initial problem conception in the planning situation. Once this con-
ception is formed and considered worth pursuing, the teacher enters
into the second stage, the planning problem-solving design stage,
where the planning problem is further formulated and solved by craft-
ing instructional design. As the problem-solving stage of planning in-
cludes revising the initial problem conception, there are overlaps with
the former stage. In this stage, design cycles of elaboration, investiga-
tion, and adaptation follows until the problem is solved, and a tentative
solution is found. Elaboration can be performed in two ways. The first
way involves experienced teachers using their existing routines,
whereas the second way involves creating new instructional episodes,
something that, from an efficiency point of view, requires more effort
and is therefore less likely to occur. Investigation and adaptation take
place until a satisfactory plan is completed. Afterwards follows the
teaching, the instructional enactment, when plans are implemented in
the classrooms, evaluated, and if successful, turned into routines. This
is an ongoing cycle that constitutes a central part of teachers’ profes-
sional work.

This thesis’ framing of planning and teaching, based on ideas of Yinger
(1980), is seen in Figure 2. Here, teacher and contextual factors affect
the initial problem conception, making up Stage 1: Planning problem-
finding. In Stage 2: Planning problem-solving (design), the initial
problem conception is turned into designed intended instruction,
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through elaboration, investigation, and adaptation. In Stage 3: Imple-
mentation, evaluation, and routinization, the teaching is enacted in
classrooms, less focused on in this thesis, indicated by the dashed con-
tour line.

Figure 2. Planning and teaching, based on Yinger (1980)
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5.3 Professional learning

Any meaningful professional work requires opportunities for profes-
sional learning. In this thesis, it is acknowledged that professional
learning inevitably happens through reflection and enactment within
different domains (Clarke & Hollingsworth, 2002). Working with re-
sources with educative features (e.g., Davis & Krajcik, 2005; Davis et
al., 2014, 2017) is one way to enable professional learning, as external
inputs allowing for professional experimentation within teacher prac-
tice. In order to understand such practice, and what is to be learned,
there is a need for a description of types of professional knowledge for
teaching, together with framings of resource use.

5.4 Mathematical Knowledge for Teaching

The required knowledge to perform the work of teaching has been
widely used through the conceptualization of MKT (Ball et al., 2008),
which focuses on the specialized work that teachers perform in the var-
ious aspects of teaching. MKT is a practice-based, empirically con-
structed conceptualization that incorporates ideas from PCK by Shul-
man (1986). Advancing ideas on the division of teacher knowledge into
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domains of subject matter knowledge (SMK) and PCK, MKT divides
the types of knowledge needed to perform teaching tasks within six dif-
ferent subdomains. Three of these correspond to SMK: Common Con-
tent Knowledge (CCK), Specialized Content Knowledge (SCK), and
Horizon Knowledge (HCK). The other three correspond to PCK:
Knowledge of Content and Teaching (KCT), Knowledge of Content and
Students (KCS), and Knowledge of Content and Curriculum (KCC).
CCK means the more basic mathematical knowledge known to every-
one, while SCK is the specialized mathematical knowledge a teacher
needs, for example, to be able to see different ways to approach solu-
tions of problems. HCK is the knowledge to see how different mathe-
matical concepts and topics are connected and interrelated. KCS corre-
sponds to the knowledge of how students are likely to think and learn
different mathematical content, while KCT involves knowledge of the
teaching of mathematical content, including, for example, instructional
moves and explanations. KCC is the knowledge of how mathematical
content is depicted in the curriculum and in curriculum resources.

These subdomains should be seen as different types of characteristics
of the mathematical knowledge required for teaching, rather than as
disjunct categories, as these have been found hard to distinguish em-
pirically (Hill et al., 2008b; Schilling et al., 2007). However, regardless
of overlaps between sub-domains, higher demonstrated overall MKT
in teachers has been shown to be associated with increased student
knowledge gains (Hill et al., 2005).

5.5 The participatory relationship, The Design Capacity for En-
actment framework and agency

This thesis takes the view of teachers’ work with resources through the
participatory relationship (Remillard, 2005). Aligning with such a re-
lationship and drawing on socio-cultural roots of tools as artifacts me-
diating action (Wertsch, 1998), Brown (2009) built a frame around
what he called the Design Capacity for Enactment (DCE) framework.
In the framework, it is acknowledged that different kinds of curriculum
resources as artifacts used by teachers can enhance the capacity for
what is possible to accomplish. Artifacts mediate action, and so a cur-
riculum resource has affordances and limitations on what action is pos-
sible.
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When designing instructional activities, teachers perceive and mobilize
the resources available to them (Brown, 2009). Design is always pur-
pose-driven, and affordances are perceived towards such purposes.
Perceiving can be conceptualized as teachers reading, interpreting, and
evaluating curriculum materials (Remillard, 2019). Different degrees
of artifact appropriation in the mobilization of the resources in design-
ing instruction are termed offloading, adapting, or improvising
(Brown, 2009). Offloading corresponds to using a resource as it is, dis-
tributing agency to a larger degree onto the resource to do the work.
Adapting means modifying the resource to fit the current situation,
and improvising means starting off with the original intent of the re-
source but to more freely act on a solution according to the teacher’s
own will, maintaining agency within the teacher. Teachers’ ability to
perceive and mobilizing available resources in instructional design are
formulated as their Pedagogic Design Capacity (PDC) (Brown, 2009;
Remillard, 2018), meaning approximately their ability to participate
with and utilize resources in productive designs of instruction. Such ca-
pacity relates to notions of planning competence (Cevikbas et al.,
2024). In this thesis, it is acknowledged that different teachers have
different PDC and planning competence, but this is not measured or
evaluated, only indirectly through other notions of teacher knowledge
and learning. It is further acknowledged that the DCE framework in-
cludes more components than the ones described and used for this the-
sis. In particular, Brown’s (2009) notions of curriculum resources and
teacher resources are here modelled by the teacher guide and its fea-
tures, and by MKT (Ball et al., 2008), respectively.

Further elaborating on the notion of teacher agency, it is acknowledged
that agency has been conceptualized and operationalized differently
within different traditions and can be seen on different levels. In this
thesis, a teacher’s agency is understood as the capacity to make deci-
sions and act according to goals and beliefs. Such capacity is less con-
strained in more autonomous environments. In relation to Brown
(2009), the enactment of such capacity takes place in the situation of
planning and teaching, where the guiding influence is distributed
across the teacher and resources, given the affordances and constraints
of the available resources and the context. When shifting the
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distribution of agency towards the resource, the resource may, in this
thesis, be said to be given authority.

5.6 Teacher professional learning and the Documentational Ap-
proach to Didactics

The Documentational Approach to Didactics (DAD; Gueudet &
Trouche, 2009; Trouche et al., 2020) was not initially the main analytic
lens for the thesis project. Rather, it emerged a posteriori as a useful
perspective for interpreting teachers’ work with the teacher guide
within a larger set of resources and will later be discussed in relation to
the evolution of teachers’ resource systems as well as to the notion of
what may count as educative.

In DAD, teachers’ professional learning is in focus in terms of their on-
going teaching work using sets of resources in a resource system. The
notion of resource is broad, and includes material (and digital) arti-
facts, but also a wider range of conceptualizations of resources such as
conversations with colleagues or time. In DAD, teachers’ activities out-
side the classroom and how these are situated within institutional con-
ditions and constraints are in focus (Gueudet & Trouche, 2009).

DAD can be said to expand from the instrumental approach (Trouche,
2020). For Rabardel (1995/2002), an instrument is a “subject’s use of
the artifact as a means he/she associates with his/her action” (p. 18).
This emphasizes that an artifact is not a finished instrument, but rather
that it remains to be “inscribed in use” (p. 65). Further, an artifact is
used through utilization schemes, which are “stable and structured el-
ements in the user’s activities and actions” (p. 65). An instrument is
therefore a psychological construct bringing together an artifact com-
ponent with one or more associated utilization schemes. The develop-
ment of an instrument is called instrumentational genesis, made up of
the two dimensions instrumentalization and instrumentation. Instru-
mentalization corresponds to how the subject shapes the use of the ar-
tifact, while instrumentation corresponds to the artifact shaping the
subject’s usage, and both these processes are intertwined through the
use.
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A scheme, according to Vergnaud (1998), is “the invariant organization
of behavior for a certain class of situations® (p. 167). Schemes have four
components “1. goals and anticipations; 2. rules of action, information
seeking, and control; 3. operational invariants; 4. possibilities of infer-
ence” (p. 173). This can be described with for any class of situations, a
subject has goals, which his or her action is oriented towards meeting.
These goals and actions are informed by operational invariants which
consist of propositions that are held to be true by the subject (called
theorems-in-action) and selections of information from different cate-
gories of representations relevant to the subject (called concepts-in-ac-
tion). These operational invariants also influence how inferences can
affect the rules of action. Operational invariants are often invisible
(Gueudet & Trouche, 2009). However, if one sees teacher behavior as
governed by internal schemes in terms of Vergnaud (1998), one can
construct possible schemes through observing teachers.

Extending the notion of an instrument analogously to the instrumental
approach (Rabardel, 1995/2002; Trouche, 2004), in DAD, a document
is an outcome of a teacher’s appropriation of a set of resources together
with a scheme of utilization, using the definition of scheme given by
Vergnaud (1998). However, the concept of utilization is here used for
non-stable behaviors while usages instead correspond to a stable or-
ganization of activity (Gueudet & Trouche, 2009). Through the work of
teachers using resources in specific ways and creating documents, they
can be said to perform documentation work. Over time, this constitutes
teachers’ documentational genesis (Trouche et al., 2020). Gueudet and
Trouche (2009) emphasize that documentation work is ongoing, and
that resources and documents influence each other in a dialectical re-
lationship as resources turned into documents become new resources.

DAD recognizes that curriculum material use and teacher learning (if
‘learning’ is seen as PD) are two intertwined processes (Gueudet &
Trouche, 2009). This PD takes place within the documentational gen-
esis, with a special interest in teachers’ activity outside the classroom.
However, even though DAD sees teacher PD as intertwined with this
practice, there is no explicit model for the nature of knowledge learnt
by the teacher within the concepts of DAD, if one does not see teacher
learning in a more general sense as a change of practice.
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5.7 The theories’ relations to the thesis

The presentation of findings from the individual papers has been aided
by conceptual frameworks. This includes the more empirically formed
concepts of educative curriculum materials (e.g., Davis & Krajcik,
2005; Davis et al., 2014, 2017), and MKT (Ball et al., 2008), as well as
the more socio-culturally rooted DCE framework by Brown (2009),
which has been included in the notion of the participatory relationship
between teacher and curriculum (Remillard, 2005). As previously
mentioned in relation to DAD (Gueudet & Trouche, 2009; Trouche et
al., 2020), the findings of the thesis will be revisited in the discussion,
relating notions of educative curriculum materials, DCE, MKT and
DAD.
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6 Methodology

In this chapter, the design research approach taken to pursue the the-
sis’ aim is described. The chapter begins with providing an overview of
the choice of methodological approach, continues by describing the
process of designing the teacher guide and implementing the cycles,
and ends with ethical considerations.

6.1 Design research

Design research is a type of flexible design suitable for exploratory work
(Robson & McCartan, 2016). Its main characteristic is that it is cyclic
and iterative (Bakker, 2018). It can be seen as didactical engineering,
that “something has to be made with whatever theories and resources
are available” (pp. 48—49). One goal of design research is to gain ac-
tionable knowledge, that is “knowledge about which actions under
what circumstances will lead to which kind of intended consequences”
(p. 47). A design study is often used to try to make education better,
meaning elaborating on “as it could be, or even how it should be” (p. 3).
It is often interventionistic, trying a new innovation (Cobb et al., 2003).
A design research approach therefore aligns well with the aim of this
thesis.

One goal of design research can be to generate actionable knowledge in
the form of design principles, which is part of the aim of this thesis,
articulated through RQ2. Design principles have historically had sev-
eral meanings. Some possible meanings include values or ethical
norms, criteria, guidelines, heuristics or advice, predictions, or alto-
gether a more general description: “a generalized design practice, with
norms and documented history in a generalized and argumentative
form so that it can be re-enacted when and where appropriate” (Bak-
ker, 2018, p. 52). Van den Akker (1999) proposed a way to report such
principles, which has been influential in the design research commu-
nity. A design principle should include descriptions of the product
and/or intervention, the context for where it is valid, its characteristics
both in substance and for implementation, and arguments for why it is
valid.
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Every design research study in education starts with a state of practice
in need of change in one or several aspects (Plomp & Nieveen, 2013). A
goal image of a new, improved state of practice is set, and an interven-
tion is designed to address the making of the change needed. This pro-
cess operates in small research cycles, with every implementation
phase ending with a thorough analysis and evaluation. By reflecting
upon the results, the process leads to a redesign, which once again be-
comes the start of a new cycle.

Design research aims to generate both practical and theoretical contri-
butions, by demonstrating “what works” in a pragmatic sense, while
also enriching theory concerning the design and the process of imple-
mentation. This is sometimes referred to as development studies and
validation studies, and most studies are a combination of both (Plomp,
2013), including the study constituting this thesis.

6.2 The design research project of the thesis

In this thesis work, the design research project consisted of designing
a teacher guide for upper-secondary school teachers in Sweden, with
the intent to support them in planning and teaching, and in profes-
sional learning. This was enacted through designing and providing a
teacher guide for use within their existing resource system, aiming to
inform teachers in various aspects. This need was guided by the find-
ings from Paper 1, in terms of limitations of the teachers’ current re-
source system for planning to teach. The decision to design a guide for
informing teachers through centering on a mathematical topic was
strongly informed by the findings from Paper 1, as well as by insights
from previous research that successful PD initiatives have a strong con-
tent focus (Desimone, 2009). The topic of QE was chosen for several
reasons: QE are a part of the Swedish upper-secondary school mathe-
matics curriculum where students often struggle, the course is typically
given at the start of the spring semester, making data generation feasi-
ble, and it was assumed to be substantial enough to cover typically 5-
10 hours of lessons to constitute a reasonable size.

An overview of the design cycles is given in Figure 3. In the fall of 2023,
the guide was designed (described in Paper 3), based on the initial find-
ings from context (Paper 1) and findings from research on QE, which
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had not yet been investigated as systematically as in Paper 2. The guide
was first tested with teachers in the first cycle (cycle 1), in the spring of
2024, with outcomes described in Paper 4. Revisions were made in fall
2024, based on the support seen through teachers’ use and perceptions
of the guide, in relation to the initial designed features. In the second
cycle (cycle 2), in the spring of 2025, the guide was distributed to a
larger number of teachers. This enabled investigation of how patterns
of interaction and perceptions of support emerged on a larger scale,
which is described in Paper 5.

Figure 3. An overview of the design cycles

Design cycle 1 Design cycle 2
. Redesigned
Design prototype prototype
Redesign of Intervention with Formulating Intervention with
prototype into teachers Spring findings into teachers Spring
design cycle 2 2024 design principles 2025

Analysing suppo ]

and suggestions Data generation 1 Analysing support Data generation 2

for revision from Survey+interviews from participants Survey
participants

The expected output of the design, which was to support teachers,
needed an operationalization. Support for planning and teaching was
therefore seen through interactions according to the theoretical fram-
ing (Brown, 2009), in terms of teachers perceiving affordances and
mobilizing teacher guide features in their design of instruction. Sup-
port for professional learning was operationalized as teachers develop-
ing MKT (Ball et al., 2008).

6.3 The designed features of the teacher guide

In this section, a description of how the teacher guide was designed and
the rationale for the design is presented. As the research in design re-
search is design-based, and the design is research-based (Bakker,
2018), there were three ways in which research informed the design:
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1. By basing the form of the guide on previous research, that is,
what types of features are included, such as features of educative
curriculum materials (e.g., Davis & Krajcik, 2005).

2. By basing the content within the different features on findings
from research, such as findings from the context in which it will
be introduced (Paper 1), and from teaching and learning of the
content of QE (Paper 2).

3. By embedding theoretical principles for teaching that intend to
build students’ conceptual understanding, most clearly in this
design by ideas from variation theory (e.g., Lo, 2012).

The process of designing the teacher guide will be described here in or-
der to be able to discuss the revision work between cycle 1 and cycle 2.
It also serves to answer RQ2 regarding features that might be support-
ive. This process of designing the teacher guide has also been in focus
in Paper 3.

For the first cycle design, inspiration was taken from the notion of con-
jecture maps (Sandoval, 2014) as means to keep track of the design.
Previous research on educative curriculum materials (e.g., Ball & Co-
hen, 1996; Davis & Krajcik, 2005; Davis et al., 2014, 2017; Pepin, 2018)
was surveyed for ideas on what could possibly be supportive for teach-
ers in other contexts. Drawing on such literature together with findings
from the current context on what could be supportive (Paper 1), content
features and characteristics of such possibly educative features were
organized according to conjectures that they could be supportive for
teachers. These are presented here as features stemming from educa-
tive literature (E) or from the context (C) (and were also included in
Paper 3).

Content features included
(1) possible student difficulties including (mis)conceptions (E)
(2) suggestions of instructional activities addressing student dif-
ficulties (E)
(3) representations of the mathematical content and how it re-
lates to other content (E)
(4) student example works and teaching examples (E)
(5) guidance for reviewing and assessing student work (E)
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Characteristics of content features
(6) based on research (C)
(7) embed features within theoretical or didactical models (C)
(8) align with teacher ideas on teaching and teaching practice (C)
(9) based on proven experience (C)
(10) align the content with official documents and common cur-
riculum materials (C)
(11) provide transparency and rationale (E)
(12) speak to teachers as well as through them (E)
(13) act as a helpful colleague (C)
(14) include a variety of types of content to suit different teach-
ers' need (E)
(15) include easily modifiable features to fit teachers’ individual
context (E)

The initial designed teacher guide, including these content features and
characteristics of the content features, consisted of 4 expository texts,
4 activities and 5 types of tasks, described in the following.

Expository texts

The expository texts were the first main designed support to inform
teaching. The first text was a research summary building on findings of
research on the teaching and learning of QE, including issues to be han-
dled. The second text was a narrative from teacher experience written
from the author’s own experience and discussions with teacher col-
leagues over the years. As a third text, information on QE in the Swe-
dish curriculum context was written based on reviewing common text-
books and official documents. The fourth text consisted of a deepened
commentary on suggestions for teaching based on the findings, which
was written by the author drawing on the double role of having been a
teacher and now being a researcher.

Activities

The activities were designed to support addressing the issues described
in the expository texts. Activities 1 and 4 were designed to contain
grouping and sorting exercises, drawing on ideas from variation theory
(e.g., Lo, 2012) to elicit and notice different aspects of the mathematical
objects. Activity 1 targeted important pre-requisite concepts while
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introducing QE, and activity 4 focused on strategies for solving QE of
different forms and types. Activity 4 was further inspired by a lesson
available in the Underground Mathematics online resources4, devel-
oped through the Cambridge Mathematics program. Activity 2 also ad-
dressed strategies for solving QE, but was organized as seated pair-
work in a normal classroom setting. Activity 3 dealt with systematically
investigating the number of solutions to QE by observing the discrimi-
nant for different coefficients of complete QE, in a teacher-student
whole-class situation.

Tasks

The tasks were added to support teachers’ practice of finding tasks.
These included an organized collection of all freely available previous
national exam tasks that dealt with QE, tasks with solved examples
with students’ common mistakes to find and correct created from is-
sues found in research, links to some chosen challenging tasks on QE
from the nRichs-project, a quick reference for choosing solving meth-
ods depending on QE forms and types, and exit tickets to use to assess
students’ skills in solving QE.

In the initial design, teachers’ agency was considered important not to
interfere with, so that the teacher guide would not steer the way teach-
ers would use it, nor lead them to use it only because they received it.
The tone of the voice in the teacher guide was therefore consciously
chosen to balance between talking to and talking through teachers,
with the balance shifting towards talking to the teachers. Effort was
made to signal many of the formulations regarding how research find-
ings should be interpreted cautiously, for instance “This might indi-
cate...” or “This could mean that...” rather than “This means that...”.
This was partially due to the corresponding intended educative feature,
but also because the findings from research in general did not consti-
tute clear recommendations on the teaching and learning. As teachers’
professional judgment and their needs needed to come first, the
teacher guide did not include wordings that teachers should do

4 https://undergroundmathematics.org/quadratics
5 https://nrich.maths.org/
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something, but offered possibilities of what they could do. This was fur-
ther emphasized in that activities were formulated as suggestions, and
that they had not been tried out in classrooms before. The expository
texts, the activities and the tasks were informally reviewed by experi-
enced colleagues at the university, either with experience from teach-
ing, task design, or both.

6.4 The revision of the teacher guide

The findings from the teachers’ use of the teacher guide in the first cycle
(Paper 4) showed that most of the conjectures on content features that
were supportive were actually, to some extent, realized in terms of the
designed intentions.

For the second cycle, the teacher guide was shortened by making the
expository texts shorter and more streamlined, due to teachers’ time
being reported as a constraint for reading. Work was therefore put into
making sure that the first research summary was easier to read, by
structuring it more clearly according to different forms of QE and the
accompanying methods for solving them.

Methodologically, it was in some cases in the first cycle also hard for
the teachers to answer what expository texts they had read in the be-
ginning, as they did not always know which section included the con-
tent they referred to in interviews. To be able to better assess whether
teachers read merely the research summary or continued reading the
whole text, the expository texts were reorganized for the second cycle.

The research summary was still first, but the activities and tasks were
placed straight after, before continuing with the rest of the expository
texts. This was intended to work as a “barrier” between the texts, to see
if the research summary was perceived as enough to read before going
into instructional design with the help of activities and tasks.

In the first cycle design, two of the expository texts were in some ways
based on teacher experience, which led to ambiguity for teachers in
knowing what was based on teacher experience and what was based on
research. Therefore, these two expository texts, a narrative from
teacher experience, and a deepened commentary on suggestions for
teaching based on the findings from research, were rewritten and
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combined into one expository text. The information on QE in the Swe-
dish curriculum context, which in general was not used or valued by
teachers in the first cycle, was kept as it was, resulting in 3 expository
texts after the revision instead of 4 as in the first cycle.

The findings from the first cycle (Paper 4) also showed that the teachers
gave authority to the teacher guide due to the research framing. This
was not only in relation to the guide itself, but also to the research fram-
ing of receiving it through a research project from a university. Efforts
were therefore put into further reducing the strength in communica-
tions with teachers for the second cycle. Especially emphasized was
that nothing needed to be used at all. Formulations in the guide were
once more looked over, to even more emphasize uncertainty and re-
duce the apparent strength of the findings when possible.

In the first cycle (Paper 4), the activities were used to a larger extent
than the tasks, and the connection between reading about an issue in
the expository text and using the corresponding activity were expli-
cated by several teachers. However, the initial teacher guide design did
not provide such explicit explanations for what issue connected to what
activity. Therefore, in the revision, four issues were named from the
research summary and connected to the activities to further help expli-
cate this connection for teachers in the second cycle. The tasks contain-
ing common mistakes were in this work changed into an activity in-
stead, Activity 5, with included rationale and suggestion on how to en-
act this in a classroom. As teachers had used the activities in the first
cycle and reported on their use, for the second cycle more information
on possible ways to modify or adapt the activities was added.

Further, mistakes, typos and incorrect or incomplete statements found
by teachers and the author were corrected.

In summary, the revised teacher guide for cycle 2 consisted of 3 expos-

itory texts, 5 activities and 4 types of tasks (and can be found in Appen-
dix A).
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6.5 The data-generating instruments and process

The data-generating instruments for cycle 1 and cycle 2 can be found in
the Appendix. For cycle 1, a survey was created to target teachers’ use
(of specific features of the guide) and their reasons for use, as well as to
gain insights into the support perceived in planning and teaching, and
in professional learning (Appendix B). For cycle 1, complementary in-
terviews were conducted with the teachers. For this, an interview guide
was created targeting different areas: the expository texts, the activities
and tasks, general questions about the guide’s characteristics, relation
of the use of the guide with organizational conditions and teacher pref-
erences, and about the perceived support and effect on the teacher (Ap-
pendix C). The teachers’ survey answers were added to this interview
guide, so that each interview targeted the specific uses previously re-
ported, asking follow-up-questions. Even though the interviews pro-
vided some new insights, the answers found in the interviews largely
overlapped the survey answers, indicating that the surveys as a whole
captured many of the important aspects of use.

For cycle 2, the initial survey was expanded to include more fixed-items
and fewer open-ended items, to enable the possibility of more descrip-
tive and light inferential analysis, to quantify patterns suggested by
findings from cycle 1 (Paper 4). Further, less emphasis was placed on
questions related to a revision, and on details on the use of the tasks.
The initial findings from Paper 4 steered item-construction for the cy-
cle 2 survey, as this was expected to be of a larger scale. The survey
items for cycle 2 were gathered at two different points in time. First,
when teachers registered to access the guide and the study using a link
provided to them in the information letter they received through their
principals, background information was collected. This pre-use survey
included their teaching experience in years and times they had taught
QE before, and Likert items on perceived time for planning, availability
of collegial support, and interest and habit of consuming research. The
rationale was to be able to say something about the sample of teachers,
and to identify if there were patterns in what teachers answered the
post-use-survey. The registration survey is in Appendix D. The post-
use survey (Appendix E) included items on context: school, credentials,
groups taught, group-size, lesson time allocated to QE, curriculum ma-
terials and other resources used for the entire course, and if planning
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was individually or collegially. Likert items on the interaction with the
teacher guide included: the reading and evaluation of expository texts,
what activities were used, how they were used in terms of adaptation,
and the use of tasks. Reasons for using activities were asked as a free
text answer. Further, the post-use survey included items on how texts
and activities were perceived and ratings of support from them in dif-
ferent aspects of planning and teaching. Items were also constructed to
reflect the teachers’ perceptions of the effect of their interactions with
the teacher guide as a whole on support for their planning and teaching,
and for their professional learning. Some items were constructed to re-
flect to what extent the amount of use was dependent on the research
framing in different aspects, building on findings from cycle 1 (Paper
4). Also, an open-ended free text answer question on the main benefits
and challenges of having access to the teacher guide in planning was
included.

The survey instrument for cycle 2 was designed and sequenced in such
a way that the open free text answer questions came before any ques-
tions asking for specifics, to reduce the effect of questions affecting
what teachers would mention. For example, questions for reasons for
use were put before items that required teachers to rate different kinds
of support in relation to their use. Questions asking for the main bene-
fits and challenges of having the guide were placed before those focus-
ing on support for professional learning. The length of the survey also
imposed limitations on the design and the number of items that could
be included, in order to prevent responder fatigue and follow the guide-
lines communicated to teachers when agreeing to participate.

Items on perceptions and use were posed in order to get insights into
teachers’ perceptions and types of mobilizations in terms of adapting
or offloading (Brown, 2009). Items on professional learning were
posed in relation to subdomains of MKT (Ball et al., 2008). Item con-
struction in general was guided by guidelines on survey construction
provided by the Swedish central bureau of statistics (Persson, 2016),
and the surveys were piloted by colleagues who also had experience of
being a teacher.
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6.6 Participants and data generation

The participants in Papers 1, 4 and 5 are to some extent also described
in the papers and in the summary of papers (Chapter 7). For the sake
of the design research cycles, additional details on the participants and
the data generation are provided here.

In cycle 1, which took place in spring 2024, teachers were recruited
through the author’s professional networks. Out of 10 initially asked
teachers, 6 teachers from 4 different upper-secondary schools were
able to both answer the survey and be interviewed. Surveys for both
cycles were constructed and distributed digitally through the tool Sur-
vey & Report, supplied by Karlstad University. Interviews took place
face-to-face at participants’ schools, and were recorded on a voice re-
corder. In cycle 2, which took place in spring 2025, teachers were re-
cruited through emails sent to principals at the start of the semester.
As a result, 100 teachers registered to receive the teacher guide. Out of
these, 93 were eligible for the post-survey, due to teaching QE some-
time during the semester. Surveys were sent out after teachers had re-
ported they had completed teaching QE, which they reported at regis-
tration. All eligible post-survey teachers were sent reminders a maxi-
mum of two times. A total of 68 teachers answered the post-survey, and
55 of these reported to have used the guide. These 55 teachers came
from 49 different schools, with a large variation in experience. The 13
teachers answering the post-survey but reporting not to have used the
guide did not clearly differ in distribution of experience, and came from
different schools.

6.7 Ecological validity

In any design research project, matters of ecological validity (Swan,
2020) are important in order for the designed resource and derived
principles for design to be able to work outside of the project. To ensure
such ecological validity, several efforts were made in this thesis work.
First, it was an important part of the framing of the intervention not to
demand any use by teachers, and to ensure that the guide would be able
to function within any sort of existing resource practice. The first cycle
prototype was tried out and probed thoroughly in questions of suitabil-
ity and reasonability of the suggestions for activities and texts, before
scaling up to more teachers. Second, to increase ecological validity and
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strengthen transferability of findings to other contexts, it would be
preferable to include a range of teaching experience, represented
across different types of schools, types of collegial communities, and
geographical spread. The combined participants from cycles 1 and 2
represent such a range of teaching experience and contextual diversity.

6.8 The methodological approaches of the papers

This thesis combined several methodological approaches and methods,
most within the qualitative research paradigm. In Paper 1, thematic
content analysis (Kuckartz, 2019; Robson, 2016) was employed on
transcriptions of audio recorded teacher discussions in order to map
resource use in planning. The thematization was related to previous
conceptualizations of curriculum resources. Paper 2 employed a sys-
tematic configurative review approach (e.g., Gough et al., 2017), with
qualitative analysis inductively and deductively organizing findings on
teaching and learning QE (Kuckartz, 2019).

The final part of the thesis project, described in Papers 3, 4 and 5, is in
this thesis framed within a design research (Bakker, 2018) approach.
Within these approaches, the design and analysis were based on con-
textual factors from Paper 1, informed by findings from research on QE,
and on principles for educative curriculum materials (e.g., Davis &
Krajcik, 2005). The analysis conducted in Papers 4 and 5 utilized the
theoretical framing of Brown (2009), mapping and thematically cate-
gorizing (Kuckartz, 2019) statements of perceptions and mobilizations
in relation to the teacher guide’s different features. For Paper 5, cate-
gories relating to MKT (Ball et al., 2008) were used deductively for item
construction. Some quantitative analysis, mainly descriptive but with
light inferential analysis, was conducted in Paper 5.

6.9 Ethical considerations

Throughout the thesis project, considerations have been taken to the
ethical dimensions of the research conducted.

The design research implementation studies reported on in Papers 4
and 5 were conducted in accordance with ethical guidelines (Veten-
skapsradet, 2017) and the project was reviewed at the local ethics com-
mittee at Karlstad University (HNT 2023/733), rendering no need for
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ethical approval at the national ethics committee, due to absence of
sensitive data. All participants included in the study gave informed
consent to participation and handling of data. Further, all data from
participating teachers were stored and handled in accordance with
GDPR, by following guidelines of data handling from Karlstad Univer-
sity.

The first observational study, rendering Paper 1, utilized data gener-
ated through a previous research project ethically reviewed
(C2018/100) and funded by VR [2021-04766]. All participants had
given informed consent.

Paper 2 and Paper 3 did not include participants. The systematic review
in Paper 2 was conducted and reported with transparency, and used an
inclusive approach to findings from different contexts, favoring equity
over methodological quality. Paper 3 reported on the design process,
with the author’s own informed consent.

Also, an ethical approach was embedded in the entire thesis project’s
design. The framing of having teachers voluntarily choose whatever
they wanted to use, and not having to use anything from the designed
teacher guide was a conscious choice, as the focus lay on how to support
teachers within their everyday practice. This included not imposing any
sort of teaching on them, but informing and offering opportunities.
However, it must be acknowledged that providing someone with some-
thing is never free of values. As was found, the trust that teachers put
in the material due to the research framing was considerable. Keeping
the number of participating teachers in the first cycle low was an inten-
tional choice, in case any unwanted or unethical practices were to
emerge through the interaction with the teacher guide. The teacher in-
terviews in the first cycle also sought to probe the extent to which teach-
ers felt obliged or forced to use anything from the teacher guide, mak-
ing sure teacher agency was maintained. The communication to teach-
ers throughout the project in both cycles emphasized that teachers
could use whatever they wanted, however they wanted, including not
using anything at all.

Teachers were not paid to participate, nor did they (to the author’s
knowledge) get any extra time from their employers to participate. For
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that reason, the amount of time taken from them in terms of generating
data for the research project was intended to be minimal. For the first
cycle, teachers agreed to read the guide for 30 minutes for orientation,
answer a survey for 20-30 minutes, and if they agreed to be interviewed
for up to 60 minutes. This was assumed to be a reasonable time and
effort invested. Time used for planning and teaching using the guide
was also within teachers’ normal practice, something that was also ver-
ified as reasonable by teacher statements in interviews. For cycle 2, as
there were no interviews, the impact on teachers’ practice due to data
generation was even less.
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7 Summary of the papers

In this chapter, a short summary of each paper is presented to provide
a backdrop for Chapter 8 in which the main findings of the thesis are
presented with references to the papers.

7.1 Paperl

Title: Resources for planning and teaching mathematics: a Swedish
upper-secondary school case study

Paper 1 is a qualitative case study examining what resources Swedish
upper-secondary school teachers use when planning to teach mathe-
matics, how they are used, and for what reasons. The data consist of 13
sessions of audio-recorded collegial planning meetings with three
groups of 2-5 teachers for a total of 631 minutes, which were analyzed
through thematic content analysis of transcribed recordings.

The study shows that a wide range of resources were used, including
curriculum resources such as student textbooks and official docu-
ments, digital resources, self-generated documents, colleagues, and di-
dactical models. However, what resources were used for differed. The
student textbook and official documents were the main resources used
for selecting mathematical content to be taught, in terms of represen-
tations of the mathematics, tasks, and overall sequencing. Resources
used for instructional design were colleagues, teachers’ own experi-
ence, and old created lesson notes, together with cognitive resources.
Resources that could be used as tools for student use, or for teacher
demonstration, like student textbooks and dynamic software, were
found to support the enactment of teaching.

When planning, reasons for using resources were to handle the practi-
cal teaching context, including ensuring usability and managing time,
while aligning content with the curriculum. Teaching focused on what
teachers and students should do, show, or realize, while taking into ac-
count students’ pre-requisite knowledge and student group properties.
For a resource to be used, it was found to need to be given authority.
This could be done either by explicitly supporting a teacher’s need to
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realize teaching, or by aligning with teachers’ views of what is im-
portant.

In all, Paper 1 illuminates a gap in external resources for instructional
design in terms of how to teach a lesson. Further, it shows that the de-
sign of such external resources must meet the needs of teachers for
them to give authority to the resource. This could be done by making
sure that what is going to be taught aligns with curriculum materials
and official documents. Such designed resources should also have the
tone of a helpful colleague and provide a rationale for instruction.

7.2 Paper 2

Title: Empirical findings on the teaching and learning of quadratic
equations: A systematic review

Paper 2 is a configurative systematic review of the teaching and learn-
ing of QE. Data were searched for in the databases ERIC, PsycINFO,
Scopus and Web of Science for findings on teaching and learning of QE.
A total of 38 papers, investigating mainly secondary school students
aged 13-17 from different countries, are included as data. The analysis
was divided into three foci: influences of teaching conditions on stu-
dents’ learning of QE, issues and framings emerging when students
learn QE, and proposed implications from research on teaching QE.
Teaching conditions investigated did not produce stable findings for
the influences on learning QE, only cautious indications. Issues found
could be associated with different aspects of forms and solution meth-
ods of QE, and implications for practice came more from studies on
learning than on teaching.

By triangulating implications for practice from these three focuses, im-
plications were found that learning QE involves developing flexible
knowledge (Star & Rittle-Johnson, 2008). To develop such knowledge,
a student must learn the four main methods for solving QE: applying
square root properties, completing the square, factoring, and using the
quadratic formula. Each of these procedures of solving QE comes with
requirements of conceptual understandings needed to be developed,
such as the square root of a square, and the zero-product property. Fur-
ther, important pre-requisite understandings for students include
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knowing what constitutes equations, expressions, variables, and hav-
ing basic algebraic transformational skills such as knowing how to col-
lect and distribute terms. Having flexible knowledge about matters of
equivalence, and using the distributive law and perfect square trinomi-
als for both expanding and factoring were shown to be important pre-
requisites, as these were issues emerging with solving QE that origi-
nated earlier. In general, teaching of QE should be with a conceptual
focus, and should elicit important aspects of learning targeting the im-
portant understandings and reiterating pre-requisite understandings.

Further, the study acknowledges that the relevance of the findings dif-
fers across contexts, as different curriculum traditions include different
aspects of teaching QE, for example, different emphases on solving QE
by factoring. Therefore, when applying findings to inform practice,
such contextual properties need to be taken into account.

7.3 Paper 3

Title: Designing a topic-centred teacher guide: A case study of quad-
ratic equations

Paper 3 is a study that describes the design process of a topic-centered
teacher guide, and the reasons behind design choices. The teacher
guide designed was a topic-centered teacher guide for QE for Swedish
upper-secondary school teaching. Choices underlying the design were
a mix of integrating educative features (e.g., Davis & Krajcik, 2005) and
contextual features, derived from findings on the Swedish context
(from Paper 1). The design was carried out by the author, with 15 years
of teaching experience from the Swedish context, with informal feed-
back from colleagues.

The findings provide insights into the design process. Aligning with
contextual factors that teaching should be based on research and
proven experience, the design began with reviewing existing research
literature for relevant findings. Such findings gave some insights into
implications for teaching, rendering the need to design lesson activi-
ties. These were designed while applying contextual constraints, to
align with textbooks and the curriculum. To further guide the instruc-
tional design, an appropriate theoretical or didactical model was
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chosen, which became variation theory (Lo, 2012), as this was found
suitable for handling issues found in research. Educative features sug-
gested adding more types of content features, adding extra tasks, build-
ing on findings from research, while still aligning with contextual con-
straints of what was included in the curriculum, practical needs and
time constraints.

In Paper 3, it is concluded that the available findings and interpreta-
tions from research shaped the way contextual and potentially educa-
tive principles interacted in a two-way iterative process. It is acknowl-
edged that the process was shaped by beginning with a research syn-
thesis. Designing a teacher guide with a structured set of educative and
contextual features to guide design decisions needs to acknowledge
that tensions can emerge in aligning educative principles with contex-
tual principles, while utilizing available research and teachers’ experi-
ences as resources in the design process.

7.4 Paper 4

Title: Upper-secondary school mathematics teachers’ use of a topic-
centered research-based teacher guide

Paper 4 is a study that focuses on the first cycle of the implementation
of the teacher guide. Interviews with 6 teachers from four different
schools, together with their initial survey responses, were used as data.
Using qualitative content analysis, a map of their use was thematically
constructed. Teachers’ interactions with the expository texts showed
that the expository texts of the teacher guide were valued as important
because they built on research and included teacher narratives. Curric-
ulum information was not considered important, as it was already
known. Teachers reported that their planning time was too limited for
them to read everything. The overall research-framing was shown to
have an impact on teachers by making them trust the guide and per-
ceive it as high-quality.

The expository texts seem to have two effects on teachers: to remind
them and to help them focus on important issues while planning, and
to confirm their feelings of professionality by resonating with their own
teaching experience. The addressed issues in the expository texts made
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teachers design instruction to meet these issues in various ways. Activ-
ities were to a larger extent voiced to be used if they targeted issues of
the expository texts. Further reasons were that these were student-ac-
tive, inclusive, and with a conceptual focus. Activities were used due to
clearly presented rationale and adapted to meet teachers’ teaching
preferences, or contextual factors such as not enough lesson time or
student properties. Reasons for not using activities at all were lack of
both planning time and lesson time, or that it was judged to be too hard
for students. Tasks were used to enable practice for students, but
mostly adapted, by being integrated into their own material, or by re-
ducing or adding tasks. The tasks on common mistakes were used as
they addressed issues raised in the expository texts. Traces of impro-
vising, in terms of creating new instruction, were reported as affecting
their lecture-style teacher-led “genomgang”, sometimes utilizing tasks.

In all, Paper 4 showed ways teachers used the teacher guide, together
with some rationale for the use in terms of offloading and adaptations.
The findings indicated a connection between issues presented and
teachers’ mobilization patterns, driven by the research-framing and its
resonance with teachers’ experience.

7.5 Paper5

Title: Patterns of interaction and perceptions of support when teach-
ers use a topic-centered research-based teacher guide

Paper 5 investigates the patterns of interaction with the teacher guide
in the second cycle, focusing on use and perceived support from the
interaction, with respect to contextual properties. The data consist of
surveys from 55 teachers from 49 different schools with diverse teach-
ing experience and organizational contexts, with typical resource use.

Teachers reported reading the research summary the most, followed by
implications for teaching, and least the curriculum information, in gen-
eral also reflecting teachers’ evaluation of texts. The texts, including the
mathematics written in them, were perceived as easy to understand
and appropriate, and sometimes as confirming teachers’ own experi-
ence. Despite recognizing much as familiar, teachers reported finding
new insights. Texts were found to support teachers’ focus, reflection,
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and attention to issues. Teachers perceived the texts to allow them to
feel free to decide for themselves how to teach.

Teachers engaged with activities more than tasks, reporting having
used more activities if lesson time permitted. Activities were used and
valued for reasons that they addressed student difficulties, enabled dis-
cussion and student exploration, and because they were perceived as
well-designed or could fit existing planning. Activity text rationales
were perceived as easy to understand, supporting classroom enact-
ment, and supporting modification. Tasks were used selectively and in
different ways, for example, old national test tasks for all students or
for demonstration, or challenging tasks for individuals. Teachers re-
ported that the research framing increased their motivation to use the
guide.

Teachers reported more benefits than challenges in using the teacher
guide. Benefits included that it provided new thoughts on teaching,
that it confirmed their own teaching experience, that it helped them
remember, reflect, notice, or focus in planning, that it increased joy of
teaching, and that it improved planning and teaching quality. Chal-
lenges were associated with limited lesson time, misalignment with
teaching preferences, missing content, or adapting to student groups,
with mixed experiences regarding whether the guide saved or required
time.

The perceived support for professional learning in developing MKT
(Ball et al., 2008) was reported as strongest for PCK, especially for KCS
and KCT, while SMK was supported less. Support for planning and
teaching, and developing PCK, was associated with texts and activities,
and with number of tasks used. Teacher experience was associated neg-
atively with perceived supports, more strongly for times taught QE
than for years taught mathematics, but not with usage patterns. Pat-
terns of offloading or adapting were not associated with perceived sup-
port. Perceived time for planning prior to receiving the guide was not
found to correlate with reported time actually used for planning QE.
Actual time used correlated with use and perceived supports. In all, Pa-
per 5 provides a large-scale view of teachers’ teacher guide interactions,
with contextual influences, providing some conditions for support.
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8 Findings

In this section, the main findings of this thesis are presented in relation
to the research questions.

8.1 The support from the teacher guide (RQ1)

The first research question:

RQ1: What support for planning and teaching, and for profes-
sional learning, can topic-centered research-based teacher
guides provide teachers, and under what conditions?

is here answered through what support is provided (Findings 1 and 2),
which features of the teacher guide enable support (Finding 3), and
what conditions affect support (Finding 4 and 5).

Finding 1: Support for planning and teaching is provided in
varying ways across stages

Support from the teacher guide appeared across all Yinger’s (1980)
stages of planning and teaching (Papers 4 and 5). In the initial prob-
lem-finding stage of planning, teachers were supported in being helped
to reflect and focus through reading the expository texts. The connec-
tion between teachers noticing issues in the expository texts and using
corresponding activities was established in Paper 4. In Paper 5, this was
shown implicitly through teachers giving reasons for using activities,
originating in the expository texts. This could be to prevent misconcep-
tions and mistakes, and to highlight suitability for different solution
methods depending on QE. This indicates that the problem-solving
stage of instructional design was supported by having readily designed
activities as a starting point for planning (Papers 4 and 5). The activi-
ties were reported to be adapted or modified before being enacted in
the classroom, supported by the textual support (Paper 5). Support in
terms of amount of use indicated that in the stage of implementation,
teachers reported using the proposed activities and, to a much lesser
extent, tasks in teaching.
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Support for planning and teaching could also be seen as a perceived
increase in quality, as most teachers reported having been supported
in planning and teaching by using the teacher guide as a whole. Most
teachers also reported that both their planning and teaching were bet-
ter than if they had not had access to it, that it increased the joy of
teaching, and that it supported them to teach in a way they wanted to

(Paper 5).

Finding 2: Support for professional learning is provided
through new ideas, new instructional practices, and a new
tool

Support for professional learning was evident through teachers’ state-
ments that they through the interaction with the teacher guide were
provided with new or different thoughts on teaching QE (Papers 4 and
5). In terms of MKT (Ball et al., 2008), the support for professional
learning was perceived as greater for the domain of PCK, especially in
subdomains KCT and KCS, than for the domain of SMK (Paper 5). This
was further reflected in teachers’ descriptions of using instruction that
was new to them (KCT), and in their reports of both being reminded of
and learning new aspects of students’ thinking in relation to QE (KCS).
Less support was perceived for KCC in terms of knowledge of the Swe-
dish curriculum context for QE.

The majority of teachers perceived support for professional learning
from using the teacher guide as a whole, in that they through this use
developed new thinking and new repertoire (Paper 5). This was indi-
cated already from the first cycle, even though use was in focus rather
than support (Paper 4).

In Paper 1, it was found that a teacher guide is not a common resource
used. This was reiterated at a larger scale in Paper 5, indicating that the
use of a teacher guide in planning and teaching at all was a new prac-
tice. Therefore, professional learning was reflected in terms of using a
new tool for planning and teaching, taking the form of the teacher
guide.
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Finding 3: Support is associated differently with content
Seatures, their characteristics, and their mode of presenta-
tion

Texts and activities (support planning and teaching, and KCS
and KCT)

As seen in Finding 1, the support for planning and teaching was
strongly associated with the expository texts and the activities. For pro-
fessional learning, the interviews showed that the support for KCS was
clearly associated with the expository texts (Paper 4). The reported per-
ceived support for KCT was mainly associated with the activities, but
could also stem from the texts, as these also suggested instruction, for
example in terms of explanations (Papers 4 and 5). In Paper 5, a more
thorough reading of expository texts, using more activities, and per-
ceiving support from corresponding texts were associated with higher
perceived development of PCK, and perceived support for planning and
teaching. Further, teachers explicitly reported that the benefits of hav-
ing the guide were the expository texts, the activities, and the sugges-
tions for instruction.

Within the expository texts, teachers identified the research summary
and the implications for teaching based on teacher experience as the
most valued elements (Papers 4 and 5). The expository text on QE in
the curriculum did not seem to support teachers to the same extent, as
they were not equally valued, mentioned, or read. In the first cycle,
teachers reported that curriculum information was already known to
them (Paper 4), further indicated through teachers’ perceptions of de-
veloping KCC being lower than for other PCK measures (Paper 5).

Two lesson activities, Activities 1 and 4 in the teacher guide, were de-
signed to build conceptual understanding and elicit important aspects
of QE, drawing on variation theory (e.g., Lo, 2012). These were re-
garded as a novelty to a larger degree than other activities (Paper 4),
indicating that they developed KCT to a larger extent. In Paper 5, it was
shown at a group level that those activities were used to a large extent,
even though the more traditional activity, Activity 2, was also used to
the same extent as Activities 1 and 4. The accompanying texts for
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activities were also perceived as supportive for both enacting and mod-
ifying activities (Paper 5).

Tasks (support planning and teaching, for some)

The collections of tasks were used by teachers less than the activities
(Papers 4 and 5), because teachers reported already having functioning
ways to access such tasks, provided either in the textbook or through
old national task repositories (Paper 4). In cases where tasks were used,
they were used to meet different needs. As examples, the challenging
tasks were given mainly to individual students, whereas the exit tickets
were used in whole-class, and supported teachers to some extent in
handling the practical context (Paper 5). Even though task use in gen-
eral was much lower than activities, a more frequent use of tasks was
associated with higher perceived support for MKT, as well as with a
more frequent use of activities. This indicates that teachers that in gen-
eral were high users of teacher guide content, also reported being more
supported.

How the content was packaged was also found to affect the support.
When the tasks with fictional common mistakes from the first cycle
were turned into an activity for the second cycle, the use increased (Pa-
pers 4 and 5). This indicates that a more elaborate, embedded presen-
tation of the content and how it could be used, rather than providing
tasks alone, was more supportive for planning and teaching in terms of
increasing the amount of use.

Characteristics of written texts

The teacher guide texts were designed to speak to the teacher in the
tone of a colleague with prompts to consider, and with reasoning. This
tone was reported to be suitable for teachers, and appropriate for con-
veying ideas, as reading texts was not perceived as a hindrance, and the
mathematics included did not present challenges (Papers 4 and 5). In
the first cycle, the length of the texts was reported as long, given teach-
ers’ time-constraints, and consequently the text that came first was
read the most (Paper 4). In the revision for cycle 2, texts were also sep-
arated by descriptions of the suggestions for lesson activities. However,
from teachers reporting on their reading of the texts in cycle 2, this did
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not disqualify later texts. Teachers still read most texts, even though
the later texts were read slightly less (Paper 5).

The perceived support for teaching and learning, and for professional
learning, was strongly related to the perceived support from the texts
and the activities (Paper 5), indicating that the texts were an essential
component of the support. The directive and partially scripted textual
support for enacting the activities, together with the more reflective
support from the rationale, seemed to enable this.

Finding 4: Support is related to teachers’ experience, prefer-
ences, use, and perceptions

Teachers’ experience

In Paper 5, perceptions of support for professional learning were found
to be greater for teachers with fewer years of teaching experience, and
even more so for teachers who had taught the topic of QE fewer times.
This association was stronger in terms of perceptions of support for de-
veloping PCK than for developing SMK. In contrast, teacher experience
in years was not found to relate to perceptions of support for planning
and teaching. However, having taught QE more times before showed
weak associations with less perceived support for planning and teach-
ing. However, teacher experience in any form was not found to be di-
rectly related to amount of use or types of use. Teachers’ statements
that reading the texts in the teacher guide confirmed what they already
knew from their own teaching experience suggest that experience may
act as a way to place trust in and give authority to the material (Papers
4 and 5).

Teaching preferences

In Papers 4 and 5, activities were reported to be used if they aligned
with teachers’ views on what constitutes good teaching, something that
could be either new or something they already had incorporated. Chal-
lenges were reported if such alignment was lacking (Paper 5). In both
cycles, teachers expressed looking for new inputs into teaching as
something that mattered to them (Papers 4 and 5).
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As previously described in Finding 2, activities 1 and 4 were considered
novel. Further, they were reported to be used because their properties
aligned with teachers’ preferences, such as eliciting important mathe-
matics, activating students, discussing, and that enacting the activities
in class constituted varied teaching. Activity 3 was not used to the same
extent as the other activities. Indications were given in the first cycle
that this could be due to the mathematical content treated not aligning
with teachers’ ideas on when it naturally should be introduced in the
curricular sequence (Paper 4).

Teachers’ use and perceptions of the guide

The number of activities used, and texts more thoroughly read, were in
general associated positively with the perceived support for planning
and teaching, and for developing PCK. Types of use in terms of offload-
ing or adapting were not found to be associated with perceived support
(Paper 5). In addition to teachers’ teaching preferences, affordances
found in the materials, with teachers perceiving the activities as well-
planned, were reasons for using them.

The research framing was seen as largely impacting trust and use, and
consequently also the support. Teachers reported having interacted
with the teacher guide more due to the research framing of the guide
being based on research, including a research summary, and being pro-
vided from a university (Papers 4 and 5). Teachers’ interest in consum-
ing educational research was however only weakly associated with re-
porting using the teacher guide more than they otherwise would have.
Still, both those factors related to perceived support from the exposi-
tory texts, as well as from the rationale of the activities (Paper 5).

Further, teachers were found to give authority to a resource if it could
do some work for them (Paper 1). Official documents and student text-
books were used for selecting and sequencing mathematical content
and its representations. The teacher guide was designed to align with
common sequencing in textbooks and official documents, but this
alignment was not explicitly raised by teachers in cycles 1 or 2 (Papers
4 and 5).
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Finding 5: Support is related to the context: resource use,
time, and students

Teachers’ existing resource use did not seem to be constraining for
teachers wanting to interact with the teacher guide. As was shown, up-
per-secondary school mathematics teachers’ resource-using practice in
general does not include using externally produced teacher-intended
materials (Papers 1, 4 and 5). Material resources shown to be used in
such a context were the student textbook, self-generated lesson notes,
web pages, and digital tools for enactment. Much planning time was
spent defining and negotiating what was important to include in teach-
ing, with an apparent lack of external material resources supporting
instructional design beyond mathematical content and functionality
(Paper 1). When teachers with similar resource uses were provided with
the teacher guide, they did interact with it, and to a relatively large ex-
tent used the teacher guide in instructional design (Papers 4 and 5).
Further statements on time included that the guide would be used in
future teaching, and also indicated that it was being integrated into
teachers’ resource system (Papers 4 and 5).

Teachers’ time, in terms of planning time and lesson time, was reported
in several ways to have an impact on teachers’ practice, but somewhat
inconclusive and partially conflicting. Challenges in using the guide in-
cluded not having enough time (Papers 4 and 5). Activities were used,
or not used, if they fitted into existing planning, and if there was free
lesson time. The activities that were ready-made were reported to have
saved some planning time in designing instruction, but time was also
needed to read into the rationale of the activity (Papers 4 and 5). The
fact that research was summarized and packaged into the resource was
also perceived to have saved time. However, teachers’ perceived plan-
ning time reported on before receiving the guide did not correlate with
either how much time teachers actually used for planning, or with any
perceived support (Paper 5). In terms of direction, perceived planning
time was shown to have a weak negative association with supports. In-
stead, the actual time used for planning QE was found to be associated
with perceived support for planning and teaching and for developing
PCK. Having allocated more lesson time to QE was not found to be as-
sociated with perceived support, but to perceived planning time. In all,
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this indicates that teachers, despite perceptions of constraints, could
allocate the time they needed for interacting with the teacher guide, if
they perceived affordances in the materials.

Student and group properties were other contextual factors that were
reported to affect teachers’ use in terms of reasons to use, not use, or
modify. However, direct relation to the support was not investigated

(Paper 5).

8.2 The design of the teacher guide (RQ2)

The second research question:

RQ2: What are design principles for topic-centered research-
based teacher guides that support teachers in planning and
teaching, and in professional learning?

is here answered in terms of design principles for the product (Design
principles 1 and 2) as well as for the process (Design principle 3). This
will be related to the designed features conjecturing support for teach-
ers. As guidance for the reader, from Paper 3 and the Methods section,
the designed features were:

Content features included
(1) possible student difficulties including (mis)conceptions
(2) suggestions of instructional activities addressing student dif-
ficulties
(3) representations of the mathematical content and how it re-
lates to other content
(4) student example works and teaching examples
(5) guidance for reviewing and assessing student work

Characteristics of content features
(6) based on research
(7) embed features within theoretical or didactical models
(8) align with teacher ideas on teaching and teaching practice
(9) based on proven experience
(10) align the content with official documents and common cur-
riculum materials
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(11) provide transparency and rationale

(12) speak to teachers as well as through them

(13) act as a helpful colleague

(14) include a variety of types of content to suit different teach-
ers' need

(15) include easily modifiable features to fit teachers’ individual
context

Three design principles can now be proposed for topic-centered re-
search-based teacher guides, inspired by reporting as proposed by van
den Akker (1999). References are made to the designed features as (#).

If you want to design a topic-centered research-based
teacher guide that supports subject teachers in mathemat-
ics, you should...

Design principle 1: ...link rationale (“why”) with pre-de-
signed adaptable instructional supports (“how”)

This principle is justified by Findings 1-3, showing that support for
both planning and teaching, and professional learning, was driven
mainly through the expository texts and activities, and the perceived
connection between them. The “why” can provide rationale, and enable
processes of reflection, reminding, and noticing in planning. Rationale
also creates a reason for wanting to use the “how”, reaching into in-
structional enactment, supporting all stages of planning and teaching.
Texts can support development of knowledge on the students and their
learning of the mathematics, and suggested instruction, if new to teach-
ers, can help extend teaching repertoire.

This principle relates to features to include student difficulties includ-
ing (mis)conceptions (1) and suggestions of instructional activities that
addressed these difficulties (2), some with student example works (4).
The embedded didactical models (7) were in this design used to render
sorting and grouping lesson activities with the help of variation theory.
As this is likely an uncommon type of teaching activity, it is likely to
have added to the development of new teaching repertoire. Including
support for modifying the activities (15) was found supportive for use.
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As for the characteristics of the texts, providing transparency and ra-
tionale (11) permeated the design, as did having the tone to speak to
teachers as well as through them (12), and acting as a helpful colleague
(13). These features seemed to be something that in general was ena-
bling and not differentiating based on the findings. It is challenging to
capture to what extent the guide actually did act as a helpful colleague,
but one teacher in cycle 2 inductively raised this explicitly as a benefit
of the guide, stating “Since we are a small school, one is usually alone
in planning the units — the teacher guide was like a colleague”.

Design principle 2: ...align included supports with teacher
and contextual properties

This principle is justified by Findings 4 and 5, showing that an included
feature must meet a need to be supportive. In this thesis it was found
that not all features were equally supportive and that anticipated con-
textual constraints may be less constraining than they appear.

Teachers

In this particular context, teachers had in general good SMK, which did
not seem to hinder reading and understanding the mathematics in-
volved. Consequently, support for SMK was perceived as less, whereas
in other contexts, teacher SMK could be hindering uptake. Subject
teachers therefore likely need more support for developing PCK than
for developing SMK. The designed feature to include representations
of the mathematical content and how it relates to other content (3) was
therefore less supportive.

The feature to align with preferences of teachers (8) was also important
for use to happen, and use was associated with support. Although aided
in construction of instructional activities by drawing on an embedded
didactical model (7) in terms of using variation theory, the model by
itself was not considered to be an important aspect for teachers’ sup-
port. However, it could be assumed to be included in some of the teach-
ers’ preferences for teaching, as activities that were student-centered,
student-active, and involved a possibility for discussions, were used to
a large extent. Aligning with official documents and common
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curriculum materials (10) was not explicated by teachers using the
guide, but is still likely to be a requirement of the topic-centered fram-
ing.

Context

The research framing, relating to the feature to be based on research
(6), and the voluntary use were contextual properties that served as
reasons for using the teacher guide. In a cultural context where re-
search is not valued, a research framing might have less importance. In
less autonomous contexts, where teachers are more constrained, vol-
untary use might not lead to actual use. Teachers’ perceptions that
teacher experience is also important were found to some extent, which
aligned with the guide being based on proven experience (9) in parts of
the expository texts.

Teachers’ existing resource use did in general not include teacher ma-
terials such as teacher guides. This was however not found to be hin-
dering or constraining for the integration of the designed teacher guide
into practice, but it affected what was used. In instructional design,
teachers used tasks to a much lesser extent than activities, partially ex-
plained by the fact that existing practice already included functioning
collections of tasks. Including a variety of types of content to suit dif-
ferent teachers’ needs (14) could therefore be supportive to a certain
extent for individuals, and mostly for planning and teaching. As an ex-
ample, including a form of guidance for reviewing and assessing stu-
dent work (5) in the form of exit tickets, did not act as supportive for
most teachers. As previously described, texts and activities were sup-
portive to a larger extent, plausibly because these were types of re-
sources already available to them.

Time was reported to be an important factor, but was not found con-
clusively to be constraining for the use. Rather was time found to be
allocated to the extent that the teachers found reasonable given the per-
ceived affordances in the teacher guide and its features. The fact that
features were designed to be easily modifiable to fit teachers’ individual
context (15) could have helped handle the practical constraints regard-
ing time.
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Design principle 3: ...utilize existing research and teacher
experience and adapt the design process accordingly

This principle is justified by Paper 3, showing that the design process
is not exclusively a linear process, even without re-design between im-
plementation cycles. Rather, what can be designed into the resource
depends on the stage of the design, on the resources available to the
designer, and on emerging needs through taking context into the de-
sign.

As presented in Paper 3, the available findings from research mostly
targeted learning of QE. This was, for example, in terms of common
student thinking and types of difficulties that could emerge. These af-
fected how the research summary was written, as more descriptive
findings on mistakes and (mis)conceptions were found rather than pre-
scriptive on how to teach. This did, however, fulfill design expectations
to include information on common student difficulties (1). Any impli-
cations for teaching came to a larger extent from authors of studies in-
vestigating learning than from those investigating teaching (reflected
in Paper 2). In order to be able to design lesson activities (2) for inform-
ing teaching, the author’s experience became more important. In such
work, this could utilize support from didactical models (7), which in
this case became the use of variation theory. In this way, this design
work by the author worked as a lens for translating descriptive findings
into prescriptive teaching. For a topic that would have a more expanded
research base on the teaching of the topic, research findings could have
better informed instructional design in itself. The author’s understand-
ing of the research on QE was iteratively improved during the years of
the project, reflecting limitations in small design teams, especially
those consisting of one person.

When taking findings from research into the design, not all findings on
teaching and learning of QE had bearing on the Swedish context. For
example, findings on factoring methods for solving QE were not in-
cluded in the research summary, due to the non-alignment with the
Swedish curriculum context. In the second cycle, it was possible to in-
tegrate descriptions of how teachers in the first cycle had modified the
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activities into the designed activities as further support. This highlights
the temporal aspect of design.

8.3 Overview of the findings

In Figure 4, a schematic overview of the findings and research ques-
tions is presented, intended to serve as a guide for the reader to orient
the findings in relation to the support, the planning and teaching, and
the teacher guide.

The stages of planning overlap the interactions, showing how Finding
1 and Finding 2 correspond to the supports for planning and teaching,
and for professional learning. As Papers 4 and 5 investigated these in-
teractions, they are placed as boxes in this vicinity. Keywords of types
of support are mentioned in the white rectangles, and the double-lined
connections between the boxes indicate that these supports are con-
nected. The designed content features built into texts, activities, and
tasks, together with the characteristics of the content, are placed within
the designed teacher guide. Finding 3 gave insights into how support
was associated with different features. The blue overlap indicates how
these findings fed into Design principle 1.

The mediational conditions in terms of influence on support due to fac-
tors associated with teachers and their context are represented in rec-
tangles by keywords related to Finding 4 and Finding 5. Papers 1, 4 and
5 were placed in this vicinity as these were the main inputs to these
findings, feeding into Design principle 2, represented by a blue overlap.

Finally, the design process includes white connected rectangles repre-
senting the utilization of resources in different stages of teacher guide
design, which Design principle 3 overlaps in blue. Papers 2 and 3 were
placed in this vicinity as they were the papers feeding into the process.
The outermost rounded rectangles represent the research questions
RQ1 and RQ2, overlapping the elements of the figure to which they be-
long.
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Figure 4. An overview of the findings and the research questions
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9 Discussion

In this section, the findings will be discussed in relation to the theoret-
ical framings and to previous research. Further, methodological reflec-
tions and limitations are discussed. The section ends with contribu-
tions and implications for future research.

9.1 Findings in relation to theoretical framings

The findings are here discussed in relation to the theoretical framings
of this thesis: the participatory relationship (Brown, 2009; Remillard,
2005), DAD (Gueudet & Trouche, 2009; Trouche et al., 2020), MKT
(Ball et al., 2008) and through the framing of planning and teaching by
Yinger (1980). Each framing illuminates different aspects of the find-
ings and they can therefore be seen as both complementary and par-
tially overlapping. What follows here serves as an attempt to network
some of these ideas (Prediger et al., 2008) and also to propose further
extensions.

Participation with resources is stage-dependent

The findings highlight that teachers’ interactions through perceptions
and mobilizations of available resources (Brown, 2009) will vary in the
different stages of planning, as described by Yinger (1980). First, in the
planning problem-finding stage, adapting and offloading involved dis-
tributing agency to the teacher guide’s expository texts when defining
the initial problem conception. Perceptions and mobilizations were
found to be associated with focusing, reminding, and noticing, allowing
the text to do part of the work. In the next problem-solving stage, where
instruction is designed, adapting and offloading instead become a mat-
ter of the extent to which the proposed lesson activities will be used in
teaching as they are, or adapted. This also reflects a shift in the purpose
of the interaction, from reflecting upon the planning problem to mak-
ing decisions in the design of instruction. Considering the stage-de-
pendence can therefore provide a more fine-grained understanding of
how the distribution of agency may vary across stages. This advances
the ideas of Brown (2009) in terms of offloading and adapting, which
apply not only to the intended enactment of instruction, but also to the
ideas preceding instructional design. This advancement adds a
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temporal dimension to teachers’ participation with a resource in in-
structional design.

Distribution of agency does not diminish capability to act
The expository texts were found to support teachers by shaping what
they attended to when planning to teach QE. This was seen as offload-
ing (Brown, 2009) the formulation of the planning problem to the
teacher guide’s texts. Taking a DAD perspective (Gueudet & Trouche,
2009; Trouche et al., 2020), this could be explained in terms of begin-
ning formations of utilization schemes for a document with the teacher
guide as a resource. In this early stage, the texts could steer or activate
concepts-in-action (Vergnaud, 1998), meaning what a teacher per-
ceives as salient in the situation, and affect the teacher’s goals, rules of
action, and information seeking. This reflects processes of instrumen-
tation rather than instrumentalization (Gueudet & Trouche, 2009; Ra-
bardel, 1995/2002). Such instrumentation was then found to lead to
the teacher using the suggested activities, based on the perceived pos-
sibilities of inference.

Being steered might signal a “loss” of agency in terms of capability to
act according to free will. However, such processes were rather men-
tioned by teachers in positive terms, suggesting that they allowed
themselves to be steered, or perhaps guided, through such instrumen-
tation processes. They also did not report feeling steered, but instead
reported teaching in alignment with their own intentions. This could
be explained by the fact that instrumentation was allowed for and ena-
bled through instrumentalization processes, shaped by the theorems-
in-action that the teacher guide is believed to be of high quality.

In terms of Brown (2009), distribution of agency by offloading, where
more extensive instrumentation than instrumentalization occurs,
should be seen as an informed judgment of the teachers. Perceiving the
teacher guide as trustworthy enabled distributing more agency onto it
at the different stages of planning, freeing up time and effort for other
aspects of the work of teaching. In the findings, no association was
found between perceived support and adapting or offloading behavior,
further strengthening this claim.
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Providing teachers with rationale and suggestions for instruction
therefore does not necessarily reduce their agency in terms of capabil-
ity to act; rather, it informs decision-making and supports professional
judgment.

Extending the notion of educative within teacher profes-
sional learning

The professional learning supported through teachers interacting with
the teacher guide was described as both developing MKT (Ball et al.,
2008) and learning to use a new tool among a set of resources, seen
either through a participatory relationship (Brown, 2009; Remillard,
2005) or through documentational genesis (Gueudet & Trouche, 2009;
Trouche et al., 2020). This highlights two complementary views of
teacher learning: as developing individual knowledge for teaching, or
as developing a new practice together with the teacher guide.

Built on aims to develop PCK (Shulman, 1986), the principles of edu-
cative curriculum materials have rendered lists of features and design
principles (e.g., Davis & Krajcik, 2005; Davis et al., 2014, 2017). This
thesis further emphasized that not all these features by themselves are
equally important for supporting teacher learning. In addition, some
operate in combination, suggesting that what is educative should not
be reduced to individual features. Instead, educative features should be
considered interrelated, with uptake being conditional on teachers and
their context, as teachers are both targets and mediators of educative
features. These insights were the driving force for formulating the de-
sign principles.

Expanding the notion of educative as promoting teacher learning
would in DAD (Gueudet & Trouche, 2009; Trouche et al., 2020) mean
enabling ongoing documentational genesis. An educative perspective
in terms of developing MKT takes the view of teacher knowledge as sit-
uated within the teacher. For DAD, the emphasis is on developing a
teaching practice where knowledge is distributed between the teacher
and the resource through the constructed documents. In this sense,
what is educative emerges in the interaction between the teacher and
the resource system, rather than being a property of curriculum mate-
rials. Supporting planning and teaching and the development of

67



documents involving the teacher guide are therefore in such a view ed-
ucative. This extends the original PCK-based conception of educative
materials by recognizing that, from a DAD perspective, teacher learn-
ing also consists of developing documents and practice. In this view,
curriculum materials are educative when they enable ongoing develop-
ment of use.

Further, through the design, the teacher guide can be said to have em-
bedded knowledge within domains of PCK through the rationales and
instructional suggestions. The documents a teacher then creates by
drawing on resources in the form of both the teacher’s PCK and the
teacher guide’s embedded PCK will constitute a system whose instruc-
tional capacity exceeds what each component brings alone. In such a
case, the teacher’s professional knowledge is not only supported but
also augmented through the interaction.

9.2 Findings in relation to previous research

This thesis extends previous research by showing that, even in contexts
where teacher guides are not used, it is possible to design a teacher
guide to act as a tool for teachers to inform and support their work of
planning and teaching, and professional learning. This aligns with
other findings indicating that teacher learning can occur through the
use of curriculum materials (Collopy, 2003; Remillard, 2000; Stein &
Kaufman, 2010). Despite not traditionally using teacher guides, the
teachers demonstrated substantial uptake and perceptions of support,
indicating perceived affordances in the teacher guide. Insights from the
context of Swedish upper-secondary school reiterated that teaching in
general is otherwise still characterized by the student textbook func-
tioning as the main curriculum material (Jablonka & Johansson,
2010). The use of old, self-generated lesson notes was also something
found in the teachers’ common planning practice, resembling products
of documents (Gueudet & Trouche, 2009; Remillard, 2019).

These findings highlight an important contribution of this thesis: Swe-
dish teachers’ use of student textbooks to teach does not necessarily
mean that this is their preferred way of teaching. Rather, it is likely a
consequence of prioritizing the handling of the practical situation, or
what Yinger (1980) referred to as the teaching dilemma. This is
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reasonable, given the scarcity of use of externally produced teacher-in-
tended materials for designing instruction. Such a need could be said
to exist, as the teacher guide designed in this thesis did produce sub-
stantial uptake among teachers. The reasons why teachers chose to in-
teract with the teacher guide was found to be related to the teachers
themselves and to the affordances of the materials.

When teachers were free to choose, the interactions between teachers
and the teacher guide showed affordances and constraints through the
use and reasons for use. Teachers mobilized the different content in
ways they found suitable, given their preferences and perceptions of
their context. This aligns with previous research highlighting teachers’
orientations as decisive for adaptations to materials (Choppin, 2011;
Remillard & Bryans, 2004; Roth McDuffie et al., 2018). Insights into
preferences in this context included that the teacher guide content was
perceived as well-planned, and aligned with notions of good teaching.
Further, it addressed issues that teachers either already believed to be
issues, or became aware of through their reading.

Perceiving the teacher guide as having affordances was also associated
with the research framing. In resonance with findings that teachers are
interested in research (Nordgren et al., 2019), the research-based de-
sign to include previous research findings and the university framing
was an integral part of the reasons why teachers would use it. This is
one form of research consumption in terms of external motivation, as
described by Stolpe (2024). However, internal motivations also mani-
fested through teachers’ curiosity and their wanting to learn new teach-
ing methods. Altruistic motivations manifested in teachers’ desires to
improve students’ learning, and to prevent them from developing mis-
conceptions. The research framing can therefore be seen as both ena-
bling teachers to want to engage with the guide at all and providing
value through teachers’ interactions with research findings.

Aligned texts and activities as educative design

The connection between issues addressed in expository texts and the
activities as ways to attend to these issues was one identified mecha-
nism enabling teachers to use the activities. In terms of Choppin (2011)
and Remillard (2012), one can think of the designed expository texts in
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the teacher guide as thinking devices speaking to teachers and the cor-
responding activities including rationale as something being half deliv-
ery mechanisms and half thinking devices speaking both to and
through teachers. This is in line with this thesis’ design principle, sug-
gesting that supportive teacher guides should contain both modes of
communication, and that these should clearly align. For these Swedish
teachers, the support provided by activities aligns with earlier findings
that scripted lessons can be educative (Remillard & Reinke, 2012; van
Steenbrugge & Ryve, 2018). This corresponds to developing new teach-
ing repertoire within the subdomain of KCT (Ball et al., 2008).

Guidelines for educative features in curriculum materials previously
proposed (Ball & Cohen, 1996; Davis & Krajcik, 2005; Davis et al.,
2014, 2017) align in part with this thesis’ finding that expository texts
including information on student thinking, and activities that proposed
suggested instruction were found to support teachers. In contrast,
other previously proposed principles of providing a wide range of fea-
tures, and multiple vectors, to suit more teachers were not found to be
equally educative, as a provided designed feature intended to support
teachers was in this thesis also found to have to fill a need to be sup-
portive. For example, the tasks were used less often, as these were in-
dicated to be already part of teachers’ resource systems (Gueudet &
Trouche, 2009), meaning less novelty and consequently perceived as
offering fewer affordances. One could of course argue that this could
have been supportive for the few teachers using the tasks, but in gen-
eral these would not have an educative impact in the same way as the
expository texts and activities. This highlights the design principle that
topic-centered research-based teacher guides should account for teach-
ers and their context in order to produce designs that are more likely
to support (more) teachers efficiently. This resonates with a stance that
affordances depend on actors’ experience, knowledge or context, aris-
ing from perceptions of what the resource can enable (McGrenere &
Ho, 2000). There is therefore a need to also differentiate between the
educative impact of different features in different contexts.

Many teachers reported having performed new types of teaching
through using the guide. It could be surprising that many of the used
activities, which were in line with more reform pedagogies, were
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chosen to be used at all, given the current practice. Besides the impact
of the connection to the expository texts’ rationale, one possible expla-
nation for this could lie in the influence of the national PD program
“Boost for Mathematics” (Lindvall et al., 2021; Osterholm et al., 2024).
As the PD program likely raised awareness of such practices, the
teacher guide may have served as a tool for teachers that enabled them
to enact such practices. This would be in line with ideas of having both
materials and expert guidance for successful PD (Borko, 2004; Cobb &
Jackson, 2012; Desimone, 2009). Extending this argument, the find-
ings of this thesis suggest that a teacher guide designed as in this thesis
has the potential to support both aspects of PD; the expository texts
provide expert guidance, and the activities provide the materials to en-
act teaching accordingly, and this is what makes it educative.

The educative impact on upper-secondary subject teachers
In this thesis, the educative impact on teachers from interacting with
the teacher guide varied across teachers. Teachers with more experi-
ence perceived support to a lesser extent than less experienced teach-
ers. This association was stronger for the number of times they had
taught QE before than for number of years taught. One explanation for
this could be that a teacher that has taught the topic of QE before has
already developed more topic-specific PCK for QE, therefore making a
topic-centered guide provide less novelty. However, no relation was
found between teacher experience and the types or amount of interac-
tion with the teacher guide investigated, which is partially in contrast
to findings by Ahl et al. (2014). This indicates that factors other than
experience alone relate to the use. Still, this thesis’ findings suggest that
the teacher guide had more educative impact for less experienced
teachers, but was still educative to some extent for most teachers.

The findings of this thesis indicate a difference between upper-second-
ary school subject teachers’ interactions with teacher guides and find-
ings from previous research on teachers’ use of teacher guides from pri-
mary or lower-secondary education in the same Swedish cultural con-
text. Whereas teachers in primary school rarely used the teaching tech-
niques and activities of their curriculum materials (Remillard et al.,
2026), the upper-secondary teachers in this study did.
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Because teachers in this study were subject teachers, and can therefore
be assumed to possess comparatively strong SMK, this had implica-
tions for the perceived support. In contrast to findings from primary
and lower secondary school contexts (e.g., Hill et al., 2008a), the teach-
ers studied in this thesis did not report any SMK-related difficulties in
reading the guide. Nor did they in general perceive themselves as de-
veloping SMK through the use. This is in contrast with suggestions of
educative support for SMK that have been proposed in much of the lit-
erature on educative features (e.g., Davis et al., 2014, 2017; Quebec
Fuentes & Ma, 2018). The findings of this thesis therefore indicate that
for subject teachers, educative features are more effective when they
target development of PCK rather than SMK.

The strong indications that teachers perceived greater development in
PCK than in SMK also align with findings on SMK being a pre-requisite
for developing PCK (Baumert et al., 2010). This could indicate subject
teachers had an advantage in comprehending the more ambitious ideas
presented in the teacher guide, something that in other studies has
been shown to be challenging for teachers with lacking mathematical
knowledge (e.g., Hill et al., 2008a). Still, the teacher guide’s implicit
topic-centeredness and alignment with official curriculum reiterated
that strong content focus and situatedness aligning with actual practice
are important for professional learning (Borko, 2004; Desimone,
2009).

The research-based design

This thesis has contributed to the field of knowledge-brokering (e.g.,
Rycroft-Smith, 2022) by designing and having teachers use a resource
based on, or informed by, findings from research. The use by teachers
provides insights into one way research could be implemented (e.g.,
Century & Cassata, 2016) in teaching practice, through informing the
practice (Biesta, 2007). It is acknowledged that the teacher guide de-
signed for this particular design research project is in many ways not a
commonly seen kind of resource. It combines longer texts in the style
of PD texts or teacher education literature, with more common ele-
ments of teacher guides. This combination of a topic-centered curricu-
lum-aligned research summary, together with curriculum material
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elements, packaged as a teacher guide, seems promising in the light of
this thesis’ findings.

It has been important to preserve teacher agency, and this study has
shown through its non-mandatory framing that teachers will use a
teacher guide voluntarily, but that there still are tensions in authority
in relation to teachers’ free will in relation to the research framing. Re-
lated, this thesis has provided little answer to mechanisms behind the
increased use due to the research framing. Indications through state-
ments imply that this is due to teachers’ own preferences for teaching
in a research-informed way, for inner or altruistic motivation (Stolpe,
2024). It could, however, also be a consequence of the institutionalized
setting they are in, with the school law as an outer authority demanding
teaching to have its foundation in science and proven experience (SFS
2010:800, 1 kap. 5 §), reflecting external motivation.

In line with findings from Rycroft-Smith & Stylianides (2022), during
the design process of writing up the expository texts, there have been
tensions in the priorities between the author as a designer and former
teacher, and now a researcher, designing for teachers. Fewer tensions
were observed from teachers in terms of accepting the new type of re-
source, in contrast to tensions observed in other contexts (e.g., Dietiker
& Riling, 2018). For example, the activities seemed to align with teach-
ing preferences for many teachers in terms of who does the work in
classrooms, and the nature of mathematical content taught. This is in
contrast to the difficulties experienced by other teachers using curricu-
lum materials originating from another context (Hemmi et al., 2019).
That there were fewer apparent emerging tensions in this study might
be biased by the sample of teachers taking part being, in general, more
reform-oriented.

As a final note, it is acknowledged that the research-based expository
text offered to the teachers was not the definitive research summary,
but a first substantive attempt that seems to have, at least in part,
achieved its intended function.
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9.3 Methodological reflections

The work performed to bring together this design research project has
involved several approaches, including the design process itself, and
the investigation of teacher interaction.

In this thesis, a design research approach was taken to design an exter-
nal teacher guide instead of investigating the use of such an existing
resource. This was mainly because a teacher guide of the form that this
thesis aimed to examine was not found to exist in practice. This stance
was strengthened after the study resulting in Paper 1. To design a guide
based on conjectures taken from principles and features in other con-
texts made it possible to investigate outcomes related to different fea-
tures. This enabled insights into which features were taken up, as well
as possibilities and constraints in the design process when including
features and giving these specific characteristics.

The primary perspective of teachers’ planning using a teacher guide
largely guided the methods used for generating data. The ideas of
Brown (2009) that planning in terms of designing instruction is a mat-
ter of perceiving and mobilizing existing resources were the main per-
spective throughout the thesis project. This had the consequence that
as perceiving affordances and constraints is subjective, it was best in-
vestigated through focusing on the teachers.

The choice of methods for data generation

Pragmatically, using interviews for the smaller scale and surveys for the
larger scale was considered a reasonable and feasible option. Conduct-
ing observational studies would have been more difficult at scale, and
would also pose challenges in capturing the enactment of the planning
process. Observation of the planning process was considered in the de-
sign of the study. However, the choice was made not to interfere, as this
could have affected the ecological validity of the study. For example, if
teachers had been instructed to take notes in the guide for the re-
searcher, their planning practice could no longer be assumed to be
common planning practice. As the thesis’ aim was to be able to make
claims about what a resource like the teacher guide could do on its own,
not intruding on the teacher practice was an important part of the re-
search design.
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Trustworthiness

Through interviews and surveys, teachers provided insights into their
practice by reporting their use, reasons for use, and modifications. Re-
porting, rather than observing, cannot always be assumed to represent
reality objectively. For example, there is an inherent risk that teachers
may portray themselves as more competent or more engaged than they
truly are. In anticipation of this, in the framing of the study, and in the
interviews, teachers were initially reassured that no use was expected,
and that there was a genuine interest in getting insights into how they
perceived and used different features in the guide. Teachers reported
on their use of the teacher guide, mostly in terms of whether they did
or did not use it. The questions were very specific and targeted specific
features. The risk of teachers substantially overreporting their use is
therefore assumed to be low. Especially given that there were many as-
pects of the guide to discuss, which made it easier for teachers to iden-
tify nuances and contrasts between its features.

Findings from both cycles (Papers 4 and 5) indicated to a large extent
similar use, as well as similar perceptions of the guide and its features
in data from interviews or surveys. This was one form of triangulation,
increasing the likelihood that uses and perceptions found would be ac-
curately represented.

Differences in data generation on emerging findings

It is still acknowledged that the different ways of generating data are
likely to have rendered different findings. The interview data showed
partly different things from free-text answers in the surveys. It is likely
that reasons for use written by teachers in the survey free-text answers
were probably something perceived as salient for teachers, but not a
full disclosure of all reasons. This could, for example, be seen in that no
teacher in the survey stated, in open-text answers, to have used activi-
ties from the guide because of the research framing. However, this was
a reason stated in the interviews through conversations by many of the
interviewed teachers in the first cycle.

There was a trade-off between the questions that could be included,
given the time teachers were expected to spend on the survey, and the
information needed to support the research. This had implications for
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the findings that could be generated. For example, as the tasks in the
first cycle generated less interest from teachers compared to the texts
and activities, the focus on the tasks in the survey became less, as these
were anticipated to be less used. This, in turn, was confirmed as tasks
were reported to be used less frequently in the second cycle as well.

Did any professional learning take place?

In this thesis, professional learning has been conceptualized in two
ways: as developing MKT (Ball et al., 2008) from a more cognitive per-
spective, and as developing practice through documentational genesis
in DAD (Gueudet & Trouche, 2009; Trouche et al., 2020).

For professional learning, seen as developing MKT, a high self-re-
ported perceived development is not necessarily the same as actual de-
velopment of MKT (Copur-Gencturk & Thacker, 2021). Reporting an
ordinal number in a survey should therefore not be interpreted as an
absolute measure of how much is developed. However, when categori-
cal subdomains are compared to each other (KCS, KCT, CCK, etc.), they
are likely to reflect relative perceived development, due to the situated-
ness and explicitness of survey questions in relation to their specific
interaction. For the survey, internal validity of constructs in Paper 5,
on which associations between variables were descriptively described,
was checked with statistical measures (Cronbach’s alpha, McDonald’s
omega). The constructs for the subdomains were based upon items cre-
ated in relation to the teacher guide’s possible affordances. This was
theoretically grounded in terms of developing in relation to subdo-
mains of MKT, as described by Ball et al. (2008). There is a possibility
of overlap between individual items across different subdomains, and
the unequal number of items for each construct may also have skewed
the data. Such issues are not believed to have an impact on the main
findings. The subdomain of KCC was narrowly investigated in Paper 5
as knowledge of the Swedish curricullum. One might consider that
learning to use the teacher guide could be a way to develop KCC, in
terms of knowledge of what curriculum resources are available.
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The impact of the small-scale study and the single-person de-
sign team

There are several aspects of the design that did not allow for investigat-
ing variation in different designs. For example, the effect on the study
of having QE as a topical focus is likely to have affected the design, com-
pared to other adjacent mathematical topics, like quadratic functions,
or systems of linear equations. The impact of the specific topic cannot
be properly assessed without a comparison. However, it was only fea-
sible to conduct an investigation of one teacher guide within the scope
of this thesis.

Regarding the design, the impact of one person carrying out most of
the design production introduces limits to the design. Despite this lim-
itation, the relative success evident in teachers’ use also shows on a pos-
itive note that much can be done with limited personnel. If the review
of the research on teaching and learning of QE had been more devel-
oped at the times of design, it would have been easier to design the con-
tent and analyze teachers’ statements more systematically.

Generalization and transfer

Important for transferability or generalizability is the sample of teach-
ers that received the guide. The 6 teachers in the first cycle, and the 55
teachers in the second cycle, together came from 53 different schools
geographically spread within Sweden, and with a wide variety of
teacher experiences, from novices to experienced teachers. In general,
they perceived their planning time as sufficient, and were possibly
more interested in research and reform-pedagogies than the average
teacher, making the sample somewhat biased.

Further, that 55 teachers, out of 93 teachers eligible for post-use sur-
vey, used the guide to some extent, making up 70% of the 68 teachers
answering the post-survey, or 60% of the eligible teachers, shows that
it is likely that a large share of teachers would benefit from the support
this kind of resource can provide.

It should also be acknowledged that the 100 teachers that signed up to
receive the teacher guide were a result of 462 principals contacted by
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mail. Entertaining oneself through a Fermi-inspired® calculation, one
can conclude that schools in Sweden differ in size, but most schools
have 2 or g parallel student groups for the science track and technology
track. Bigger schools have many parallel groups, up to 6 or 7 groups.
Some small schools have only one student group, sometimes mixed be-
tween tracks. Assuming these 462 principals on average had 2 teachers
teaching the course Mathematics 2¢ (as some teachers also teach par-
allels), then the 100 teachers signing up constituted 100/(462-2) =11%
of all the Swedish teachers teaching the course. Consequently, the 55
teachers who did use the guide would have been approximately half of
that, or 5% of all the Swedish upper-secondary mathematics teachers
teaching the course in the spring semester of 2025. In terms of magni-
tudes, it is likely to at least be in one-digit percentages, as the average
number of teachers per principal is likely the factor that contains the
most uncertainty.

9.4 Limitations

As previously mentioned, this thesis work has not investigated any ac-
tual classroom work, nor has it measured teachers’ actual development
of knowledge or skills. All data from teachers’ interactions with the
teacher guide is based on teachers’ self-reporting of practice.

Further, the operationalization of support for planning and teaching as
one unit, however with focus on the planning situation, has its limita-
tions. It is the out-of-classroom situations that teachers have been
asked about and reported on. However, in line with the conceptualiza-
tion of planning by Yinger (1980), teachers do not always keep a clear
line between planning for teaching, enacting teaching, and reflecting
on planning and teaching, feeding back to the next cycle. For a teacher,
something that occurred in a lesson may be perceived as equally real as
something intended to happen in an upcoming lesson. The framework
of DAD (Gueudet & Trouche, 2009; Trouche et al., 2020) that was used
as an posteriori lens has the strength in the systemic holistic approach
in which documentational work happens both in and out of the

6 A Fermi calculation, refers to finding an approximate solution based on limited data by
making assumptions, see for example https://en.wikipedia.org/wiki/Fermi_problem
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classroom with a set of resources. However, methodologically DAD re-
quires more work, as the stability of teachers’ work can only come from
longitudinal examination of teacher practice rather than from the
snapshots provided through this thesis.

There were indications that the teacher guide also provided support in
terms of affective domains of teaching, corresponding to professional
identity, but this was not further focused.

9.5 Contributions and implications for practice

Through this work, theoretical, methodological, empirical, and practi-
cal contributions have been made.

Theoretical contributions

In this thesis, several theoretical framings and conceptualizations cen-
tering teachers’ work with resources have been employed in an attempt
to network theories (Prediger et al., 2008) and highlight benefits,
range, and limitations. Further, as described in the theoretical discus-
sion, extensions to thinking about agency and professional learning in
relation to supportive or educative teacher guide materials have been
proposed.

Although not focused in the theoretical discussion in this thesis, Paper
2 has provided a synthesis for the teaching and learning of QE. This can
hopefully provide insights for future research and aid curriculum de-
velopment and teacher PD for both in-service and pre-service teachers.

Methodological contribution

This thesis has attempted to investigate teacher guide material use
through design and evaluation of teachers’ uses of specific features of
the design. A gap in research on teachers’ use of educative materials
and teacher guides have previously been identified (Trouche et al.,
2023; Rezat, 2024) and this thesis has contributed to attending to this
gap. Even though there were methodological challenges to this ap-
proach, as seen in Paper 5, there are benefits in attempting to quantify
findings in a field that otherwise largely consists of qualitative ap-
proaches with fewer teachers than 55. Triangulating qualitative analy-
sis with descriptive quantitative analysis, covering two cycles in Papers
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4 and 5, has been a fruitful way of addressing this goal and a contribu-
tion of this thesis.

Paper 2 used a configurative systematic review approach to consolidate
evidence for informing the teaching of a mathematical topic, which is
rarely done, and Paper 3 has, together with the thesis as a whole, pro-
vided explicit insights on the design process.

Empirical contribution

This thesis has contributed to empirical findings from upper-secondary
school subject teachers, a population that has rarely been researched
before in this context, as most research on teachers’ use of curriculum
materials has been conducted on teachers of younger ages (Remillard,
2005), or teachers have been grouped together as a whole. It has also
given insights into how teachers interact with educative features in a
context where teachers have high autonomy.

In this thesis, the contribution to the field of mathematics education
research has been to create more knowledge about how teachers can be
supported in teaching through being informed, and the role played by
research in such informing. This has also created more knowledge
about teachers’ use of resources in planning and teaching, specifically
regarding different features of a resource and their use.

Practical contributions

One major practical contribution of this thesis work is the proof of ex-
istence that it is indeed possible to support subject teachers in upper-
secondary school who usually do not use teacher guides, with a well-
designed teacher guide.

Further, the teacher guide designed and tried out is made available to
teachers and teacher educators (Appendix A). The description of both
the process and the product in terms of the guide can serve as templates
for curriculum designers when designing supportive teacher guides for
subject teachers. Moreover, the proposed design principles can further
inform and strengthen such work.
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9.6 Suggestions for future research

Given the exploratory nature of this work, it opens up more questions
than it has answered. Even though this thesis has shown that teacher
guides designed in the way described can affect teacher practice in a
likely productive way, the classroom implications are unknown. This
creates a need for studies investigating how using the teacher guide
manifests in classrooms, and how the presentation of the teacher guide
affects teachers’ use and support. Further, as this guide was designed
for the topic of QE, there were implications for how the guide was de-
signed and how instructional suggestions were taken up. Comparative
work that repeats the design process for another topic area, such as
quadratic functions, systems of linear equations, trigonometric equa-
tions or functions, would likely provide valuable insights. These in-
sights would concern which aspects of the design process would remain
consistent and which differ depending on the mathematical content
and its associated teaching and learning issues. Expanding to further
content areas spanning a course could open up possibilities to investi-
gate longitudinal effects of teachers’ planning and teaching practice, as
well as their PD. This includes collaborative work of planning and
teaching with the teacher guide.

Delving deeper into the mechanisms underlying the role of research,
and the extent to which teachers’ emphasis on the research framing is
a consequence of the Swedish Education Act (SFS 2010:800, 1 kap. 5
§), or embedded in other notions, could provide valuable insights. Also,
what constitutes a sufficiently robust research summary that meets the
needs of teachers while respecting researchers’ concerns about the va-
lidity of evidential claims is an issue that warrants investigation.

Teachers’ engagement with the texts in the teacher guide was reported
in this study, but their use could be examined in greater depth through
a closer and more detailed analysis. For example, what teachers look
at, interpret and notice while reading the texts (e.g., Amador et al.,
2017; Remillard, 2012). This could be done with methods not chosen
in this thesis, such as commented documents.

As Paper 5 started investigating interactional patterns between teach-
ers and specific features of the teacher guide, there are many generated
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hypotheses to investigate further, for instance, which teacher factors
beyond experience that might account for different patterns of use and
support.

To investigate teacher learning, future research should target educative
teacher materials, particularly in relation to development of resource
use through documentational genesis (Gueudet & Trouche, 2009;
Trouche et al., 2020). Another line of inquiry would be to examine
teacher guide support in terms of affective domains of teaching, espe-
cially as they correspond to teachers’ professional identities.
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Lararguide for planering av
undervisning av
andragradsekvationer

Marcus Gustafsson



Inledning

Den har lararguiden for undervisning av andragradsekvationer ar designad for den héar
forskningsstudien. De typer av innehall som &r med i den baseras pa sadant som tidigare
forskning pekat pa potentiellt skulle kunna vara stédjande for dig som larare nar du
planerar for att genomféra undervisning om andragradsekvationer. Du som larare och
ldsare ar den som vet vad som skulle kunna vara stédjande for just dig i din lararpraktik.
Darfor presenteras har i bérjan en 6versikt 6ver guidens innehall sa att du sjalv kan vélja
hur och vad du vill lasa.

| den har guiden kommer du hitta foljande avsnitt:

1
2.

Tidigare forskning om elevers larande och undervisning av andragradsekvationer
Forslag pa lektionsaktiviteter som kan anvéandas vid undervisning av
andragradsekvationer

e Aktivitet 1 — Introduktion av andragradsekvationer

e Aktivitet 2 — Identifiera typer av andragradsekvationer och 16s

tillsammans

e Aktivitet 3 — Diskriminanten

e Aktivitet 4 — Olika |6sningsmetoder

e Aktivitet 5 — Identifiera och ratta till vanliga misstag
Uppgiftsmaterial att anvanda i undervisning

e Uppgifter fran frisldppta Nationella prov

e Utmanande uppgifter

e Lathund for olika typer av ekvationer och deras lésningsmetoder

e Exit tickets
Fordjupande kommentarer kring undervisning av andragradsekvationer baserat
pa lararerfarenhet
Andragradsekvationer i en svensk gymnasiekontext
Referenslista



Om designen och innehallet

Det finns flera satt for hur de olika typerna av innehall som presenterats i termer av
avsnitt kan fyllas. | den har guiden &r de olika innehallen i avsnitten framtagna pa
féljande satt.

Forskningsartiklar som behandlar larande eller undervisning av andragradsekvationer
soktes i forskningsdatabaser och nagra nedslag fran dessa som bedémdes som relevanta
beskrivs i avsnitt 1. | en referenslista langst bak aterfinns de studier som hanvisas till.

Dessa markeras i texten genom %23 -,

I 'avsnitt 2 finns sedan nagra forslag pa lektionsaktiviteter som designats for att forsoka
adressera en del av det som beskrivits fran tidigare forskning. Dessa ar designade pa ett
visst satt, med vissa bakomliggande principer av variationsteorin, som i den har guiden
har anvants eftersom det rimmar med vad viss tidigare forskning antytt. De ar dock inte
utprovade i undervisning i storre skala, men har erbjuds de som férslag att anvanda som
de &r eller inspireras eller utga ifran inom ramen for den professionella planeringen.

I'avsnitt 3 finns uppgifter av olika typer. NP-uppgifter sammanstalldes fran tidigare
frislappta prov fritt tillgangliga online. En lathund baserad pa forslag fran en av de
ingaende forskningsartiklarna skapades for en svensk kontext. Lankar till nagra
utmanande uppgifter soktes online och sammanstélldes. Forslag pa uppgifter att testa
elevernas forstaelse efterat skapades till exit tickets.

| avsnitt 4 finns fordjupande kommentarer kring undervisning av andragradsekvationer,
som skrevs ned baserat pa lararerfarenhet och presenteras i relation till tidigare
forskning.

Amnesplaner, laromedel, och nationella prov undersdktes utifrdn hur
andragradsekvationer behandlades i dem och detta finns beskrivet i avsnitt 5.



1. Tidigare forskning om elevers larande och undervisning av
andragradsekvationer

Har foljer nu en sammanstallning av nagra nedslag fran forskningsstudier som gjorts
internationellt med huvudfokus kring undervisning och larande av andragradsekvationer.

Aritmetisk och algebraisk forforstaelse

Aritmetisk och algebraisk forforstaelse betonas som viktiga forkunskaper for elever som
ska ta sig an andragradsekvationer?. Till exempel behdver man som elev kunna hantera
negativa tal, skriva om ekvationer till en ekvivalent form (t.ex. x? = 4 © x? — 4 = 0),
eller korrekt tolka algebraiska uttryck som till exempel % som “en halv a”2.

Vissa av elevers tidigare erfarenheter fran linjar ekvationslésning kan dock ocksa stalla till
det vid l6sning av andragradsekvationer. Detta da aritmetiska metoder och operationer
som fungerat tidigare anvands dven nir det inte lingre fungerar3. Detta goér till exempel
att en elev kan vilja dela bort x pa bada sidor av till exempel x? = 4x s3 att eleven far

x = 4 (och att I6sningen x = 0 forsvinner) 4. Den typen av misstag skulle kunna
samverka med en begransad forstaelse om antalet I6sningar till en andragradsekvation,
sd att eleven inte ser nagot problem med att det bara blir en 16sning kvar.

Om elever inte har en upparbetad forstaelse for relationen mellan absolutbelopp och
kvadrattal, d.v.s. enligt definitionen att VxZ = |x|, kan det vara svart att bygga vidare
forstaelse for andragradsekvationer och deras I6sningar?. Detta innebar till exempel att
elever behover inse att x2 = 4 ger I6sningarna x = +2 men att V4 # +2.

For att kunna ta sig an andragradsekvationer, behdver elever ocksa veta vad en ekvation
och dess bestandsdelar ar, samt vad det innebar att 16sa en ekvation, eller vad som
menas med en ”16sning”®. Det har visat sig att elever efter genomgangen undervisning av
andragradsekvationer kan ha problem som grundar sig i just problem med sjalva
ekvationsbegreppet, men ocksa med variabelbegreppet, och begreppet grad pa en
ekvation’. N&r elever ocksa fatt fragor om att beskriva eller sjilva definiera vad en
andragradsekvation ar, sa har en del elever blandat ihop dem med linjdra ekvationer,
eller med andragradsuttryck, och de andragradsekvationer som ges som exempel av
eleverna ar enbart de vanligaste pa standardform. Dessutom har elever angett svar som
beskriver I6sningsmetoder av andragradsekvationer, som nagot som ska goras, istéllet
for sjalva ekvationerna.

Elever behover ocksd ha en viss variabelforstaelse vid I16sandet av andragradsekvationer.
En svarighet kan synas hos elever som att x? och 2x &r tva olika variabler nar de stari
samma uttryck, och att det dr det som gér ekvationen till en andragradsekvation®. En
annan variant av variabel(miss)férstéelse ar att tro att (x — 3)(x — 5) = 0 har I6sningen
x = 3 och x = 5 samtidigt, d.v.s. att forsta och andra x:et ar ”olika x” och att variabeln
darmed kan ha tva olika varden samtidigt®.



Losningsstrategier och dess svarigheter

Nagot som kan vara svart med att |6sa andragradsekvationer ar att kunna vélja en
lamplig 16sningsmetod. Strategier for att I6sa andragradsekvationer, om de framhalls av
ldraren i undervisningen som extra viktiga, kan éveranvandas av elever i situationer, dven
dar det dven inte ar lampligast tillvigagangssatt'®. Detta kan till exempel vara att de
anvander sig av den allmédnna lésningsformeln nar nollprodukt skulle vara lampligare. Har
foljer nagra nedslag kring svarigheter som kan uppsta i samband med olika typer av
|6sningsmetoder.

Definitionen av en andragradsekvation (i en variabel) ges av ekvationer som kan skrivas
somax? + bx + ¢ = 0, ddr a, b, c € R. Med ord kan sigas en ekvation dir bada sidorna
av likhetstecknet (men oftast bara ena) ar ett polynom av minst och hogst grad 2. Det gar
att dela upp sadana ekvationer i tre typer: enkla (b = 0), sddana som kan skrivas, eller
redan ar, pa faktorform (¢ = 0), eller fullstandiga (a, b, ¢ # 0). Vad som é&r en effektiv
|6sningsmetod varierar darfor med typ av ekvation.

Enkla andragradsekvationer, b = 0 (ex. x? = 4)

En vanlig metod for I6sning av dessa ar att anvanda den sa kallade kvadratrotsmetoden.
Vanliga misstag elever gor har ar till exempel att bara hitta den positiva roten'! kopplat
till att inte kdnna till att det &r tvé [8sningar som soks. Att sjdlva V4 = +2 dren
missuppfattning som elever kan ha vilket kan visa sig i ekvationslésning®? av enkla

andragradsekvationer genom att x? = 4 = VxZ =& = +2, somkan hanga samman
med den tidigare beskrivna férkunskapen.

Andragradsekvationer (som gar att skriva, eller redan &r skrivna) pa faktorform ¢ = 0,
(ex.x2—3x=0eller(x+1D(x-2)=0)

En vanlig metod for I6sning med av dessa ar med nollproduktsmetoden (eller
nollproduktsegenskapen som det kallas internationellt). Det har dock visat sig finnas vissa
svarigheter med detta. Ett angreppssatt for elever att |6sa en ekvation av typen

(x —3)(x — 5) = 0 ar till exempel att multiplicera ihop parenteserna och sedan fastna,
eller att multiplicera ihop dem och sedan felaktigt faktorisera®®. Detta kan héra samman
med bristande idéer av vad sjalva begreppet nollprodukt innebar. Att kunna koppla ihop
begreppen att en faktor (x + 1) motsvarar I6sningen x; = —1, och vad skillnaden pa
begreppet faktor och I6sning &r har ocksa visat sig vara ett problem®. Detsamma &r att
koppla avlasningen av l6sningarna till en ekvation som t.ex. (x + 2)(x — 4) = 0 som

X1 = 2 och x, = —4, det vill sdga att mer instrumentellt bara ta talen rakt av, utan att ta
hansyn till att det ska vara vardena som ger faktorn noll, sa att tecknet maste andras.
Detta kan ocksa synas i varianter pa detta misstag som att en faktor (2x + 3) ger
I6sningen x; = —3, det vill siga att tecknet &r korrekt men faktorn ignoreras®.

En del elever férsoker att faktorisera x2 — 4x = 8 som x(x — 4) = 8, som &r en korrekt
faktorisering av VL, men sedan kor att x; = 0 och x, = 4 och ignorerar hégerledet?®.

Fullstandiga andragradsekvationer (ex. 2x2 + 4x + 7 = 0)

En vanlig metod for att 16sa den hdr typen ar med |&sningsformeln, som i Sverige ofta ar
den sé kallade “pg-formeln”, det vill siga att ekvationen x2 + px + q = 0 ger



2
g) — q. Internationellt anvands oftast istallet “abc-

L b b%2-4ac
formeln” ax? + bx + ¢ = 0 med Iésningarnax = ——+ [———.
2a 2a

Misstag som gors nar andragradsekvationer [6ses med I6sningsformeln &r oftast

aritmetiska, till exempel att det gors felaktiga berdkningar med brakrakning under
t17

|6sningarna av x = —gi (

rottecknet!’ eller att misstag gors med att substituera variablernas véarde fran
andragradsekvationen till I16sningsformeln. Detta innebar ocksa att satta in varden fran
en andragradsekvation som annu inte &r skriven pa en form dar I6sningsformeln kan
anvandas.

Kvadratkomplettering anvands ocksa som lésningsmetod, men elever kan uppleva denna
som svarare och mer utmanande®®. Problem som uppstar har kan vara att inte
algebraiskt lyckas med stegen fran en ekvation som exempelvis x? + 4x = 12 som leder
till (x 4+ 2)% — 4 = 12, och att dérifran ta det till x + 2 = +4.

Moijliga implikationer for undervisning

Variera utseenden och situationer av andragradsekvationer

Det kan vara gynnsamt for elevers larande om man som larare ser till att eleverna far
uppleva en rad olika situationer dar de har mojlighet att urskilja t.ex. de olika typerna av
andragradsekvationer skrivna pa olika satt, och olika typer av tal som koefficienter®. Det
ar viktigt att mycket tid laggs pa att introducera definitionen av en andragradsekvation,
och att i det sammanhanget se till att variera olika typer av ekvationer och olika typer av
andragradsekvationer som stracker sig bortom de med standardutseende?°.

Lagga fokus pa kvadrattal och absolutbelopp
Det ar viktigt att tid laggs pa att utforska egenskaperna hos absolutbelopp och kvadrattal

och dess relation till andragradsekvationer??.

Stddja elever i att identifiera och vélja I6sningsmetoder
For att stodja elever i val av I6sningsmetoder sa att de lampligaste I6sningsmetoderna
viljs for olika typer av andragradsekvationer skulle en lathund kunna ges?.

Anvanda vanliga elevmisstag i undervisning

Anvandandet av felaktigt 10sta ekvationer som exempel i undervisningen har visat positiv
effekt pa algebraisk ekvationslosning av andragradsekvationer, och effekten har visat sig
vara storst pa de elever som kunde minst innan®,

Anvanda geometriska modeller
Att anvanda geometriska modeller, antingen digitala eller analoga, foreslas som ett satt
for att skapa forstaelse for faktorisering och kvadratkomplettering?*.

Gor kopplingar mellan olika begrepp

Att gora explicita kopplingar mellan andragradsfunktioner och andragradsekvationer
foreslas av flera studier som en vag att ga for att minska den mekaniska inldarningen och
bygga begreppsmassiga kopplingar?. Elever bor ges majlighet att gora kopplingar mellan
textproblem till andragradsekvationer och symboliska andragradsekvationer eftersom

det 4r en svarighet?®,



2. Forslag pa lektionsaktiviteter som kan anvandas i
undervisning av andragradsekvationer

For att mota det som framkommit i tidigare forskning i undervisningen féljer har forslag
pa lektionsaktiviteter som skulle kunna anvandas i undervisningen med motiveringar till
vad aktiviteterna ar tankta att syfta till. Nagra utvalda identifierade fragor (F1-F4) att
hantera, baserat pa tidigare forskning i avsnitt 1 &r:

e F1:Stotta elevers olika forkunskaper, associerade med begreppskunskap om
t.ex. uttryck, ekvationer, losningar/rotter, grad, brakrékning och negativa tal

e F2: Utveckla elevers olika aritmetiska och algebraiska formaga, som till exempel
att skriva om ekvivalenta uttryck till olika form, faktorisera och forenkla

e F3:Stotta elever i att identifiera typer av andragradsekvationer och valja
|6sningsmetoder darefter

e F4: Forebygga vanliga misstag som kan uppsta hos elever i [6sandet av
andragradsekvationer av olika typer

Aktiviteterna finns i sin helhet i den tillhérande filen Bilaga 1 som medféljer denna
lararguide. De ar i word-format, sa att du som larare kan modifiera dem sa att de passar
din undervisning.

Aktivitet 1 — Introduktion av andragradsekvationer

En majlig introduktionsaktivitet. Syftet &r att eleverna ska fa éva pa att skilja ut en
andragradsekvation fran évriga matematiska objekt sdsom forstagradsekvationer,
andragradsuttryck eller forsta- eller andragradsfunktioner. Genom aktiviteten visas
mojligheter att koefficienterna inte alltid maste vara hela tal, utan dven rationella tal
skrivna i decimal och brakform, samt irrationella tal. Designad fér att hantera F1 och F2.

Aktivitet 2 — Identifiera typer av andragradsekvationer och 16s tillsammans
En mojlig aktivitet med syfte att eleverna sjalva ska 6ka sin sakerhet genom att 6va pa att
|6sa andragradsekvationer. En variant fran individuellt arbete i laroboken dér elever
samtidigt kan ta hjdlp av varandra. Designad fér att hantera F2 och F3.

Aktivitet 3 — Diskriminanten

En mojlig aktivitet med syfte att introducera diskriminanten och dess betydelse for
antalet I6sningar till en andragradsekvation. Elever ar delaktiga i aktiviteten med att
upptacka och avgéra om andragradsekvationer har (reella) I6sningar eller inte. Designad
for att hantera F1.

Aktivitet 4 — Olika I6sningsmetoder

En mojlig aktivitet med syftet att elever ska lara sig kdnna igen de olika typer eller
utseenden av andragradsekvationer, och konsekvenser for vilka lI6sningsmetoder som da
ar mojliga och vilka som ar effektiva. Designad fér att hantera F2 och F3.

Aktivitet 5 — Identifiera och ratta till vanliga misstag

En mojlig aktivitet med syftet att forebygga vanliga misstag. | aktiviteten far elever
undersoka och upptacka vanliga misstag i elevlosningar, samt ratta till dem. Designad fér
att hantera F4.



3. Uppgiftsmaterial att anvanda i undervisning

Dessa uppgiftsmaterial finns i den tillhérande filen Bilaga 2 som medféljer denna
ldrarguide. De ar i word-format, sa att du som larare kan modifiera dem sa att de passar
din undervisning.

Uppgifter fran frislappta Nationella prov
Ar tankta att du som l3rare ska kunna se ungefar vad kraven nationellt sett ligger kring
vad en elev ska kunna, samt som exempel att visa, eller for elever att arbeta med.

Utmanande uppgifter
Ar tinkta for att du som larare ska kunna ge som utmaningar till de elever som behéver
det.

Lathund for olika typer av ekvationer och deras l6sningsmetoder
Ar tinkt som ett mojligt stdd att ge till elever, eller som en mall att skapa en
begreppskarta tillsammans med eleverna pa tavlan.

Exit tickets
Ar tankta att kunna anvanda i slutet av en lektion eller lektionsdel foér att undersoka
elevernas forstaelse, vad de fatt med sig.



4. Fordjupande kommentarer kring undervisning av
andragradsekvationer baserat pa lararerfarenhet

Har foljer nu nagra fordjupande kommentarer med forslag kring hur undervisning kan
ske, presenterat i relation till forra avsnittet om tidigare forskning. Lds denna del i man av
tid. Denna del bygger pa lararerfarenhet av att undervisa om andragradsekvationer, och
ger forslag utifran sadan erfarenhet. Det ar dock inte en systematisk sammanstalining av
alla larares erfarenheter. Denna del kan lasas for att ge inspiration till exempelvis
forklaringar som gors vid genomgangar eller diskussioner med elever.

For att hantera svarigheter med begreppen

Vid nagot tillflle kan det vara bra om vi som larare reder ut med eleverna att 3x2 +

2x + 5 ar ett andragradsuttryck, att 3x2 + 2x + 5 = 12 &r en andragradsekvation, att
f(x) = 3x2 + 2x + 5 &r en andragradsfunktion och att y = 3x? + 2x + 5 egentligen &r
en andragradsekvation i tvd variabler, aven om det ofta (aven i laromedel) bendmns som
en andragradsfunktion. Och det stammer ju i den meningen att en andragradsekvation i
tva variabler gdr att askadliggora i ett koordinatsystem pa precis samma satt som
funktionen f(x) = 3x? + 2x + 5 kan gora. Det &r ju faktiskt s att man skriver y = f(x)
i grafen for att vara tydlig att det ar funktionsvardet till grafen som ar y-vardet. Detta gor
ju att i en gymnasiekontext sa spelar det kanske inte sa stor roll om man ér slarvig med
begreppen funktion eller ekvation i tva variabler, men det kan det gora for forstaelsen av
att en funktion och en ekvation ar olika saker. Samma sak finns det har med réta linjens
ekvation, som behandlas som att det vore en funktion, aven fast det heter ekvation. Det
skulle kunna vara en av anledningarna till att en elev inte ser skillnad mellan ekvation och
funktion, eftersom de haft den upplevelsen.

En andragradsekvation kan uppsta fran andragradsfunktioner, dar ett visst varde pa
variabeln x soks for ett visst funktionsvarde y = f(x). Vanligt ar att det dyker upp nér en
funktions nollstéllen ska bestammas, d.v.s. de varden pa x, for vilka grafen till
andragradsfunktionen skar genom x-axeln dd y = 0 ska bestdmmas. D4 &r det inte sa
konstigt om elever blandar ihop skillnaderna, speciellt om vi ldrare inte dr noga med vad
vi sager.

Nagot som ocksa verkar vara svart ar orden ”l6sningar” eller “rotter”. Det kan vara en bra
idé att da och da beskriva och forklara dem med andra ord nar de anvands. Till exempel
"hur kan vi veta om det finns tva 6sningar till den har ekvationen? Alltsa, hur kan vi veta
om det finns tva tal vi kan stoppa in och likheten stammer fér bada talen?”. Eller "hur
manga rotter finns det? Kom ihag att rot ar samma ord som l6sning, som betyder att
likheten stammer (eller & sann) om man satter in vardena pa x:ets plats”.

For att ytterligare hantera problem med forstaelsen av andragradsekvationer som
baseras pa elevers eventuella brist pa forkunskaper kan man repetera vad en ekvation ér,
vad en variabel ar, samt vad grad ar.

Nagot som ocksa kan vara viktigt har, ar att kunna skriva om ekvationer till andra
ekvivalenta ekvationer. Att alltsd ha med ekvationer av typen x? + 4x = 16 som man
gér om, och elever far sjilva dva att géra om till x? + 4x — 16 = 0. Att dessutom variera
koefficienter fran positiva heltal, till negativa tal, till tal skrivna i decimalform eller
brakform och fokusera pa att repetera hur man kan ténka i en sadan situation kan hjalpa



till. Till exempel kan 0,1x% — 2x + 3,6 = 0 ge mojlighet att repetera decimalberakningar
i huvudrakning, eller x% — g — 6 = 0 ge mojlighet att repetera brakrakning. Att variera

koefficienternas typ pa det har sattet skulle kunna hjalpa elever till insikt om att
ekvationerna har en struktur som inte ar beroende av vilken typ av koefficienter det &r.

Enkla andragradsekvationer

Nar det kommer till att I16sa “enkla” andragradsekvationer sa kan det vara viktigt att
papeka att man far vara noggrann nar och om man “tar roten ur” pa bada sidor.
Problemet kommer egentligen i forsta steget nar man t.ex. I6ser ekvationen:

x2 =16
Jx% =16

Om man har tanker att nasta steg ger\/x_2 = x (som inte &r sant annat an for x > 0), och
man “vet” att det ska finnas tva l6sningar, sa ar det enda sattet att 16sa detta pa genom
att 13ta V16 = +4 (som ju inte ar sant), sa att x = +4. Detta slutresultat ar ju sant, men
det tidigare steget stimmer ju inte d& v/16 endast &r positivt 4. Som larare gér man ofta
en forklaring med att géra samma, ta roten ur pa bada sidorna, for att eleverna ska
kanna igen sig i Ovrig ekvationslosning. Problemet som da kan uppsta i den har
situationen, férutom att bara hitta en rot, ar att det kan forstarka missforstand av typen
x2 = 4x + 16 som da blir Vx2 = VAx + 16, som i virsta fall sedan blir x = 2x + 4, om
"att ta roten ur” gors pa ett felaktigt satt.

Skulle man gbra en mer matematiskt korrekt |6sning dar man “tar roten ur” pa bada
sidor, och korrekt anvander att Vx? = |x|, skulle man behéva géra féljande:

x? =16
Vx? =16
x| = V16
x| =4
x =14

Detta skulle kunna visas, men risken ar att detta resonemang inte ar latt att géra som
larare, eller latt for elever att folja, eftersom begreppet absolutbelopp oftast inte har
introducerats annu. Enligt centralt innehall ligger det i kurs Matematik 3c (efter Gy25 i
Matematik fortsattning, niva 1c) som ar efterliggande. Visserligen ar begreppet
absolutbelopp med i relation till trigonometri som langd pa vektor, men detta ar en
annan betydelse som inte hjdlper i dessa algebraiska situationer.

Ett satt, som larare férmodligen anvander, ar darfor att sdga att ekvationen
2
x“ =16

utan mellansteg har I6sningarna
x=1V16 = 14

som ju inte gor vald pa matematiken, som steget Vx4 = x gor. Det kan vara en gyllene
medelvag att anvanda pa det har stéllet i matematikkurserna.
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En variant av I6sning som leder vidare till ndsta “metod” eller typ av ekvationer som I6ses
genom att faktorisera via att bryta ut ar att bygga pa konjugatregeln (som vissa elever
hunnit lara sig innan). Da skulle 16sningen kunna goras genom

x? =16
x*—=16=0
(x+4)(x—4)=0

som enligt nollproduktsegenskapen (nollproduktsmetoden i Sverige) ger l6sningarna
X1 = —4-,x2 =4,

En svarplacerad typ av andragradsekvation ar t.ex. (x — 1)? = 25 dir manga elever
kanske skulle vilja utveckla parentesen i vanster led. Da ser vi att det ar en ekvation som
har x2-term, x-term och konstantterm och som skulle passa med 16sningsformel till.
Dock &r ju det en omvag och ndgot som man vill komma ifran, eftersom (x — 1)? = 25
enklast |6ses som en “enkel” andragradsekvation, med
x-1?=25ex-1=+/250x=145.

Detta ar dessutom ett viktigt steg i kvadratkomplettering. Det kan darfor vara bra att ta
med dessa binom-ekvationer redan under forklaringar och exempel som handlar om de
forsta “enkla” andragradsekvationerna.

Andragradsekvationer (som gar att skriva, eller redan ar) pa faktorform
Andragradsekvationer pa faktorform kan ses som tva olika typer av ekvationer, eller i alla
fall skulle de kunna uppfattas sa av elever. Dessa ar

e de som behdver faktoriseras innan de kan I6sas med egenskapen av nollprodukt,
till exempel

x% —6x = 0 eller 5x% = —20x
e de som redan ar faktoriserade, till exempel
3x(x —2)=0eller(x+3)(x—5)=0.

Som tidigare beskrivits kravs aritmetiska forkunskaper som har skulle kunna visa sig
genom problem med att bryta ut en faktor for de som behéver faktoriseras. For de som
redan ar faktoriserade ar det idén om nollprodukt som &r en potentiell svarighet, som
gor att en del elever kan vilja multiplicera ihop parenteserna, och sedan eventuellt
anvédnda losningsformel eller fastna. Att papeka dessa tva olika utseenden for eleverna
skulle kunna hjalpa deras forstaelse for andragradsekvationer pa faktorform och att
kunna vélja l6sningsmetod.

Ordningsmassigt skulle det kunna vara en idé att forst bara titta pa redan faktoriserade
andragradsekvationer, innan sadana som kraver faktorisering forst. Om man gar pa de
redan faktoriserade ekvationerna forst och beskriver hur de l6ses, kan man motivera att
vi da behdver faktorisera for att 10sa dem.

Fordelen med att lagga faktoriserade andragradsekvationer forst, skulle vara for att lagga
huvudfokus pa l6sningsmetoden som egentligen dr anvandandet av den generella
nollproduktsmetoden(eller egenskapen), som ocksa ar mer generell for
polynomekvationer av hogre grad. Nollproduktsegenskapen ar viktig i matematik, inte
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bara for I6sandet av vissa andragradsekvationer. Att lagga faktoriserade
andragradsekvationer forst skulle ocksa kunna hjélpa till att hindra att sjélva
faktoriseringen genom utbrytning av storsta gemensamma faktor tar fokus fran den
bakomliggande idén om nollprodukt.

For att knyta an till och repetera tidigare aritmetiska egenskaper kan nollprodukt forst
motiveras med enklare numeriska pastaenden som till exempel. 4-2-3-0-6 = 0.S3
lange det finns en faktor som ar noll, sd ar hela uttryckets varde det ocksa. Sedan kan da
dvergangen till att titta pa varje faktor i x - (x — 2) = 0 goras. Att faktoriseringen gors
for att man ska kunna titta pa varje faktor enskilt ar sjalva huvudpoangen.

Nagot om de som behover faktoriseras:
Losning med faktorisering av ekvationer av typen ax? + bx + ¢ = 0,c = 0 ges genom
att bryta ut storsta gemensamma faktor ur t.ex.

x2—-5x=0

x(x—5)=0
dar losningarna ges av x; = 0 och x, = 5. Pdpekas kan da alltsa att om en
andragradsekvation redan stér i faktorform, som x(x — 2) = 0 eller

(2x — 4)(x + 1) = 0 sa behover den inte faktoriseras, och da ar den “redan fardig” for
att bestdmmas |6sningarna till genom nollproduktsmetoden.

| alla fall ddr ¢ = 0 s& far vi ekvationer av typen ax? + bx = 0. Ekvationerna &r da ofta
skrivna som ax? = bx vilket éppnar for misstag av typen att dividera bort x fran bada
sidor och tappa en losning. Om detta papekas kan elever fa syn pa detta sa att risken for
det misstaget minskas.

Nagot om de som redan ar faktoriserade:

For att dnnu mer peka pa nollproduktsmetoden for faktoriserade uttryck kan det vara
vart att gora en strukturerad variation av exempel som gradvis dkar komplexitet, som till
exempel:

x(x—2)=0

x(x+3)=0
x+2)x—-1)=0
x+4)(x-2)=0

(x+%>(x+3)=0
(4x+2)(x+3)=0
(6x+%> x-37)=0

Ekvationerna har gar fran att ha plus och minus inom parentes, till att ha binom i bada
parenteserna, till att ha brak i en parentes, till att ha en koefficient till x # 1 inom en
parentes, till att ha blandning av positiv och negativ. Den har typen av pabyggnad av
enkelt utseende till mer avancerat dar en sak varieras i taget foreslas inom
variationsteorin som ett satt att ge elever mojligheter att se viktiga bakomliggande

12



strukturer. Vill man sa kan man ocksa for varje rad, eller for ndgra av raderna skriva om
ekvationerna pa utvecklad form, sa att eleverna far mojlighet att se att ekvationerna pa
faktorform ocksa ser ut som standardformen.

Att dessutom lagga till fler faktorer sdsom (4x + 2)(x + 3)(x — 1) = 0 och
(4x+2)(x+3)(x—1) (x +%) =0ochx(4x +2)(x +3)(x — 1) (x +%) =0 kan
vara ytterligare ett satt att strukturerat variera mojligheterna for ekvationer pa
faktorform dar flera l6sningar finns, och att varje faktor motsvarar en ny l6sning. Det
skulle kunna gora att en del elever kan se det generella i att antal faktorer inte spelar
nagon roll for sattet att tdnka hur l6sningarna tas fram fran varje faktor parallellt. Viktigt
ar dock att peka pa att det slutar vara en andragradsekvation nar det finns fler an tva
|0sningar. Att visa detta skulle kunna vara en férberedelse infér Matematik 4 och
polynomekvationer av hogre grad, som ocksa ar viktigt for universitetsmatematiken.

Egentligen kan ju alla andragradsekvationer som har reella I6sningar skrivas i faktorform,

och tids nog i undervisningen kommer ju detta goras, t.ex. att ga fran lésningarna x; = 2

och x, = itill ekvationen (x — 4) (x - %) = (. Det sker bland annat i samband med

andragradsfunktioner nar nollstallen lases av i en graf.

Fullstandiga andragradsekvationer
Andragradsekvationer pa formen, x? + px + g = 0 kan |6sas p3 olika sitt, med
kvadratkomplettering, eller med I6sningsformeln. Kvadratkomplettering leder fram till

2
att Iésningarna direkt kan ges av x = —gi (2) — q, enligt pg-formeln. (Eller abc-

formeln om koefficienten till x2 ej ar 1).

Med kvadratkomplettering

Det finns en rad olika satt och metoder for att kvadratkomplettera. En férdel med
kvadratkomplettering ar att det férutom en algebraisk manipulation ocksa kan
askadliggoras geometriskt med en figur?, som féreslagits som ett bra satt att bygga
konceptuell férstaelse. Det finns flera firdiga GeoGebra-applikationer for detta? som
med férdel kan anvandas vid demonstration eller for elevers egna undersodkande.

Med |6sningsformel

Misstag som elever kan raka gora med l6sningsformeln ar oftast algoritmiska eller
aritmetiska. Det kan handla om att inte ldsa av koefficienter ratt sa att fel varden satts in i
formeln, byta tecken, att kvadrera felaktigt, eller att géra misstag nar brak under
rottecknet ldggs samman. Sadana misstag kan bero pa flera olika kunskapsluckor och kan
vara svara att férebygga.

Ett satt att fa elever att vara sékrare i sjalva I6sningsformelalgoritmen skulle kunna vara
att gora en schematisk forklaring av vad som hdnder, snarare dn att tanka pa att
substituera virdena fran ekvation till [sningsformel. | ekvationen x? + 4x + 3 = 0
skulle en elev som anvander losningsformeln med substitution stoppa in varden pé p och

1Se t.ex. artikel frdn Ndmnaren, https://ncm.gu.se/pdf/namnaren/3742 14 3.pdf
2 Se t.ex. https://www.geogebra.org/m/PP6tAEZS eller https://www.geogebra.org/m/ecvnznst
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2
qsdattx = —% + (— %) — 3 och sedan kunna gora diverse misstag vid brakrakning

eller vid kvadrering, pa grund av brak och minustecken. Med en mer “retorisk” eller
“verbal” forklaring av algoritmen av typen ”“halva det framfér x med ombytt tecken,
plus/minus roten ur det talet i kvadrat och sedan konstanten med ombytt tecken” skulle
detta kunna se ut som:

x2+4x+3=0

Halva med ombytt tecken | ' *

| | kvadrat, strunta i tecken |

En sadan forklaring skulle kunna o6ka sdkerheten hos eleven i att klara av att fa ut
|6sningarna pa ekvationen, men a andra sidan skulle den bertva elever fran en majlighet
till aritmetisk 6vning pa till exempel negativa brakuttryck i kvadrat.

En till aritmetisk utmaning for elever kan vara omskrivningar av kvadratrotter i slutandan
av typen V12 = V4 - 3 = V4 - /3 = 2+/3. Ofta uppmirksammas detta i samband med
elever som inte “far samma l6sningar som facit”, men att det visar sig att de bara inte
skrivit om kvadratroten till samma som facitforfattarna. Det kan darfor vara viktigt att ta
upp och visa detta vid nagot tillfalle. Har kan ocksa diskuteras normer kring hur en
"tillrackligt forenklad kvadratrot” ar.

Nagot som kan ses fran nationella provs uppgifter pa svarare niva ar att de handlar om
andragradsekvationer och deras I6sningar (Se HT12 nr 8, VT14 nr 17). For detta ar
diskriminanten (som den kallas for bada losningsformlerna)

2 Ny
(E> —q (elleerér abc-formeln)
2 2a

viktig. Att reda ut hur diskriminanten hanger samman med antalet I6sningar till
ekvationen kan vara viktigt att gora vid nagot tillfalle (Ett forslag pd hur detta kan géras
ges i Aktivitet 3.), eftersom det ocksa bygger till andragradsfunktioner och deras grafiska
utseende. Andragradsekvationer har alltid tva I6sningar. Ibland ar bada I6sningarna
samma losning, och da kallas det for en dubbelldsning eller dubbelrot. Dessa hdnder inte
sa ofta, men ar ett viktigt gransfall nar man tittar pa diskriminanten.

Losning med faktorisering av fullstdndiga andragradsekvationer

Utanfor Sverige 16ses andragradsekvationer en del med faktorisering och da med en
sorts anvandning av Vietas formler. D3 tittar man pa om en andragradsekvation skriven
med koefficienten 1 framfor x2-termen, exempelvis x2 — 5x 4+ 6 = 0 s om man kan
hitta tva faktorer som utgér konstanten 6 somt.ex. 6 =23 =(=2)-(-3)=6-1=
(—6) * (—1) och dessa tva faktorers summa kan ge den negativa koefficienten till x-
termen (idettafall: 3+ 2 =5,(—-2)+ (—3) = —5eller6 +1=6,(—1) + (—6) =
—7). D& kan man faktorisera x2 — 5x + 6 = (x — 3)(x — 2) eftersom x; + x, = —p
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samt x; - x, = q for x2 4+ px + q = 0. Det &r dock sallan som faktorer latt kan hittas pa
detta satt, om det inte ar tillrattalagda uppgifter.

Grafisk eller numerisk 16sning

Andragradsekvationer som har irrationella koefficienter, eller empiriska varden kan vara
svara att I6sa utan numeriska hjalpmedel. Har kan de digitala hjalpmedel du som larare
anvander tillsammans med klassen vara vardefulla att anvanda sig av.
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5. Andragradsekvationer i en svensk gymnasiekontext

Har beskrivs hur andragradsekvationer som innehall ar beldget och tolkas i en svensk
kontext. Detta ar for matematik 2c. Viss fordndring kan komma att ske av detta infor
reformen GY25.

| dmnesplanen
I matematik 2 (c) beskrivs det centrala innehallet for andragradsekvationer som

e Metoder for att I6sa andragradsekvationer.
Det finns dock narliggande och till viss del 6verlappande centralt innehall sasom

e Begreppet andragradsfunktion och egenskaper hos andragradsfunktioner,
inklusive symmetrilinje, extrempunkt och nollstallen.
e Metoder for att I6sa rotekvationer.

| laromedel

Det har stycket baseras pa tre vanligt férekommande ldromedel®. Dar kan ses att
andragradsekvationer har ett eget avsnitt som ligger efter kvadrerings- och
konjugatregler, och innan andragradsfunktioner. Rotekvationer ligger i anslutning till
andragradsekvationer, da dessa i manga fall leder till andragradsekvationer (ex.
Vx + 3 = x som blir x + 3 = x? efter kvadrering i bada led).

Definitionen av en andragradsekvation (i en variabel) ges av ekvationer av typen ax? +
bx +c =0,dara,b,c € R. Med ord kan sdgas en ekvation dar bada sidorna av
likhetstecknet (men oftast bara ena) ar ett polynom av minst och hogst grad 2.

Laromedel behandlar andragradsekvationer i huvudsak enligt tre typer, som kallas nagot
olika. Har har namn satts pa dem for att kunna beskriva dem:

e Enkla andragradsekvationer,b =0
o Metod for 16sning genom att x2 = C & x = ++/C (kallas ibland
kvadratrotsmetoden)
e Andragradsekvationer (som gar att skriva) pa faktorform, dar ¢ = 0, eller skrivna
pa typen (x — x1)(x —x;) = 0
o Metod for I6sning med (faktorisering och) nollproduktsmetoden
e Fullstandiga andragradsekvationer av typen ax? + bx + ¢ = 0,
o Metod for I6sning genom kvadratkomplettering
o Metod for [6sning med I8sningsformel for andragradsekvationer, x2 +

px + q = 0 gerlosningarnaav x = =3 + (5) —q, (den sd kallade

"pg-formeln”).
e Vietas formler behandlas ocksa i nagra av laromedlen. Dessa innebar att for en
andragradsekvation av typen ax? + bx + ¢ = 0 dar Iésningarna 4r x; och x,

b C . .
ges sambanden att x; + x, = —-samtxy - x; = - For en andragradsekvation

3 Liber Matematik, Matematik 5000+, samt Origo
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med koefficienten 1 pd kvadrattermen x2 + px + q = 0 géller dd motsvarande
sambanden att x; + x, = —p samtx; - x, = q.*

| nationella prov

Genom de frisldppta prov som gar att finna fran tidigare givna nationella prov i
matematik 2(c) kan ses att dessa innehaller samtliga ekvationstyper givna enligt tidigare,
men utan krav pa typ av metod annat dn att den ska vara t.ex. algebraisk.
Kvadratkomplettering som metod ar alltsa ingenting som NP historiskt kravt i de
frislappta proven (Se exempeluppgifter pa andragradsekvationer frén NP).

De nationella provens formelblad innehaller dessutom férutom “pg-formeln” dven “abc-
formeln”, som inte kraver koefficienten 1 framfor x2-termen. Fran formelbladet®:

Andragradsekvationer

x> +px+q=0 ax?+bx+c=0
2 2

__P pP\" _ __ b b%2-4ac

x=-3t (2) q A

OBS! N&r NP nu forandras bade till form och genomférande kan detta ocksa komma att
andras.

| progressionen

Andragradsekvationer kan placeras pa foljande satt i svensk skolkontext. Har har ocksa
aritmetik, och forberedande algebra inklusive variabelbegreppet och ekvationsbegreppet
fran tidigare skolar lagts in, som dessutom tidigare forskning visat ar viktiga
forkunskaper.

Aritmetik
Tidigare algebra Ma2: Rotekvationer
-variabelbegreppet . i
: grepp Ma2: Andragradsekvationer Ma2: Andragradsfunktioner
-ekvationsbegreppet Ma4: Polynomekvationer av
Ma2: Kvadreringsregler/ hégre grad
konjugatregler

4 Dessa samband anvands vid faktorisering av andragradspolynom av typen ax? + bx + ¢ dar

a, b, c # 0 genom att undersoka koefficienter och termer, nagot som &r vanligare internationellt
sett.

5 https://arkiv.edusci.umu.se/np/np-2-4-prov/Formelblad _matematik 2.pdf
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Bilaga 1 — Forslag till lektionsaktiviteter

Detta dr bilaga 1 till “Ldrarguide for planering av undervisning av andragradsekvationer”

Forslagen pa genomférande av lektionsaktiviteter som beskrivs har ar forslag. Alla aktiviteter ar
designade for att hantera sadant som behandlats i lararguiden. Nagra har tidigare anvants av larare,
och kommentarer kring detta finns i anslutning till aktiviteten. Du véljer sjalv om du vill genomféra
nagonting och hur du i sddana fall anpassar aktiviteten pa ett satt som du bedémer blir bast. Det
finns beskrivningar vad varje aktivitet ar tankt att dstadkomma.

Aven om aktiviteterna hir presenteras i en ordning finns det inget som siger att de inte skulle kunna
genomforas i en annan ordning. Det finns fler aktiviteter har (ca 5h lektionstid) dn vad du kanske har
till forfogande att ldgga pa omradet andragradsekvationer.

Innehall i denna bilaga:

Aktivitet 1 — Introduktion av andragradsekvationer

En mojlig introduktionsaktivitet. Syftet dr att eleverna ska fa 6va pa att skilja ut en
andragradsekvation fran 6vriga matematiska objekt sasom forstagradsekvationer, andragradsuttryck
eller forsta- eller andragradsfunktioner. Genom aktiviteten visas mojligheter att koefficienterna inte
alltid maste vara hela tal, utan dven rationella tal skrivna bade i decimal och brakform, samt
irrationella tal.

Aktivitet 2 — Identifiera typer av andragradsekvationer och 16s tillsammans

En mojlig aktivitet med syfte att eleverna sjalva ska 6ka sin sdkerhet genom att 6va pa att l6sa
andragradsekvationer. En variant fran individuellt arbete i laroboken déar elever samtidigt kan ta
hjalp av varandra.

Aktivitet 3 — Diskriminanten

En mojlig aktivitet med syfte att introducera diskriminanten och dess betydelse for antalet I6sningar
till en andragradsekvation. Elever ar delaktiga i aktiviteten med att upptacka och avgoéra om
andragradsekvationer har (reella) I6sningar eller inte.

Aktivitet 4 — Olika lI6sningsmetoder

En mojlig aktivitet med syftet att elever ska lara sig kdnna igen de olika typer eller utseenden av
andragradsekvationer, och konsekvenser for vilka |6sningsmetoder som da ar méjliga och vilka som
ar effektiva.

Aktivitet 5 — Identifiera och ratta till vanliga misstag

En mojlig aktivitet med syftet att forebygga vanliga misstag. | aktiviteten far elever undersoka och
upptacka vanliga misstag i elevlésningar, samt ratta till dem.



Aktivitet 1 — Introduktion av andragradsekvationer (ca 30+30 minuter)
Lérarinformation

Den har aktiviteten syftar till att I3ta elever kontrastera och urskilja viktiga egenskaper eller aspekter
av andragradsekvationer, samt att inse pa vilka satt de skiljer sig fran och pa vilka satt de liknar andra
matematiska objekt. Aktiviteten ger ocksa majlighet att Iata alla typer av elever fa bidra med det de
kan inom sina grupper och senare i helklass. Aktiviteten bestar av tva delar, dér det gar att
genomfora bara en av dem om tiden ar begransad.

Genom aktiviteten ar det tankt att eleverna ska fa majlighet att 6va sig pa att

e Dell: kdnna igen olika typer av andragradsekvationer och kunna sarskilja dem fran
o Uttryck
o Forstagradsekvationer och -funktioner
o Andragradsfunktioner
e Del 2: Kunna skriva om andragradsekvationer till ekvivalent standardform
e Del 2: Kdnna till att det finns (i huvudsak, eller minst) tre olika typer av andragradsekvationer
e Kommunicera matematik med varandra

Larare som tidigare anvant den har aktiviteten i klassrum har genomfért den som den ar, eller
modifierat den for att passa dem, till exempel genom att ta bort nagra ekvationer, eller bara kéra del
1. Detta for att passa begransningar med tillganglig lektionstid. Nagon har delat upp den och kort del
1 pa en lektion och fortsatt med del 2 pa nasta lektion.

Férslag pG genomférande:

Del 1 —sortera och gruppera
Beratta for eleverna att de sett manga olika typer av matematiska objekt hittills. Om de inte sett
innan, ge en introduktion av vad andragradsekvation &r. Som forslag kan ges att beratta att

e Det ska vara en ekvation som bestar av polynom av precis grad 2
e Det ska ga att skriva som bara polynom pa varje sida

Visa foljande matematiska objekt (som skulle kunna kallas matematiska saker eller grejor, eller
liknande) pa tavlan, pa ett utskrivet dokument, eller pa ett elektroniskt dokument (se
Elevinformation efter lararinformation i det har dokumentet). Pa ett utskrivet papper kan de klippa
isar ekvationerna, som kan gora grupperingen av dem lattare, om de kan flyttas runt fysiskt.
Anledningen till att kalla dem for saker eller grejor &r att de alla heter olika, och det inte finns nagot
bra samlingsnamn. Man kan inte kalla alla for uttryck, eftersom inte alla dr uttryck, dven om de alla
bestdr av uttryck pa ett eller annat satt. Att anvdanda “saker” eller "grejor”, eller “objekt” om man vill
vara mer formell, ar darfor ett satt att kunna prata om dem alla som en samling utan att forvilla.

A. x2—4x=0 l. 3=x?—4x
B. x—24=0 I, 4x—2=2x—2
ool K x*—12x=2x+3
D x~ L (x-22=5
E. x(x—=3)=5 M x(x = 3)

. o )
F. X 23x+2.3x 8 =4x N g(x) =2x—5
H. f(x)=3x>-3x+1 : \*=3z)=



Be eleverna forsoka forklara vilka av sakerna du skrivit upp (eller delat ut) som de tror ar
andragradsekvationer, och vad som inte ar det. Instruera dem att sortera dem pa nagot satt, och se
om de adven kan sortera sadant som inte ar andragradsekvationer. Lat eleverna arbeta i par i ca 10-
15 minuter. (Vill du hellre kora EPA, eller i storre grupper pa en gang, eller liknande, sa gor det.)

Hantera elevernas forlag pa grupperingar. Du kanske marker nar du gar runt bland elever nagra olika
typer av grupperingar. Valj ut nagra elevers grupperingar och visa pa tavlan (eller 1at dem). En mojlig
utforlig gruppering skulle kunna vara

Ekvationer
" ™
A x?2—4x=0
C. 2x2—-4=0
E. x(x—3)=5
F. mx?—3x+23x—8=4x
D. x*-4 . 3=x%—4x
M. x(x —3) K. x?2—12x=2x+3
L (x—2)2=5
0. «x (x . 1) -0 Forstagrads
2 4
J. 4x 5= 2x — 2
G. y:x2—4 B. x—4=0
\ Py

H. f(x) =3x2-3x+1

N. [g(x) =2x-5

Funktioner

Du kan antingen anvanda den som en summering, eller att ni kommer pa egna grupperingar. Det kan
racka att bara skilja pa ekvationer, funktioner, och uttryck till exempel, eller att bara vélja ut
andragradsekvationerna och ldta de andra vara “resten”. Du kan ocksa efter att ni gatt igenom nagra
mojliga grupperingar visa den féreslagna grupperingen utan rubriker och Iata eleverna sjélva gissa
vad fargerna skulle kunna sta for (se Elevinformation 2). Visa pa projektor eller dela ut kopior.

Podnger du som larare vill fa fram har nar du sammanfattar och diskuterar i helklass (sa att eleverna
har mojlighet att fa syn pa dem) ar:

e Inte allt skrivet med x? i sig &r andragradsekvationer

e Inte alla andragradsekvationer har konstanttermer

e Inte alla andragradsekvationer har linjara variabeltermer (ex. 3x)

o Inte alla koefficienter ar heltal (de kan ocksa vara decimaltal, brak, eller irrationella t.ex. )

e Inte alla andragradsekvationer har termerna pa vanster sida av likhetstecknet

e Inte alla andragradsekvationer har upphdjt i tva, eftersom en del ocksa kan vara
faktoriserade som E eller O, eller i ett binom som L.

e Andragradsekvationer och andragradsfunktioner &r tva olika saker

e Andragradsekvationer bestdr av andragradsuttryck, men har ocksa en likhet

e G. ar speciell, eftersom den ibland kallas fér en andragradsfunktion, och ibland en ekvation i
tva variabler.



Del 2 — skriv om till ekvivalenta andragradsekvationer

Nu &r det dags fér andra delen som syftar till att kunna skriva om ekvationer till ekvivalenta
ekvationer pa annan form, som ar en viktig del for att kunna l6sa andragradsekvationer (och andra
typer av ekvationer).

Ta darfor fram alla andragradsekvationer. Antingen markera dem lite extra pa tavlan, eller ta bort de
andra. Beskriv nu att andragradsekvationer kan beskrivas pa formen ax? + bx + ¢ = 0 och be
eleverna att skriva om dem. Be dem alltsa att skriva sa att hoger led ar lika med noll. Du kan kanske
behova visa nagot exempel, beroende pa hur du kdnner din klass.

Har ar hur det kommer att bli:

A: x? — 4x = 0 &r redan klar

C 2x2 — 4 = 0 &r redan klar

E: x(x-3)=5ex*-3x=59x*-3x-5=0

F: nx?—3x+23x—8=4xomx’-07x—8=4x o mx?-47x-8=0

I: 3=x’-4xox’—4x=3x>—4x-3=0
K: x*—12x=2x+3©x*-14x-3=0

Nu &r det lite speciellt, eftersom de tva sista ekvationerna vill man egentligen inte utveckla for att
|6sa dem, men foér den har évningen gor vi det for att se att de gar att skriva om pa samma form. Det

ar vart att diskutera det med eleverna. Passa ocksa pa att diskutera att % ar samma som éx.
L: (x-22=5ex -4x—4=50x>-4x-9=0

1
0: x(x——):O(:)xz—f:O

2 2

Avsluta aktiviteten genom att sortera ekvationerna i tre olika typer, och beratta att ni kommer I6sa
de olika typerna nasta gang (som en “cliffhanger”). Forslag pa grupper ar: Grupp 1: C, L, Grupp 2: A,
0, och Grupp 3: E, F, |, K, L. Kommentera att L kan hamna i bade Grupp 1 och 3. Skriv gérna i nagra
fler enkla, som x? = 16, (x — 3)(x + 5) = 0 och x> — 4x — 5 = 0. Be eleverna skriva ndgon mer av
enkel, faktorform, eller fullstandig.

Har ar ett forslag pa hur det skulle kunna se ut:

Enkla Faktorform Fullstandiga

C. 2x*—4=0 A xt—4x=0 E. x(x—3)=5

L (x—2)%=5 0. x(x—l):o F. mx?—3x+23x—8=4x
z . 3=x%—4x

K. x2—12x=2x+3
L. (x=2)*=5

Rubrikerna kan du andra eller diskutera vad de borde heta. Forklara om de olika typerna och koppla
till formen ax? + bx + ¢ = 0 och vad koefficienterna skulle vara i varje situation.



Aktivitet 1 (Elevinformation)

Forsok valja ut vilka av dessa som du tror ar andragradsekvationer. Férsok ocksa sortera ut de som
inte ar andragradsekvationer och gruppera dem pa nagot satt som du tycker ar vettigt.

A. x2—4x=0
B. x—4=0
C. 2x>—4=0
D. x?>—4
E. x(x—3)=5
F. mx?—3x+23x—8=4x
G. y=x%?—-4
H f(x)=3x*-3x+1
. 3=x?—-4x
I Ax—2=2x-2
K. x2—12x =2x+3
L. (x—2)>=5
M. x(x—3)
N. g(x)=2x—-5
1
0. x(x—5)=



Aktivitet 1 (Elevinformation 2)

Nagon har gjort de har grupperna och ringat in med olika farg. Vad tror ni de olika fargerna betyder?
Vad har allt som ar innanfér en viss inringning for egenskaper? Varfor da?

Hur skiljer sig den har grupperingen fran er gruppering? Vad har ni grupperat liknande?

x2—4x=0

2x2—4=0
x(x—3)=5

mx® —3x+2.3x — 8 = 4x
3=x%—4x
x2—12x=2x+3
(x—2)2=5

1
x(x-3)=0 ;
J. 4x—§=2x—2
y=x%-4 ] B. x—4=0
H f(x)=3x2-3x+1

N. |gx) =2x-5

D. x2—4
M. x(x —3)

orx—- mmo »

-
[
o




Aktivitet 2 — Identifiera typer av ekvationer och 16s tillsammans (ca 30-60
minuter, eller valfri omfattning) Ldrarinformation

Nar elever har fatt reda pa att det finns tre olika sorters andragradsekvationer, och att dessa bara
beror pa forekomsten av x2-term, samt om det finns med x-term eller inte, samt om det finns med
konstantterm eller inte, kan du anvanda eleverna som resurser for varandra. En fordel med detta ar
att du som larare inte behdver hjélpa lika manga och att de far 6va pa att diskutera och motivera for
varandra.

Ovningen syftar till att stétta elevernaii att hitta strategier fér hur de kan analysera vilken typ av
ekvation de har att gora med och hur de i sddana fall ska ta sig an den. Den syftar ocksa till att elever
far 6va sakerheten pa att |6sa ekvationerna ocksa.

Genom aktiviteten ar det tankt att eleverna ska fa méjlighet att 6va sig pa att

e Kannaigen olika typer av andragradsekvationer
o Vilja lamplig 16sningsmetod for en andragradsekvation
e Kommunicera matematik med varandra

Nar larare anvant denna aktivitet i klassrummet har de beskrivit att de kort den som den éar, eller
modifierat den genom att ldgga till eller ta bort ekvationer fran listan. Pa sa satt har aktiviteten tagit
mindre tid att genomfora, som har passat battre for dem med begransad lektionstid. En annan
mojlig modifiering ar att ta bort uppgifter med ekvationer av en viss typ som inte hunnits behandlas i
undervisningen annu.

Férslag pG genomférande:

Lat eleverna arbeta i par tillsammans (som du ordnar sjalv eller som de sitter, organisera som du
vill). Vélj ut ett gdng blandade andragradsekvationer, antingen fran din elevlarobok, eller fran annan
uppgiftsbank, eller skapa dem sjalv. Skriv pa tavlan, eller dela ut ett papper med féljande instruktion
till eleverna:

"F6r varje ekvation ni stoter pa:

1. Titta pa ekvationen. Diskutera vilken typ av andragradsekvation det &r. Forsok sedan vilja ut
en idé om hur den ska l6sas.

2. Los ekvationen enligt er idé. Forsok sjalva forst och jamfor era l6sningar med varandra. Ga
sedan vidare till ndsta ekvation och ga till férsta punkten.”

En fordel med att valja ut dem fran din elevlarobok ar att eleverna da kan kdnna att de gor de
uppgifter de “ska gora” fran boken, sa att de inte behover protestera eller dubbelarbeta. Ett forslag
pa blandade ekvationer finns annars pa nasta sida.

Det skulle kunna ga att ha lathunden som stdd, eller motsvarande egenskapad hjélp, om det bedéms
behovas.



Aktivitet 2 (Elevinformation)

Har kommer flera andragradsekvationer. For varje ekvation:

1. Titta pa ekvationen. Diskutera vilken typ av andragradsekvation det ar. Forsok sedan vilja ut
en idé om hur den ska l6sas.

2. L6s ekvationen enligt er idé. Forsok sjalva forst och jamfor era I6sningar med varandra. Ga
sedan vidare till nasta ekvation och ga till férsta punkten.

Ekvationer

A) x*+3x=0

B) x2—16=0

C) x*4+4x—-5=0

D) x? = 6x

E) x(x—=3)=0

F) x2=8x—-7

G) (x—2)2=4

H x2+3x=0
1 3

|) x2+§x=ﬁ



Aktivitet 3 — Diskriminanten (ca 30-60 minuter) Léirarinformation

Ar ténkt som en 6vning for att kunna uppticka och avgdra om andragradsekvationer har (reella)
|6sningar eller inte. Denna behdver goras efter att eleverna har blivit bekanta med I6sningsformeln
eller kan kvadratkomplettera. Du kan ha diskuterat och gett namn till diskriminanten tidigare, och da
blir den har 6vningen som en repetition, eller sa anvands den har aktiviteten for att introducera idén
om diskriminant. Denna ar gjord for diskriminanten enligt pg-formeln men kan anpassas till abc.

Genom aktiviteten ar det tankt att eleverna ska fa majlighet att 6va sig pa att
e Avgora antalet |6sningar till en andragradsekvation genom att undersdka diskriminanten
Férslag pa genomférande:

Be eleverna fundera pa om de kan foresla en andragradsekvation som saknar (reella) I6sningar. Lat
dem fundera tillsammans. Samla de olika férslagen. Formodligen kommer du fa nagon variant pa
x% + 4 = 0 eller skriven som x? = —4. Du kommer inte f3 ndgon x% + 4x = 0, eftersom alla
andragradsekvationer med konstantterm O faktiskt har reella l6sningar (som kan vara nagot nagon
forsoka bevisa, eller i alla fall férklara).

Forutsatt att nagon eller nagra kommer kunna féresla nagon av dessa av dessa med x2-term och
konstantterm skild fran noll. Samla ihop dem och se om ni kan hitta nagon regel tillsammans, Iat
eleverna fa forsoka formulera till exempel som att ” x2 + ¢ = 0 saknar lésningar om c r stérre dn
noll”.

Stall nasta fraga, om de kan skapa en andragradsekvation p& formen x? + px + q = 0 som saknar
|6sningar, om p ocksa kan vara nagot annat an noll. Om de kor fast, ge en ledtrad att be dem testa
med féljande:

x2—8x+4=0
x2—8x+12=0
x2—-8x+19=0
x2+8x+4=0
x2+8x+12=0
x2+8x+19=0

Meningen med dessa ledtradar ar att eleverna i de tre forsta ser strukturerat hur konstanttermens
6kande varde till slut gor diskriminanten negativ. De sista tre ledtradarna visar att tecknet pa
koefficienten till x-termen inte spelar ndgon roll, utan bara storleken.

Forhoppningsvis kan ni tillsammans komma fram till att diskriminanten

2 Ny
{ (g) —q (eller % for abc-formeln)

bestammer antalet I6sningar. Sammanfatta att

N2
(E) — g > 0 ger tva reella I6sningar



2
(2—’) — q = 0 ger en dubbelrot, d.v.s. tva reella I6sningar som ar “samma |6sning”

2
(72—’) — q > 0 geringa (reella) Iosningar



Aktivitet 4 — Andragradsekvationers olika utseenden och Iésningar (ca 60
minuter) Ldrarinformation

Syftet med den har aktiviteten ar att elever ska lara sig kanna igen olika typer eller utseenden av
andragradsekvationer, och konsekvenser for vilka |6sningsmetoder som da ar méjliga och vilka som
ar effektiva. Genom att i aktiviteten gruppera pa olika satt laggs fokus pa att forséka uppmarksamma
likheter och skillnader, bade i utseende pa andragradsekvationer och pa I6sningsmetoder.
Aktiviteten kan fungera som ett satt att samla ihop flera olika typer av |6sningsmetoder som
eleverna har lart sig. Den &r ocksa inspirerad av en lektionsdesign fran Underground Mathematics.

Genom aktiviteten ar det tankt att eleverna ska fa majlighet att 6va sig pa att

o Identifiera viktiga aspekter av olika typer av andragradsekvationer
e Avgora vilka l6sningsmetoder som dr mest effektiva for olika typer av andragradsekvationer
e Undersoka Iosningarna till andragradsekvationer.

Férslag pa genomférande:

Be eleverna gruppera foljande andragradsekvationer efter vilken I6sningsmetod som skulle vara
mest effektiv for att I6sa den. Om du vill ha mer 6ppenhet, Iat istallet eleverna bara gruppera dem
pa det satt de tycker passar. Justera i sadana fall elevinformationen till att bara be dem gruppera
dem.

(Anvand i sadana fall en fraga om ”“Hur skulle du l16sa dem?” till elevgrupper som kort fast, nar du gar
runt och ser hur det gar for grupperna. Om nagon grupp blir "klar” kan du stélla en fraga av typen
"Hur ar det med antalet I6sningar till ekvationerna?”. Denna fraga hér ocksa samman med
diskriminant-aktiviteten.)

Dela ut ekvationerna pa ett papper (Elevinformation), och om du har majlighet 13t eleverna klippa
isar dem. Detta kan gora att grupperingen av ekvationerna kan ske lattare, om de kan flyttas runt
fysiskt.

Lat eleverna arbeta med dessa i par eller grupp. Nar de flesta grupperna kommit fram till ndgon sorts
gruppering, avbryt eleverna och diskutera nagra av elevernas grupperingar som du tycker passar i
helklass.

Dela sedan ut forslag pa gruppering (Elevinformation 2), eller visa den pa projektor eller liknande.
Dér finns en gruppering utan namn pa grupperna, dar eleverna sjalva far forsoka lista ut pa vilka
grunder den grupperingen gjorts. Lat dem arbeta med det en stund och samla sedan ihop med en
helklassdiskussion. Forslagsvis tar du upp i helklassdiskussionen

e Vad de olika fargerna star for (Forslag pa gruppering med beskrivning pa nasta sida)

e Vad eleverna hade for skillnader och likheter fran den har grupperingen i hur de grupperade.
o Kanske gruppering efter typ, om det finns a, b och c i ax? + bx + ¢ = 0 istéllet? Vad

hénder da med en sadan som till exempel R. ?

e Fraga: Finns det nagra ekvationer som behover diskuteras placeringen av lite extra?

e Fraga: Finns det nagon l6sningsmetod som fungerar pa alla ekvationer?
o T.ex. l6sningsformeln fungerar pa alla, men ofta inte effektivt

o Vilka ekvationer skulle kunna lésas pa andra satt?
o T.ex.P. med konjugatregeln

e Hur kan man veta om det finns I6sningar eller inte (eller dubbelrétter)?


https://undergroundmathematics.org/quadratics

En mojlig gruppuppdelning ar denna:

Loses med nollprodukt

Behover faktoriseras forst
P
2 _
€ x7=14 E. (x—4)(x+3)=0
D. 2x2—7x=0
K. x(2x+3)=0
L. x24+x=0
00 2—-x)(x+01)=0
2 _
L\ M. x*+9x =0 )
Loses med kvadratrot
4 )

F. x2=25
R. (x+1)?%2=4
Har dubbelrot

|N. x2=0

B. 3x2—-6x+3=0 |

x2—16=0
2x2 —128 =0
2(x—04)2-18=0

. 2x?4+4x=6

A x2—4x—-5=0

Saknar (reella) I6sningar

x24+16=0

z} 0 o =

L. x?+4+4x+5=0 I




Aktivitet 4 (Elevinformation)

Dela in de har andragradsekvationerna i grupper efter hur ni skulle [6sa dem. Hur ar det med antalet
l6sningar till ekvationerna? Finns det nagra ekvationer som hor ihop med mer dn en grupp?

A. x2—4x—-5=0
B. 3x°—6x+3=0

C. x%=14x

D. 2x2—-7x=0

E. (x—4)(x+3)=0
F. x2=25

G. 2(x—-04)?%2-18=0
H x2+16=0

. 2x*+4x=6

) x*4+x=0

K. x2x+3)=0
L. x?>4+4x+5=0

M. x24+9x =0

N. x2=0

0. 2—-x)(x+01)=0
P. x2—-16=0

Q. 2x2-128=0

R. (x+1)?>=4



Aktivitet (Elevinformation 2)

Ndgon har gjort de har grupperna av ekvationerna och ringat in med olika farg. Ni kan se att en del

ekvationer finns i flera grupper.

.
da?

Vad tror ni de olika fargerna betyder? Vad galler for allt som ar innanfor en viss farg? Varfor

Hur skiljer sig den har grupperingen fran er gruppering? Vad har ni grupperat liknande?

4 N
(c. x2=14
s X T AR EE. (x—9x+3)=0
D. 2x2—7x=0
K x2x+3)=0
. x24x=0
00 2—-x)(x+01)=0
2 _
. gM' X +9x—0) )
4 N
F. x2=25
R. (x+1?=4

B. 3x2—6x+3=0 |

. 2x’+4+4x=6
P. x?2—16=0
Q 2x2—-128=0 A x2—4x—-5=0
G. 2(x—04)>-18=0
|H. x24+16=0 L. x?4+4x+5=0




Aktivitet 5 — Identifiera och rétta till vanliga misstag (ca 45-60 minuter)
Lérarinformation

Den har aktiviteten handlar om att |ata elever underscka l6sningar och upptécka vanliga misstag vid
|6sning av andragradsekvationer, samt att ratta till dem. Att anvanda felaktigt 16sa uppgifter var
nagot som visade sig fran tidigare forskning ha potential att leda till béttre formaga att l6sa
ekvationer hos elever.

Genom aktiviteten ar det tankt att eleverna ska fa majlighet att 6va sig pa att

e Losaandragradsekvationer

e Fundera pa hur nagon annan kan ha tankt i I6sningar, och kunna motivera varfér nagot
stammer eller inte stdmmer

e Kommunicera matematik med varandra

Férslag pG genomférande:

Beratta for eleverna att de ska fa arbeta med att undersdka elevldsningar av uppgifter, dar eleverna
gjort nagot misstag i varje uppgift eller anvant nagon ineffektiv metod. Det ar deras uppgift att
forsoka hitta misstagen och ratta till dem och fundera 6ver om det finns nagot battre satt att [6sa
uppgiften pa.

Dela ut I6sningarna (Elevinformation) till eleverna pa valfritt satt (t.ex. utskrivna eller via nagot
digitalt satt som du &r van vid). Be eleverna forsoka hitta misstagen och |6sa dem istéllet pa ett satt
som stammer. Lat eleverna arbeta i par i ca 15-30 minuter. (Vill du hellre kéra EPA, eller liknande, sa
gor det.) Se 6ver om du vill justera namnen pa de fiktiva eleverna som gjort I6sningarna.

Nar du samlar ihop i helklassdiskussion och gar igenom lésningarna och deras misstag ar det viktigt
att du lyfter viktiga podnger. Kanske vill du dela upp det i tva delar, sa att du tar ett avbrott efter ca
20 minuter, dar ni pratar igenom uppgift 1-6. Sedan kan eleverna arbeta med resten av uppgifterna
och sa pratar ni igenom uppgift 7- i slutet.

Har kommer nu alla I6sningar till uppgifterna, som dr samma uppgifter och ordning som i
Elevinformationen. Viktiga poanger att lyfta i helklassdiskussion star som punkt efter varje uppgift.

1. Ella ska losa ekvationen x? = 8x. Lésningen ser ut s&har:

x% =8x
x? _ 8x
x_x
x=28

Vad gor Ella for misstag? Kan du hjélpa Ella genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I6sa ekvationen som stammer.

e Ella dividerar bort I6sning, missar att det ar tva I6sningar till en andragradsekvation. Viktigt
att inte dividera med en variabel, nar variabeln skulle kunna ha vardet noll. | detta fall ar det
ocksa sa att den l6sning som forsvinner ar x = 0. Darfor ar det division med noll som utfors,
som inte ar giltigt.

o Flytta till att hogerledet = 0, och sedan faktorisera, samt anvanda nollprodukt. Ekvationen
x% = 8x ger x2 — 8x = 0 som efter faktorisering ger x(x — 8) = 0 som med nollprodukt
ger losningarna x; = 0 ochx, = 8.



Nollprodukt, bortser fran att hégerledet mdste vara noll
2. William ska I6sa ekvationen x? — 12x = 28. Losningen ser ut sahar:
x?—12x =28
x(x—12) =28
=>x; =0o0chx, =12
Vad gor William for misstag? Kan du hjalpa William genom att férklara vad misstaget ar och ge ett

forlag pa ett satt att I6sa ekvationen som staimmer.

e William faktoriserar visserligen korrekt, men for att nollproduktsmetoden/egenskapen ska
fungera maste HL =0. Just nu &r det ju egentligen “28-produktsmetoden” som skulle behévas
goras, d.v.s. tva faktorer som tillsammans ger produkten 28. Har kan vara bra for att visa
skillnaden genom att skriva och jamféra ekvationerna x(x — 12) = 28 med x(x — 12) = 0,
for att en elev ska urskilja det viktiga med hogerledet lika med noll.

e Utveckla parenteserna, flytta allt till VL sa att HL= 0, och sedan I6sa med I6sningsformel eller
kvadratkomplettering. Detta ger |&sningarna x; = —2 och x, = 14.

Korrekta I6sningar, men metoder gdr att diskutera effektiviteten pd

3. Andragradsekvationen x% — 16 = 0 &r given. Melvin, Linnea, och Theo ska l3sa den, och gér
pa tre olika satt.

Melvin: Linnea: Theo:

x2-16=0 x2—16=0 x2—-16=0

x% =16 x+4H)x-4)=0 x=-0+V02+16

x =14 x; =—4ochx, =4 x=-0++16
x=—-0+4

Vad sdger du om I6sningarna? Vilken I6sning ar lampligast? Vad kan vara anledningen till att Melvin,
Linnea och Theo valjer just sitt satt att l6sa uppgiften pa?

e Melvins I6sning &r snabb och effektiv, men han behover gora en extra operation att flytta
Over 16.

e Linneas I6sning ar snygg och snabb, d&ven om den &r ovanlig. Som Linnea gor dar gar det
alltid att gora, sa slipper man “roten ur” pa bada sidorna, och anvéander nollprodukt istallet

e Theos l6sning ger korrekta I6sningar, men dr omstandlig. Rekommenderas inte, eftersom
den tar tid och latt att gora fel pa vagen. (Har skulle det dock kunna diskuteras om det &r sa
att en del elever egentligen bara behoéver kunna kora I6sningsformeln pa allt. Det &r dock en
storre diskussion, som du far balansera som du vill.)



Missar en lésning

4. Elias ska l6sa ekvationen x% = 144. Lésningen ser ut sahar:

Jx? = V144
x =12

Vad gor Elias for misstag? Kan du hjélpa Elias genom att forklara vad misstaget ar och ge ett forslag
pa ett satt att I16sa ekvationen som stammer.

e Enandragradsekvation har tva l6sningar, och har finns bara en. Hogerledet har ar korrekt.
Vansterledet ar det som enligt definitionen inte stimmer, eftersom Vx2 = |x|. Detta gor att
ett mellanled borde vara |x| = 12, som sedan ger lésningarna x; = —12 och x, = 12. Dock
tas inte detta absolutbelopp upp oftast férran i Ma3c. Du far avvaga hur du vill géra med
detta, om du gér direkt p4 att ursprungliga ekvationen bara har l6sningarna ++144 istillet
eller inte. Viktigt &r att poangtera att det inte &r v/144 som ar +12.

Nollprodukt, missar att I6sningen dr ndr parenteser dr noll, inte bara avldsning
5. Julia ska l6sa ekvationen (x + 6)(x — 2) = 0. Losningen ser ut sahar:
(x+6)(x=2)=0
X, =6 ochx, = =2

Vad gor Julia for misstag? Kan du hjalpa Julia genom att forklara vad misstaget ar och ge ett forslag
pa ett satt att I6sa ekvationen som stammer.

e Misstaget dratt x; = 6 ochx, = —2integer 0iVL. Sattermaninx = 6farman12-4 =
36, som inte ar 0.
e LOsagenom att sdttain x; = —6 och x, = 2 istéllet.

e Viktigt att inte utveckla parentesen och kora I6sningsformel. Nollprodukt ar en viktig
egenskap som ar hjadlpsam och effektiv.

e Viktigt har att podngtera att det &r inte sa att man satter in 6 och 2 “samtidigt”, utan var och
en for sig. Alltsa I16sningarna dr x; = —6 och x, = 2 eftersom (—6 + 6)(—6 — 2) = 0 och
(24+6)(2—2) =0ochinte foratt (=6 + 6)(2 —2) = 0.

Nollprodukt, variabelférstaelse, x har olika vérde i olika parenteser

6. Hugo ska forklara varfor ekvationen (x — 2)(x — 5) = 0 har I6sningarna x; = 2 och x, = 5.
Forklaringen |ater sdhar: “Lésningarna dr x; = 2 och x, = 5 eftersom (2 —2)(5—-5) = 0”

Vad sdger du om Hugos forklaring? Hur skulle din forklaring se ut?

e Som foregaende fraga: Det dr inte sd att man satter in 6 och 2 “samtidigt”, utan var och en
for sig. Alltsa lIosningarna ar x; = 2 och x, = 5 eftersom (2 — 2)(2 —5) = 0 och
(5—-2)(5-5) =0ochinteforatt (2—2)(5-5)=0.



Aritmetisk problematik med faktorisering, korrekt nollprodukt i 6vrigt

7. Norah ska l6sa ekvationen 3x% = 6x. Losningen ser ut sahar:

3x% = 6x
3x2—-6x=0
3x(3x—-2)=0

2
x; =0 ochx2=§

Vad go6r Norah for misstag? Kan du hjalpa Norah genom att forklara vad misstaget ar och ge ett
forslag pa ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att
undvika den har typen av misstag i framtiden?

e Misstaget i tredje raden, nar 3x2 blir 3x - 3x = 9x2. Detta gar att undvika om man test-
multiplicerar in efter att man faktoriserat, for att se att man far samma som man utgick
ifran. Parentesen ska alltsa vara (x — 2) som ger att x, = 2 istéllet.

Aritmetisk problematik med faktorisering, korrekt nollprodukt i 6vrigt
8. Muhamed ska I6sa ekvationen 4x2 — 9 = 0. L&sningen ser ut sahar:
4x2-9=0
(4x+3)(4x—-3)=0
3 3
X ==y och x, =3

Vad gor Muhamed for misstag? Kan du hjdlpa Muhamed genom att férklara vad misstaget ar och ge
ett forslag pa ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att
undvika den héar typen av misstag i framtiden?

e Misstaget i andra raden, nar 4x2 blir 4x - 4x = 16x2. Detta gar att undvika om man test-
anvander konjugatregeln efter att man faktoriserat, for att se att man far samma som man
utgick ifran. Det kan ocksa vara viktigt att podngtera har att gora 4x2 till (2x)2 i ett

mellansteg. Parentesen ska alltsa vara (2x + 3)(2x — 3) som ger att x; = %och X, = —%

istallet.

Sdtter in andragradsekvationen fel, Idser av koefficienten fel
9. Liam ska l6sa ekvationen x2 — 4x — 5 = 0. L&sningen ser ut sahar:
x=-2+V22+5
x=—2+V9=-2+3

X1 ==5o0chx, =1



Vad gor Liam for misstag? Kan du hjalpa Liam genom att forklara vad misstaget ar och ge ett forslag
pa ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att undvika den
har typen av misstag i framtiden?

e Misstag med att det inte ska vara minus framfor 2:an i HL i forsta raden vid 16sningsformeln.
Det kan vara bra att podngtera att det kan vara svart att undvika den har sortens misstag,
som kan vara pa grund av slarv, eller att algoritmen inte har satt sig. Viktigt att hitta ett satt
som ar sakert for sig sjalv, eftersom manga andragradsekvationer kommer behovas I6sas om
de laser vidare. Losningarna ska darfor vara x = 2 + 3 i stéllet. Detta ger x; = —1 och x, =
5.

Anvinder en icke-féirdig andragradsekvation med pq pd en géng, utan koefficient 1 pG x>-termen
10. Sari ska |6sa ekvationen 2x? — 8x + 6 = 0. Lésningen ser ut s3har:
x=4+V42 -6
x =4+10
x; =4++vV10ochx, = 4 —+10

Vad gor Sari for misstag? Kan du hjalpa Sari genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att undvika den har
typen av misstag i framtiden?

e Forsoker anvanda l6sningsformeln (pg-formeln) pa en géng, utan att koefficienten pa x2-
termen ar 1. Da fungerar inte pg-l6sningsformeln. (Ddaremot skulle abc-formeln kunna
anvandas.)

e Man kan kommentera att det &r bra att Sara skrivit 4 + V10 och 4 — V10 som virdet p3
I6sningarna, eftersom det ar det exakta véardet. Ofta ar det ju heltalslésningar, men ibland
kan l6sningar faktiskt se ut sadar.

e Riktiglosningar2x? —8x+6=0ox*—4x+3 =0 x = 2+ V22 — 3 som ger
|6sningarnax; = 1ochx, =3

Bérjar pa en icke-effektiv metod, och gér sedan misstag
11. Leo ska l6sa ekvationen (x — 3)(x — 5) = 0 Lésningen ser ut sahar:
(x=3)(x=5=0
(x-3)(x-5)=x*-5x—3x+15=0
x2—-8x+15=0
x=4+V42+15
x=4++31
x; =4+v31 ochx, =4—+/31



Vad gor Leo for misstag? Kan du hjdlpa Leo genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I16sa ekvationen som stimmer. Kan du ocksa ge forslag pa nagot sétt att undvika den har
typen av misstag i framtiden?

Leo utvecklar parenteserna korrekt, men i 5:e raden gor han ett teckenfel pa 15 som
fortfarande &r +15 under rottecknet, nér det borde vara -15. Darfor far han fel I6sningar.
Snygg |6sning i 6vrigt, men ineffektiv.

Om nollprodukt anvands i férsta steget ges l6sningarna direkt som x; = 3 och x, = 5.
Har kan en diskussion féras om att det ar viktigt att inte bara kunna pg-formeln.

Overgeneralisering av att utféra operationer for linjéra ekvationer

12. Emma ska |6sa ekvationen x? + 4x = 16. Lésningen ser ut sahar:

x%? =16 — 4x
Jx2 =16 — 4x
x=4-2x

3x =4

x=§

Vad gor Emma for misstag? Kan du hjdlpa Emma genom att forklara vad misstaget ar och ge ett
forslag pa ett satt att [6sa ekvationen som staimmer.

Emma tanker kanske att som med enkla andragradsekvationer dar det bara finns en
kvadratterm och konstantterm s& kan man sitta x2 ensamt i VL och sedan ”ta roten ur” pa
bada sidor. Talen 16 och 4x ser sedan latta ut att férenkla.

Har kan det vara vart att papeka att roten ur summan av tva tal inte &r samma som att ta
roten ur varje tal for sig, aven om det dessutom ar felaktigt att roten ur 4x ar 2x.

Fran steg 1 till steg 2 skulle det dessutom behdva vara +4/16 — 4x i rad tva, eftersom Vx? =
|x| som ger bdda méjligheterna pé x. Det skulle 4nd§ inte vara en framkomlig vég vidare,
men da skulle i alla fall det steget stamma.

En battre I0sning ar att nar man har en andragradsekvation med samtliga tre termer, att
man da flyttar alla termer till VL sa att man far VL=0. Allts3, x% + 4x — 16 = 0 som med
I6sningsformeln ger x = —2 + V42 — 16, som ger dubbelroten x = =2 + 0.

(Har kan man ocksa se att eftersom x% + 4x — 16 = 0 &r en perfekt kvadrat, kan man med
kvadreringsregeln faktorisera den till x2 + 4x — 16 = (x — 2)?, som ocksa direkt ger
dubbelroten 2 med nollprodukt)




Aktivitet 5 (Elevinformation)

Titta pa de har l6sningarna och forsok besvara de fragor som star till varje |6sning.

1. Ella ska l6sa ekvationen x? = 8x. Losningen ser ut sahar:

x? =8x
2 _o

—x
x=28

Vad gor Ella for misstag? Kan du hjélpa Ella genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I6sa ekvationen som stammer.

2. William ska I6sa ekvationen x? — 12x = 28. Losningen ser ut sahar:
x?—12x =28
x(x—12) =28
= x; =0o0chx, =12

Vad gor William for misstag? Kan du hjalpa William genom att férklara vad misstaget ar och ge ett
forlag pa ett satt att |6sa ekvationen som staimmer.

3. Andragradsekvationen x? — 16 = 0 &r given. Melvin, Linnea, och Theo ska lésa den, och gér
pa tre olika satt.

Melvin: Linnea: Theo:

¥?2-16=0 x2—16=0 x2-16=0

x2 =16 (x+4)(x—-4)=0 x=-0+02+16

x = +4 x, = —4ochx, =4 x=-0++16
x=-0+4
x=—0+4=4
X, =—-0-4=-4

Vad sager du om I6sningarna? Vilken I6sning ar lampligast? Vad kan vara anledningen till att Melvin,
Linnea och Theo valjer just sitt satt att l6sa uppgiften pa?




4. Elias ska l6sa ekvationen x? = 144. Lésningen ser ut sahar:
Vx?% =144
x=12

Vad gor Elias for misstag? Kan du hjélpa Elias genom att forklara vad misstaget ar och ge ett forslag
pa ett satt att I16sa ekvationen som stammer.

5. Julia ska |6sa ekvationen (x + 6)(x — 2) = 0. Ldsningen ser ut sdhar:
x+6)(x—2)=0
X1 =6 ochx, =-2

Vad gor Julia for misstag? Kan du hjalpa Julia genom att férklara vad misstaget ar och ge ett forslag
pa ett satt att I6sa ekvationen som stammer.

6. Hugo ska forklara varfor ekvationen (x — 2)(x — 5) = 0 har l6sningarna x; = 2 och x, = 5.
Forklaringen later sdhar: ”Losningarna ar x; = 2 och x, = 5 eftersom (2 —2)(5-5) = 0”

Vad sdger du om Hugos forklaring? Hur skulle din forklaring se ut?

7. Norah ska ldsa ekvationen 3x% = 6x. Losningen ser ut sahar:

3x?% = 6x
3x2—6x=0
3x(3x—=2)=0

2
x; =0 ochx2=§

Vad gor Norah for misstag? Kan du hjalpa Norah genom att forklara vad misstaget ar och ge ett
forslag pa ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att
undvika den har typen av misstag i framtiden?




8. Muhamed ska |6sa ekvationen 4x% — 9 = 0. Losningen ser ut sahar:
4x2—-9=0
(4x+3)(4x—-3)=0
3 3
X ==z och x, =3

Vad gér Muhamed for misstag? Kan du hjdlpa Muhamed genom att forklara vad misstaget ar och ge
ett forslag pa ett satt att 16sa ekvationen som stdammer. Kan du ocksa ge forslag pa nagot satt att
undvika den hér typen av misstag i framtiden?

9. Liam ska l6sa ekvationen x2 — 4x — 5 = 0. L&sningen ser ut sahar:
x=-2+V22+5
x=-2+V9=-243
x; ==5o0chx, =1

Vad gor Liam for misstag? Kan du hjalpa Liam genom att forklara vad misstaget ar och ge ett forslag
pa ett satt att I16sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att undvika den
har typen av misstag i framtiden?

10. Sari ska I6sa ekvationen 2x2 — 8x + 6 = 0. Lésningen ser ut sahr:
x=4+V42-6
x=4+10
x; =4++V10o0chx, = 4 —+/10

Vad gor Sari for misstag? Kan du hjalpa Sari genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I6sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att undvika den har
typen av misstag i framtiden?




11. Leo ska I6sa ekvationen (x — 3)(x — 5) = 0 Lésningen ser ut sdhar:
(x=3)(x=5=0
(x-3)(x-5)=x2-5x—3x+15=0
x2—8x+15=0
x=4+V42+15
x=4++31
x; =4++v31 ochx, = 4—+/31

Vad gor Leo for misstag? Kan du hjalpa Leo genom att forklara vad misstaget ar och ge ett forslag pa
ett satt att I16sa ekvationen som stammer. Kan du ocksa ge forslag pa nagot satt att undvika den har
typen av misstag i framtiden?

12. Emma ska l6sa ekvationen x? + 4x = 16. Lésningen ser ut sahar:
x% =16 —4x
Jx? =16 - 4x
x=4-2x

3x=4

X=§

Vad gor Emma fér misstag? Kan du hjalpa Emma genom att forklara vad misstaget ar och ge ett
forslag pa ett satt att [6sa ekvationen som staimmer.




Bilaga 2 — Uppgiftsmaterial att anvanda i
undervisning

Har finns uppgiftsmaterial att anvanda i undervisning.

”

Detta dr bilaga 2 till “Ldrarguide for planering av undervisning av andragradsekvationer”

Innehall i denna bilaga:
Uppgifter fran frislappta Nationella prov

Ar tankta att du som |3rare ska kunna se ungefar vad kraven nationellt sett ligger kring vad en elev ska
kunna, samt som exempel att visa, eller for elever att arbeta med.

Utmanande uppgifter
Ar tankta for att du som ldrare ska kunna ge som utmaningar till de elever som behéver det.

Elevlathund for olika typer av ekvationer och deras |6sningar
Ar tinkt som ett mojligt stdd att ge till elever, eller som en mall att skapa en begreppskarta
tillsammans med eleverna pa tavlan.

Exit tickets
Ar tinkta att kunna anvinda i slutet av en lektion eller lektionsdel fér att undersoka elevernas
forstaelse, vad de fatt med sig.



Andragradsekvationer i nationella prov 2c

Samtliga uppgifter hamtade fran tidigare givna prov, som numer ar frisldppta, fran
https://www.umu.se/institutionen-for-tillampad-utbildningsvetenskap/np/np-2-4/tidigare-givna-
rov

Lésningar till flera av dessa uppgifter finns i videoformat pa https://vidma.se/np2x2ekv/ .

Fran NP Matematik 2c VT12:

3. Lis ekvationerna

a)  x(x+7)=0 (1/0/0)

12. Los ekvationerna med algebraisk metod.
a) xt-4x-45=0 (2/0/0)

b) 35-2xr=x (0/3/0)

14. 1ekvationen x2 - (a— l)2 =0 ir a en konstant.
Las ekvationen och svara pa si enkel form som méjligt. (0/0/2)

Med digitala hjalpmedel

23. Ett tunt snore dr 24 m langt. Snoret kan formas till olika geometriska figurer.

Figur | Figur 2

a)  Hela snoret formas till en liksidig triangel, se Figur 1.
Bestidm triangelns area. (0/3/0)

b)  Snoret delas sedan i tva olika langa delar. Av varje del formas en
kvadrat, se Figur 2.
Undersok om det &r mojligt att kvadraterna tillsammans far arean 17 m”.  (0/0/4)


https://www.umu.se/institutionen-for-tillampad-utbildningsvetenskap/np/np-2-4/tidigare-givna-prov/
https://www.umu.se/institutionen-for-tillampad-utbildningsvetenskap/np/np-2-4/tidigare-givna-prov/
https://vidma.se/np2x2ekv/

Fran NP Matematik 2c HT12:

3.  Las ekvationerna och svara exakt.
a)  x’—4x=0 (1/0/0)
8. Ge ett exempel pa en andragradsekvation som saknar reella rétter.
(0/1/0)
11. Lés ekvationen x° +2x-24=0 algebraiskt. (2/0/0)
Fran NP Matematik 2c VT13:
10. Los ekvationen x° —8x -9 =0 med al gebraisk metod. (2/0/0)
13.  Los ekvationen +/5—x +3 = x med algebraisk metod. (0/3/0)
Fran NP Matematik 2c HT13:
10. Los ekvationerna med algebraisk metod.
a)  x -6x-16=0 (2/0/0)
b) A2x+3=x (0/3/0)
Fran NP Matematik 2c VT14:
10. Los ekvationen (x —+/3)7 —4(x —+/3)+3=0 omdu vet att ¢> —4¢ +3=0 har
losningarna t, =3 och ¢, =1. Svara med exakta virden.
X =
Xy = (0/0/1)
13. Los ekvationerna med algebraisk metod.
a)  x°+2x-15=0 (2/0/0)

b)) x(x+3)=x+3 (0/2/0)



17. 1ekvationen ax” — a”x =-2 iir a en positiv konstant. Los ekvationen och visa

vilka viirden pé a som ger tva olika reella rotter. (0/0/3)

Fran NP Matematik 2c HT14:

11. Los ekvationerna med algebraisk metod.
a) x> +4x-12=0 (2/0/0)
b) (x-4)? =2(x-4) (0/2/0)
Med digitala hjalpmedel

21. Enrektangels lingd dr 10 cm lingre én dess bredd. Bestim hur langa
sidorna 1 rektangeln dr om dess area dr 80 cm?. (2/1/0)

Fran NP Matematik 2c VT15:
5. Tvdav ekvationerna A — E har reella losningar. Vilka tva?

A x+3=1

B. x +6x-3=2

C. x'=-9

D. x*-4x+9=2

E. (x-2)x+2)=0 (0/1/0)
10.  Los andragradsekvationen ¥ —6x+5=0 med algebraisk metod. (2/0/0)

14. En andragradsekvation P (a+4)x+(b+5)=0 har losningarna
X =]. Dch X2 =-3
Bestim virdet pi a och b. (0/2/0)

Fran NP Matematik 2¢c VT22:

6.  Los ekvationerna och svara exakt pa enklaste form.

d)  (Gx-4)(4-3x)= -9x* (0/1/0)

€)  (5987-1x)" —2(5987-x)=0 (0/0/1)

9.  Lés andragradsekvationen x* +8x + 12 = 0 med algebraisk metod. (2/0/0)



Utmanande uppgifter

Har foljer nagra uppgifter som skulle kunna ges som utmaningar till elever som behéver det, eller for
hela klassen om det bedéms vara rimligt. Dessa ar framtagna genom NRICH-projektet vid
Universitetet i Cambridge. Mer information kring uppgifterna finns pa hemsidan via lankarna nedan.

Uppgift 1:

Mega quadratic equations, hdmtad fran https://nrich.maths.org/11009 och férsta delen 6versatt
hér:

Hitta alla reella I6sningar till ekvationen
(x2 = 5x + 5)(x2—11x+30) =1
Det finns sex mojliga l6sningar till ekvationen. Kan du hitta dem alla?

e Ledning: Ekvationen l6ses genom att tanka pa vilka fall som ger 1%, a®, och (—1)? dir a kan
vara vad som helst och b ar jamn.

e Detta ger alltsa att undersoka nar basekvationen ar 1 eller -1, samt nar exponentekvationen
ar 0. For basekvationen lika med -1 ges l6sningar bara i de fall da b &r jamn. Darfér maste de
x-varden som fas som l6sningar i bas-ekvationen testas att sattas in i exponentens uttryck
for att se om de ger jamna tal, for att de I6sningarna ska vara l6sningar till ekvationen.

e Fortsattning ges via lanken fran https://nrich.maths.org/11009

Fler utmanande uppgifter finns.
Uppgift 2: Irrationella rotter

https://nrich.maths.org/11596

Uppgift 3: Fibonacci

https://nrich.maths.org/2816

Uppgift 4: Fractions i fractions

https://nrich.maths.org/319

Uppgift 5: Fordjupad substitution

https://nrich.maths.org/7074



https://nrich.maths.org/11009
https://nrich.maths.org/11009
https://nrich.maths.org/11596
https://nrich.maths.org/2816
https://nrich.maths.org/319
https://nrich.maths.org/7074

Forslag pa lathund for [6sning av olika

typer av andragradsekvationer

Har ar ett forslag pa lathund som hjalp for elever att |6sa olika typer av andragradsekvationer. Den
skulle ocksa kunna vara ett stod for utformande av mall for en gemensam begreppskarta som ldrare
och elever skapar tillsammans pa tavlan vid nagot tillfalle.

Vilken typ av andragradsekvation ar det?

ax2+¢c=0

"Nagot med *2 och ett tal, men
inget x"

-l szemped
%2 =16
22+ 12=16
¥2-64=0
(x3)2 =36

ax2+bx =0

"Nagot med x2 och x men ingen
konstant term som inte &r noll”

_..fill exempe!

%Z-8x=0

22+ 12x=10

%2 = dx

¥Wr-3)=0

(x+4)x-1)=0

ax2+bx+c=0

"Nagot med xZ och x och en
konstant term som inte ar noll"
. il exempe
W2 B +15=0
242+ 12x-26=0
®2 = 4x+5

Y

Y

Y

(Om det behdvs) Forma om fill ¥ =
¢ och lés med kvadratrot.

(Om det behdvs) Faktorisera sa att
(x-a)(x-b)=0 och anvand nollproduki

Forma om till x° + px +q = 0 och 185
med pg-formeln, eller
kvadratkomplettera




Exit tickets

Nagra uppgifter som kan anvindas som flervalsfragor, pa papper, eller i till exempel mentimeter®

eller annat elevresponssystem.

Féljande fragor dr tdnkta att svara mot vanliga misstag dd anvdndandet av dessa finns med som
distraktorer bland svarsalternativen.

Vilka &r lI6sningarna till ekvationen

x(x—6)=-8
a) x;=0o0chx,=6
b) x; =0o0chx, =—-6
c) x;=2ochx,=4
d) x; =—2o0chx, =—4
Vilka ar I6sningarna till ekvationen
x> +3x=4

4
a) x= 3
b) x = i\/g

3

c¢) xy=1ochx, =-4

d) x; =1ochx, =-3

Vilka dr I6sningarna till ekvationen

(x—3)(x+4)=-10

a) xy =—3ochx, =4
b) x; =3ochx, =—4
c) xy=—1ochx, =2

d) x; =1ochx, =-2

Vilka/vilken &r 16sningen/I6sningarna till ekvationen
x% =8x

a) x=0
b) x=8
c) x;=00chx, =8
d) x; =20chx, =8

! www.mentimeter.com



http://www.mentimeter.com/

Vilka ar I6sningarna till ekvationen
x2-16=0

a) x=4

b) x=16

c) xy=—-160chx, =16
d) x; =—4ochx, =4

Standardfragor

Foljande fragor dr tdnkta att vara en kort kontroll av om en elev kan I6sa de tre vanligaste typerna av
andragradsekvation. De finns i tre nivder, med viss svarighetsgradsékning. PG ndsta sida finns férslag
pd A4 med rutat papper att anvdnda om man vill att eleverna ska kunna skriva direkt pa pappret och
sedan ldmna in till dig.

Los ekvationerna

a) x2=16
b) x2—6x=0
c) x2—4x—-5=0

Ekvationer som kraver omformning innan de kan l6sas:
Los ekvationerna

a) x2—-16=0
b) 6x% = 18x
c) 2x?-—8x =10

Ekvationer som kraver omformning innan de kan l6sas och med latt aritmetisk utmaning:
Los ekvationerna

a) x2-0,16=10
b) 10x% = 5x
c) x(x—3)=-2



Exit ticket
L6s ekvationerna: (Ldgg in en uppsattning av standardfragorna har)

a) x2=16
b) x2—6x=0
c) x2—4x—-5=0













$Efternamn$, $F6rnamn$
$Adress$
$Postnummer$ $Stad$

Dina svar ér viktiga!

Hér foljer nu nagra fragor som forskningsprojektet vill ha svar pa for att battre forsta larares
behov och hur en sddan hér ldrarguide kan svara mot dessa behov. Vi dr tacksamma for allt
Du vill dela med dig av kring ditt anvindande av ldrarguiden i planering och undervisning av
andragradsekvationer.

Det kan vara anvéndbart for dig att vid behov ha lararguiden tillginglig att bladdra i (eller titta
1 digitalt) i samband med att du besvarar frdgorna. For att enklare kunna besvara fragorna
rekommenderas att du besvarar enkéten via dator.

S4 hér fyller du i pappersenkiiten
Nedan ser du hur du markerar ett svarsalternativ och hur avmarkerar ett redan gjort val.

@ Korrekt markerat svarsalternativ

% Inkorrekt markerat svarsalternativ, krysset ska vara mitt i rutan
8 Inkorrekt markerat svarsalternativ, krysset ar alltfor kraftigt

Angrat val, svarsalternativet riknas inte som markerat
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Hur liinge har du arbetat som matematiklirare?
[ ]o-3 ar

[ ]3-10ar

[ ]10+ &r

Hur méinga ginger har du undervisat om andragradsekvationer tidigare? (Varje klass
och Kkurs riknas som en ging.)

DO ganger
D 1-3 génger
D4+ géanger

Har du anvint nigot av innehdllet i lirarguiden? Med anvint menas hér till exempel
nagot av foljande, att du -tinkt pa niagot speciellt sitt i planering eller undervisning efter
nigot du list i lirarguiden -paverkats i vad du valt att séiga eller ta upp i genomgingar
-anvint nigon aktivitet eller uppgift, eller delar av dem, pa nagot siitt i undervisningen

DJa
[ INej

Du har i forra fragan angett att du anviént lirarguiden pa nigot séitt. Nu kommer nagra
fragor om anvindandet av de olika delarna. De forsta fyra delarna i guiden kan ses som
en form av didaktiska beskrivningar (hér inringat i gront): Har nigon av dessa forsta
fyra delar piverkat din planering av undervisning om andragradsekvationer? Med
paverkan menas hir till exempel att nagot du lést i de hir delarna har gjort att du tiankt
kring undervisning av andragradsekvationer pa ett annat sitt, eller att det paverkat
innehallet eller uppléigget i din undervisning.

D 1. Tidigare forskning om elevers ldrande och undervisning av andragradsekvationer
D2. Nagra ldrares erfarenheter av elevers larande och undervisning av andragradsekvationer

DS. Beskrivning av hur andragradsekvationer behandlas i svensk gymnasieskola i
amnesplaner, vanliga 1dromedel, och nationella prov

D4. Forslag pé hur tidigare forskning och lararerfarenheter kan hanteras i undervisning av
andragradsekvationer

Dlngen av dessa delar har paverkat min planering eller undervisning

Kan du beskriva pa vilket/vilka séitt du paverkats av de delar du markerat?
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Aven den hir frigan handlar om de forsta fyra delarna i lirarguiden (hir inringat i
gront) Hur virdefulla upplevde du att de olika delarna var for dig i din planering av
undervisning av andragradsekvationer?

Inte alls vérdefull Nagot vérdefull Mycket vardefull
1. Tidigare forskning

om elevers ldarande och |:| |:| |:|

undervisning av
andragradsekvationer

2. Nagra larares
erfarenheter av elevers

ldrande och |:| |:| |:|

undervisning av
andragradsekvationer

3. Beskrivning av hur
andragradsekvationer
behandlas i svensk

gymnasieskola i |:| |:| |:|

amnesplaner, vanliga
laromedel, och
nationella prov

4. Forslag pa hur
tidigare forskning och

lararerfarenheter kan |:| |:| |:|

hanteras i undervisning
av
andragradsekvationer

Del 5 och 6 i ldrarguiden ir forslag pa lektionsaktiviteter och uppgiftsmaterial (hir
inringat i gront): Har du anviint nigot fran dessa delar néir du planerat och genomfort
undervisningen av andragradsekvationer?

DS. Forslag pa lektionsaktiviteter - Aktivitet 1 - Introduktion

DS. Forslag pé lektionsaktiviteter - Aktivitet 2 - Identifiera typer av andragradsekvationer
och 16s tillsammans

DS. Forslag pé lektionsaktiviteter - Aktivitet 3 - Diskriminanten

DS. Forslag pé lektionsaktiviteter - Aktivitet 4 - Olika 16sningsmetoder

DG. Uppgiftsmaterial - NP-uppgifter

D 6. Uppgiftsmaterial - Uppgifter som bygger pa vanliga misstag

Dé. Uppgiftsmaterial - Utmanande uppgifter

Dé. Uppgiftsmaterial - Lathund for olika metoder for att 16sa andragradsekvationer
Dé. Uppgiftsmaterial - Exit tickets

Dlnte anvént nagot frén dessa delar
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Kan du beskriva pa vilket séitt du anvint de(t) du markerat?

Aven den hir fragan handlar om del 5 och 6 i lirarguiden (hir inringat i gront): Hur
virdefulla upplevde du att de olika delarna var for dig i din planering av undervisning
av andragradsekvationer?

Inte alls vardefull Nagot vardefull Mycket vardefull
5. Forslag pa
lektionsaktiviteter -
Aktivitet 1 - |:| |:| |:|
Introduktion

5. Forslag pa

lektionsaktiviteter -

Aktivitet 2 - Identifiera

typer av |:| |:| |:|
andragradsekvationer

och 16s tillsammans

5. Forslag pa
lektionsaktiviteter -
Aktivitet 3 -
Diskriminanten

[
]
[

5. Forslag pa
lektionsaktiviteter -
Aktivitet 4 - Olika
16sningsmetoder

6. Uppgiftsmaterial -
NP-uppgifter

6. Uppgiftsmaterial -
Uppgifter som bygger
pé vanliga misstag

6. Uppgiftsmaterial -
Utmanande uppgifter

6. Uppgiftsmaterial -
Lathund for olika
metoder for att 16sa
andragradsekvationer

6. Uppgiftsmaterial -
Exit tickets

o o o o o o
O o o o o O
o o o o o o
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Del 7 i ldrarguiden ér referenslistan (hiir inringat i gront): Har du anvént referenslistan
for att soka efter och/eller lisa studierna som nimns i tidigare forskning?

DJa
[ INgj

Kan du beskriva pa vilket sétt du anvint den?

Aven den hir fragan handlar om del 7 i lirarguiden(hir inringat i gront): Hur
virdefull upplevde du att referenslistan var for dig i din planering av undervisning av
andragradsekvationer?

Dlnte alls vérdefull
[ |Nagot virdefull
D Mycket vérdefull

Hur mycket tid skulle du uppskatta att du lagt pa att lisa/arbeta med guiden?
[ Jo-1h
[ ]1-3h
[ ]3+h

Kommentar
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Har du genom anvindandet av lirarguiden gjort niagonting nytt eller annorlunda i din
undervisning? I sidana fall vad?

Har du genom lidrarguiden fitt nigra nya idéer eller insikter? I sidana fall vilka?
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I vilken utstrickning stimmer foljande pastienden?
Inte alls I liten utstrackning I stor utstrickning

Lérarguiden som

helhet underldttade

mitt arbete med att

planera undervisning |:| |:| |:|
om

andragradsekvationer.

Lérarguiden som

helhet underldttade

mitt arbete med att

genomfora |:| |:| |:|
undervisning om

andragradsekvationer.

Lérarguiden var latt att
lasa.

[
]
[

Léararguiden hade en

design som gjorde det |:| |:| |:|

latt att navigera.

Lérarguiden motte ett

behov jag har som [] [] []

lérare.

Lérarguiden fungerade

pé ett sitt som ligger i |:| |:| |:|

linje med hur jag vill
undervisa.

Lérarguiden uppfyllde

de forvéntningar jag |:| |:| |:|

hade nér jag tackade ja
till att delta i studien.

Kommentar
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Finns det behov du som lirare har eller forvintningar du hade pa den hér lirarguiden
som inte méttes? I sidana fall vilka?

Vilka resurser anviinder du dig vanligtvis av vid planering av undervisning av
andragradsekvationer? En resurs kan till exempel vara en lirobok, en kollega, en
webbsida eller liknande.

Finns det nigot som lirarguiden bidragit med som du inte kan hitta i nigon annan
resurs? I sidana fall vad?

Finns det nigot annat matematiskt omrade inom nigon kurs pa gymnasiet déir en
liknande guide skulle vara till nytta? I sidana fall vilket/vilka omréade(n)?
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Du har angett att du inte anvint guiden alls. Vad var anledningen till att du inte
anvinde nagot fran lirarguiden?

Hur hade guiden kunnat varit konstruerad for att vara anvindbar for dig? Vad skulle
den innehalla/inte innehalla?

Upptickte du nigra direkta felaktigheter i lirarguiden eller dess bilagor?
DJa
[INgj

Kommentar

Finns det ndgot du skulle vilja lidgga till som du inte fatt mdjlighet att ge din syn pa i
nigon fraga tidigare?
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En sista fraga: Kan du tinka dig att bli tillfragad om att bli intervjuad for att fordjupa
forstaelsen kring dina svar och ditt anvindande?

DJa
[ INgj
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Appendix D






For att kunna veta hur lararguiden fungerar for olika larare behdver vi att du svarar pé foljande
fyra bakgrundsfragor.

Sa hir fyller du i pappersenkiiten
Nedan ser du hur du markerar ett svarsalternativ och hur avmarkerar ett redan gjort val.

@ Korrekt markerat svarsalternativ

Ij Inkorrekt markerat svarsalternativ, krysset ska vara mitt i rutan
g Inkorrekt markerat svarsalternativ, krysset ar alltfor kraftigt

Angrat val, svarsalternativet riknas inte som markerat
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Hur méanga ar har du arbetat som matematiklirare? Ange 0 om detta ir ditt forsta ar.

Hur ménga gianger har du undervisat om andragradsekvationer tidigare? (Varje klass
och kurs riknas som en ging, Matematik 2a, 2b eller 2¢, eller Matematik B i gamla
systemet)

Hur vil stimmer dessa pastienden for dig?

Stédmmer Stdmmer Stédmmer Stdmmer
mycket bra ganska bra ganska daligt ~ mycket déligt

Den lektionsfria tiden

jag har till planering i |:| |:| |:| |:|

mitt schema &r rimlig

Jag upplever att jag

hinner planera mina |:| |:| |:| |:|

lektioner

Om jag behdver, finns

stottning fran kollegor i

matematik i fragor om |:| |:| |:| |:|
undervisning

Jag dr intresserad av
forskning om

undervisning och

larande som ger mig |:| |:| |:| |:|
nya dvergripande idéer

kring min undervisning

Jag ér intresserad av
forskning om

undervisning och

larande som jag direkt |:| |:| |:| |:|
kan anvénda i

klassrummet



1 LR AR (08 0 AR R R 4+

Hur ofta gér du nagot av foljande?

Négon Néagon Flera
Nagon gang i géng i ganger i
Aldrig gang per &r  madnaden veckan veckan
Planerar
matematiklektioner
eller innehall i
matematiklektioner |:| |:| |:| |:| |:|

tillsammans med
ndgon kollega

Léser texter kring

undervisning och

larande 1 matematik

(forskningsartiklar, |:| |:| |:| |:| |:|
skolverkstexter,

blogginligg, m.m.)

Deltar i organiserad

fortbildning kring

undervisning och |:| |:| |:| |:| |:|
larande 1 matematik

Tack for bakgrundsinformationen! Nu iterstar endast foljande tva fragor innan
liararguiden gors tillgdnglig. Efter att du klickat pa "Skicka in" kommer en link till en
mapp i molntjinsten BOX pa Karlstads universitet visas, dir du har méjlighet att ga in
och himta lirarguiden direkt. Lirarguiden kommer ocksi att skickas till den
mailadress du anger i nésta fraga.

Vinligen ange den mailadress som du vill att vi kontaktar dig pa inom ramen for
studien. Vi kommer anviinda mailadressen for att skicka lirarguiden och den
uppfoljande enkiten till dig, och vi kommer ocksa anviinda mailadressen for att koppla
samman dina svar pa enkiiter och en eventuell intervju.

Nir du ir klar med planering och undervisning av andragradsekvationer kommer den
efterfoljande enkiiten att skickas till den mailadress du angett ovan. Ange pa ett ungefir
nir planering och undervisning av andragradsekvationer ir fardig:
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$Efternamn$, $F6rnamn$
$Adress$
$Postnummer$ $Stad$

Dina svar ér viktiga!

Har f6ljer nu ndgra fragor som forskningsprojektet vill ha svar pé for att battre forsta hur en
sddan hér lararguides olika innehall mojligtvis kan stotta olika larare i planering, i
undervisning, och i det egna ldrandet genom ett sddant anvindande. Vi ar tacksamma for allt
Du vill dela med dig av kring ditt anvindande av lararguiden. Det &r Dina svar som kan hjélpa
oss forsta hur denna och framtida lararguider bor se ut och vad de bor innehélla for att de ska
stotta larare.

Det dr berdknat att ta ca 20 minuter att besvara enkédten. Om du vill spara dina svar och
aterkomma till enkéten senare for att fortsétta, finns en knapp for det langst ner pa varje sida
bredvid knappen for "nésta sida".

Det ér ca 35-40 fragor att besvara, vissa kortare och andra langre. Vissa fragor stills olika
beroende pa svar pé andra fradgor. Numreringen slutar oavsett pa fraga 45. Om du inte vill
svara pa en friga s kan du lamna den obesvarad, forutom fraga 10 som &r obligatorisk for att
du ska kunna fa passande fragor dérefter.

Det kan vara anvéndbart for dig att vid behov ha ldrarguiden tillginglig att bladdra i (eller titta
i digitalt) i samband med att du besvarar fragorna. For att enklare kunna besvara fragorna
rekommenderas att du besvarar enkéten via dator.

S4 hér fyller du i pappersenkiiten
Nedan ser du hur du markerar ett svarsalternativ och hur avmarkerar ett redan gjort val.

@ Korrekt markerat svarsalternativ
[j Inkorrekt markerat svarsalternativ, krysset ska vara mitt i rutan

ﬂ Inkorrekt markerat svarsalternativ, krysset ar alltfor kraftigt

E Angrat val, svarsalternativet riknas inte som markerat
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Vilken skola undervisade du andragradsekvationer pa?

Ar du legitimerad for att undervisa i matematik pa gymnasiet?
DJa
[INej

Ar du forskarutbildad? (licentiat- eller doktorsexamen)
DJa
[INgj

Hur manga elevgrupper undervisade du i andragradsekvationer nu under virterminen
2025?

[
[ ]2

D3 eller fler

Skedde din undervisning av andragradsekvationer i Matematik 2c¢ nu under
varterminen 2025 i en grupp pa teknikprogrammet (TE), en grupp pa
naturvetenskapliga programmet (NA) eller i bide och?

[ ]TE
[ INA

[ ]Bade i TE och NA

D Annat
| |

Hur méanga lektionstimmar (antal h) per elevgrupp skulle du uppskatta att du lade i
huvudsak pa andragradsekvationer?

Ungefir hur ménga elever ér det i den eller de grupper du undervisat i
andragradsekvationer? (Flera val méjliga om du haft flera grupper i Matematik 2c)

D20 eller farre
[ ]21-25
[ ]26-30
[ ]31-35

D 36 eller fler
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Om du anviinder ett liromedel i planering och undervisning av hela kursen Matematik
2¢ nu i varterminen 2025, vilket anvéinder du da? (Flera méjliga val)

[ |Eddler

D Exponent

D Liber Matematik

[ ]Matematik 5000/5000+
D Nationalencyklopedin
D Nokflex

[ ]origo

D Prefix

[ ]Inget liromedel

D Annat
|

Anvinder du ocksa lirarmaterial som tillhor det/de liromedlet/liromedlen i kurs
Matematik 2c, sisom t.ex. en lirarhandledning, lirarguide, eller liirarwebb?

DNej, inte alls
DJa, i liten utstrickning

D Ja, i stor utstrackning
D Ja, 1 mycket stor utstrackning

Har du anvént nagot av innehallet i lirarguiden for andragradsekvationer som du fick
ta del av i den hér studien? Vilj "Ja'" om du till exempel gjort nagot av foljande, att du
-tinkt pa nigot speciellt siitt i planering eller undervisning efter nigot du lést i
ldararguiden -valt att séiga eller ta upp saker du list i lirarguiden i genomgangar, eller i
diskussioner med elever -anviint nigon av lirarguidens aktiviteter eller uppgifter, eller
delar av dem, pa nagot siitt i undervisningen Vilj "Nej" om du tittat i guiden i nagon
utstrickning men inte gjort nagot speciellt i din undervisning till foljd av detta.

DJa
[ INej

Hur mycket tid skulle du uppskatta att du lagt pa att lisa/arbeta med lidrarguiden i
samband med att du planerade din undervisning av andragradsekvationer?

DMindre dn | timme
D 1-3 timmar

[ ]4 timmar eller mer
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Planerade du lektioner kring andragradsekvationer tillsammans med niagon/nagra
kollega/kollegor?

[INgj

[ ]7a, en lektion

D Ja, nagra lektioner
D Ja, alla lektioner

Anvinde ni lirarguiden nir ni planerade tillsammans?
DJa
[INej

Vilka andra resurser, forutom lidrarguiden (och eventuellt kollegor), anviinde du i
planering av just andragradsekvationer?

[ JLédroboken

[ JLédrobokens tillhérande lirarmaterial
[ |Webb-sida/sidor

EI Egna tidigare lektionsanteckningar

D Annat:
|

Texterna i lirarguiden
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Hir ér ett uppslag fran innehallsforteckningen hos lirarguiden: I den hér frigan
fokuserar vi pa avsnitt 1, 4, 5 och 6 (inringat i gront). Fragor om lektionsaktiviteter och
uppgiftsmaterial (Avsnitt 2 och 3) kommer senare i enkiiten. Vilka avsnitt liiste du och
pa vilket séitt?

Skummade
igenom / Ldste  Liste ganska  Léste mycket
Liste inte alls oversiktligt noggrant noggrant

Avsnitt 1 - Tidigare
forskning om elevers

ldrande och |:| |:| |:| |:|

undervisning av
andragradsekvationer

Avsnitt 4 -
Fordjupande
kommentarer kring

undervisning av |:| |:| |:| |:|

andragradsekvationer
baserat pa
lararerfarenhet

Avsnitt 5 -

Andragradsekvationer i

en svensk |:| |:| |:| |:|
gymnasiekontext

Hur virdefullt var varje avsnitt for dig néir du skulle planera undervisning om
andragradsekvationer?

Inte alls Ganska Mycket
vérdefullt Lite vardefullt vérdefullt vérdefullt

Avsnitt 1 - Tidigare
forskning om elevers

larande och |:| |:| |:| |:|

undervisning av
andragradsekvationer
Avsnitt 4 -
Fordjupande
kommentarer kring

undervisning av |:| |:| |:| |:|

andragradsekvationer
baserat pa
lararerfarenhet

Avsnitt 5 -

Andragradsekvationer i

en svensk |:| |:| |:| |:|
gymnasiekontext



1 LR AR (R 0CRART R R 4+

Sokte du upp nagon av artiklarna fran referenslistan (Avsnitt 6)?
DJa
[INej

Ta stillning till foljande pastienden om texten i de avsnitt du liste i lirarguidens avsnitt
1, avsnitt 4, och avsnitt 5.

Varken
instimmer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer

inte alls inte inte till viss del helt
Texten var skriven pé
ett sdtt sa att det var
latt att forsta vad som |:| |:| |:| |:| |:|

menades.

Texten var skriven pé

ett lampligt sitt for mig |:| |:| |:| |:| |:|

som ldrare.

Jag upplevde att texten

forsokte styra mig till |:| |:| |:| |:| |:|

hur jag ska undervisa.

Jag upplevde att texten

gav frihet till mig att

vilja sjdlv hur jag ska |:| |:| |:| |:| |:|
undervisa.

Det var litt att f6lja

med i de matematiska

resonemangen i |:| |:| |:| |:| |:|
texterna.

Det fanns matematik

beskriven i texterna |:| |:| |:| |:| |:|

som jag inte forstod.

Jag kinde igen det som

stod i texterna fran min |:| |:| |:| |:| |:|

egen lararerfarenhet.

Texterna tillforde
ingenting nytt till mig
som jag inte redan |:| |:| |:| |:| |:|

visste.

Lektionsaktiviteterna
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Nu kommer fragor om ditt anviindande av lirarguidens forslag pa lektionsaktiviteter.
Aktiviteterna fanns beskrivna i Avsnitt 2, och fanns i sin helhet i Bilaga 1. Planerade
du in och anviinde nigon av dessa aktiviteter i din undervisning?

Ja, men med
modifieringar, t.ex.
tog bort uppgifter,
eller bara Ja, mer eller mindre
genomforde delar av. som det foreslagna
Nej, Inte alls aktiviteten. genomforandet

Aktivitet 1 -

Introduktion av [] [] []
andragradsekvationer
Aktivitet 2 - Identifiera
typer av
andragradsekvationer
och 16s tillsammans

Aktivitet 3 -
Diskriminanten

Aktivitet 4 - Olika
16sningsmetoder

Aktivitet 5 - Identifiera
och ritta till vanliga
misstag

I I R I R I
O 0O 0o O
I I R I R I

Vad var anledningen/anledningarna till att du planerade och genomforde den/de
aktiviteten/aktiviteterna du markerat?

Vad var anledningen/anledningarna till att du modifierade den/de aktiviteten
/aktiviteterna du markerat?
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Nu kommer négra pastienden om anvindandet av lektionsaktiviteterna. Ta stiillning till

foljande.
Varken
instammer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

Om jag haft mer

lektionstid for

andragradsekvationer |:| |:| |:| |:| |:|

hade jag anvént fler av
lektionsaktiviteterna.

Om jag haft mer

planeringstid for

andragradsekvationer [] [] [] [] []
hade jag anvént fler av

lektionsaktiviteterna.

Det tog mycket av min

planeringstid att 14sa in

mig pa

lektionsaktiviteternas |:| |:| |:| |:| |:|
syfte och

genomforande.

Jag sparade in mycket

planeringstid genom att

anvinda de fardiga |:| |:| |:| |:| |:|
lektionsaktivitetsforslagen.

Jag planerade och

genomforde egna

lektionsaktiviteter,

utover eller istéllet for [] [] [] [] []
de foreslagna, pa grund

av vad jag laste i

guiden.
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Hir kommer pastienden om lirarinformationen till lektionsaktiviteterna. Ta stéllning

till foljande:
Varken
instammer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

Lérarinformationen till

lektionsaktiviteterna |:| |:| |:| |:| |:|

var l4tt att forsta.

Léararinformationen till
lektionsaktiviteterna

var hjélpsam for att

genomfora |:| |:| |:| |:| |:|
aktiviteterna i

klassrummet.

Léararinformationen till
lektionsaktiviteterna

stottade mig i att |:| |:| |:| |:| |:|

hantera
helklassdiskussioner.

Lérarinformationen till
lektionsaktiviteterna
stottade mig i hur jag

kunde justera eller
modifiera |:| |:| |:| |:| |:|
lektionsaktiviteterna

for att passa mig och
min undervisning.

Uppgifterna

Nu kommer fragor om uppgiftsmaterialet, som fanns beskrivet i Avsnitt 3, och i sin
helhet i Bilaga 2. Anvinde du niagot av uppgiftsmaterialet fran lirarguiden i
undervisningen?

Nej, anvénde inte alls Ja, anvénde det

Uppgifter frén

frislappta nationella [] []
prov

Utmanande uppgifter
Lathund for olika typer

[l [l
av ekvationer och deras |:| |:|
[l [l

16sningsmetoder

Exit tickets
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Hur anviinde du uppgifterna fran frislippta nationella prov?
D Som dvningsuppgifter for samtliga elever att arbeta med
D Som dvningsuppgifter for ndgon/nagra enstaka elever att arbeta med

D Som demonstration i helklass (t.ex. 16sa uppgifter gemensamt)

D Annat:
|

Hur anviinde du "Utmanande uppgifter"?

D Som dvningsuppgifter for samtliga elever att arbeta med
D Som dvningsuppgifter for nigon/négra enstaka elever att arbeta med

D Som demonstration i helklass (t.ex. 16sa uppgifter gemensamt)

D Annat:
|

Hur anviinde du "Lathund for olika typer av ekvationer och deras lI6sningmetoder"?

D Som stdd for samtliga elever att ha nér de 16ste andragradsekvationer
D Som stdd for ndgon/nagra elever att ha nir de 16ste andragradsekvationer

[ ]Som demonstration i helklass

D Annat:
|

Hur anvinde du "Exit tickets"?

DI slutet av en lektion for att se vad elever lart sig, pa papper

DI slutet av en lektion, for att se vad elever lért sig, digitalt via responssystem
D Annat sitt:

Om helheten av ditt anvindande

Nu bérjar flera fragor om din upplevelse av stottningen av lararguiden i din planering och
undervisnign av andragradsekvationer.
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Vilka fordelar (om nagra) upplevde du av att ha haft tillgang till lirarguiden i samband
med planering och undervisning av andragradsekvationer?

Vilka utmaningar (om nigra) upplevde du kopplat till liirarguiden i samband med
planering och undervisning av andragradsekvationer?

Tack for det du hittills svarat!

Du kommer nu att fa ta stéllning till fyra sidor med négra omfattande uppséttningar
péstaenden.
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Ta stéllning till féljande pastienden om vilken roll lirarguiden spelat for dig genom ditt
anvindande. Genom att anvéinda lidrarguiden....

Varken
instammer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

...har jag dkat min egen

tematiska forstael
;I(l)‘(; emartiska rorstacise |:| |:| |:| |:| |:|

andragradsekvationer.

...har jag blivit battre

pé att 16sa

andragradsekvationer |:| |:| |:| |:| |:|
med olika metoder.

...har jag dkat min egen

matematiska forstaelse |:| |:| |:| |:| |:|

om kvadratroten.

...har jag blivit battre

pé att hjdlpa elever se

relevansen av

andragradsekvationer |:| |:| |:| |:| |:|
inom andra omraden,

som fysik, teknik, m.m.

...har jag 6kat min

forstaelse om vilka

forkunskaper som

elever behover ha for |:| |:| |:| |:| |:|
att lira sig om

andragradsekvationer.

...har jag 6kat min

forstaelse om vilka

svérigheter elever kan [] [] [] [] []
ha nir de lér sig om

andragradsekvationer.

...har jag blivit battre

pé att forutse elevers

tdnkande om |:| |:| |:| |:| |:|
andragradsekvationer.

...har jag blivit béttre

pé att formativt

undersdka elevers |:| |:| |:| |:| |:|
kunskaper.
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Ta stéllning till féljande pastienden om vilken roll lirarguiden spelat for dig genom ditt
anvindande. Genom att anvéinda lidrarguiden....

Varken
instammer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

...har jag fatt nya sétt

att forklara

andragradsekvationer |:| |:| |:| |:| |:|
pa.

...har jag dkat min

uppsittning

lektionsaktiviteter for [] [] [] [] []

att undervisa om
andragradsekvationer.

...har jag fétt nya idéer

om lektionssaktiviteter

som jag tar med mig [] [] [] [] []
till andra matematiska

omraden.

...har jag blivit battre

pé att hantera |:| |:| |:| |:| |:|

klassrumsdiskussioner.

...har jag blivit battre

pé att forklara den

historiska utvecklingen |:| |:| |:| |:| |:|
av

andragradsekvationer.

...har jag dkat min

forstaelse om hur

andragradsekvationer [] [] [] [] []
behandlas i en svensk

gymnasiekontext.

...har jag 6kat min

forstaelse om vilka

forvantningar som

stélls pa elevers [] [] [] [] []
kunskaper om

andragradsekvationer i

nationella prov.

...har jag dkat min

forstaelse om hur

andragradsekvationer |:| |:| |:| |:| |:|
relaterar till andra

matematiska omraden.
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Ta stéllning till foljande pastienden om stottningen i planering och undervisning.

Varken
instimmer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

Att ha tillgang till

lararguiden i samband

med planering och

undervisning av

andragradsekvationer |:| |:| |:| |:| |:|
gjorde min planering

béttre 4n om jag inte
haft tillgang till den.

Att ha tillgang till

lararguiden i samband

med planering och

undervisning av

andragradsekvationer |:| |:| |:| |:| |:|
gjorde min

undervisning béttre dn

om jag inte haft

tillgéng till den.

Att ldsa lararguiden

hjélpte mig fokusera pa

och reflektera kring

vad som &r viktigt i [] [] [] [] []
undervisning och

larande av

andragradsekvationer.

Jag kunde anvénda mig

av sadant jag laste i

lararguidens texter i

undervisningen, till

exempel nér jag skulle

forklara nagot eller |:| |:| |:| |:| |:|
svara pa elevers fragor

under genomgéng eller

1 diskussion med
elever.
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Ta stéllning till foljande pastienden om stottningen av din lirarprofessionalitet.

Varken
instimmer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

Anvéndandet av

lararguiden 6kade min

lust for [ L] [ L] [
undervisningen.

Genom att ldsa
lararguiden fick jag

bekréftat sddant som

jag vet fran erfarenhet |:| |:| |:| |:| |:|
av att undervisa

andragradsekvationer.

Genom att anvianda
lararguiden blev jag

starkt i min |:| |:| |:| |:| |:|

professionalitet som
larare.

Lérarguiden stottade
mig i att undervisa pa
ett sitt som jag vill |:| |:| |:| |:| |:|

undervisa pa.
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Ta stéllning till féljande pastienden om inramningen av studien och
forskningsanknytningen.

Varken
instammer
Instimmer eller
Instimmer  till vissdel instimmer Instimmer Instimmer
inte alls inte inte till viss del helt

Att lararguiden kom

som en del av ett

forskningsprojekt

gjorde att jag anvinde |:| |:| |:| |:| |:|
den mer 4n jag skulle

gjort annars.

Att lararguiden kom

fran forskare fran ett

universitet gjorde att

jag litade pa innehéallet |:| |:| |:| |:| |:|
mer dn jag skulle gjort

annars.

Att lararguiden

innehdll en

sammanstillning av

tidigare forskning om |:| |:| |:| |:| |:|
andragradsekvationer

var viktigt for att jag

skulle vilja ta del av

den.

Jag hade velat fa
tydligare

rekommendationer i
lararguiden om vilken |:| |:| |:| |:| |:|
undervisning som ar

bést att genomfora.

Jag upplevde att jag

efter att ha last

lararguiden undervisat

andragradsekvationer |:| |:| |:| |:| |:|
pé vetenskaplig grund

mer an tidigare.

Jag upplevde att jag

efter att ha last

lararguiden undervisat

andragradsekvationer |:| |:| |:| |:| |:|
pé beprovad erfarenhet

mer &n tidigare.

Nu kommer négra sista fragor om vad sddana hér lararguider skulle kunna tillféra i stort.
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Finns det nigot nytt som lirarguiden bidragit med som du inte sett i nagon annan
resurs? I sidana fall vad?

Finns det nigot annat matematiskt omriade inom nigon kurs pa gymnasiet diir en
liknande guide skulle vara till nytta? I sidana fall vilket/vilka omréade(n)?

Ta stéllning till foljande pastienden om ett eventuellt framtida anvindande av den hiir
typen av lirarguider.

Varken
instimmer
Instimmer eller
Instimmer  till viss del  instimmer Instdimmer Instimmer
inte alls inte inte till viss del helt

Om en sédan hér
lararguide hade funnits
tillgénglig for mig for

varje matematiskt
omréade inom |:| |:| |:| |:| |:|
gymnasiets kurser hade

det varit véardefullt for
mig nér jag planerar.

Om en sddan hér guide

hade funnits tillgénglig

for mig for varje

matematiskt omrade

inom gymnasiets |:| |:| |:| |:| |:|
matematikkurser hade

jag last i alla fall delar

av den for varje

omrade.

Jag hade gérna haft ett

organiserat kollegialt

samarbete kring en [] [] [] [] []
sadan hér lararguide

som fortbildning.
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Du har angett att du inte anvint guiden. Vilka andra resurser anviinde du i planering av
just andragradsekvationer? (Flera val mojliga)

D Lérobok

DLéirobokens tillhérande lararmaterial
[ |Webb-sida/sidor

DEgna tidigare lektionsanteckningar

D Annat:
|

Vilket av féljande passar bist i som anledning till varfor du inte anviinde guiden?

DLﬁrarguiden tillférde ingenting nytt till mig som jag inte redan visste
DLﬁrarguidens erbjudna innehall fanns redan i resurser jag har tillgéng till
DLﬁrarguidens innehall var ointressant for mig

DLéirarguidens innehall hade 1ag kvalitet

DJag hade inte tid att 14sa guiden

[ ]Annat skil

Hur hade lirarguiden kunnat varit utformad, och vad skulle den innehallit, for att du
skulle ha haft nytta av den?

Upptickte du nagra felaktigheter i lirarguiden eller dess bilagor som borde Atgéirdas?
DJa
[ INej

Om ja, vilka felaktigheter?
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Finns det nagot du skulle vilja ldgga till som du inte fatt mojlighet att ge din syn pa i
nagon tidigare fraga?

Kan du tidnka dig att bli tillfrigad om att bli intervjuad for att fordjupa forstielsen
kring dina svar och ditt anvindande (eller icke-anvéindande)?

DJa
[ INej

Ar du intresserad av att ansvariga forskare kontaktar dig i framtiden via kontaktvigen i
form av din mailadress for att friga dig om deltagande i en eventuell uppfoljande
studie?

DJa
[INej

Det var sista fragan!

Nar du ar fardig, klicka pa "Skicka nu" for att skicka in dina enkétsvar.






Design of a topic-centered research-
based teacher guide as support

for teachers’ planning and teaching,
and professional learning

This thesis presents a design research project, comprising five papers on the design
and implementation of a topic-centered research-based teacher guide for quadratic
equations in Swedish upper-secondary school. The thesis aims to explore if and
how such teacher guides can be designed to support mathematics teachers in their
planning and teaching, and their professional learning. Further, it examines how
teachers and their contexts affect conditions for such support.

The papers investigate teachers’ existing resource use when planning, previous
research on quadratic equations, the design of the teacher guide, and the support
found through teachers’ interactions with the teacher guide in two cycles of
implementation.

The findings provide empirical insights into teachers’ use of teacher guides, and
further suggest that teacher support will be most effective when designed features
meet the needs of teachers within their context. For Swedish upper-secondary
teachers, this was found to include providing suggestions for lesson activities
with rationale, grounded in implications emerging from issues found in research,
rather than providing student tasks alone. The designed teacher guide constitutes
a practical contribution for teaching quadratic equations.

ISBN 978-91-7867-697-2 (print)

ISBN 978-91-7867-698-9 (pdf)

ISSN 1403-8099

DOCTORAL THESIS | Karlstad University Studies | 2026:25




	Tom sida
	Paper 1 - Resources for planning and teaching mathematics  a Swedish upper-secondary school case study.pdf
	Abstract
	Introduction
	Background
	Conceptualization
	Different types of resources
	The complex relationship between teachers and curriculum materials

	Methods
	Data generation
	Analytic procedure
	Conceptualization of resources and their use
	Initial analysis of resource occurrence and use
	Extended analysis of reasons for resource use

	Ethical considerations

	Findings
	What resources are used? (RQ1)
	How are they used? (RQ2)
	Support for mathematical content
	Support for instructional design
	Support for enactment

	Why do they use them this way? (RQ3)
	To handle practical context
	To conduct teaching
	To consider the students

	The use of resources when collaboratively planning lessons
	The final say in resource use
	Emerging conflicts of authority

	Discussion
	Limitations

	Conclusions
	Implications

	Notes
	Acknowledgments
	Disclosure statement
	Funding
	ORCID
	References

	Paper 2 - Empirical findings on the teaching and learning of quadratic equations A systematic review.pdf
	Empirical findings on the teaching and learning of quadratic equations: a systematic review
	Abstract
	1 Quadratic equations
	2 Methods
	2.1 Eligibility criteria
	2.2 Search strategy
	2.3 Selection process
	2.4 Data extraction and analysis
	2.5 Methodological considerations

	3 Findings
	3.1 Findings on teaching QE (RQ1)
	3.2 Findings on learning QE (RQ2)
	3.2.1 Challenges in learning seen through issues with aspects of QE
	3.2.2 Theoretical framings of challenges in learning

	3.3 Findings on proposed implications for teaching QE (RQ3)
	3.3.1 Recommendations from studies focusing on teaching
	3.3.2 Recommendations from studies focusing on learning


	4 Discussion
	4.1 Limitations
	4.2 Implications

	Appendix
	Acknowledgements 
	References


	Tom sida


 
 
    
   HistoryItem_V1
   PageSizes
        
     Range: all pages
     Size: 6.496 x 9.528 inches / 165.0 x 242.0 mm
     Action: Make all pages the same size
     Scale: Scale width and height separately
     Rotate: Counterclockwise if needed
      

        
     D:20260409112035
      

        
     0
            
       D:20250212105840
       685.9843
       Stats
       Blank
       467.7165
          

     Tall
     1
     0
     1037
     1229
    
     qi4alphabase[QI 4.0/QHI 4.0 alpha]
     Separate
     0.9200
            
                
         33
         AllDoc
         43
              

       CurrentAVDoc
          

     Custom
      

        
     QITE_QuiteImposingPlus5
     Quite Imposing Plus 5.3n
     Quite Imposing Plus 5
     1
      

        
     0
     338
     337
     338
      

   1
  

 HistoryList_V1
 qi2base





