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Abstract

This thesis comprises two studies investigating upper-secondary stu-
dents’ use of programming as a mathematical tool. It aims to examine
both the intertwined relationship between students’ use of program-
ming and their mathematical understanding, and how the design of
learning activities can support the incorporation of programming into
mathematics education.

The first study adopts a design-based research approach centred on a
problem-solving activity involving programming. The second study ex-
amines a teacher’s design of programming activities for numerical cal-
culations and its influence on students’ understanding of limits.

The Instrumental Approach provides the theoretical lens for analysing
students’ instrumental genesis, describing the relationship between
their use of programming and their mathematical understanding. The
findings indicate that, as programming is not designed as a mathemat-
ical or educational tool, its technical handling may be less intuitive for
students than that of digital tools explicitly developed for mathematical
purposes. A theoretical contribution of the thesis is that the analysis of
students’ instrumental genesis, when programming functions as a
mathematical tool, must encompass not only mathematical conceptual
aspects but also those required for learning to program.

The findings further suggest that using programming as a mathemati-
cal problem-solving tool, particularly when students construct their
own algorithms, places considerable demands on those with limited
programming experience. Conversely, providing pre-designed algo-
rithms for numerical computations, to ease students’ use of program-
ming, may limit the development of deeper mathematical understand-
ing. A practical contribution of the thesis is that teachers designing
mathematical learning activities involving programming must balance
scaffolding students’ use of programming with allowing them auton-
omy to use the tool in ways that support their mathematical under-
standing.
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1 Introduction

This compilation thesis investigates upper-secondary school students’
engagement with programming in the context of mathematical learn-
ing activities. It also explores how the design and orchestration of such
activities can support and enhance this engagement.

This introduction begins by outlining aspects of the historical develop-
ment of programming, followed by an examination of the incorporation
of programming into school mathematics. The aim and research ques-
tions of this thesis are then articulated. Subsequently, a concise over-
view of the five papers is presented, accompanied by a discussion of
how they are related to the researcher questions of the thesis. The chap-
ter concludes with a description of the overall structure of this thesis.

1.1 Programming in a historical perspective

Throughout the history of mathematics, mathematicians have longed
for machines able to conduct time-consuming calculations (Katz,
2009). The famous mathematician Gottfried Wilhelm Leibniz (1646—
1716) argued that it was “unworthy of excellent men to lose hours like
slaves in the labour of calculations, which could be safely relegated to
anyone else if the machine was used” (Smith, 1959, p. 181). Leibniz
himself, in 1671, designed a mechanical calculator that could conduct
multiplication and division (Katz, 2009). The industrial revolution
later provided the opportunity to use steam engines for powering math-
ematical machines. In 1833, the mathematician Charles Babbage intro-
duces the idea of a general calculating machine whose operations were
controlled by punch cards, which earlier had been used in weaving ma-
chines. Although Babbage’s general calculating machine never was
built, it inspired the mathematician Ada Byron King Lovelace to con-
struct detailed instructions on how such machine could be instructed
to solve a given calculation. These instructions are today referred to as
the first computer program. In 1936, the young British mathematician
Alan Turing published his paper On Computable Numbers, with an
Application to the Entscheidungsproblem, in which he presented the
idea of an electrical computer that could be programmed to solve any
given calculation. This computer, referred to as the Turing machine,
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was later used to decipher the Nazi’s Enigma code. Since then, comput-
ers have become indispensable tools in mathematics, and program-
ming has evolved into a routine practice among mathematicians.

1.2 Introduction of programming into school mathematics

The technical development of computers also meant that they were
viewed as mathematical tools for educational purposes (Monaghan,
2016a). In the 1960s, Seymour Papert developed the programming lan-
guage LOGO, intended to be used by younger students in school math-
ematics. Based on his constructionistic ideas® (Monaghan, 2016a),
Papert (1980) argued that computers together with LOGO should be
used as a “mathematically expressive medium, one that frees us to de-
sign personally meaningful and intellectually coherent and easily
learnable mathematical topics for children” (p. 53). During the 1970s
and 1980s it became affordable for schools to buy computers
(Sutherland, 1994) and the idea of viewing programming as a form of
experimental mathematics gained traction. Prior research has also il-
lustrated how programming in school mathematics has the potential to
evolve students’ problem-solving ability (Sutherland, 1994), as well
their understanding of variables (Sutherland, 1989), iterations, and re-
cursions (Noss, 1986). Other studies have raised concerns about the
impact of programming on students’ conceptual understanding of
mathematical concepts. In a study of undergraduate students’ use of
programming to determine limits of sequences numerically, Li and Tall
(1993) claim that although the students were able to determine limit
values, the use of programming did not foster their understanding of
the formal definition of limits. Instead, Monaghan et al. (1994) argue
that using programming to generate numerical values for limits may
encourage a procedural interpretation of the limit concept, potentially
leading to a one-sided view that emphasises the limit as a process ra-
ther than as an abstract mathematical concept. Cornu (1991) highlights
the potential of programming to enhance students’ conceptual under-
standing of mathematics. However, he argues that it is important to

! In constructionism, the project-based construction of meaningful objects (e.g., through program-
ming) is regarded as a prolific way to facilitate learning (Lodi & Martini, 2021).
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investigate the nature and structure of the knowledge students develop
through such experiences.

During the 1990s, the use of programming in school mathematics ex-
perienced a decline. The programming languages were often perceived
as difficult to use and students were not provided efficient support,
partly due to mathematics teachers’ limited experiences with using
programming in their teaching (Resnick et al., 2009). Instead, other
digital tools (e.g., advanced calculators, dynamic geometry software,
and computer algebra systems) began to play more prominent roles in
mathematics classrooms in the following decades. However, during the
2010s, there was a renewed interest in the use of programming in edu-
cation, largely driven by educational reforms in many European coun-
tries (Bocconi et al., 2022; Tamborg et al., 2024). These reforms were
motivated both by the tech industry's growing need for future work-
force (Tamborg et al., 2024) and by broader calls for students to de-
velop what in general could be referred to as digital competence
(European Commission, 2019). In some countries, for example, Nor-
way, Finland, and Sweden, programming is intended to be used in
school mathematics. In Sweden, the rationale for integrating program-
ming into the mathematics curriculum has been to ensure that all stu-
dents acquire an understanding of what programming entails and de-
velop the ability to use such technology (The Swedish National Agency
for Education, 2022a). Furthermore, it is argued that the use of pro-
gramming enables the exploration and application of mathematics in
ways that extend beyond what is achievable through manual methods
or through the use of basic digital tools (The Swedish National Agency
for Education, 2025). In other countries, such as England, program-
ming is integrated into a broader computing curriculum.

In response to the abovementioned educational reforms, the body of
research concerning students’ and teachers’ use of programming in
school mathematics has grown. The popularity of the programming en-
vironment Scratch contributed significantly to the renewed interest in
programming in education, particularly at primary and lower second-
ary levels. In their literature review concerning teaching younger stu-
dents programming in school mathematics, Holo et al. (2023) identify
three major areas of research interest. First, a high proportion of the
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research has focused on teachers’ incorporation of programming into
their mathematics classrooms and teachers’ attitudes towards pro-
gramming in mathematics education. Second, there has been an inter-
est in examining the choice of programming tools and how teachers
employ such tools to enhance students’ learning of computer program-
ming. Third, research has also focused on mathematical classroom ac-
tivities that incorporate programming, and on learning outcomes asso-
ciated with such activities. Holo et al. (2023) conclude that the teaching
and learning of programming often is in the foreground whereas math-
ematics often remains in the background. They further emphasise the
need for additional research on how programming affects students’
learning within specific mathematical topics.

In contrast to the research undertaken at the lower-secondary level, the
literature examining the effects of incorporating programming into up-
per-secondary mathematics education appears to be comparatively
limited. Nevertheless, existing studies suggest that such incorporation
has the potential to enhance students’ mathematical understanding.
For instance, Munthe (2022) has explored the role of mathematical
programming problems when integrating programming into upper-
secondary school mathematics. He shows that students experienced
fewer difficulties related to the programming syntax when engaged
with mathematical programming problems connected to familiar and
well-known mathematical concepts and methods. Munthe (2024) also
demonstrates that well-designed mathematical programming prob-
lems can facilitate exploratory mathematical discussions among upper-
secondary school students. Taub (2024) highlights that students’ use
of programming to explore mathematical properties can foster mathe-
matical reasoning. Similarly, by implying a quasi-experimental design,
Psycharis and Kallia (2017) illustrate how learning programming can
support upper-secondary students’ mathematical reasoning skills.
Moreover, their study indicates that programming instruction may also
enhance students’ self-efficacy in mathematics, although their prob-
lem-solving skills were not found to be statistically improved.
Tossavainen et al. (2024) claim that programming code has the poten-
tial to serve as a “mediator of [upper-secondary school students’] math-
ematical thinking when explaining their mathematical ideas to one an-
other” (p. 94). Furthermore, their findings suggest that programming-
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based algorithms may support students’ conceptual understanding of
integrals and Riemann sums.

Although programming seems to have the potential to enhance stu-
dents’ conceptual understanding of mathematics, it is important to
note that traditional programming languages and their associated soft-
ware environments are neither designed as mathematical tools nor as
educational tools (Buteau et al., 2020). This implies that the technical
handling of programming tools may not always be straightforward for
students. Furthermore, Haspekian et al. (2023) alongside Brating and
Kilhamn (2021) highlight that the different meanings of the variable
notion and the equals sign in programming and mathematics risks
hamper students’ ability to transfer a mathematical algorithm to its
computational counterpart.

In summary, during the last two decades, there has been a renewed in-
terest in how programming can be utilised in mathematics education.
Nevertheless, additional research is needed in several areas of this field
to advance our knowledge of how the incorporation of programming
into school mathematics can effectively support and deepen students’
mathematical understanding. Hoyles and Noss (2021) emphasise the
importance of conducting more detailed investigations of actual class-
room practices. This includes “documentation of teacher and student
interactions and output, in order to provide detail of classroom imple-
mentation” (p. 9). As highlighted by Holo et al. (2023), there is also a
need for expanded knowledge on how programming influences stu-
dents’ learning within specific mathematical topics. Furthermore, as
described in this section, the body of research examining the use and
effects of incorporating programming into upper-secondary mathe-
matics education remains limited. This thesis responds to these calls
for expanded knowledge by investigating, within authentic classroom
contexts, upper-secondary students’ use of programming both as a
problem-solving tool and as a means of numerically determining the
limits of functions.



1.3 The aim of the thesis

The primary aim of the thesis is to investigate the intertwined relation-
ship between upper-secondary students’ use of programming for math-
ematical purposes and their mathematical understanding. Further-
more, the thesis aims to investigate how teachers’ design of learning
activities can facilitate the integration of programming into mathemat-
ics education.

Drijvers and Gravemeijer (2005) argue that when using a digital tool
for mathematical purposes, the technical handling of the tool is closely
related with the conceptual understanding of the mathematical con-
tent. This intertwined relationship is regarded as the core of a process
referred to as instrumental genesis (Verillon & Rabardel, 1995). During
the instrumental genesis, students develop mental utilisation schemes
associated both with conceptual aspects concerning the mathematical
content and with technical aspects concerning the handling of the ar-
tefact. Just as the use of digital tools can influence students’ mathemat-
ical understanding, their existing mathematical knowledge also shapes
how they engage with and utilise these tools (Trouche, 2004). The the-
sis places particular emphasis on students’ instrumental genesis in ex-
amining how they utilise programming for mathematical purposes and
how the design of learning activities shapes this developmental pro-
cess. In this thesis, the design of learning activities involves the design
of tasks, of technical artefacts utilised, of scaffolding provided to the
students, and of the actual implementation of the activity. The above-
mentioned investigations are guided by the following research ques-
tions:

1. What are the instrumental geneses of upper-secondary school
students appropriating programming as an instrument for math-
ematical activity?

2. How can aspects of teachers’ design of learning activities—in
which students engage with programming as a mathematical
tool—affect students’ instrumental genesis?

3. How should analyses of students’ instrumental genesis take ac-
count of the fact that the artefact—the programming environ-
ment—used during mathematical activities is not designed pri-
marily as a mathematical tool?
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The third research question is of interest since prior research predom-
inately have focused on students’ instrumental genesis in relation to
technical artefacts designed for mathematical purposes.

1.4 How the papers address the research questions

In this section, the relationships between the research questions, pa-
pers, and studies are outlined. These relationships are also summarised
in Table 1.

The research project comprises two studies. The first study is a design-
based study where the design encompassed the development of math-
ematical problems lending themselves to programming. The design
also comprised the orchestration of the learning activity in which Swe-
dish upper-secondary school students were asked to solve the prob-
lems. Following the iterative approach of design research (Cobb et al.,
2003), the study included two design cycles and aimed to develop a lo-
cal instruction theory (Bakker, 2018) relating to the incorporation of
programming as a problem-solving tool in upper-secondary school
mathematics.

Papers 1, 2 and 3 originate from data generated during the design
study. Paper 1, a conference proceeding, addresses the methodological
question of how a given framework can be operationalised to analyse
the intertwined relationship between students’ use of programming
and their mathematical understanding, described through their instru-
mental genesis. The findings in Paper 1 established the foundation for
the analysis of students’ instrumental genesis in Paper 2, which consti-
tutes a licentiate thesis. Drawing on characteristics of educational de-
sign research, Paper 2 also examines how different aspects of the de-
sign of the learning activity influenced the instrumental genesis. Paper
3, a journal article, compares and contrasts the framework used to an-
alyse students’ instrumental genesis in Papers 1 and 2 with an alterna-
tive analytical framework.



Table 1: The relationships between research questions (RQ), papers, studies, and

data sets

RQ 1. What are the instrumental geneses of upper-secondary school students appropriating programming as

an instrument for mathematical activity?
Papers addressing the research question

Paper 2. Borg, A. (2021). Designing for the incorporation
of programming in mathematical education: Program-
ming as an instrument for mathematical problem solving.

Paper 5. Borg, A., & Fahlgren, M. (2025). Students' devel-
opment of instrumented action schemes for numerically
determining limits using programming.

Study

Design study

Naturalistic case
study

Data set
Screen and voice recordings

Students’ programming code

Screen and voice recordings
Teacher interview

RQ 2. How can aspects of teachers’ design of learning activities—in which students engage with programming
as a mathematical tool—affect students’ instrumental genesis?

Papers addressing the research question

Paper 2. Borg, A. (2021). Designing for the incorporation
of programming in mathematical education: Program-
ming as an instrument for mathematical problem solving.

Paper 4. Borg, A. (2025). Incorporating programming
into mathematics education: The adaptation of a teacher’s
craft knowledge.

Paper 5. Borg, A., & Fahlgren, M. (2025). Students' devel-
opment of instrumented action schemes for numerically
determining limits using programming.

Study

Design study

Naturalistic case
study

Naturalistic case
study

Data set
Screen and voice recordings

Students’ programming code

Teacher interview
Field notes

Screen and voice recordings
Teacher interview

RQ 3. How should analyses of students’ instrumental genesis take account of the fact that the artefact—the
programming environment—used during mathematical activities is not designed primarily as a mathematical

tool?
Papers addressing the research question

Paper 1. Borg, A., Fahlgren, M., & Ruthven, K. (2020).
Programming as a mathematical instrument: The imple-
mentation of an analytic framework.

Paper 2. Borg, A. (2021). Designing for the incorporation
of programming in mathematical education: Program-
ming as an instrument for mathematical problem solving.

Paper 3. Borg, A., & Fahlgren, M. (2023). Analysing math-
ematical programming schemes using different lenses.

Paper 5. Borg, A., & Fahlgren, M. (2025). Students' devel-
opment of instrumented action schemes for numerically
determining limits using programming.

Study

Design study

Design study

Design study

Naturalistic case
study

Data set

Screen and voice recordings

Screen and voice recordings

Screen and voice recordings

Screen and voice recordings
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The second study could be described as a naturalistic case study of a
Swedish mathematics teacher’s incorporation of programming into his
teaching of mathematics. A key aspect of the study involved examining
how a class of students employed programming to explore mathemati-
cal concepts such as limits, derivatives, and integrals.

Papers 4 and 5, in this thesis, originate from data generated during the
case study. Paper 4, a conference proceeding, provides an analysis of
the mathematics teacher’s design of programming-based learning ac-
tivities, while Paper 5, a journal article, investigates the instrumental
genesis of the teacher’s students as they participated in these activities.

The first research question of the thesis concerns students’ instrumen-
tal geneses when appropriating programming as a tool for mathemati-
cal activity, processes earlier analysed in relation to other mathemati-
cal artefacts (e.g., advanced calculators, dynamic geometry software,
and computer algebra systems). This question is addressed in Papers 2
and 5. As previously described, Paper 2, presents the design study and
offers an analysis of upper-secondary school students’ instrumental
genesis as they engage in solving mathematical problems using pro-
gramming. Paper 5, building on the case study, explores students’ in-
strumental genesis when using programming, specifically pre-de-
signed code, to determine limit values numerically. The paper contrib-
utes to the first research question by examining how programming in-
fluences students’ perceptions of limits.

The second research question concerns how teachers’ design of learn-
ing activities, where programming is used as a mathematical tool, af-
fects the development of students’ instrumental genesis. This question
is addressed in Papers 2, 4, and 5, In Paper 2, as part of the design
study, the instrumental orchestration is analysed in relation to the de-
sign of a specific problem-solving activity. Paper 4 examines how the
teacher in the case study integrated programming into mathematics in-
struction, and how this integration shaped the teacher’s craft
knowledge. This is examined using the Structuring Features of Class-
room Practice framework (Ruthven, 2009), with particular attention
to how the adaptation of craft knowledge relates to the teacher’s design
of the learning activities. Paper 5, building on the same case study,
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analyses students’ instrumental genesis in relation to the teacher’s de-
sign of learning activities involving programming. As Bozkurt and
Ruthven (2017) emphasise, the Structuring Features of Classroom
Practice framework (SFCP) addresses the overarching structure of in-
tegrating digital tools into mathematics education, while the Instru-
mental Orchestration framework provides insights into the orchestra-
tion of specific learning activities. Nevertheless, it can be argued that
these frameworks complement each other, and that aspects of over-
arching structures of programming integration, such as how program-
ming is represented in the curricula, may influence the more fine-
grained instrumental orchestration of particular learning activities.

The third research question explores how the analysis of students’ in-
strumental genesis should account for the fact that the programming
artefact used during mathematical activities is not primarily designed
as a mathematical tool. This question is addressed in Paper 3 which
examines two different approaches to operationalising the analysis of
students’ instrumental genesis when the artefact constitutes a pro-
gramming tool. Paper 1 investigates the operationalisation of a scheme
analysis using scheme components as defined by Vergnaud (1998a). In
Paper 3, this analysis is contrasted with a scheme analysis that charac-
terises students’ schemes through their technical and conceptual ele-
ments, as outlined by Drijvers and Gravemeijer (2005). The first ana-
lytical approach was also applied in Paper 2, while the second was op-
erationalised in Paper 5. The analyses of students’ instrumental genesis
presented in Papers 1, 2, and 5 therefore serve as valuable illustrations
of how each framework can be applied.

1.5 The outline of the thesis

This first part of the compilation thesis provides a comprehensive over-
view of the research project2, structured across seven chapters. This
summary seeks to synthesise the individual papers in order to address
the overarching research questions that frame the research project.

2 Referred to as “kappa” in Swedish.
12



In Chapter 2, the context of the thesis will be presented to frame how
programming has been integrated into the Swedish mathematics cur-
ricula and how such integration has been received by Swedish mathe-
matics teachers. In Chapter 3, the theoretical foundations of the thesis
are outlined, including a description of the Instrumental Approach, the
Instrumental Orchestration and the Structuring Features of Classroom
Practice framework. Chapter 4 presents an extended literature review
that addresses specific aspects of three research areas relevant to this
thesis. Chapter 5 presents a detailed account of the methodological ap-
proaches employed in the thesis. This includes an overview of the two
studies, a discussion of the characteristics of educational design re-
search and case study research, descriptions of the participants, an ex-
planation of the data generation and analysis procedures, considera-
tions of trustworthiness, and the ethical aspects of the research. In
Chapter 6, the key findings of each paper are presented separately,
alongside a synthesis that explores their interconnections with respect
to the overarching research questions guiding the thesis. Finally, Chap-
ter 7 offers a discussion of the theoretical and practical contributions of
the research project, along with suggestions for future research.

The second part of the thesis comprises the full texts of the five in-
cluded papers.
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2 The context of the thesis

The two studies presented in this thesis (the design study related to Pa-
pers 1, 2, and 3, and the case study related to Papers 4 and 5) were con-
ducted in two different Swedish upper-secondary schools. Since the re-
sults of these studies are shaped by the way programming has been in-
tegrated into Swedish school mathematics, this chapter provides an
overview of that integration. The first section outlines the integration
of programming into the Swedish mathematics curricula, while the sec-
ond section examines how this integration has been perceived by Swe-
dish mathematics teachers.

2.1 Programming in the mathematics curricula

In 2017, the Swedish Ministry of Education and Research (2017) re-
leased a strategy intended to guide the digitalisation of Swedish
schools. As part of their overall digital competence, the strategy stated
that students need knowledge of how programming affects their every-
day life, for example, in relation to the flow of information and the tech-
nical tools students regularly use. To increase students’ digital compe-
tence was regarded as a democratic issue. In line with the aims of the
digitalisation strategy, programming was introduced into the revised
national mathematics curricula in 2018.

In lower-secondary school, programming should be used as a mathe-
matical tool from year four (approximately age 10), focusing on the de-
sign, interpretation, and modification of computational algorithms re-
lating to mathematical tasks and problems (The Swedish National
Agency for Education, 2022b). Whereas students initially should be in-
troduced to visual programming (e.g., Scratch), text-based program-
ming languages should be introduced during years 7—9. Since there is
no dedicated computing subject in the Swedish compulsory school, as
there is, for example, in England (Tamborg et al., 2024), Swedish
mathematics teachers are expected to teach fundamental program-
ming during mathematics lessons.

In the non-mandatory Swedish upper-secondary school, the intended
use of programming in mathematics courses varies between types of
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study programmes. In 2018, when incorporated into the upper-second-
ary school curriculum, programming was prescribed as a tool to be
used during mathematical problem-solving activities. However, in
2021, the areas of use were broadened so that programming could also
be used as a tool for solving mathematical tasks numerically and for
data processing (The Swedish National Agency for Education, 2021).
Thus, the Swedish national curriculum does not associate the use of
programming to any specific mathematical content but to specific
mathematical activities (Tamborg et al., 2024).

The 2021 revision of the mathematics curriculum also resulted in a
slight reduction in the emphasis on programming. Prior to this change,
upper secondary students enrolled in the science and technology pro-
grammes were required to use programming throughout all mathemat-
ics courses. However, following the revision, programming was for-
mally introduced only from the third course onward. In the first two
courses, the curriculum now mandates that students be presented with
examples demonstrating how programming can serve as a mathemati-
cal tool.

2.2 Mathematics teachers’ views and use of programming

The incorporation of programming into school mathematics has been
met with concerns among Swedish mathematics teachers, where many,
in 2018, had no or limited experience of programming themselves. This
meant that numerous teachers felt that they lacked adequate profes-
sional knowledge to incorporate programming, in a proficient way, into
their mathematics classrooms (Misfeldt et al., 2019; Vinnervik, 2022).
Teachers also highlighted how vague instructions and a limited amount
of time affected how they had been able to use programming in their
teaching of mathematics (Humble, 2022). Although Swedish mathe-
matics teachers have expressed concerns regarding the integration of
programming into school mathematics, they nevertheless acknowledge
the benefits of using programming as a mathematical tool (Misfeldt et
al., 2019).

Kilhamn et al. (2021) illustrate how the arguments for incorporating
programming may vary among Swedish teachers who have integrated
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programming into their teaching of mathematics. In their study, 20
Swedish mathematics teachers, identified as early adopters, were inter-
viewed about their views on programming in mathematics education.
The researchers identified four different categories of arguments for
using programming in school mathematics. The first category com-
prises arguments emphasising programming as a powerful tool once
both the teachers and their students have learned to use it. As con-
cluded by Kilhamn et al. (2021), this indicates that “some teachers trust
new technology, embracing arguments about the usefulness of pro-
gramming from other levels of the educational system, but without ac-
tually experiencing its usefulness themselves” (p. 174). The second cat-
egory of arguments suggests that mathematical activities involving
programming are perceived by students as more engaging and more
closely connected to real life than traditional mathematical activities.
Teachers making such arguments thus regard the use of programming
as a fruitful way of engaging their students during mathematics les-
sons. The third category of arguments proposes that the use of pro-
gramming could engage students in new ways of thinking and working
(e.g., that programming offers students the possibility to test and de-
bug). The final category of arguments emphasises that integrating pro-
gramming into mathematics teaching may support students’ learning
of specific mathematical content or that programming can itself be re-
garded as a mathematical activity. While these four categories capture
the arguments advanced by early adopters, Kilhamn et al. (2021) fur-
ther note that teachers who are less familiar with programming may
rely on other and more general rationales when considering how, or
indeed whether, to incorporate programming into mathematics educa-
tion.

In her study of Swedish upper-secondary school teachers’ use of pro-
gramming in their mathematics classrooms, Fuentes Martinez (2024)
identified two so-called tactics for incorporating programming into
mathematics education. Dual teaching is associated with a view of pro-
gramming as an own discipline and that mathematical examples could
be used to learn programming. Teachers adopt a dual-teaching tactic in
order to “uphold existing course structures from previous years,—same
lesson content, same textbooks—and at the same time grant their stu-
dents the possibility to learn computer programming” (p. 144).
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Interspersed teaching, on the other hand, is based on the view that
knowledge of programming could benefit the teaching and learning of
mathematics. Fuentes Martinez (2024) argues that teachers who adopt
interspersed teaching “teach the normal sequence of mathematics
units and recur to programming in those situations in which program-
ming would be a reasonable tool to use within the topic” (p. 106). These
two tactics have similarities to the two types of programming situations
in mathematics education described by Misfeldt et al. (2019). In the
first type, programming is used for tasks where mathematics is not nec-
essarily inherently involved, such as controlling a turtle’s movement.
In these cases, the teacher must actively integrate mathematical rea-
soning into the activity. In the second type, mathematics plays a central
role, where programming is used to solve problems, explore mathemat-
ical phenomena, or construct mathematical tools. Here, the teacher’s
role shifts to ensuring that students have sufficient programming
knowledge to engage mathematically.
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3 Theoretical perspectives for investigating the incor-
poration of programming into mathematics education

The overarching aims of the thesis are to investigate the intertwined
relationship between upper-secondary students’ use of programming
for mathematical purposes and their mathematical understanding, as
well as how teachers’ design of learning activities can facilitate the in-
corporation of programming into mathematics education. To address
these aims, the Instrumental Approach serves as the overarching the-
oretical framework for the two studies, and its origin and foundations
will be presented in the first section of this chapter. Of particular inter-
est within the Instrumental Approach, is students’ instrumental gene-
sis, which will be discussed in the second section. During this process,
an artefact, in conjunction with students’ mental utilisation schemes,
evolves into a purposeful instrument for learning. The third section
highlights the relationship between students’ instrumental genesis and
the teacher’s instrumental orchestration of learning activities. In the
fourth section, the Structuring Features of Classroom Practice frame-
work will be introduced. This framework is operationalised to analyse
how teachers’ evolving craft knowledge both influences and is influ-
enced by the incorporation of new technologies into educational set-
tings. The chapter concludes with a short summary of the constructs
which constitutes the theoretical foundations in this thesis.

3.1 The Instrumental Approach

Throughout history, the development of mathematics has been partly
driven by the development of symbolic and physical tools (Artigue,
2002), for example, the decimal system, the logarithmic tables, and
graphical calculators. Our use of mathematical tools has thus the po-
tential to influence our understanding of mathematics. This inter-
twined relationship between the technical handling of a tool and math-
ematical understanding lies at the core of the Instrumental Approach.
This theoretical framework serves as the overarching lens for investi-
gating upper-secondary students’ use of programming for mathemati-
cal purposes in this thesis.
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The framework emerged in France during the late 1990s as a counter-
balance to the idea that the technical handling of digital tools/artefacts3
(e.g., computer algebra systems) was separated from the conceptual
understanding of the mathematical objects (Artigue, 2002; Ruthven,
2002). Instead, by drawing on ideas from the Anthropological Theory
of Didactics, the Instrumental Approach emphasises that the technical
work associated with the use of a mathematical tool is linked and inter-
twined with the conceptual understanding of the mathematical topic in
question (Drijvers & Gravemeijer, 2005).

The Anthropological Theory of Didactics (ATD) recognises that stu-
dents’ understanding of mathematics is profoundly affected by social
and cultural aspects within the given learning environment or institu-
tion (Artigue, 2002). Consequently, mathematical objects are not re-
garded as absolute entities but are developed through given activities
and practices within the educational institutions. According to Artigue
(2002), this implies that to “analyse the life of a mathematical object in
an institution, to understand the meaning in the institution of ‘know-
ing/understanding this object’, one thus needs to identify and analyse
the practices which bring it into play” (p. 248). In this sense, ATD has
similarities with the socio-cultural perspective. In the ATD, these prac-
tices, referred to as praxeologies, involve four components: task, tech-
nique, technology, and theory (Chevallard & Bosch, 2020). The first
component is the task, which is solved in a specific manner, using a
specific technique. The manifested technique relies, in turn, on specific
knowledge that justifies and explains the use of the specific technique
for solving the task. This “discourse” (Chevallard & Bosch, 2020, p. 55)
is referred to as the technology+, which in turn relies on a theory which
“provides a structural basis for the technological discourse itself and

3 Monaghan (in Monaghan & Trouche, 2016) argues that an artefact should be conceptual-
ised as a tool (a material object) when employed by an individual to accomplish a specific
task. In this thesis, however, the two concepts will be given the same meaning to avoid
ambiguities.

4 The ATD’s notion of technology will, in this text, not be applied when analysing students’
use of programming for mathematical purposes. Instead, technology will be used when re-
ferring to digital tools designed to facilitate learning and classroom management.
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can be seen as a technology of the technology” (Artigue, 2002, p. 248).
The concept of instrumented technique will be elaborated upon later in
this text, particularly in relation to its role in Papers 3 and 5, where it
is used to analyse students’ application of programming in solving
mathematical tasks.

Since the ATD, in the late 1990s, mainly focused on traditional class-
room practices, not involving the use of digital tools, the Instrumental
Approach also draws on ideas from the field of Cognitive Ergonomics
(Artigue, 2002) and especially the work of Verillon and Rabardel
(1995). Although the field of Cognitive Ergonomics does not have a
clear focus on educational settings, it focuses on human interactions
involving the use of artefacts (Trouche, 2020) by building on the work
of Vygotsky (e.g., the role of artefacts as facilitators of cognitive pro-
cesses). In Cognitive Ergonomics, a distinction is made between an ar-
tefact and an instrument (Rabardel, 2002), where the former is re-
garded as an object (material or abstract) created by humans (Trouche,
2005a). An instrument, on the other hand, comprises the artefact and
the mental utilisation schemes associated with the handling and use of
the artefact for a given (e.g., mathematical) purpose (Verillon &
Rabardel, 1995). An instrument thus consists of an artefact component
and a cognitive component (Trouche, 2020), where the latter is related
to specific knowledge for using the artefact in an appropriate manner
for solving the given task. Trouche (2020) concludes that whereas an
artefact could be described very generally (e.g., a calculator), greater
precision is required when discussing an instrument since it concerns
an “instrument of somebody, for performing a given type of task, at a
given step of its development” (p. 407).

The process during which the instrument is formed (see Figure 1), and
thus when adequate mental utilisation schemes are developed, is re-
ferred to as instrumental genesis (Rabardel, 2002) and is of great in-
terest both in the field of Cognitive Ergonomics and within the Instru-
mental Approach. Although students’ instrumental genesis is an inher-
ently individual process, it is important to acknowledge that this gene-
sis is significantly shaped by the social dynamics of the classroom. Con-
sequently, the mathematics teacher’s role is to foster a collective and
productive instrumental genesis (Guin & Trouche, 1998). In the
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following section, the different parts of the instrumental genesis will be
described in more detail.

Figure 1: A schematic illustration of instrumental genesis, during which the arte-
fact and the associated mental utilisation schemes develop into an instrument

[ Artefact ] + [ Utilisation schemes ] — [ Instrument ]
Instrumentral genesis >

3.2 Instrumental genesis

Within the Instrumental Approach, the instrumental genesis is of great
interest since it concerns the process where students develop mental
utilisation schemes associated with how the artefact could be used to
accomplish the given mathematical objective (Drijvers & Gravemeijer,
2005). As aforementioned, these schemes and the artefact then form
into an instrument, which should not be regarded as a physical entity
but rather as a psychological construct. Schemes are defined by
Vergnaud (1998b) as an “invariant organization of behavior for a cer-
tain class of situations” (p. 229), indicating that the instrument that
emerges is intrinsically linked to the same class of situations. This in-
fers that a student can develop several different instruments associated
with the use of the same artefact (Drijvers et al., 2013).

3.2.1 Artefacts

What to regard as an artefact is, according to Drijvers et al. (2013), not
always obvious, but rather a matter of granularity. This is also mani-
fested by the two studies which comprise the foundation of this thesis.
In the design study, associated with Papers 1, 2, and 3, the program-
ming environment5 used by the students during the problem-solving

5 The programming environment utilised was NetBeans 8.2, an integrated development environment
(IDE) primarily designed for developing applications in the Java programming language.
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activity was considered the artefact. The choice of artefact was influ-
enced by the expectation that the students would use programming to
solve open-ended mathematical problems by constructing their own
code from scratch. This meant that a wide range of programming con-
cepts and functionalities within the programming environment could
potentially come into play. In the case study, associated with Papers 4
and 5, students were expected to utilise numerical methods to solve
mathematical tasks related to the topics of limits, derivatives, and in-
tegrals. To support students in using programming to solve these tasks,
a pre-designed Python code structure was provided. This code struc-
ture, considered the artefact within this study, served as the foundation
of the students’ code and, to some extent, set boundaries for how the
code could be developed. The different choices of artefacts were thus
generally related to the type of study, including its aim and research
questions. More specifically, it was related to the design of the specific
learning activities involving the use of programming, developed by the
researcher in the design study and by the teacher in the case study.

3.2.2 Mental utilisation schemes

The second part of the instrument is the mental utilisation schemes as-
sociated with the use of the artefact. Rabardel (2002) argues that such
schemes could have three different functions. The epistemic function
concerns understanding the given situation, the pragmatic function
concerns transforming a given situation in order to achieve an appro-
priate result, and the heuristic function which “orient and control the
activity” (p. 85).

There exist two levels of such utilisation schemes, where usage
schemes are related to the direct handling of the artefact (Rabardel,
2002). When programming constitutes the artefact, a usage scheme
may involve executing code or providing correct syntax when defining
a loop. Although experienced users tend to apply usage schemes auto-
matically, for novice users such schemes involve not only technical as-
pects, but also conceptual aspects (Drijvers & Gravemeijer, 2005) re-
lated to programming.
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Instrumented action schemes on the other hand are associated with
primary tasks, that is, actions directly related to the mathematical ob-
jectives. Consequently, applying an instrumented action scheme in-
volves performing various transformations on mathematical objects
(Drijvers & Gravemeijer, 2005). Since solving the primary tasks in-
volves interaction with the artefact, the usage schemes serve as build-
ing blocks of the instrumented action schemes (exemplified in Figure
2). In this thesis, including its five papers, the focus will thus be on stu-
dents’ development and utilisation of instrumented action schemes.
Although the focus of the analysis in this thesis will be on the instru-
mented action schemes, it is important to recognise that these schemes
include components associated with given usage schemes.

Figure 2: A schematic illustration from the case study depicting the relationship
between general usage schemes and a more situation-specific instrumented action
scheme

Instrumented action scheme

Transformations of mathematical limits
A A A

Usage scheme 1 Usage scheme 2 Usage scheme 3
Assign variables Define and adjust IF- Execute the
values statements programming code

Although mental schemes are developed by the individual, they also
have social aspects. Rabardel (2002) stresses that although each
scheme is distinctive since they are developed by a unique individual,
schemes also have social dimensions as they are developed within a so-
cial context. Trouche (2004) argues that “it is impossible to distinguish,
on the one hand cognitive structures (schemes) and on the other hand,
cultural systems: schemes always have a social part and instrumental
genesis always has individual and social aspects” (p. 288). In a mathe-
matics classroom, students’ development of utilisation schemes is, for
example, influenced by choices made by the teacher (the artefact de-
signer) and by the interactions with both the teacher and peers. Artigue
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(2002) argues that the instrumental genesis thus often concerns “the
appropriation of pre-existing social schemes” (p. 250).

In this subsection, it has been highlighted how schemes could have dif-
ferent functions (Rabardel, 2002). Vergnaud (1998a) claims that
schemes also serve as theoretical constructs for describing and analys-
ing problem-solving activities. He argues that such analysis should be
operationalised by analysing four components constituting a scheme:
goals and anticipations, rules of action, operational invariants, and
possibilities of inferences. Every scheme is associated with a goal (and
sub-goals) and anticipations related to the given task. Due to a
scheme’s social dimension, these goals could arise from a negotiation
between students and their teacher (Vergnaud, 1998a). The rules of ac-
tion are the generative parts of a scheme which generate a given activity
constituting “sequences of actions, information gathering, and con-
trols” (Vergnaud, 2009, p. 88). These rules of action (e.g., creating
nested loops in order to systematically combine variables) are in turn
guided by operational invariants (Buteau et al., 2020). These invari-
ants represent the epistemic aspects of a scheme (Vergnaud, 2009) and
consist of concepts-in-action and theorems-in-action. Concepts-in-ac-
tion (e.g., the idea of systematically combining variables) refer to con-
cepts deemed as relevant and are activated in response to the given goal
of the activity. These concepts-in-action are vital to identify and choose
information (Vergnaud, 1998a) and are the building blocks of the the-
orems-in-action (Rabardel, 2002). While concepts-in-action can be
relevant or irrelevant (or something in between), theorems-in-action
can either be true or false (Vergnaud, 1998a). Theorems-in-action (e.g.,
systematically combining variables is a means for conducting an ex-
haustive trial) are thus “propositions held to be true by the subject
when he or she acts” (Vergnaud, 1998b, p. 229) and influence decisions
taken by students when trying to solve mathematical problems. The
last scheme component is possibilities of inferences, which are related
to the scheme’s ability to adapt to new situations (e.g., using nested
loops in a new mathematical context). Such adaptation could, in turn,
lead to the assimilation of new rules of action and operational invari-
ants into the scheme.
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Analysing students’ instrumental genesis involves analysing the
schemes developed, used, or modified by the students. In their study of
university students’ use of programming when engaging in mathemat-
ical investigations, Buteau et al. (2020) used the scheme components,
as described by Vergnaud (1998a), as an analytical tool to examine stu-
dents’ instrumented action schemes. The analytical approach opera-
tionalised in the study by Buteau et al. (2020) served as an inspiration
when, in Papers 1, 2, and 3 analysing the developing schemes of upper-
secondary school students engaging in a mathematical problem-solv-
ing activity using programming. According to Buteau et al. (2020), de-
scribing students’ instrumented action schemes through scheme com-
ponents highlights the complexity of employing a programming tool,
originally not intended for mathematical or educational purposes, as a
means for mathematical investigations.

3.2.3 Instrumented techniques

Based on the Piagetian tradition carried forward by Vergnaud, schemes
have within the Instrumental Approach served as a theoretical con-
struct for describing students’ cognitive development and their learn-
ing processes when using digital tools in mathematics education. But
since schemes are mental constructs, they are not directly visible and
could thus not be directly observed (Drijvers & Gravemeijer, 2005). In-
stead, Drijvers and Gravemeijer (2005) claim that the instrumented
techniques used by the students should be regarded as the external and
observable manifestation of an instrumented action scheme. They de-
fine an instrumented technique as a “set of rules and methods in a tech-
nological environment that is used for solving a specific type of prob-
lem” (p. 170).

In educational settings, instrumented techniques also serve as apparat-
uses for communicating (Lagrange, 1999). A teacher could teach stu-
dents about how to solve new tasks by employing and explaining spe-
cific instrumented techniques. However, since successful application of
such techniques to non-routine problems relies on well-developed in-
strumented action schemes, the explicit teaching of techniques also im-
plicitly involves the cultivation of these underlying schemes. Artigue
(2002) argues that instrumented techniques possess both pragmatic
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values and epistemic values, where the pragmatic values are related to
“efficiency, cost, field of validity” (p. 248). The epistemic value, which
is of particular relevance in Paper 5, concerns how the use and devel-
opment of productive instrumented techniques can foster and deepen
students understanding of the mathematical objects under considera-
tion.

Drijvers and Gravemeijer (2005) argue that the “visibility of instru-
mented techniques is why they, rather than the instrumented action
schemes, which have a more internal and personal character, are the
gateway to the analysis of instrumental genesis” (p. 169). They stress
that an instrumented action scheme, manifested by its associated tech-
nique, can be described by identifying key conceptual and technical el-
ements of the scheme. Turgut and Drijvers (2021) describe technical
elements as “the more or less stable sequences of technical interactions
between the user and the artefact” (p. 67) whereas conceptual elements
guide the technical interaction with the artefact. The conceptual ele-
ments are shaped by the use of the artefact and its mathematical af-
fordances and constraints (Drijvers et al., 2013).

In several studies, students’ instrumented action schemes, and thus
their instrumental genesis, have been described by analysing the visible
instrumented techniques (e.g., Drijvers & Gravemeijer, 2005;
Fahlgren, 2017; Trouche, 2005a; Turgut & Drijvers, 2021). According
to Drijvers and Gravemeijer (2005), employing technical and concep-
tual elements as analytical constructs to describe students’ instru-
mented action schemes, derived from their instrumented techniques,
should be regarded as a valuable analytical approach. This approach
facilitates the analysis of the often complex and non-trivial processes
involved in students’ use of digital tools for mathematical purposes. In
Papers 3 and 5, this analytical approach was operationalised to de-
scribe upper-secondary school students’ use of programming to solve
mathematical tasks and problems.

3.2.4 Instrumentation and instrumentalization

At the core of the Instrumental Approach is the notion that the ways in
which students engage with a given artefact will affect how they
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perceive the given mathematical objects (Drijvers & Gravemeijer,
2005). Thus, when a digital artefact is employed for mathematical pur-
poses, it leaves a lasting impact on the user (Trouche, 2004). This is
because the technical aspects involved in manipulating the artefact, in
response to a given task, are closely intertwined with students’ concep-
tual understanding of mathematics. This process, which is part of the
instrumental genesis, is referred to as instrumentation.

If instrumentation involves a process where the use of the artefact
prints its mark on the students, that is, “allows him/her to develop an
activity within some boundaries (the constraints of the artifact)”
(Trouche, 2004, p. 290), the students could also print their marks on
the artefact when learning about its possibilities and constraints. Dur-
ing this instrumentalization, the students could customise and modify
the artefact to fit their mathematical demands.

There is thus an intertwined relationship between the instrumentation
and the instrumentalization as “the instrumentation process is the
tracer of the artifact on the subject’s activity, while the instrumentali-
zation process is the tracer of the subjects’ activity on the artifact”
(Trouche, 2020, p. 409). Both processes should be regarded as im-
portant aspects of students’ instrumental genesis (see Figure 3) and il-
lustrate how students’ thinking is affected by their use of the artefact
and how the use of the artefact at the same time is affected by students’
thinking (Noss & Hoyles, 1996).

Figure 3: A schematic illustration of instrumental genesis adapted from Trouche
(2004, p. 289)

Instrumentation
[ Artefact ] < [ Student ]

Instrumentalization

[ Instrumented action scheme ]
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3.3 Instrumental Orchestration

The way that mathematical objects have been portrayed and worked
upon historically in schools has been deeply affected by the mathemat-
ical tools available (Haspekian et al., 2023). The use of pen and paper
is associated with specific techniques, for example, when using alge-
braic manipulations to solve equations or when constructing a graphic
representation of a function. In contrast, different techniques are re-
quired when conducting the corresponding mathematical operations
using other tools. When a teacher introduces a new tool (e.g., program-
ming) into her/his teaching, there will therefore emerge an instrumen-
tal distance between the two environments relating to the students’ in-
strumental genesis. This instrumental distance is associated with tech-
nical and conceptual differences between the environments
(Haspekian et al., 2023). Introducing a new digital tool into school
mathematics thus place demands on teachers, as they are expected not
only to teach students the techniques required to utilise the new tool,
but also to reduce the instrumental distance between the new tool and
the pre-existing ones. These demands can be addressed through the
teachers’ instrumental orchestration (Trouche, 2004) of the learning
activity.

Although instrumented action schemes are internal and personal con-
structs, they are developed within a specific social context (Rabardel,
2002). From an educational perspective, students’ instrumented action
schemes are thus affected by the ways in which the teacher orchestrates
learning activities involving the use of artefacts. Or in other words, the
instrumental orchestration serves as an intentional guidance of stu-
dents’ instrumental genesis (Guin & Trouche, 2002; Trouche, 2005b),
where choices made by the teacher “fine-tune the students’ instru-
ments and compose coherent sets of instruments” (Drijvers et al.,
2009, p. 1350). Kendal and Stacey (2001) emphasise that teachers’ di-
verse instrumental orchestrations, shaped by their instructional be-
liefs, may privilege different instrumented techniques and schemes.
Consequently, what is considered as a productive instrumental genesis
is closely intertwined with teachers’ instrumental orchestrations.

Guin and Trouche (2002) outline four components of an instrumental
orchestration: the set of individuals, the set of objectives, the didactical
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configuration, and the exploitation mode. To further highlight the en-
actment of the instrumental orchestration, Drijvers et al. (2009) em-
phasise the necessity of also considering the didactical performance.
The didactical configuration involves the design of the teaching set-
tings involving decisions and considerations regarding which artefacts
to use, which tasks to present and the broad structure of the lesson
based on the given set of objectives (Drijvers et al., 2009; Drijvers et
al., 2014). The exploitation mode refers to the given way a teacher in-
tends to exploit the didactical configuration, for example, how to incor-
porate the artefacts alongside how to introduce, work on, and discuss
chosen tasks (Drijvers, Doorman, et al., 2010). In this thesis, as pre-
sented by Drijvers, Doorman, et al. (2010), each didactical configura-
tion will be associated with a given exploitation mode. The didactical
performance constitutes the final component of an instrumental or-
chestration, taking into account how the didactical configuration and
the exploitation mode are enacted (Drijvers et al., 2009). The didactical
performance is also related to the ad hoc decisions taken by a teacher
when teaching with technology. This could be related to which ques-
tions to pose at specific moments and how one handles students’ dif-
ferent inputs and other unforeseen aspects during the lessons.

Drijvers et al. (2009) argue that a teacher’s instrumental orchestration
involves two levels. First, it is related to the idea of fostering students’
instrumental genesis, that is, as described by Ruthven (2014) to “en-
sure that technico-mathematical development within a class follows a
more collective path by means of which emergent knowledge is social-
ised into a shared form aligned with wider conventions and practices”
(p. 381). The second level of the instrumental orchestration, part of the
teacher’s own instrumental genesis is, according to Drijvers et al.
(2009), “instrumented by artefacts for the teachers, which may not
necessarily be the same artefacts as the students use” (p. 1351).

Learning activities could be orchestrated in different ways and involve
different orchestration types based on the teacher’s didactical inten-
tions (Ruthven, 2014), which in turn are related to given aspects of the
didactical configuration and the corresponding exploitation mode
(Drijvers et al., 2009). In their study of eighth-grade students’ use of a
mathematical applet incorporated in a digital learning environment,
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Drijvers, Doorman, et al. (2010) highlight that various forms of instru-
mental orchestrations can be distinguished by the specific types of or-
chestrations employed. These orchestration types pertain to how
teachers utilise digital artefacts, such as during whole-class explana-
tions and during interactions with students. Tabach (2011) emphasises
that the way teachers chose to utilise a digital artefact (i.e., the orches-
tration types they adopt) are closely linked to their own knowledge con-
cerning the possibilities and constraints offered by the artefact. The
number of orchestration types identified in the literature has increased
substantially over the years (Drijvers, 2012; Drijvers et al., 2014;
Tabach, 2011).

The sherpa-at-work orchestration type is of special interest in the de-
sign study described in Paper 2, as it played an important role in the
design of the learning activity. The notion of Sherpa originates from
Himalayan mountain guides® who assist climbers during expeditions
in the region (Guin & Trouche, 2002). Sherpas thus serve as experts by
supporting other climbers, for example, by helping them navigate chal-
lenging terrain and by carrying their equipment. During sherpa-at-
work orchestrations in mathematics education, originally described by
Guin and Trouche (1998), chosen students (referred to as sherpa-stu-
dents) are asked by the teacher to visualise (e.g., by sharing their
screens) how they have used the artefact given the mathematical activ-
ity. This was also the role assigned to the sherpa-students during the
design study described in this thesis. Drawing on the analogy of moun-
tain guides, the purpose of involving sherpa-students was to support
and guide their peers’ work, and, in a sense, help them navigate the
mathematical terrain. Sherpa-at-work orchestration could also involve
allowing sherpa-students to solve a given task in front of the other stu-
dents under guidance from the teacher (Guin & Trouche, 1998).

Instrumental Orchestration has previously been used as a theoretical
lens to analyse both in-service and pre-service teachers’ use of digital
tools, such as computer algebra systems (Guin & Trouche, 2002),

6 The term Sherpa also refers to an ethnic group native to the Himalayan region. However, not all
mountain guides referred to as Sherpas are ethnically Sherpa.
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dynamic mathematics software (Bozkurt & Koyunkaya, 2022), and pre-
designed mathematical applets (Drijvers, Kieran, et al., 2010; Drijvers
et al., 2014). Instrumental Orchestration has also been used by Buteau
et al. (2022) when describing the way programming was integrated into
university courses as a tool for mathematical investigations. In this the-
sis, Instrumental Orchestration served as a theoretical construct in Pa-
pers 2 and 4.

In this section, the Instrumental Orchestration has been presented as
a productive lens through which to examine how the orchestration of
specific learning activities influences students’ instrumental genesis.
However, as Ruthven (2009) emphasises, teachers’ orchestrations is
grounded in their craft knowledge. Integrating programming into
mathematics education may necessitate an adaptation of this craft
knowledge, an adaptation shaped by structuring features of classroom
practice. Bozkurt and Ruthven (2017) argue that these structuring fea-
tures, along with the evolving nature of teachers’ craft knowledge con-
stitute the foundation of their instrumental orchestrations. In Paper 4,
the adaptation of a teacher’s craft knowledge is analysed through the
lens of the Structuring Features of Classroom Practice framework
(Ruthven, 2009), focusing on how the mathematics teacher adapts his
craft knowledge when incorporating programming into his teaching.

3.4 Structuring Features of Classroom Practice

As described in the previous section, Instrumental Orchestration
serves as a theoretical lens for describing and analysing how teachers
incorporate digital tools (e.g., programming) into their teaching to sup-
port students’ instrumental genesis. Ruthven (2009) argues that the
incorporation of such technologies into mathematics classrooms is de-
pendent on a professional adaptation of the teacher’s craft knowledge.
Cooper and Mclntyre (1996) claim that such knowledge is very much
formed by the teacher’s classroom experiences:

[Clraft knowledge describes the knowledge that arises from and, in turn,
informs what teachers do. As such, this knowledge is to be distinguished
from other forms of knowledge that are not linked to practice in this direct
way. Craft knowledge is not, therefore, the kind of knowledge that teachers
draw on when explaining the thinking underlying their ideal teaching prac-
tices. Neither is it knowledge drawn from theoretical sources. Professional
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craft knowledge can certainly be (and often is) informed by these sources,

but it is of a far more practical nature than these knowledge forms. Profes-

sional craft knowledge is the knowledge that teachers develop through the

processes of reflection and practical problem-solving that they engage in to

carry out the demands of their jobs. (p. 76)
In order to describe and analyse how the professional adaptation of
teachers’ craft knowledge shapes the incorporation of new technolo-
gies, Ruthven (2009) developed the Structuring Features of Classroom
Practice framework (SFCP). The framework builds on, and extends,
concepts from previous research concerning the organisation of class-
room practices and the development of teachers’ craft knowledge. The
framework identifies five structuring features of classroom practice
which influence the ways teachers incorporate new technologies into
their teaching: the working environment, the resource system, the ac-
tivity format, the curriculum script, and the time economy.

The working environment is a structuring feature associated with the
potential need to adapt the physical environment and/or the organisa-
tion of the class when incorporating a new technology. An adaptation
of the working environment will thus bring about new classrooms rou-
tines compared to teaching not involving digital tools. Ruthven (2009)
exemplifies how students’ use of personal computers changes the work-
ing environment, for example, by providing students with (unwanted)
opportunities for distraction. Craft knowledge related to the working
environment can, for example, concern how to allow students access to
the new technology and related material (Ruthven, 2009).

For today’s mathematics teachers, there is an enormous range of digital
resources’ and the teachers’ job is not just to decide which resources to
use in teaching but also to create a coherent system of resources for the
given educational purposes. A resource system could thus be described
as a “[c]ollection of didactical tools and materials in use, and coordina-
tion of use towards subject activity and curricular goals” (Ruthven,
2014, p. 387). Craft knowledge related to the creation of a coherent sys-
tem of resources is associated with teachers’ ability to develop

7 Ruthven (2009) refers to resources as “some (physical or virtual) artefact which has either been de-
signed specifically for curricular purposes, or been the subject of educational appropriation for such
purposes” (p. 146).
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appropriate instrumented techniques for using the technology, as well
as their ability to coordinate the use of new and existing resources.
Such coordination is referred to by Ruthven (2014) as double instru-
mentation and constitutes part of the teachers’ professional instrumen-
tal genesis (Haspekian, 2011).

Incorporating new technologies into classrooms requires an adaptation
of teachers’ craft knowledge relating to the activity format (Ruthven,
2009) and the structure of the activity. That is, the way a learning ac-
tivity is organised in terms of how the content is presented and worked
upon, and how students may be grouped for instructional purposes
(Burns & Anderson, 1987). Adapting the activity structure involves,
among other things, stating the role the new technology should play
during lesson activities and its interaction with the teacher and the stu-
dents (Ruthven, 2014). Bozkurt and Ruthven (2017) discuss how as-
pects of the activity format are related to the instrumental orchestra-
tion of the learning activity, particularly its exploitation mode, during
which the teacher exploits the organisation of the instructional setting
and the artefacts involved (Drijvers et al., 2009). They argue that the
orchestration types identified by Drijvers, Doorman, et al. (2010), and
later extended by, for example, Tabach (2011), Drijvers (2012), and
Drijvers et al. (2014), could serve as a taxonomy for how classroom ac-
tivities are structured around particular activity formats. In their study
of teachers’ incorporation of a specific dynamic digital technology,
Simsek and Clark-Wilson (2024) employed the idea of networking as-
pects of the SFCP framework and the Instrumental Orchestration
framework. They claim that the two frameworks are mutually comple-
mentary and that Instrumental Orchestration is particularly useful for
examining how mathematics teachers manage classroom activities in-
volving the use of digital technology. The Instrumental Orchestration
framework thus offers “a valuable lens for a finer-grained analysis of
the construct of activity structure within the broader SFCP framework”

(p. 611).

The curriculum script is a structuring feature which is connected to
other structuring features, for example, the resource system and the
activity format, where the notion of script should be regarded as a
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psychological construct (Ruthven, 2009). Ruthven (2014) provides the
following description of a curriculum script:

This ‘script’ is an event-structured organisation of knowledge, forming a
loosely ordered model of goals, resources and actions for teaching the topic,
incorporating potential emergent issues and alternative courses of action;
it interweaves mathematical ideas to be developed, appropriate topic-re-
lated tasks to be undertaken, suitable activity formats to be used, and po-
tential student difficulties to be anticipated, guiding the teacher in formu-
lating a suitable lesson agenda, and in enacting it in a flexible and respon-
sive way. (p. 386)
When teaching a given topic, Putnam (1987) argues that a teacher fol-
lows the curriculum script and based on the students’ responses, adjust
the teaching and the instructions. The incorporation of new digital
tools affects several aspects of the teaching related to the curriculum
script (Ruthven, 2014). For example, the teacher must take into con-
sideration the possibilities and constraints associated with the new
technology in relation to the mathematical learning objective. Moreo-
ver, new tools used in mathematics classrooms may require tasks fitted
to be solved using the tool. The teacher must also prepare for different
types of student responses and difficulties. The examples illustrate how
various aspects of teachers’ curriculum scripts can influence and re-
shape their craft knowledge as they incorporate new technologies into

their mathematics classrooms.

The fifth structuring feature is time economy and concerns the cost, in
terms of time, of incorporating new technologies (Ruthven, 2009). A
teacher must in general take into account what Assude (2005) refers to
as the time capital (i.e., the actual time allocated for classroom activi-
ties) and manage the “estimated temporal cost of each activity and the
global time of all activities put together” (p. 185). The incorporation of
a new technology into the classroom can be made at a high cost if the
time allocated to the incorporation is not in proportion to the results of
the learning outcome. But the use of a new digital tool could also save
time by outsourcing time-consuming calculations to the tool or easing
students’ learning at a low temporal cost. According to Ruthven (2014),
a teacher’s craft knowledge related to the time economy feature con-
cerns the ability to change “the ‘rate’ at which the physical time availa-
ble for classroom activity can be converted into a ‘didactic time’ meas-
ured in terms of the advance of knowledge” (p. 386). Although the time
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economy is presented as a specific structuring feature, the changing of
this rate is closely associated with all the other structuring features of
the framework.

The five structuring features of classroom practice described in this
section serve as theoretical constructs for analysing how the incorpo-
ration of new technologies into mathematics classrooms shapes the
professional adaptation of teachers’ craft knowledge. Ruthven (2012)
argues that the SFCP framework “makes clear the scope and scale of
the situational adaptation and professional learning required for teach-
ers to successfully incorporate use of digital tools and resources in sup-
port of investigative approaches” (p. 627). Bozkurt and Ruthven (2017)
claim that these structuring features not only guide teachers’ orches-
tration of a specific lesson but also function as underlying structures
that shape their overall teaching practice.

The different structuring features could, to different degrees, play
prominent roles in the incorporation of new technologies into mathe-
matics education. Drawing on their study of teachers’ incorporation of
a dynamic digital technology (Cornerstone Math) into upper-second-
ary mathematics education, Simsek and Clark-Wilson (2024) empha-
sise that the working environment and the time economy were less
closely associated with domain-specific mathematical issues compared
to the other structuring features. Instead, Simsek and Clark-Wilson
(2024) argue that these two components offer a more contextualised
perspective for describing the incorporation of technologies into math-
ematics education.

The SFCP framework has previously been operationalised as a theoret-
ical and analytical lens when describing teachers’ incorporation of dif-
ferent technologies, for example, dynamic mathematical software
(Bozkurt & Ruthven, 2017), connected classroom technology (Chorney,
2022; Gustafsson, 2017), and dynamic digital technology (Simsek &
Clark-Wilson, 2024). It has also been synthesised with the Documen-
tational Approach to Didactics to analyse teachers’ design and use of
digital resources (de Moraes Rocha & Trouche, 2017). Furthermore,
Buteau et al. (2019) have used the framework to highlight demands
placed on university teachers when implementing a specific course in
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university mathematics involving programming. In Paper 4, the SFCP
framework serves as a theoretical and analytical lens to analyse the ad-
aptation of a Swedish mathematics teacher’s craft knowledge when in-
corporating programming into upper-secondary mathematics educa-
tion.

3.5 Summary

In this chapter, the frameworks forming the theoretical and analytical
foundations of this thesis have been presented. When, in Paper 2 and
Paper 5, analysing upper-secondary students’ use of programming as a
tool in school mathematics, the Instrumental Approach serves as a the-
oretical lens. Of special interest is therefore the analysis of students’
instrumental genesis, including the development of instrumented ac-
tion schemes and the two processes of instrumentation and instrumen-
talization. Illustrating the instrumented action schemes could be done
by using scheme components as defined by Vergnaud (1998a), opera-
tionalised in Papers 1 and 2, or by viewing the technical and conceptual
elements related to students’ instrumented techniques as the observa-
ble manifestation of an instrumented action scheme (Drijvers &
Gravemeijer, 2005), as operationalised in Paper 5. These two different
approaches to describe and analyse students’ instrumented action
schemes are also compared and contrasted in Paper 3.

Decisions taken by teachers to facilitate a productive instrumental gen-
esis are part of the teachers’ instrumental orchestration, which accord-
ing to Drijvers, Doorman, et al. (2010) concerns three main compo-
nents: the didactical configuration, the exploitation mode, and the di-
dactical performance. The theoretical lens of Instrumental Orchestra-
tion was utilised in Paper 2 as part of the design of a mathematical
problem-solving activity involving the use of programming. Ruthven
(2009) argues that the incorporation of new technologies (e.g., pro-
gramming) into school mathematics requires an adaptation of teach-
ers’ existing craft knowledge and that such adaptations are affected by
five different structuring features of classrooms practice. An example
of how the incorporation of programming calls for an adaptation of a
mathematics teacher’s craft knowledge is presented in Paper 4.
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Each theoretical framework is accompanied by its own limitations. For
instance, Instrumental Orchestration emerged as a theoretical lens for
examining how individual instrumental genesis can be supported
within the social dynamics of the classroom (Trouche, 2004). However,
there are aspects that may influence students’ instrumental genesis
which fall outside the scope of the Instrumental Approach, such as stu-
dents’ emotions, attitudes, values, and motivation. It may also be ques-
tioned how precisely a mental scheme, existing solely in a student’s
mind, can be described. Nonetheless, given its demonstrated applica-
bility across various research contexts, the Instrumental Approach is
regarded in this thesis as a productive and appropriate theoretical lens
for analysing students’ use of programming for mathematical pur-
poses.
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4 Extended literature review

This chapter presents an extended literature review addressing specific
aspects of three research areas pertinent to this thesis. Given that the
students in the two studies possessed limited programming experience,
the first section introduces key characteristic of novice programmers,
including a progression model intended to support novice program-
mers in developing programming proficiency. The second section of-
fers an overview of research related to mathematical problem solving,
which informed the design of the first study, where students engaged
in a mathematical problem-solving activity through programming. The
third section examines the theoretical construct of procept in the con-
text of mathematical limits and explores how students’ development of
a proceptual view of limits may be shaped by the incorporation of pro-
gramming into the learning process. This perspective informed the
analysis in Paper 5, which examined how students’ use of programming
to numerically approximate limit values shaped their mathematical un-
derstanding of limits. Additionally, the section reviews existing re-
search on students’ conceptions of limits. The chapter concludes with
a summary of the literature review in relation to the two studies pre-
sented in this thesis.

4.1 Key characteristics of novice programmers

Moving from a novice programmer to an expert programmer is a time-
consuming endeavour (Winslow, 1996) and there is an extensive body
of research concerning the characteristics of novice programmerss. Lee
et al. (2011) propose a progression model to support novice program-
mers in developing both programming skills and computational think-
ing. This model comprises three stages: Use, Modify, and Create. In the
Use stage, students engage with pre-designed code by applying and in-
terpreting it. The Modify stage involves adapting and refining existing
code, which fosters the development of new skills and understandings.
This stage functions as a critical bridge between consumption and

8 Although some of the references cited in this section are dated, they represent seminal work whose
findings remain highly relevant within the research field.
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creation. It catalyses the learner’s transition from being a consumer of
others’ work to, in the Create stage, becoming a producer of original
code. As Lee et al. (2011) note, it is through this process that “what was
once someone else’s becomes one’s own” (p. 35).

The model will be referenced in Chapters 6 and 7, where the results of
the thesis are presented and discussed. It also functions as a theoretical
construct in Paper 5, which describes the case study, supporting the
analysis of students’ use of programming for mathematical purposes
and their instrumental genesis. In the case study, the teacher’s lesson
design incorporated both a pre-designed code structure and provided
code examples which the students were instructed to use and modify in
order to determine limit values numerically.

During the lesson activity in the design study, students were expected
to develop their own code. The rationale for designing mathematical
problems aligned with the Create stage of the progression model was
grounded in the Swedish upper-secondary mathematics curriculum,
which at the time stipulated that programming should be employed as
a tool for mathematical problem solving. Consequently, a key aspect of
the design was to enable students to engage independently in an unbi-
ased problem-solving process, requiring them to develop solutions
from scratch. As previously described, the areas of application specified
in the mathematics curriculum were broadened in 2021 to allow pro-
gramming to also be used as a tool for solving mathematical tasks nu-
merically and for data processing (The Swedish National Agency for
Education, 2021). The expanded utilisation of programming influenced
the task design presented in the case study, resulting in an emphasis
on the Use and Modify stages of the progression model.

Facilitating successful progression through the model’s three phases
requires an understanding of the challenges commonly encountered by
novice programmers. The following subsections address logic errors
frequently encountered by novice programmes, as well as difficulties
associated with debugging and developing programming plans. Addi-
tionally, programming concepts that novice programmers often per-
ceive as particularly challenging are described.
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4.1.1 Logic errors and debugging

When modifying, creating and executing their programs, programmers
often encounter bugs and errors which means that they need to debug
their programs (Brennan & Resnick, 2012). Ettles et al. (2018) define
three categories of logic errors made by novice programmers, where a
logic error is perceived as “situations where the programmer’s code
compiles successfully and executes but fails to generate the expected
output for all possible inputs” (p. 83). The first category concerns algo-
rithmic errors, related to the algorithmic development. Bonar and
Soloway (1985) argue that perceived similarities between constructing
step-by-step plans using natural language and programming language
often lead to algorithm errors. These difficulties may stem from func-
tional similarities (e.g., the use of repeated actions in both languages)
alongside surface similarities, since programming languages share
many common words with natural language, including FOR, WHILE,
IF, and THEN. The second category of errors identified by Ettles et al.
(2018) arises from misinterpretations of the task outline, while the
third category stems from misconceptions. These misconceptions in-
clude syntactic errors and often originate from insufficient program-
ming knowledge.

Mannila et al. (2006) highlight that the choice of programming lan-
guage can influence the frequency and types of errors made by stu-
dents. In their study, they compare upper-secondary school students’
use of the programming languages Java (used by the students in the
design study of this thesis) and Python (used by the students in the case
study). The results indicate that students working with Python made
fewer errors than those programming in Java. Given that Java syntax
is generally perceived as more complex than Python’s, Mannila et al.
(2006) argue that it is unsurprising that students using Java commit-
ted more syntactic errors. However, the result of the study also shows
that logic errors were more prevalent among the Java users. Mannila
et al. (2006) conclude that an extensive focus on a “verbose and com-
plex syntax might result in novices finding it necessary to focus on get-
ting the syntax correct to such an extent that the algorithm becomes a
secondary concern only” (p. 218). A similar conclusion is drawn by
Koulouri et al. (2014) in their study of university students enrolled in
an introductory programming course. The researchers argue that the
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advantage of using a less complex programming language is that it al-
lows students to concentrate on understanding programming concepts
and developing debugging skills.

Debugging is often perceived as a frustrating and challenging endeav-
our for novice programmers (Rigby et al., 2020) and Papert (1980) ob-
served that many students were reluctant to engage in debugging when
they encountered difficulties using LOGO. However, Papert (1980) ar-
gues that, within the context of school mathematics, debugging should
be regarded as a valuable learning activity, one through which students
can gain important mathematical insights and learn from their mis-
takes.

4.1.2 Devising a plan

Designing a program involves constructing a computational algorithm.
Lahtinen et al. (2005) state that novice programmers, although they
understand the programming concepts, often struggle to apply them.
Even though they realise how to solve the tasks by hand, novice pro-
grammers often experience difficulties when translating their hand so-
lutions into code (Winslow, 1996). They may also be able to express a
step-by-step instruction using natural language but struggle to transfer
this instruction into a computational algorithm, which according to
Bonar and Soloway (1985) is not surprising due to novice program-
mers’ limited programming knowledge. This also implies that novices
struggle to link programming concepts together when devising a plan
(Ginat, 2004).

When constructing their code, students must also realise the sequential
nature of steps in imperative programming® (du Boulay, 1989). This
implies that their code is executed line-by-line and that “each instruc-
tion operates in the environment created by the previous instructions”
(p. 189). du Boulay (1989) argues that this aspect is often forgotten by
novice programmers and Ahmadzadeh et al. (2005) conclude that

9 Imperative programming refers to a paradigm where programs are expressed as ordered sequences
of instructions that progressively alter the program’s state.
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novice programmers often perceive their programs as a set of events
which occur simultaneously when executing the code.

4.1.3 Programming concepts

Programming and mathematics share various concepts, for example,
variables, the equals sign, and iterations. However, the different mean-
ing of these notions in programming and mathematics tends to cause
novice programmers difficulties.

In programming, variables are used to store different types of data.
This requires the user to initialise each variable and specify the type of
data it is intended to hold. The variable must also be assigned a value
before being used to assign other variables new values. This meaning
of variables differs from the mathematical meaning of variables as
something unknown (Kiichemann, 1978). du Boulay (1989) claims that
novice programmers often struggle to realise the difference between
computational and mathematical variables since computational varia-
bles have “a kind of mathematical flavour” (p. 290). Computational
variables frequently adopt names traditionally used in mathematics
(e.g., x or a) and are often employed alongside other mathematical
symbols, such as the equals sign.

In programming the single equals sign (=) is used to assign variables
values. For example, writing A = 10 assigns the value of 10 to the vari-
able A. In programming, unlike in mathematics, there is an asymmetry
in assignment statements. Specifically, writing 10 = A is incorrect, as
assignments must follow the form A = 10, where the variable appears
on the left-hand side and the value being assigned on the right. In pro-
gramming, A = A + 10 represents an operation were A is assigned a
new value which equals the current value of A added by 10, whereas in
mathematics it represents an equation (without solutions). du Boulay
(1989) argues that novice programmers struggle to comprehend the
asymmetry in such assignments. He also highlights how novices tend
to regard assignments such as A = B as persistent links between two
variables valid throughout the code. Kohn (2017) further emphasises
this point, arguing that novice programmers often interpret such as-
signments as mathematical definitions or formulas that apply globally
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within the code. This interpretation, according to Kohn (2017) “corre-
sponds quite directly to the way students solve mathematical problems
and perform calculations on their own” (p. 349).

Using computational loops when programming in school mathematics
enables students to be naturally exposed to mathematical iterations
(Noss, 1986). However, in their study of novice programmers’ use of
programming concepts, Cherenkova et al. (2014) highlight that stu-
dents often struggle to create iterations using computational loops.
These difficulties are, among other factors, due to students' imprecise
definitions of loop boundaries (Ginat, 2004). Cetin (2015) claims that
novice programmers may be able to create basic loops but struggle to
view the loop as an encapsulated object. Instead, when asked to de-
scribe the loop, students describe it “explicitly in a step by step manner”
(p. 163). Being unable to regard a loop as an encapsulated object also
affects students’ use of nested loops, that is, when an inner loop is part
of the body of an outer loop. Nesting loops enables the generation of
combinations of variables, a feature that is of particular relevance in
Paper 2. Existing research indicates that novice programmers often
struggle to understand when the use of nested loops is appropriate
(Yarmish & Kopec, 2007). Furthermore, when nested loops are em-
ployed, students frequently encounter difficulties in coordinating the
boundaries of the inner and outer loops (Alzahrani et al., 2018; Ginat,
2004). Yarmish and Kopec (2007) argue that novice programmers
should be exposed to a variety of scenarios in which nested loops are
required, in order to develop a deeper understanding of how to con-
struct and apply such loops effectively.

4.2 Mathematical problem solving

Problem solving is a central activity for all mathematicians where “an
individual (or group) [...] engage[s] in a variety of cognitive actions,
each of which requires some knowledge and skill, and some of which
are not routine” (Lester, 2013, p. 248). The quest among mathemati-
cians to take on different problems has historically contributed to the
development of mathematics (Santos-Trigo, 2024). Blum and Niss
(1991) categorise two types of mathematical problems, applied
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mathematical problems, related to real-world problems, and non-con-
textual problems referred to as purely mathematical problems.

Problem solving also plays a prominent role in school mathematics, as
problem-solving activities have the potential to foster students’ math-
ematical understanding (English & Sriraman, 2010). In the Swedish
mathematics curricula, problem solving is described both as a mathe-
matical activity and a mathematical ability (The Swedish National
Agency for Education, 2021).

An extensive amount of research has been conducted concerning the
learning and teaching of mathematical problem solving. Schoenfeld
(1992a) argues that to become proficient mathematical problem solv-
ers students must possess relevant content knowledge, familiarity with
a range of problem-solving strategies, and strong metacognitive skills.
Although metacognitive ability often is recognised as important to be-
come a good problem solver (e.g., Lester, 2013; Zawojewski & Lesh,
2003), existing research provides little evidence on how best to foster
this ability in students (Lester, 2013).

There is also limited evidence regarding effective teaching methods
that enhance students’ problem-solving ability (English & Sriraman,
2010). Notably, several attempts have been made to create models of
heuristic strategies for mathematical problem solving, the most well-
known of which was proposed by Pélya (1971). However, the applica-
tion of such heuristic strategies has been criticised for being “descrip-
tive rather than prescriptive” (Schoenfeld, 1992a, p. 353). Conse-
quently, it is easy to recognise the problem-solving strategy when the
problem is solved but, as highlighted by Schoenfeld (1992a), “the char-
acterizations [do] not provide the amount of detail that [...] enable peo-
ple who [are] not already familiar with the strategies to be able to im-
plement them” (p. 353). English and Sriraman (2010) argue that
merely providing students with a variety of problem-solving strategies
and subsequently exposing them to non-routine problems is an
ineffective means of enhancing their problem-solving ability. They also
challenge the view that students must first be taught concepts and pro-
cedures, and engage in routine practice, before they can solve related
problems. Instead, English and Sriraman (2010) argue that problem
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solving fosters the conceptual development of mathematical ideas and
should be an integral component when introducing new mathematical
concepts and procedures in school mathematics.

In conclusion, existing research emphasises that mathematical prob-
lem solving is “an extremely complex form of human endeavour that
involves much more than the simple recall of facts or the application of
well-learned procedures”. (Lester & Kehle, 2003, p. 509). Rather, be-
coming a proficient problem solver in mathematics necessitates well-
developed metacognitive skills and a substantial investment of time in
tackling a diverse range of problems that require the application of var-
ious problem-solving strategies (Hiebert et al., 1996; Lester, 1996).

4.2.1 Programming as a tool for mathematical problem solving

In the design-based study described in Paper 2, Swedish upper-second-
ary school students’ use of programming as a problem-solving tool was
investigated. This was of special interest since the mathematics curric-
ulum for Swedish upper-secondary education emphasises the role of
programming as a mathematical tool to support problem-solving activ-
ities. Existing research also stresses the relationship between program-
ming and problem solving (e.g., Papert, 1980; Sutherland, 1994). In
their literature review concerning younger students’ use of program-
ming, Holo et al. (2023) emphasise that existing research suggests pro-
gramming can support various aspects relating to students’ mathemat-
ical problem-solving ability. However, in a separate literature review,
Popat and Starkey (2019) argue that while learning programming may
involve mathematical problem-solving activities, there is no clear evi-
dence that students become more proficient problem solvers through
programming than through traditional learning activities. Further-
more, while Psycharis and Kallia (2017) illustrate how learning pro-
gramming can promote upper-secondary students’ mathematical rea-
soning skills, they found no statistically significant differences in stu-
dents problem-solving skills. They argue that merely learning to pro-
gram is insufficient to enhance students’ problem-solving ability. In
addition, students need opportunities to practice applying program-
ming as a tool for mathematical problem solving.
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4.3 A proceptual view of mathematical limits

Students’ perceptions of mathematical limits are of special interest in
Paper 5, where upper-secondary students utilise programming to de-
termine the limits of functions numerically. Limits occupy a central po-
sition in mathematical analysis, forming the foundational basis for the
concepts of continuity, differentiation, integration, and approximation
theory. However, existing research indicate that students often struggle
to fully understand the meaning of the concept and especially the for-
mal -8 definition (Cornu, 1991).

Of special interest in this thesis, which concerns upper-secondary stu-
dents’ perceptions of limits, is the informal, or intuitive definition of
limits:

limf(x) =L

A conceptual understanding of limits of fundamental functions entails
recognising that such limits involve two distinct processes (Cottrill et
al., 1996). First, the domain process in which the independent variable
x approaches the given number a. Second, the range process in which
f (x) approaches L. Moreover, students must also be able to coordinate
these two processes, that is, to understand that the function f(x)
operates on the process of x approaching a, thereby generating the
corresponding process of f(x) approaching L. According to Cottrill et
al. (1996), students who successfully coordinate these two processes
tend to develop a coherent mathematical scheme for understanding the
limit concept in relation to fundamental functionst.

Mathematical symbols often represent both a mathematical process
and a corresponding mathematical concept. For example,
lim,,_,, f(x) = L represents two dynamic processes in which f(x) ap-
proaches L as x approaches a. Simultaneously, it also denotes the con-
cept of a mathematical limit. Viewing a mathematical concept as a

10 Cottrill et al. (10996) further elaborates on a more advanced mathematical scheme required to fully
comprehend the formal definition of limits. However, as the formal definition lies beyond the scope of
this thesis, the development of such scheme will not be addressed.
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process is, according to Gray and Tall (1994), a natural first step when
introduced to a new concept. But to develop deeper mathematical un-
derstanding, students must learn to interpret mathematical symbols
(such aslim,._,, f(x) = L) both as representations of processes (tending
to a limit) and of mathematical concepts (of limit). Being able to com-
prehend a limit both as a process of tending to the limit and as a con-
cept means that students have developed a proceptual view of limits.
The notion of procept is thus regarded as “the amalgam of three com-
ponents: a process that produces a mathematical object, and a symbol
that represents either the process or the object” (Gray & Tall, 1994, p.
121).

4.3.1 Using programming to develop a proceptual view of limits

The way technology is integrated into the teaching of limits signifi-
cantly shapes students’ understanding of the concept (Kumsa Beyene,
2023). Cottrill et al. (1996) highlight that programming can support
students in visualising domain and range processes, thereby facilitat-
ing the coordination of these processes and contributing to the devel-
opment of a mathematical limit scheme. Li and Tall (1993) also empha-
sise how programming could serve as a tool for numerically determine
limits (specifically of sequences). However, they note that the use of
programming did not foster an in-depth understanding of the concept,
nor did it support students’ conceptual development of the ¢-6 defini-
tion of limits. Instead, students paid more attention to the syntax of the
programming language and the output of their program illustrating the
stabilisation of a sequence. Monaghan et al. (1994) claim that using
programming to determine limit values may primarily foster a one-
sided view of limits as dynamical processes, which potentially can hin-
der an in-depth understanding of the limit concept and the develop-
ment of a proceptual view. Cottrill et al. (1996), on the other hand, ar-
gue that the development of such process view should be regarded as a
natural and important first step during the development of a coherent
mathematical limit scheme and a proceptual view of limits. They fur-
ther suggest that this development can be effectively supported
through the use of programming.

[O]pposed to some researchers who believe that a dynamic conception may
hinder progress toward the development of a formal understanding of the
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limit concept, we believe that the difficulty in moving to a more formal con-
ception of limit is at least partially a result of insufficient development of a
strong dynamic conception. (Cottrill et al., 1996, p. 190)

4.3.2 Obstacles to achieving a conceptual understanding of limits

Cornu (1991) highlights how students’ conceptual understanding of
mathematical limits often is hindered by epistemological obstacles.
These obstacles are historically rooted, having evolved alongside the
historical development of the limit concept. Epistemological obstacles
are linked to the notions of the infinitely large and the infinitely small,
to questions regarding the existence and attainability of limits, and to
the challenge that limits cannot be directly determined through a
generic algebraic or arithmetic procedure. Kumsa Beyene (2023)
claims that these epistemolgical obstacles can lead to cognitve
obstacles among upper-secondary students, which arise when
students’ existing knowledge come into conflict with new concepts. In
his study of Swedish upper-secondary students’ understanding of
limits, Kumsa Beyene (2023) identified cognitive obstacles relating to
whether two functions are equal or not, to the notion of infinity, and to
the informal definition of limits. Furthermore, he observed that
epistemological obstacles were reinforced and transformed into
cognitive obstacles through teachers’ imprecise or mathematically less
rigorous use of language. Cornu (1991) also stresses that when students
are introduced to the concept of limits, terms such as approach and
limit already carry everyday meanings. These pre-existing
interpretations often persist, even after formal mathematical
definitions have been presented. Juter (2009) highlights how upper-
secondary students rarely develop an in-depth understandning of
limits. As a result, many university students enter higher education
with vague or even incorrect conceptions of limits and struggle to
connect their understanding to related mathematical concepts such as
derivatives and integrals.

4.4 Summary

The upper-secondary students participating in the two studies pre-
sented in this thesis are regarded as novice programmers. Existing
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research indicates that novices often exhibit similar characteristics and
face challenges concerning the syntax and semantics of programming
languages. According to Lee et al. (2011), the Use-Modify-Create pro-
gression model provides a structured approach to fostering students’
programming skills and their computational thinking through three
stages.

In the design study, students were tasked with employing program-
ming as a means to address mathematical problems, necessitating the
creation of original code. Research consistently indicates that such
problem-solving activities are inherently complex and that developing
proficiency in mathematical problem solving is a gradual process re-
quiring significant time and effort (Lester, 1996).

The case study examines students’ use of programming as a tool for
numerically calculating the limits of functions by providing a pre-de-
signed code structure and code examples that students could use and
modify. Prior research suggests that determining limits through pro-
gramming can help students view limits as dynamic processes (Cottrill
etal., 1996), that is, as values approaching a limit. However, developing
a proceptual view of limits requires students not only to perceive limits
as processes, but also to encapsulate these processes into a concept
(Gray & Tall, 1994). Viewing limits as a procept is thus associated with
a deeper mathematical understanding.
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5 Methodology

Both studies included in this thesis aim to investigate the intertwined
relationship between upper-secondary students’ use of programming
for mathematical purposes and their mathematical understanding.
Furthermore, they aim to investigate how teachers’ design of learning
activities can facilitate the integration of programming into mathemat-
ics education. This chapter outlines the methodological approaches
that guided the research project. The chapter begins by outlining the
overarching implementation of the two studies. Subsequently, key as-
pects of educational design research, a methodological approach oper-
ationalised in the first study of this thesis, are presented, including an
overview of the three phases of design-based research. This is followed
by a description of the characteristics of case study research and the
rationale for adopting this approach in the second study. Each meth-
odological section provides a description of the participants along with
the procedures for data generation and analysis relevant to the respec-
tive study. Finally, the chapter concludes with a discussion of the trust-
worthiness of the studies and the associated ethical considerations.

5.1 An overview of the two studies

The initial design study involved developing a single lesson activity that
focused on using programming as a mathematical problem-solving
tool. The design study comprised two design cycles, during which the
activity was implemented in two classes of Swedish upper-secondary
school students in 2019 and 2020. During both cycles, the researcher
was responsible for designing the activity and for conducting the teach-
ing experiment. According to the characteristics of educational design
research, an initial local instruction theory was tested during the first
design cycle. The design of the activity involved the development of
tasks (Kieran et al., 2015) as well as the design of an instrumental or-
chestration (Drijvers et al., 2009; Trouche, 2005b). The design also
took into consideration didactical variables (Ruthven et al., 2009) re-
lated to the design and students’ learning of mathematics. The outcome
of the data analysis of the first design cycle, formed the basis of a re-
vised local instruction theory, which, in turn, guided the revision of the
design enacted during the second design cycle. Due to the ongoing
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COVID-19 pandemic, the enactment of the designed activity during the
second cycle was held online. The analysis of the students’ instrumental
genesis across the two design cycles served as the foundation for devel-
oping a local instruction theory and design principles for incorporating
programming as a problem-solving tool in upper-secondary mathe-
matics education.

The second study, conducted in 2022, also examined students’ instru-
mental genesis, focusing on how students appropriated and adapted a
programming tool to support their understanding of various mathe-
matical concepts. In addition, the study investigated how the craft
knowledge of the participating students’ teacher was adapted when
programming was incorporated into school mathematics. Unlike the
first study, the design and orchestration of the learning activities were
carried out by the students’ mathematics teacher. The second study
could thus be described as a naturalistic case study (Yin, 2014) as it
explores “a contemporary phenomenon (the ‘case’) in depth and within
its real-world context” (p. 16) and moreover traces the development of
issues and circumstances as they naturally arise (Abma & Stake, 2014).
The case consisted of the mathematics teacher and his class of Swedish
upper-secondary school students taking their third course in mathe-
matics. Observing students’ use of programming across an entire
course, with particular attention to three lesson activities, enabled the
researcher to analyse their instrumental genesis in greater depth than
in the initial study, which entailed one single lesson activity.

5.2 The design study

The first of the two studies that form the basis of this thesis, presented
in Papers 1, 2, and 3, utilised design-based research as its methodolog-
ical approach. This design study aimed to develop design principles for
integrating programming as a problem-solving tool in mathematics ed-
ucation by developing and testing a specific lesson activity. This section
presents the foundation of educational design research!* within the

11 As noted by Bakker (2018), the notion of design research exists in other research fields, such as hu-
man-computer interaction, industrial engineering, and architecture. However, for the sake of reada-
bility, the term educational design research will hereafter be referred to simply as design research.

52



context of the design study presented in this thesis, emphasising its de-
fining characteristics and portraying its three phases.

The idea of developing and testing pedagogical design goes back in time
(Prediger et al., 2015) and has been termed as, for example, educational
design, design experiments, and developmental research. The notion
of design-based research (or simply design research) originates from
the work of Collins (1992). Prediger et al. (2015) argue that design re-
search should intertwine instructional design and educational research
and Gravemeijer (2015) claims that educational design research should
aim at developing theories that serve as reference frameworks for edu-
cators. These local instruction theories should consist of theories about
the process of learning a given mathematical content alongside means
and resources to scaffold the learning. This is also stressed by Bakker
(2018) who argues that design research should generate “knowledge
about which actions under what circumstances will lead to which kind
of intended consequences" (p. 47).

Being theory generative is also one of the five characteristics of design
research according to Cobb et al. (2003). Furthermore, design research
should be interventionistic and test new educational design rather than
analysing existing learning environments. Cobb et al. (2003) argue that
the initial educational design should rest on clear conjectures concern-
ing students’ learning trajectories and the learning outcomes. These
conjectures should subsequently be compared to the students’ actual
learning trajectories during a retrospective reflection, guiding the de-
velopment of a local instruction theory (Prediger et al., 2015). Design
research is thus both prospective and reflective. Based on the analysis
and comparison between the hypothetical learning trajectory and the
actual learning trajectory, a new and revised design forms which can be
tested again. Consequently, a central characteristic of design research
is its iterative and cyclic approach. Since design research is conducted
in classrooms it accentuates ecological validity and practice-orienta-
tion (Prediger et al., 2015). During the design, the researcher must con-
sider the complexity within classrooms and Prediger et al. (2015) argue
that “care has to be taken that research reports describe those condi-
tions, and the way they may have influenced the learning process” (p.
879). Cobb et al. (2003) claim that local instruction theories are
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humble “not merely in the sense that they are concerned with domain-
specific learning processes, but also because they are accountable to the
activity of design” (p. 10).

Design research has been regarded as a sound methodological ap-
proach when investigating how the use of digital tools could foster stu-
dents’ understanding of mathematics and develop a productive instru-
mental genesis (e.g., Drijvers, 2003; Fahlgren, 2017). Hoyles and Noss
(2015) also argue that design research can serve as a valuable approach
for exploring how educational tools and students’ knowledge co-evolve
over time.

5.2.1 The three phases of design research

The characteristics of design research affect how this methodological
approach is operationalised. Design research projects commonly con-
sist of three phases: the preliminary design, the teaching experiment,
and the retrospective analysis. In this subsection, these phases are ex-
amined in the context of the design study presented in this thesis.

The preliminary design

The initial step of the preliminary design is to define clear mathemat-
ical learning goals of the design study. Such goals may, but need not,
be related to educational goals (Gravemeijer & Cobb, 2006). In the de-
sign study presented in this thesis, the overarching learning goal was
for the students to develop a productive instrumental genesis in rela-
tion to the use of programming as a problem-solving tool.

Furthermore, an initial local instruction theory was elaborated based
on the learning goal, existing research related to the topics (e.g., math-
ematical problem solving and programming), prior teaching experi-
ences, and additional curriculum resources. The local instruction the-
ory was intended to serve as a conjecture about the possible learning
processes, specifically, students’ instrumental genesis when employing
programming during a mathematical activity (Gravemeijer & Cobb,
2006). It also functioned as a conjecture about the means for
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supporting these processes, particularly in relation to the design and
instrumental orchestration of the learning activity.

Part of the preliminary design was also the development of a hypothet-
ical learning trajectory (HLT) which according to Simon (1995) en-
compasses “consideration of the learning goal, the learning activities,
and the thinking and learning in which the students might engage” (p.
133). The HLT is consequently informed by the initial local instruction
theory (Gravemeijer, 2015). According to Prediger et al. (2015), a HLT
may encompass a single activity or a sequence of activities distributed
over an extended period. It is important to highlight that a HLT should
not be regarded as a narrow path that all students should take, but ra-
ther as a broad learning route that students can follow at different
speeds (Drijvers, 2003). A key component of the HLT in the design
study was the description of an anticipated instrumented action
scheme, as presented in Paper 2. The scheme was intended to be devel-
oped by the students during the teaching experiment. It was con-
structed based on Vergnaud’s (1998a) scheme components (outlined in
subsection 3.2.2) and served to exemplify students’ HLT in solving the
mathematical problems through programming, specifically by per-
forming an exhaustive trial.

The initial local instruction theory and the hypothetical learning trajec-
tory form the foundation for the design principles which will guide the
initial design of the learning activity (Simon, 1995). As stated by van
den Akker (1999), design principles “cannot guarantee success, but
they are intended to select and apply the most appropriate [...]
knowledge for specific design and development tasks” (p. 9). In this de-
sign study, the principles incorporated aspects of instrumental orches-
tration, which is defined as the “intentional and systematic organisa-
tion and use of the various artefacts available in a[...] learning environ-
ment by the teacher in a given mathematical task situation, in order to
guide students’ instrumental genesis” (Drijvers et al., 2009, p. 1350).
The principles also addressed task design, as well-designed tasks can
foster a productive instrumental genesis (Drijvers & Gravemeijer,
2005) and shape how students perceive the mathematical topic
(Watson & Ohtani, 2015). Furthermore, the design principles consid-
ered the scaffolding provided during the teaching experiments,
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particularly the orchestration of how chosen students’ work, referred
to as sherpa-students, could support their peers’ instrumental genesis.

The design of learning activities is often a complicated endeavour and
Ruthven et al. (2009) highlight that no theoretical framework can cover
all aspects of such design. They argue that aspects not covered by any
existing framework could be referred to as didactical variables which
function as “key levers to precipitate and manage the unfolding of the
expected trajectory of learning” (p. 334). In the design study, didactical
variables were initially identified in a prior analysis of students’
knowledge and further variables were recognised through the actions
of the students during the teaching experiments. The identified didac-
tical variables pertained to task design, instrumental orchestration,
and the scaffolding offered to the students.

The teaching experiment

The second phase of design research is the teaching experiment'2, or
design experiment, where the hypothetical learning trajectory is en-
acted (Gravemeijer, 2015).

[T]he objective of the design experiment is not to try and demonstrate that

the initial design or the initial local instruction theory works. The overall

goal is not even to assess whether it works, although of course the research-

ers will necessarily do so. Instead the purpose of the design experiment is

both to test and improve the conjectured local instruction theory that was

developed in the preliminary phase, and to develop an understanding of

how it works. (Gravemeijer & Cobb, 2006, p. 24)
During the enactment of the teaching experiment, the researchers
should thus examine students’ actions and their actual learning
(Gravemeijer & Prediger, 2019). An essential component of this analy-
sis involves comparing the outcomes of the instructional activity with
the initial conjectures that informed its design. The aim of this analysis
is mainly to improve the initial local instruction theory by investigating
the validity of the guiding conjectures. In the design study presented in

this thesis, such revisions concerned both aspects of the task design

12 Tn this context, the term experiment does not pertain to traditional experimental designs involving
treatment and control groups. Rather, it should be understood as an inquiry into the instructional de-
sign process (Drijvers, 2003).
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and the instrumental orchestration (Drijvers & Gravemeijer, 2005). It
also involved an analysis of the impact of the didactical variables
(Ruthven et al., 2009) and lead to the identification of new didactical
variables. Based on the result of the analysis, a revised design could be
enacted in what Gravemeijer and Cobb (2006) refer to as the next mi-
cro design cycles in the design research methodology.

In the design study reported in this thesis, two complete micro cycles
were conducted. During the intervention of both micro cycles, the re-
searcher assumed the role of teacher and was responsible for conduct-
ing the learning activities. The role of the students’ regular teachers
during the activities will be outlined in subsection 5.2.2.

During the teaching experiments, data relevant for investigating the
students’ learning processes (Gravemeijer, 2015), based on the theo-
retical aim of the study (Gravemeijer & Cobb, 2006), were generated.

The retrospective analysis

The third phase of design research concerns the retrospective analysis,
which seeks to contribute to the development of the local instruction
theory (Gravemeijer, 2015) and the corresponding design principles
(van den Akker, 1999). This implies an analysis of how the initial local
instruction theory was refined during the micro cycles of the teaching
experiment. Gravemeijer and Cobb (2006) emphasise that to establish
trustworthiness in the retrospective analysis, it is crucial to document
all aspects of the analysis process, including the formulation and eval-
uation of the initial conjectures. Cobb et al. (2003) argue that the “pri-
mary aim when conducting a retrospective analysis is to place the de-
sign experiment in a broader theoretical context, thereby framing it as
a paradigm case of the more encompassing phenomena specified at the
outset” (p. 13). This also underscores the interdependent relationship
between theory generation and the advancement of knowledge in

13 In design research, micro cycles involve the refinement of specific design elements, whereas macro
cycles encompass broader, long-term iterations of the overall instructional design (Drijvers, 2003).
Since the design study described in this thesis comprised only two micro cycles within a single macro
cycle, the term design cycle in this text will refer to micro cycles.
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instructional design, which constitutes a foundational principle of de-
sign research.

In the design study reported in this thesis, the Instrumental Approach
and Instrumental Orchestration served as analytical frameworks when
examining students’ instrumental genesis and the ways in which the
instructional design influenced this process. To analyse students’ in-
strumental genesis, data were coded according to the unit of analysis
defined by the Instrumental Approach, namely schemes, instrumental-
ization, and instrumentation. As a researcher, I was responsible for
conducting the retrospective analysis. While discussions with the stu-
dents’ regular teachers may have contributed to a more comprehensive
understanding of the interventions, the teachers were not directly in-
volved in the retrospective analysis itself.

5.2.2 Participants

During the design study, all participating Swedish upper-secondary
students (17—18 years old) were in their second year at the technology
programme and were taking their third mandatory course in mathe-
matics (Mathematics 3¢). 27 students (7 girls and 20 boys) participated
during the first micro cycle and 15 (3 girls and 12 boys) participated
during the second cycle. All students came from the same upper-sec-
ondary school.

The rationale for choosing students from the technology programme
was two-fold. First, the Swedish mathematics curriculum specified that
students at the technology programme were expected to use program-
ming as a problem-solving tool in all mathematics courses. Second, the
participating students at the technology programme were taking a
course in programming (Programming 1) which meant that they had
been exposed to fundamental programming concepts and techniques.
This affected the anticipated hypothetical learning trajectory (Simon,
1995) as it suggested that the students were less likely to encounter dif-
ficulties related to the programming syntax, allowing them to maintain
a clear focus on utilising programming as a tool for mathematical prob-
lem solving. Nested loops were considered the most complex program-
ming concept that students were expected to utilise. Existing research

58



highlights that novice programmers often struggle with such loops in
various ways (Alzahrani et al., 2018; Ginat, 2004; Yarmish & Kopec,
2007). Consequently, the initial design took into account the need to
support students in nesting loops by employing sherpa-students (Guin
& Trouche, 1998). The anticipated difficulties with nested loops thus
influenced both the initial local instruction theory and the correspond-
ing design principles.

All participating students in the design study implemented their code

in Java, using NetBeans 8.2 as their programming environment (exem-
plified in Figure 4).

Figure 4: Screenshot capturing students’ Java code in NetBeans 8.2

During the teaching experiment of each micro cycle, the researcher as-
sumed the role of teacher and was responsible for conducting the de-
signed learning activity. In the first cycle, the students’ mathematics
teacher was reluctant to conduct the lesson due to his own inexperience
in using programming in mathematics education. The mathematics
teacher of the students who participated in the second micro cycle had
good knowledge of programming. However, as the intervention took
place online, the teacher was hesitant to deliver the lesson due to her
limited experience of using the video-conferencing and communication
platform Zoom for teaching. Although both interventions were led and
conducted by the researcher (acting as teacher), the regular
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mathematics teachers participated as observers. During the interven-
tion in the first micro cycle, the students’ teacher moved around the
classroom, monitoring their work. The students’ teacher had been in-
structed not to provide an extensive amount of support, as a key aspect
of the design was to allow students to engage independently in a prob-
lem-solving process. In the second micro cycle, which was conducted
online due to COVID-19, the teacher and the researcher (acting as
teacher) were situated in the same physical room and monitored the
same computer screens. As a result, the students’ teacher rarely inter-
acted directly with the students during the intervention.

It could be argued that there would have been advantages to having the
students' teachers be the ones carrying out the teaching and that ethical
considerations arise when the researcher is responsible for analysing
his own didactical performance as part of the instrumental orchestra-
tion. However, Cobb et al. (2003) argue that it is essential for the re-
search team, which may involve teachers, to possess “the expertise to
accomplish the functions associated with developing an initial design,
conducting the experiment, and carrying out a systematic retrospective
analysis” (pp. 11—12). In the final section of this chapter, the ethical
considerations outlined above will be discussed.

5.2.3 Data generation and analysis

During the design study, two types of data were generated for different
purposes: screen and voice recordings, and students’ programming
code. The primary data when analysing students’ instrumental genesis
and the instrumental orchestration were the screen and voice record-
ings of students’ work. This subsection provides a concise overview of
the processes of data generation and analysis carried out within the de-
sign study.

Screen and voice recordings

During each cycle of the design study, the work of three student pairs
was closely monitored, with their conversations and screens recorded
using the screen capturing software Screencast-O-Matic. Monitoring
how pairs employed programming to solve mathematical problems

60



enabled the researcher to gain insight into the rationale behind their
decision-making. Such conversations can reveal both conceptual and
technical aspects of students’ instrumental genesis, aspects that may be
harder to capture when observing individual students working alone
with programming tools. Goos et al. (2003) further argue that interac-
tions on the computer screen can promote “communication and shar-
ing of knowledge in both private and public settings [as digital tools
become] stimulus for, and partner in, face-to-face discussions when
students work([...] together in groups” (p. 87). Tang et al. (2006) argue
that the use of screen recording is less obtrusive than filming the par-
ticipants using a video camera. It allows researchers to “unobtrusively
collect detailed recordings focused on people’s collaborations through
their computer while doing their everyday work in their natural work
settings” (p. 481).

Screen recordings also present certain limitations. First, the method
may be regarded as intrusive, given that the researcher will monitor all
on-screen activity during the analysis, including material that pertains
to the participant’s privacy. Another limitation is that screen record-
ings fail to capture the broader contextual environment in which inter-
actions occur. Although factors related to the contextual environment
could have been captured using video recordings in the classroom, this
data generation method was not employed due to ethical considera-
tions. These ethical aspects will be discussed in more detail later in this
chapter.

In the first phase of the analysis of students’ instrumental genesis, the
researcher repeatedly viewed and listened to the screen and voice re-
cordings while reading the corresponding transcripts. Using a thematic
coding approach (Robson & McCartan, 2016), the schemes and their
components (Vergnaud, 1998a) were described in detail using Mi-
crosoft Excel. At this stage, the phrasing of the scheme components was
closely tied to the specific tasks and particular student pairs. The sec-
ond phase of the analysis involved rephrasing and merging closely re-
lated components. This process led to the identification of more generic
components, less dependent on specific tasks or students, and thus
more broadly applicable. As a result of this iterative analysis, the iden-
tified scheme components were consolidated into an instrumented
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action scheme, associated with the specific mathematical class of situ-
ation. To strengthen interrater reliability, parts of the data were also
coded by additional researchers. Discrepancies in how the schemes
were described were resolved through collaborative discussions.

Students’ programming code

During the design study, all participating students were asked to sub-
mit their final programming code. This enabled the researcher to ana-
lyse the computational problem-solving strategies employed by the
students and assess whether the students, in the end, were able to con-
struct functional programs capable of solving the given mathematical
problems. Since the submitted codes represented only the final product
of the students’ work and not the process through which it was devel-
oped, they could not be used as evidence of the students’ instrumental
genesis. Nevertheless, the analysis of the data provided valuable in-
sights into how the students perceived the mathematical problems and
attempted to solve them using programming. The outcomes of this
analysis contributed a deeper understanding of the students’ learning
trajectories, which in turn informed modifications to the lesson design.
A summary of the computational problem-solving strategies is pre-
sented in Appendix A in Paper 2.

5.2.4 Summary

This section has highlighted the potential of a design study to generate
new knowledge both about students’ learning of mathematics and
about instructional design. The aim of the design study reported in this
thesis was to examine how aspects of the instructional design could fos-
ter students’ instrumental genesis during a programming activity. The
study followed the three phases of design research and comprised two
micro cycles in which the design was tested and revised.

Gravemeijer and Cobb (2006) emphasise that the micro cycles inher-
ent in design research closely resemble what Simon (1995) describes as
the mathematical teaching cycle. In this cycle, teachers design lessons
based on anticipated learning trajectories, which are then enacted and
iteratively revised in response to students’ learning outcomes. This
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parallel suggests that design research aligns with the practical ap-
proaches employed by many mathematics teachers. Consequently, the
findings from this design study may hold significant potential value for
both in-service teachers and teacher educators (Cobb et al., 2003).

In the design study presented in this thesis, the analysis of students’
instrumental genesis is based on a single lesson activity. This limitation
constrains the researcher to describe students’ schemes as proto-
schemes, since a scheme, according to Vergnaud (1998b), should be
understood as an “invariant organization of behavior for a certain class
of situations” (p. 229). A more longitudinal approach would have ena-
bled a more comprehensive examination of students’ instrumental gen-
esis. However, such an approach would likely have been prohibitively
time-consuming within the scope of the research project, particularly
due to the iterative nature of design research (Cobb et al., 2003). Con-
sequently, a case study was considered as a potential alternative meth-
odological approach for the second study in this research project.

5.3 The case study

The main characteristic of case study research is its emphasis on a spe-
cific case, which Merriam (1998) describes as “a thing, a single entity,
a unit around which there are boundaries” (p. 27). This definition sug-
gest that the notion of case is broad and flexible, and could encompass
a single person or a group, an educational policy, or a program.

In the case study of this thesis, as previously described, the case con-
sists of a class of upper-secondary school students and their mathemat-
ics teacher. More specifically it focuses on how both the students and
the teacher utilised programming within a specific course. Adopting a
different, more naturalistic methodological approach in the second
study enabled the researcher to investigate how programming could be
integrated into an authentic upper secondary educational setting. It
could be argued that such a case study, to a greater extent than a design
study, accounts for how this integration is shaped by the inherent com-
plexities, constraints, and affordances of a classroom environment, as
well as by the intentions embedded in the mathematics curriculum.
Furthermore, this approach enabled a more longitudinal investigation
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of students’ instrumental genesis compared to the design study, which
involved a single lesson activity. It also enabled a focused examination
of how students’ instrumental genesis was influenced by the teacher’s
perception of programming in mathematics education and by his de-
sign of the learning activities. Focusing on the teacher’s role, the adap-
tation of his craft knowledge, and his instrumental orchestration is par-
ticularly relevant in light of concerns raised by Swedish mathematics
teachers regarding the integration of programming into school mathe-
matics (Humble, 2022; Misfeldt et al., 2019; Vinnervik, 2022). The re-
sults from the case study are presented in Papers 4 and 5.

Dunbar and Blanchette (2001) argue that experimental studies (e.g., a
design study) and naturalistic studies are complementary, as they pro-
vide research that is both theoretically grounded and applicable to a
real-world context. Employing and integrating both approaches thus
enables researchers to “overcome many of the limitations that each ap-
proach has when used alone” (p. 338). Abma and Stake (2014) empha-
sise that although a case is defined by certain boundaries, there are ex-
ternal factors, such as physical, social, and historical contexts, that lie
beyond these boundaries but still influence the case. It may be argued
that accounting for such external contextual factors poses a significant
challenge when conducting more controlled design studies.

5.3.1 Characteristics of case study research

Although case study research is among the most widely employed re-
search strategies in social science research, Yazan (2015) claims that
seminal contributions to the field, shaped in part by the authors’ epis-
temological orientations, adopt divergent positions regarding the de-
sign of case studies and the methods of gathering, analysing, and vali-
dating data. The methodological approach applied in the case study of
this thesis has been influenced by the work of Merriam (1998). She
highlights three main characteristics of a case study. First, it should fo-
cus on a specific situation (i.e., a case) that is clearly defined within es-
tablished boundaries. Second, a case study should be descriptive,
providing the reader with a rich and detailed account of the situation
under investigation. Third, it should be heuristic, meaning that it aims
to enhance understanding about the phenomenon being studied.
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According to Merriam (1998), the design of a case study resembles the
general structure of qualitative research. Prior to selecting the specific
case, the researcher must conduct a thorough literature review, choose
or construct an appropriate theoretical framework, and clearly define a
research problem and corresponding research questions. During a case
study, data may be generated through various methods, including in-
terviews, observations, and document analysis (Merriam, 1998). In the
case study reported in this thesis, data generation involved an interview
with the teacher and direct observations of students’ work in the real-
world setting (Yin, 2014). This was achieved by recording students’
screens and capturing the conversations between students working in
pairs. Additionally, the researcher took field notes to provide a more
comprehensive account of classroom activities and interactions. Unlike
in the design study, the researcher in the case study avoided interac-
tions with the students and therefore assumed the role of a marginal
observer (Robson & McCartan, 2016).

The purpose of data analysis in case study research is to make sense of
the data by “consolidating, reducing, and interpreting what people
have said and what the researcher has seen and read—it is the process
of making meaning” (Merriam, 1998, p. 178). Data generation and
analysis can occur simultaneously, and the choice of analytical meth-
ods depends on the nature of the case and the type of data generated.
In the case study reported in this thesis, a content analysis was per-
formed using a thematic coding approach (Robson & McCartan, 2016).
As in the design study, the data were coded based on the units of anal-
ysis defined by the Instrumental Approach, namely schemes, instru-
mentalization, and instrumentation. In addition, the teacher’s instruc-
tional design was analysed using the Structuring Features of Classroom
Practice framework (Ruthven, 2009) complemented by selected as-
pects of the Instrumental Orchestration framework.

5.3.2 Participants

As previously outlined, the naturalistic case study sought to explore
how programming shapes students’ conceptual understanding of
mathematical ideas, particularly through the lens of instrumental
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genesis. In contrast to the design study, the selection of students in this
case study was influenced by the way their teacher had chosen to utilise
programming in his teaching of mathematics. The participating math-
ematics teacher was purposefully selected due to his deliberate and re-
flective didactical approach to incorporating programming within up-
per-secondary mathematics education. As described earlier, given the
concerns expressed by teachers regarding the integration of program-
ming into the mathematics curriculum (Humble, 2022; Misfeldt et al.,
2019; Vinnervik, 2022), it is particularly relevant to investigate how
Swedish mathematics teachers have incorporated programming into
their teaching.

The teacher in the case study was also teaching programming. His pro-
ficiency in programming meant that he had played a prominent role at
his school when designing for the incorporation of programming into
their mathematics courses. The teacher regarded programming as a
powerful mathematical tool, offering students the possibility to con-
duct repeated and time-consuming calculations. He argued that pro-
gramming can support students in developing a deeper understanding
of numerical methods for solving mathematical tasks. Furthermore, he
claimed that programming could enhance their conceptual under-
standing of mathematics by engaging them in structured step-by-step
instructional processes. His design and orchestration involved using
programming as tool for solving tasks numerically and included the de-
velopment of activities, including tasks, where programming was uti-
lised for exploring different mathematical concepts. The teacher’s de-
cision to utilise programming for solving tasks numerically was influ-
enced by the 2021 revision of the Swedish mathematics curriculum.
Consequently, programming was intended not only for problem solv-
ing (as in the design study) but also as a tool to support the application
of numerical methods and data processing. An integral part of the
teacher’s didactical design involved decisions regarding the program-
ming concepts and techniques that the students were expected to mas-
ter, as well as strategies for supporting their technical handling of the
programming environment. This led to the implementation of a pre-
defined code structure, developed by the teacher. The purpose of im-
plementing this structure was to provide students with a consistent
template applicable across all tasks and reduce the occurrence of
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syntactic errors. The intention behind this approach was to help main-
tain a clear focus on the mathematical objectives when engaging with
programming. The code structure involved the design of a WHILE loop
controlled by a Boolean variable. At the end of the loop’s body, an IF
statement was included, specifying a condition that must be met for the
loop to terminate.

The participating students were in their second year at the science pro-
gramme and were enrolled in their third mathematics course (Mathe-
matics 3c¢). The criterion for selecting the class of participating stu-
dents, besides from being taught by the participating teacher, was that
the students were taking either the third-level mathematics course or a
more advanced course. This criterion aligns with the revisions to the
Swedish mathematics curriculum implemented in 2021 (The Swedish
National Agency for Education, 2021), which stipulated that students
in the science and technology programmes were not expected to engage
with programming independently until the third course. Unlike the
students in the design study, the students in the case study had not
taken a course in programming. However, the school had decided to
add about ten extra hours to their prior course in mathematics (Math-
ematics 2c¢) to ensure that the students possessed a sufficient under-
standing of how to utilise fundamental programming concepts and
techniques in a mathematical context, including the use of the pre-de-
signed code structure.

Figure 5: Screenshot capturing students’ Python code in Google Colab
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All participating students in the design study wrote their code in Py-
thon, using Google Colab as their online programming environment
(exemplified in Figure 5).

5.3.3 Data generation and analysis

During the case study, three types of data were generated for different
purposes. Consistent with the design study, screen and voice record-
ings of students’ work constituted the primary data source for analys-
ing the students’ instrumental genesis. When, in Paper 4, analysing the
adaptation of a teacher’s craft knowledge while incorporating program-
ming into mathematics education, a semi-structured interview served
as the primary source of data. Both analyses were further supported by
field notes generated by the researcher during the lesson activities. This
subsection provides a concise overview of the data generation and anal-
ysis procedures for the case study.

Screen and voice recordings

The recording of students’ screens and voices during the case study
mirrored the data generation procedure used in the design study. In
each lesson of the case study, four pairs of students were monitored
more closely using the built-in screen capturing software on their
Chromebook computers.

During the analysis of students’ instrumental genesis in the case study,
their instrumented action schemes were described using conceptual
and technical elements related to students’ instrumented techniques
(described in 3.2.3). Although these schemes were analysed using a
partly different analytical framework compared to the design study, the
analysis was carried out in the same iterative manner as described for
the design study (see subsection 5.2.3).

Teacher interview

As described earlier, the teacher in the case study made several con-
scious choices relating to the design of the activities involving the use
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of programming. To capture the teacher’s views of mathematics and
the rationale for his design, a semi-structured interview was conducted
after the course had been completed. Kvale and Brinkmann (2009) ar-
gue that qualitative interviews allow members of a specific social con-
text (e.g., teachers) to debate “the reasons they have for their beliefs
and actions” (p. 12).

The semi-structured interview was based on an interview guide (see
Appendix) developed by the researcher. The guide was structured
around specific themes (Bryman, 2016), including the teacher’s per-
ception of programming in mathematics education, his rationale for
the way in which he incorporated programming into his teaching, and
the five lessons in which programming was employed. The interview
was conducted after the course had concluded, allowing the researcher
to develop a comprehensive understanding of the social context and the
implementation of the programming activities. According to Kvale and
Brinkmann (2009), possessing contextual knowledge is essential for
conducting meaningful and informed interviews. The contextual
knowledge enabled the researcher to incorporate follow-up (second-
ary) questions into the interview guide, thereby enhancing the depth
and relevance of the data generated.

The audio-recorded interview was conducted online using the video
conferencing and communication platform Zoom. Conducting an in-
terview online may increase the risk for technical difficulties but may
also increase flexibility when it comes to planning the interview
(Bryman, 2016). The interview was conducted in March 2023 and
lasted 49 minutes.

To examine the adaptation of the teacher’s craft knowledge, the inter-
view was thematically coded, using the five structuring features of
classroom practice identified by Ruthven (2009), and further informed
by the theory of Instrumental Orchestration (Drijvers et al., 2009; Guin
& Trouche, 1998).
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Field notes

During the case study, the researcher adopted the role of a marginal
observer (Robson & McCartan, 2016). In addition to the screen and
voice recordings, field notes were taken by the researcher during the
lesson activities. The field notes were intended to capture both the
teacher’s whole-class presentations in which he introduced the stu-
dents to the mathematical and computational content, and his interac-
tion with the students during these presentations. Furthermore, field
notes were taken by the researcher to provide a description of the class-
room settings, including the physical location of the students in the
classroom. Finally, the field notes contained observer comments made
by the researcher. Merriam (1998) highlights these types of notes (i.e.,
verbal descriptions of the setting, participants, and activities; direct
quotations; and observer’s comment) as relevant and commonly occur-
ring content in field notes. All field notes were transcribed, refined, and
partially reformulated by the researcher following each observed les-
son.

The field notes served as a valuable complement by capturing contex-
tual details that were not evident from the screen and voice recordings
alone. In Paper 4, when examining the adaptation of the teacher’s craft
knowledge, the field notes were analysed by the researcher to investi-
gate the teacher’s activity format (Ruthven, 2009). A content analysis
of the whole-class presentations (Robson & McCartan, 2016), docu-
mented in the field notes, enabled the identifications of different or-
chestration types (Drijvers, Doorman, et al., 2010). Collectively, these
orchestration types defined the teacher’s activity format and demon-
strated how the incorporation of programming into mathematics edu-
cation led to a specific adaptation of the teacher’s craft knowledge with
respect to this structuring feature of classroom practice.

5.3.4 Summary

To summarise, the case study adopted a naturalistic approach to inves-
tigate upper-secondary school students’ use of programming in an au-
thentic educational setting. The case focused on a mathematics teacher
and the students in his course, with particular emphasis on the
teacher’s design of the learning activities. This methodological
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approach enabled a detailed analysis of students’ instrumental genesis
and the teacher’s instructional design. Furthermore, it allowed for an
examination of how the integration of programming into his teaching
of mathematics influenced the teacher’s craft knowledge, particularly
in relation to specific structuring features of classroom practice.

The case study was conducted over the duration of an entire mathemat-
ics course, allowing the researcher to follow the teacher’s and the stu-
dents’ use of programming over an extended period. In contrast to the
design study, this made it possible to carry out a more longitudinal in-
vestigation of the development of students’ instrumental genesis. Con-
sequently, it afforded the researcher a more comprehensive under-
standing of how these students engaged with programming in school
mathematics.

5.4 Trustworthiness

Both studies presented in this thesis have applied qualitative methods
and have included the “gathering, representation, manipulation, and
interpretation of data” (Schoenfeld, 2007, p. 82). The quality of empir-
ical studies should, according to Schoenfeld (2007), be evaluated by the
trustworthiness of these processes. Adler (2022) claims that trustwor-
thiness in qualitative research is manifested by the degree of transpar-
ency. Being transparent entails being specific not only about how the
research was carried out but also about the epistemological assump-
tions that underpin the studies.

The trustworthiness of this thesis will be discussed based on the five
aspects of trustworthiness presented by Schoenfeld (2007): descriptive
and explanatory power, prediction and falsification, rigour and speci-
ficity, replicability, and triangulation.

Having descriptive power implies that the research “focus on what is
essential for the analysis, in a way that is clear and compelling”
(Schoenfeld, 2007, p. 83). The descriptions of the phenomenon of in-
terest should thus be based on the theoretical and analytical frame-
works operationalised. Adler (2022) also acknowledges the importance
of highlighting how the choices of theoretical frameworks affect the
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analysis and its outcome. In this thesis, the Instrumental Approach
serves as the overarching framework for analysing students’ use of pro-
gramming in school mathematics. Such investigations are thus based
on an assumption that students’ technical handling of programming
shapes their perceptions of mathematical concepts and vice versa. In
this thesis and its accompanying papers, I have aimed to be transparent
about how such assumptions guide the research. It is also important to
acknowledge that employing alternative theoretical frameworks, such
as the theory of semiotic mediation (Bartolini Bussi & Mariotti, 2008),
would have entailed a different unit of analysis and, consequently, a
different research focus.

Explanatory power is described by Schoenfeld (2007) as “the degree
to which a characterization of some phenomenon explains how and
why the phenomenon functions the way it does” (p. 83). In both stud-
ies, aspects of the students’ instrumental genesis have been explained
in relation to the researcher’s and the teacher’s instructional design and
instrumental orchestration (Drijvers et al., 2009). Although the Instru-
mental Approach emphasises the interrelated nature of students’ tech-
nical engagement with programming and their mathematical under-
standing, various contextual factors within the classroom environ-
ment, such as motivational and affective dimensions (Schunk, 2020),
influence students’ work to varying extents. While the concept of in-
strumental genesis does not explicitly address such factors, the Instru-
mental Approach, in conjunction with the Instrumental Orchestration
and the Structuring Features of Classroom Practice frameworks, still
provided substantial exploratory power in both studies.

Although the notions of prediction and falsification are often associ-
ated with quantitative research in natural sciences, Schoenfeld (2007)
emphasises that they can also be applied in qualitative educational re-
search. The two studies in this thesis focus on two specific mathemati-
cal domains, problem solving and mathematical limits, which in turn
determined the types of problems or tasks the students were expected
to solve. Since both studies are small-scale qualitative investigations,
no general predictions regarding upper-secondary students’ use of pro-
gramming in mathematics education will be made. However, the two
studies also illustrate two different approaches for incorporating
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programming into school mathematics, involving two distinct applica-
tions of programming: as a tool for problem solving and as a tool for
numerical computation. The analysis of these more general ap-
proaches, not tied to any specific mathematical content, examines how
the design of learning activities influences students’ use of program-
ming for mathematical purposes. The outcomes of such analyses pos-
sess what Schoenfeld (2007) refers to as potential generality, in that
the findings are reasonably applicable under circumstances similar to
those of the two studies. Schoenfeld (2007) argues that even
small-scale studies can offer modest predictions, in line with the idea
that “in similar circumstances, similar things happen” (p. 85). Such
predictions, grounded in the explanatory power of the two studies, may
still be regarded as important, as they enable other researchers to test
these predictions and further develop the underlying theory. Therefore,
the modest predictions made in this thesis should be viewed as a small
contribution which, together with similar research, may yield a deeper
understanding of how the use of programming can influence up-
per-secondary students’ mathematical understanding. As in the natu-
ral sciences, predictions in educational research can also be subjected
to falsification.

The intention has been to maintain rigour when planning and execut-
ing the two studies to increase the overall trustworthiness (Schoenfeld,
2007) and the transparency (Adler, 2022). This entails presenting the
theoretical constructs, methodological frameworks, and analytical pro-
cedures in sufficient detail to enable replication by other researchers
(Schoenfeld, 1992b). Prediger et al. (2015) argue that such specificity
is particularly important in design studies, as the methods of this meth-
odological approach have been met with criticism for not being well
defined. In the interest of transparency and rigour (Adler, 2022;
Hammer & Berland, 2014), the five papers of this thesis present as
much data and analysis as possible. This enables readers to inde-
pendently examine the data and compare their interpretations with
those of the author(s) (Schoenfeld, 1992b). Furthermore, to enhance
the interrater reliability (Bryman, 2016), part of data from both studies
were independently analysed by additional researchers.
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Itis important to acknowledge that this thesis comprise two small-scale
studies, conducted in a Swedish educational context and within actual
classrooms, each with their own complex ecologies (Prediger et al.,
2015). These factors make it challenging to replicate each study in its
entirety. However, the claims of potential generality, based on modest
predictions from the two studies, may highlight aspects that could
nonetheless be replicable (Schoenfeld, 2007). Therefore, the results of
this thesis can provide valuable evidence within their specific context,
which may inform future research, particularly studies with larger and
more representative samples. To further enhance replicability, the
study context and methodology have been described in as much detail
as possible (Schoenfeld, 2007).

To enhance the trustworthiness of the two studies, different methods
for generating data were employed. This approach, outlined in the pre-
vious sections, enabled the researcher to conduct data triangulation
(Schoenfeld, 2007) during the analysis, thereby confirming the find-
ings through multiple data sources. The use of data triangulation in-
creases the data quality (Robson & McCartan, 2016), as well as the in-
ternal validity and reliability of case studies (Merriam, 1998).

5.5 Ethical considerations

When conducting studies involving humans, ethical considerations
need to be made in relation to the risks that the project may entail for
the participants (Robson & McCartan, 2016). Considering such ethical
aspects also enhance the quality of the research (Bryman, 2016).

All participants in the two studies were informed both orally (twice)
and in writing regarding the aim of the respective study, its implemen-
tation, and the procedures involved in data generation. Participation in
the studies was voluntary, and all participants gave their informed con-
sent before any data were generated. As all students were over 15 years
of age, no informed consent from parents was required (Swedish
Research Council, 2024). The participants were also informed that they
could stop their participation at any given time during the study with-
out specifying the reason for such withdrawal. During the two studies,
only a small portion of students decided not to participate and only one
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student (in the case study) withdraw her participation during the on-
going study. The high rate of student participation indicates that the
studies, including their data-generation methods, were not perceived
as intrusive. Furthermore, it suggests that the information provided to
the students fostered trust in the researcher's intentions and the overall
purpose of the studies.

Ethical considerations were also made in relation to the data genera-
tion. During the pilot study, described in Paper 2, a video camera was
used to record the activity of the participating students. Video record-
ings have the potential to capture students’ gestures, such as pointing
at the screen or on handwritten notes. Using video cameras to record
the classroom would also have enabled observation of the teachers’
practices during the interventions. However, the potential benefits
were deemed insufficient to justify the intrusion into personal privacy.
This decision can be seen as consistent with the recommendations of
the Swedish Research Council (2024), which advise that video record-
ings should only be employed when equivalent results cannot be ob-
tained through alternative data generation methods. Therefore, only
audio recordings of the students' conversations and recordings of the
students' screens were made. Tang et al. (2006) highlight that screen
recordings are perceived by students as less obstructive than video re-
cordings. To further safeguard the privacy of the participating students,
the researcher ensured that none of the screen and voice recordings
were stored on any cloud-based platform. After transferring the record-
ings from the students’ computers to a USB stick, the researcher per-
manently deleted the video files from the students’ devices.

During the teaching experiment of each micro cycle of the design study,
the researcher assumed the role of teacher and was responsible for con-
ducting the designed learning activity. This implies that I was respon-
sible for analysing my own didactical performance based on the in-
tended instrumental orchestration (Drijvers et al., 2009), which give
rise to ethical considerations. It is important to note, as emphasised by
Gravemeijer and Cobb (2006), that “the objective of the teaching ex-
periment is not to try and demonstrate that the initial design or the
initial local instruction theory works” (p. 24). Rather, its purpose is to
test the local instruction theory and, based on the outcomes of the
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teaching experiment, refine it and develop a deeper understanding of
how it functions. This perspective guided the analysis of the teaching
experiment, which was not intended as an evaluation of the design’s
quality. To enhance the transparency of the analysis (Adler, 2022;
Hammer & Berland, 2014) of the teaching experiments, Paper 2 pre-
sents extensive empirical material with the intention of enabling the
reader to evaluate the retrospective analysis.

Both studies were conducted in accordance with the ethical guidelines
of the Swedish Research Council (2024) and were reviewed by the eth-
ics committee of Karlstad University (references HS 2018/871 and HS
2022/710). As the studies did not involve the generation of special cat-
egories of personal data4, in accordance with General Data Protection
Regulation (GDPR) (Regulation (EU), 2016/679), the ethics committee
of Karlstad University concluded that approval from the Swedish
Ethical Review Authority (2023) was not required. In alignment with
the GDPR, all data underpinning this study (i.e., voice and screen re-
cordings, students’ codes, a teacher interview, and field notes) were
subject to pseudonymisation. Identifiable information, such as names,
class designations, and school affiliations, was replaced with coded
identifiers to safeguard participant privacy.

All data and metadata were stored on a cloud storage location recom-
mended by Karlstad University which also provides automated backup.
Since the data is governed by privacy laws and the informed consent
provided by the participants, data from the two studies have not been
made publicly accessible.

14 Referred to as sensitive personal data in Sweden (Swedish Ethical Review Authority, 2023).
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6 Findings

In this chapter, the main findings from of the five papers will be pre-
sented, both separately and in relation to each other. These findings
align with the thesis’s overarching aims to investigate the intertwined
relationship between upper-secondary students’ use of programming
for mathematical purposes and their mathematical understanding, as
well as how teachers’ design of learning activities can facilitate the
integration of programming into mathematics education. These aims
are pursued through three central research questions:

1. What are the instrumental geneses of upper-secondary school
students appropriating programming as an instrument for math-
ematical activity?

2. How can aspects of teachers’ design of learning activities—in
which students engage with programming as a mathematical
tool—affect students’ instrumental genesis?

3. How should analyses of students’ instrumental genesis take ac-
count of the fact that the artefact—the programming environ-
ment—used during mathematical activities is not designed pri-
marily as a mathematical tool?

The first section of the chapter presents findings on students’ instru-
mental genesis as they engaged with programming as a tool in mathe-
matics education. The second section examines how aspects of the
learning activity design in the two studies influenced this process. The
third section outlines how two analytical frameworks were operation-
alised to assess students’ instrumental genesis. The chapter concludes
with a section that summarise the key findings from the two studies.

6.1 Students’ instrumental geneses when using programming
for mathematical purposes

In Papers 2 and 5, upper-secondary students’ instrumental geneses are
assessed based on two different studies. In the design-based study, pre-
sented in Paper 2, the initial stage of students’ instrumental genesis is
analysed since the study merely involved a single lesson activity. The
case study, presented in Paper 5, involved a sequence of lessons that
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enabled a more in-depth analysis of the students’ instrumental genesis
over an extended period.

The role of programming also varied in the two studies. Whereas pro-
gramming was used to facilitate mathematical problem solving in the
design study, it served as a tool for numerically determining limit val-
ues (including derivatives) in the case study.

6.1.1 Students’ instrumental genesis in Paper 2

One of the aims of Paper 2 was to investigate students’ instrumental
genesis when using a programming environment as a tool for mathe-
matical problem solving. In the design-based study, presented in the
paper, the participating students were asked to solve two mathematical
problems related to each other. The problems involved determining the
ages of three sisters based on given relationships among their ages.

Problem 1

When Cinderella was wandering in the woods, she met the good fairy. The
fairy said to Cinderella:

“Say what you want, and I'll fulfil your wish”.
“Then I wish to always stay at the age of today”, Cinderella responded.

When Cinderella came home and told what had happened to her two older
sisters, Begonia, 11 years older than Cinderella, became furious. She ex-
claimed:

"You know, your stepfather gives us the product of our three ages in gold
coins to share each year.”

Fuxia, the mid sister, carried on:

“That's right. With your selfish wish, we will together lose 432 gold coins
the next year!”

How old is Cinderella and her two sisters?

Problem 2

Suppose you did not know that Fuxia is the mid-sister. What would the so-
lution of problem 1 then look like?
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The two problems were not related to any specific mathematical con-
tent in the ongoing course but required knowledge of basic arithmetic
and algebra. It was anticipated that the students would solve the prob-
lems using an exhaustive trial by constructing a program which tested
all possible combinations of ages using nested loops.

As described in the previous chapter, the participating students had
basic knowledge of programming but little or no prior experience of
using programming in mathematics. It was thus anticipated that the
students had developed usage schemes related to the handling of the
artefact (Rabardel, 2002). Such schemes could be related to the han-
dling of inputs, variables, loops (including nested loops), selection
statements, and outputs. However, due to the students’ limited experi-
ences of using programming in school mathematics, it was not ex-
pected that the students had developed any instrumented action
schemes (Rabardel, 2002) related to the utilisation of programming as
a tool for mathematical problem solving.

Students’ instrumented action scheme

During the lesson activity in each design cycle, the students developed
instrumented action schemes (see an example in Table 2), which were
described using scheme components defined by Vergnaud (1998a). The
concepts-in-action (CiA) within the scheme function as building blocks
for the theorems-in-action (TiA), propositions that students regard as
true. The identified rules of action (RoA) represent the generative as-
pects of the scheme. These components are further associated with dis-
tinct parts of the problem-solving process: the use of algebraic formu-
las (AF), the application of exhaustive trials (ET), and the implementa-
tion of loops and control of variables (LC).

Since schemes are “invariant organization of behavior for a certain
class of situations” (Vergnaud, 1998b, p. 229), those developed by stu-
dents during a single lesson will be treated as proto-schemes or
schemes-in-progress. The scheme presented in Table 2 includes com-
ponents both relating to the students’ conceptual understanding of the
mathematical content, and to the technical interaction with the pro-
gramming environment.
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Table 2: An instrumented action scheme developed by the students Ian and Jacob
during the teaching experiment of the second micro cycle in the design study

Concepts-in-action (CiA)

CiA-AF1

CiA-AF2:
CiA-AF3:
CiA-ET1:
CiA-ET2:
CiA-ET3:

CiA-LC1:
CiA-LC2:

CiA-LC3:

CiA-LC4:

The idea of expressing a word problem situation in terms of (one or more) algebraic relationships
between variables.

The idea of manipulating a mathematical relationship to simplify it.

The idea of manipulating an equation to produce an expression for an unknown variable.
The idea of conducting an exhaustive trial.

The idea of systematically combining variables.

The idea of systematically varying one variable and deriving linked variables from relationships
between them and it.

The idea of establishing a loop relating to each of the variables in play.

The idea of nesting loops (and statements within them) in order to achieve an appropriate
sequence of variable-related actions.

The idea of using conditions within loops and conditional operators in order to extract solutions
within a given range during an exhaustive trial.

The idea of establishing a loop relating to one of the variables in play and then manually altering a
relationship involving the calculations of a linked variable.

Theorems-in-action (TiA)

TiA-1: Conducting an exhaustive trial is a means of solving a word problem situation involving
algebraic relationships between variables.

TiA-2: Systematically combining variables is a means for conducting an exhaustive trial.

TiA-3: Establishing a loop for each variable in play and nesting these loops is a means for systematically
combining variables.

TiA-4: Systematically varying one variable and deriving values of linked variables from relationships
between them and it is a means of conducting an exhaustive trial.

Rules of action (RoA)

RoA-AF1: Analyse the problem situation as one involving unknown quantities.

RoA-AF2: Express the word problem situation in algebraic terms.

RoA-AF3: (After following RoA-AF2 with apparent success) Simplify algebraic expressions.

RoA-AF4: (After following RoA-AF2 with apparent success) Manipulate algebraic expressions towards a
solution state.

RoA-ET1: Formulate the problem situation as amenable to solution through exhaustive trial.

RoA-LC1: Declare computational variables and (where given) assign variables values.

RoA-LC2: Create an iteration and define conditions for the loop.

RoOA-LC3: Create nested loops in order to systematically combine variables.

RoA-LC4: Make use of the conditional operator IF to (a) evaluate given conditions in order to (b) perform
different actions based on the validity of the given conditions.

RoA-LC5: Create an output which shows the values of variables.

RoA-LC6: Coordinate necessary rules of action (as efficiently as possible) so as to construct a solution procedure.

RoA-LC7: Make sure that the program takes account of all the information in the problem statement.
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Instrumentalization

During the instrumentalization process, a subject (e.g., a student)
adapts and modifies an artefact (e.g., a programming environment) to
fit her/his (mathematical) needs (Trouche, 2004). In Paper 2, the in-
strumentalization involved adapting the programming environment to
function effectively as a mathematical tool for problem solving. The
findings suggest that such adaptations posed significant challenges for
the students, indicating that the instrumentalization was less intuitive
than anticipated by the researcher.

Many students, based on their inexperience of using programming for
mathematical purposes, did not appreciate the possibilities (and con-
straints) of the programming environment (the artefact). Instead,
many students, although asked to solve the problems using program-
ming, attempted to solve the first problem analytically using pen and
paper. Due to the lack of a pre-existing instrumented action scheme,
many students thus turned to pre-existing mathematical schemes con-
cerning how to solve a system of equations. A few students also tried to
take advantage of another technical artefact, GeoGebra, to simplify al-
gebraic expressions and to solve equations.

Figure 6: Screenshot from Emilia and Fredrik’s use of NetBeans in the design study

10 int Askungen = 0;

11 int Fuxia = 0;

12 int Begonia = Askungen + 11;

13

[ (Askungen+12) * (Askungen+1) (Fuxia+l) - (Askungen+12) (Askungen) (Fuxia+l) = 432;
13 int guldmynt f = -432;

16 int guldmynt = Askungen*Begoniaﬁfuxia;
iy

18 if (Fuxia<Begonia && Fuxia>Askuungen) {
19

20 }

21| - }
22
23 }

Students also encountered difficulties when attempting to perform ex-
haustive trials using programming. Particularly, they struggled with
translating their mathematical algorithms into computational equiva-
lents. Instead, students imposed mathematical meanings to concepts
and methods utilised when programming. Many of these challenges are
also documented in existing research, for example, students’
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difficulties in distinguishing between the meanings of variables and the
equals sign in mathematics compared to programming (e.g., Brating &
Kilhamn, 2021; du Boulay, 1989; Haspekian et al., 2023; Kohn, 2017).
This is exemplified in the code snippet in Figure 6, where two students
(Emilia and Fredrik) from the first cycle of the design study inserted a
mathematical equation into the code at line 14, expecting the program
to compute the solution.

Students also failed to acknowledge the sequential nature of steps in
imperative programming (e.g., Ahmadzadeh et al., 2005; du Boulay,
1989) when trying to define mathematical relationships between vari-
ables in the code. Figure 7 presents code created by two students (Anne
och Bill) from the first cycle of the design study. In a mathematically
structured manner, the students define a relationship between varia-
bles b and a at line 10, which they perceive as valid throughout the en-
tire code. This suggests that they believed the value of b, printed by the
command at line 25, would consistently be 12 greater than the corre-
sponding value of a printed by the same command. These challenges
affected students' ability to instrumentalize the programming environ-
ment, as they were unable to adapt it to function effectively as a math-
ematical tool.

Figure 7: Screenshot from Anne and Bill’s use of NetBeans in the design study

7| & public static void main(String[] args) {
8 int a;

9 int b;

o b =a+ 12;

11 int k=0;

12 int £ = (a + k);

13 int férlust = 0;

14

15 for(a=0;a>=100;a++) {

16 for(k = 0; k<=1l1l; k++){

17 foérlust = ((a+l)*(a+1l2)* (£+1))-((a)*(a+1l2)* (£+1));
18 }

19 if (fo6rlust == 432){

20 break;

21 }

22

23 }

24 if (£6rlust == 432){

25 JoptionPane.showMessageDialog(null, a + " " + b + " " + f);
26

27 } I
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Instrumentation

When students use a technical artefact for mathematical purposes, the
utilisation of the artefact will affect students’ perceptions of the math-
ematical content. This aspect of the instrumental genesis is referred to
as instrumentation. The design of the learning activity presented in Pa-
per 2, and their use of programming, exposed students to the idea of
exhaustive trials. Although testing is highlighted as a heuristic prob-
lem-solving strategy by Poélya (1971), Swedish textbooks seldom en-
courage the use of such strategy. However, the use of programming em-
powers students to explore not just a limited set of cases, but the entire
range of possible solutions. Therefore, it could be argued that the pos-
sibility of applying exhaustive trials is related to the students’ instru-
mentation.

As part of this instrumentation, the students were required first to de-
velop a mathematical algorithm and subsequently its computational
equivalent. This process involved constructing an iterative procedure
using nested loops, in which the values of the variables were systemat-
ically varied and combined to carry out the exhaustive trial. Conse-
quently, the students needed to be precise when defining the relevant
relationships, such as those concerning variable domains and those
who defined the boundaries of the loops, not only between mathemat-
ical variables but also between their computational counterparts. The
instant feedback provided by the programming environment also ex-
posed students to relationships stated incorrectly. Although existing
research highlights that novice programmers often struggle with de-
bugging (e.g., Ettles et al., 2018; Putnam, 1987), Papert (1980) argues
that debugging should be viewed as a learning activity through which
students can derive valuable insights from their mistakes.

6.1.2 Students’ instrumental genesis in Paper 5

Paper 5 presents findings from the case study, with particular focus on
students’ instrumental genesis as they employed programming to nu-
merically determine limit values. The participating upper-secondary
school students were taking their third course in mathematics and had
been taught basic programming as part of their prior course. The stu-
dents had also been trained in using a given code structure (regarded
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as the artefact), which could be employed when solving all tasks during
the classroom activities involving the use of programming. As part of
the task sequence of each activity, the teacher also provided the stu-
dents with pre-designed code examples which they could use and mod-
ify to complete the remaining tasks. Data were generated during three
different lessons where students were expected to utilise the code
structure to determine limit values numerically by printing values of
the limit expression and the independent variable as the independent
variable value approached a given number. The first lesson focused on
introducing the limit concept, the second addressed the formal defini-
tion of the derivative, and the third explored the limit expression rep-
resenting the natural logarithm. All tasks are presented in the appendix
of Paper 5.

Students’ instrumented action scheme

Of particular interest in Paper 5 is the instrumental genesis observed
in the collaborative work of two students, Bella and David. During the
three lessons (L1, L2, and L3), these students developed and utilised
four instrumented action schemes, presented in Table 3. Each scheme
was associated with an instrumented technique (Artigue, 2002), which
is regarded as the visible manifestation of the scheme (Drijvers &
Gravemeijer, 2005). The schemes comprise conceptual elements (CE),
related to students’ mathematical reasoning (Turgut & Drijvers, 2021),
alongside technical elements (TE) relating to the technical handling of
the artefact and guided by the conceptual elements. Table 3 illustrates
how additional elements, associated with the mathematical topics,
were assimilated into the schemes during the second and third lesson.
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Table 3: Four instrumented action schemes developed by the students Bella and
David during the case study

Instrumented action
schemes (IAS)

Conceptual elements (CE)

Technical elements (TE)

[AS1: Modifying the
code by adjusting the
limit expression [L1, L2,
L3]

[AS2: Modifying the
code by adjusting the
value that the inde-
pendent variable should
approach [L1, L2, L3]

IAS3: Modifying the
code by adjusting the
condition that termi-
nates the loop [L1, L2,
L3]

IAS4: Generating an
output by printing vari-
able values [L1, L2, L3]

CE1: The value of the algebraic expres-
sion should be calculated for each value
of the independent variable (e.g., x or h)
[L1, L2, L3]

CE2: The difference quotient stated in
the code can be used to identify the
given function [L2]

CE3: The independent variable ap-
proaches o if its present value is divided
by a number greater than 1 [L1, L2, L3]

CE4: The independent variable will ap-
proach 1 if its present value (greater
than 1) is powered by a number greater
than o and less than 1 [L2]

CEs: The difference quotient stated in
the code can be used to identify the x
value of the point a [L2]

CE6: By implementing an iterative pro-
cess, it is possible to analyse the conver-
gence of the function value as the inde-
pendent variable approaches a given
point [L1, L2, L3]

CE7: Increasing the number of itera-
tions may provide a better opportunity
to evaluate the numerical value of the
limit [L1, L2]

CES8: Relevant variable values should be
printed [L1, L2, L3]

CE9: Analysing the output is a means to
determine the limit value [L1, L2, L3]

CE10: The limit equals the value which
the expression seems to approach [L1,
L2, L3]

CE11: If the limit exists, the left limit
should equal the right limit [L1]

CE12: If the function value continues to

increase, without approaching a given
number, it approaches infinity [L1]
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TE1: Copy and paste code from previous
tasks/examples [L1, L2, L3]

TE2: Assign computational variables
values [L1, L2, L3]

TE1: Copy and paste code from previous
tasks/examples [L1, L2, L3]

TE2: Assign computational variables
values [L1, L2, L3]

TE3: Use the command for modifying
the value of a variable by dividing the
current variable value by a given num-
ber [L1, L2, L3]

TE4: Use the command for modifying
the value of a variable by taking the cur-
rent variable value powered by a value
[L2]

TE1: Copy and paste code from previous
tasks/examples [L1, L2, L3]

TE2: Assign computational variables
values [L1, L2, L3]

TEs5: Define conditions for an IF-
statement used to regulate the number
of iterations [L1, L2, L3]

TE6: Use the command for modifying
the value of a variable by adding a given
number to the current variable value
[L1]

TE1: Copy and paste code from previous
tasks/examples [L1, L2, L3]

TE7: Create an output which prints val-
ues of chosen variables and/or calcula-
tions [L1, L2, L3]

TES8: Create an output which prints text
[L1]



Instrumentalization

The code structure utilised by the students during the three lessons was
regarded as the artefact in this study. When using programming to de-
termine limits, the students were required to adjust and modify the
code structure, an activity classified as part of students’ instrumentali-
zation. The development of the students’ instrumented action schemes
is thus closely related to their instrumentalization.

h_
Figure 8: Screenshot of Bella and David’s code for determining the limit ;lin% 2—hl in

the case study

") h=1

print((h + 1) ** (1 / h))

rep =

.8284271247461903
.7568284600108841
.7240618613220615
.7083805188386201
.7007087569317321
.6969143073088304
.695027342438749

.6940864128518456
.6936165847594111
.6933R18297000016
.6932644918933875
.6932058329175561
.693176505912561

.693161843028065

.6931545117404312
.693150846142089

.6931490133574698
.6931480969651602
.6931476388126612
.6931474097073078

2.
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

The findings reveal that the use of a code structure, together with code
examples that students could use and modify, provided clear bounda-
ries for the students’ use of programming. Figure 8 illustrates how the
two students Bella and David used the code structure to numerically
approximate the limit representing In 2, based on the printed values of
the expression (2" — 1)/h as the independent variable h approaches
zero. The code structure consists of the WHILE loop controlled by the
Boolean variable rep. At the end of the loop’s body, an IF statement is
included, specifying a condition that must be met for the loop to termi-
nate. This scaffolding meant that the students seldom experienced any
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technical difficulties related to programming and proficiently managed
to generate an adequate output. It could be argued that students’ work
involved the first two stages of the progression model Use-Modify-Cre-
ate presented by Lee et al. (2011). Progressing from the stage when you
Use and interpret pre-designed code to the stage where you can Create
your own code implies a shift from being a consumer of someone else’s
code to being a producer of your own.

However, during tasks which required conceptually challenging modi-
fications, the students often struggled. For example, whereas they were
able to take advantage of the provided code examples to construct an
iteration where the independent variable approached zero, they were
unable to assign the independent variable new values so that it would
approach -1. It could thus be argued that the transition from the Use
stage to the Modify stage, especially when it involved assimilating ad-
ditional conceptual elements into students’ instrumental action
schemes, posed challenges for the students.

Instrumentation

Of special interest in Paper 5, relating to students’ instrumentation,
was how the specific way of using programming to determine limit val-
ues affected students’ perceptions of the mathematical concept. When
developing a conceptual understanding of limits, Cottrill et al. (1996)
emphasise the significance of recognising that the function f(x) oper-
ates on the process where x approaches a, thereby generating the cor-
responding process of f(x) approaching L. The findings highlight how
the two students, when using the code structure to determine limit val-
ues, foremost focused on the range process of f(x) approaching L, and
paid less attention to the domain process of x approaching a. This is
illustrated in Figure 8, where the students print only the values of the
limit expression, and not the corresponding values of the independent
variable. It may therefore be claimed that, at this stage, the students
struggled to coordinate the two dynamic processes, indicating that they
had not yet constructed a coherent mathematical scheme for fully un-
derstanding the limit concept.
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The findings also indicate that the specific utilisation of programming
promoted a one-sided dynamic view of limits as processes (Monaghan,
2016b) where the mathematical expression approaches a specific value.
Although Gray and Tall (1994) claim that initially viewing mathemati-
cal notions (e.g., limits) as processes is natural for students, they argue
that it becomes equally important to also be able to consider limits as
mathematical concepts. Viewing a limit both as a process of tending
towards a value and as a conceptual object suggests that students have
developed a proceptual understanding of limits (Gray & Tall, 1994).
Conceiving of limits as a procept therefore implies that students are
able to encapsulate the relevant processes into a coherent concept.

Overall, the two students were most often able to determine the limit
values as the independent variable approached zero, using program-
ming. This suggests the development of four stable instrumented ac-
tion schemes for numerically determining limits, consistent with the
notion of an “invariant organization of behavior for a certain class of
situations” (Vergnaud, 1998b, p. 229). However, although the students
successfully generated outputs and used them to determine the limit
value, they occasionally struggled to interpret the conceptual meaning
of the limit. This difficulty became particularly evident during the third
lesson, when the students were expected to calculate and interpret lim-
its representing natural logarithms.

6.1.3 The relationship between students’ instrumental geneses in
Paper 2 and Paper 5

Both in Paper 2 and in Paper 5, upper-secondary school students’ in-
strumental genesis has been analysed. However, whereas program-
ming was employed as a tool for mathematical problem solving in Pa-
per 2, it was used for solving mathematical tasks numerically in Paper
5. Both uses align with applications of programming emphasised in the
Swedish upper-secondary mathematics curriculum.

The studies of students’ instrumental geneses involved analysing the
instrumented action schemes they developed. Although two different
analytical frameworks were used to describe such schemes, the number
of components or elements constituting the schemes in Table 2 and
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Table 3 illustrates the complexity of using programming to solve math-
ematical tasks (Buteau et al., 2020). It should be emphasised that these
tables do not represent a fixed structure of scheme components or ele-
ments associated with the two different objectives. Rather, they should
be regarded as examples that, as Drijvers and Gravemeijer (2005) ar-
gue, “can help the observer to analyze the complexity of the students’
work in the technological environment” (p. 192).

The analyses of the schemes also highlight the intertwined relationship
between technical and conceptual aspects associated with the instru-
mented action schemes. It is important to emphasise that the design
study described in Paper 2 involved only a single lesson activity. As a
result, students developed what may be referred to as proto-schemes
or schemes-in-progress. These terms are used because a scheme is typ-
ically understood as “a more or less stable way to deal with specific sit-
uations or tasks, guided by developing knowledge” (Drijvers et al.,
2013, p. 27). Given this definition, it is unlikely that a stable scheme
could emerge from a single lesson activity involving only two mathe-
matical problems. In contrast, Paper 5 analysed students’ instrumental
genesis across three lessons activities conducted over a longer period.
The students’ consistent and proficient use of programming to deter-
mine limits numerically suggests the development of four stable instru-
mented action schemes. However, the findings indicate that when stu-
dents were required to adjust these schemes to solve new types of tasks,
they sometimes encountered difficulties, particularly when the adjust-
ments involved assimilating new conceptual elements.

Using programming as a tool during a mathematical problem-solving
activity implied that the students had to create their own programs
based on the open-ended mathematical problems. During the problem-
solving process, the students were expected to create their own mathe-
matical and computational algorithms which demanded repeated sup-
port from the researcher (taking the role of teacher) and from peer stu-
dents. The way that programming was used as a tool to numerically
determine limit values in the case study involved scaffolding in which
the code structure formed a key part, together with code examples. This
implied that students were expected to use and modify pre-existing
code when solving the tasks. Together, the two studies exemplify all
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phases in the progression model Use-Modify-Create presented by Lee
et al. (2011). But where the work of the students in Paper 5 involved the
first two phases, the students in Paper 2 moved straight ahead to the
last phase of the model. The findings in Paper 2 reveal, as previously
noted, that the students encountered difficulties when required to de-
sign their own algorithms and programs. Such demands appear to be
overly challenging for students with limited or no prior experience in
applying programming within mathematical contexts. This conclusion
is supported by the results in Paper 5, which show that when students
in the case study were expected to make more substantial modifications
to their code, marking a shift from merely consuming others’ work to
engaging in original creation, they frequently encountered difficulties.

It could be argued that the analysis of students’ different instrumental
geneses has highlighted how such geneses are associated with aspects
concerning the design of the learning activities, and particularly the
task design. In the following section, findings related to such aspects
will be described in more detail.

6.2 The design of the learning activities

Instrumental genesis is primarily conceptualised as an individual pro-
cess, wherein students develop personal, mentally constructed, instru-
mented action schemes. However, the teacher’s design of learning ac-
tivities, together with other social aspects within a classroom, may af-
fect the assimilation of such more or less socially pre-existing schemes
and thus students’ instrumental genesis (Artigue, 2002; Rabardel,
2002). In other words, teachers’ design functions as a deliberate means
of guiding students’ instrumental genesis (Guin & Trouche, 2002;
Trouche, 2005b). Papers 2, 4, and 5 describe aspects of the design of
the learning activities within both the design-based study and the case
study. This section presents these two designs alongside findings that
demonstrate their influence on students’ instrumental genesis.

6.2.1 The instrumental orchestration in Paper 2

One of the specified learning goals of the design study was for the stu-
dents to develop a productive instrumental genesis in relation to the
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use of programming as a problem-solving tool. It could therefore be
argued that all aspects of the design are closely linked with the instru-
mental orchestration. In this subsection, special attention will be paid
to the task design and the scaffolding offered to the students. Several
of the didactical variables (DV) (Ruthven et al., 2009) identified dur-
ing the design of the two design cycles DC1 and DC2 (see Table 4) were
related to these aspects of the instrumental orchestration.

Table 4: Didactical variables (DV) taken into considerations in the design of the
learning activity during the second micro cycle of the design study

Didactical variables

DV1: Programming language and programming environment

The participating students were to use a programming language and a programming environment familiar
to the students.

DV2: Programming concepts

To solve the mathematical problems would require basic knowledge concerning variables, input/output, it-
erations (including nested loops), and selections.

DV3: Mathematical content

Solving the mathematical problems would require knowledge in algebra and arithmetic in order to handle
variables and mathematical expressions.

DV4: Specifying the problem

Making the algebraic expression describing the loss of gold coins more straightforward compared to the
original problem (DC1). Changing the age difference between Cinderella and Begonia as well as the number
of lost coins in order for the first problem to have two different solutions irrespective of whether two sisters
were allowed to have the same age or not (DC2).

DVs5: Students working in pairs

Working in pairs was regarded as a means of sharing knowledge and served as a way of supporting the
development of both instrumental genesis and problem-solving strategies. Discussions between students
were also regarded as a way to detect students’ instrumental geneses.

DV6: Displaying the code

Sherpa-students were able to display their code to the rest of the students (using screen sharing in Zoom).

DV7: Introductory information to the students

The participating students should be informed at the beginning of the teaching experiment that the mathe-
matical problems could not be solved by using any analytical methods known by the students and that the
problems should be solved by using the programming environment.
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Task design

The findings suggest that an excessive emphasis on mathematical
problem solving may have hampered students’ instrumental genesis,
despite the fact that the tasks were solvable using only elementary
mathematical knowledge of arithmetic and algebra (DV3). As noted by
Lester and Kehle (2003), mathematical problem solving is by defini-
tion a complex human activity, requiring much more than mere recall
of facts. Several students in the study struggled to articulate an effective
problem-solving strategy, even though they were able to express appro-
priate relationships among the mathematical variables. This difficulty
may be attributed to their limited experience in using programming for
mathematical purposes. Consequently, they struggled to recognise the
affordances and constrains of the programming environment as a
mathematical artefact, an essential component of instrumentalization
(Trouche, 2005a).

Another design decision was to ensure that the problems could be
solved using programming concepts and methods already familiar to
the students from their ongoing Programming 1 course (DV2). To-
gether with the decision to use the Java programming language and the
NetBeans 8.2 development environment, both already integrated into
the programming course (DV1), this design choice helped minimise dif-
ficulties with most programming concepts. However, the retrospective
analysis revealed that several students encountered difficulties with
nesting loops, particularly in formulating precise conditions to control
the loop structures. Ginat (2004) highlights that such difficulties are
common among novice programmers. The code in Figure 9 illustrates
how two students (Ian and Jacob) during the second design cycle in-
stead developed what may be described as a semi-automated program.
Rather than creating a nested inner loop to vary the value of the varia-
ble f, the students manually modified the calculation at line 14, from
a + 1to a + 14, and executed the program 14 times.

In summary, the findings indicate that the task design encompassed
two key aspects which may have constrained students’ opportunities to
use programming as a mathematical tool. First, engaging with pro-
gramming as part of a problem-solving activity may have been overly
demanding for students with limited experience in using the
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technology for mathematical purposes. Second, the mandated use of
nested loops may have further impeded students’ problem-solving pro-
cesses. This underscores the complex interplay between the technical
handling of the artefact and the development of students’ mathemati-
cal understanding, as difficulties with nested loops can negatively affect
the advancement of students’ mathematical problem-solving skills.

Figure 9: Screenshot from Ian and Jacob’s use of NetBeans in the design study

12 or (int a=0; a<l00; a++) {
13 double b=a+l5,s=480;
double £ = a+q
15 double g ;
le g = ((a+l)*(b+l)*(£f+1))-(a* (b+1l) * (£+1)) :
17
18 if (g==s){
19 System.out.println("Askungen &r "+a+" ar gammal" );
20
21
22
23
24 System.=sx1it(0);
Scaffolding

The main scaffolding offered to the students during the problem-solv-
ing activities was the use of so-called sherpa-students (Guin & Trouche,
1998). These students were asked on several occasions to visualise how
they had used the artefact during the mathematical activities (DV6),
under guidance from the researcher (acting as teacher). The intention
behind using this orchestration type (Drijvers, Doorman, et al., 2010)
is to guide other students’ work and thus foster a collective instrumen-
tal genesis (Guin & Trouche, 1998). The analysis of other students’
work indicated that the ways in which they benefited from the sherpa-
students’ presentations were closely related to how far they had pro-
gressed in their own problem-solving process compared to the sherpa-
students, and by the degree of congruence between the ideas presented
by the sherpa-students and those developed by the other students. This
meant that, for some students, the sherpa-students’ presentations af-
firmed their current approach, indicating they were progressing in the
right direction. For others, who had yet to formulate a problem-solving
strategy, the presentations introduced foundational ideas to support
the development of such a strategy. Consequently, the findings

93



illustrate both that the temporal use of sherpa-students determines in
which ways other students benefit from these presentations, and that
it is difficult to plan when to employ sherpa-students during a lesson
activity. It became a matter of balancing the need to allow students to
engage independently in their problem-solving processes with the need
to help them overcome potential impasses related to various aspects of
those processes.

Due to the ongoing pandemic, the teaching experiment in the second
design cycle was conducted online using Zoom, resulting in an unin-
tended re-design of the original setup. Although the analysis of screen
and voice recordings did not examine the consequences of this re-de-
sign in detail, and involved only a limited number of students, it sug-
gests that the nature of student interactions, both with peers and with
the teacher, could have been affected by the online format. Students
appeared more reluctant to ask questions to the teacher, and being sit-
uated in different physical locations seemed to hinder communication
between students working in pairs. A broad comparison of transcripts
from the two teaching experiments reveals that student conversations
were more detailed in the first (in-person) experiment than in the
online setting. Consequently, although Zoom provided functionalities
that facilitated collaboration, the lack of a shared physical space ap-
pears to have constrained student interaction.

6.2.2 The teacher’s design in Paper 4 and Paper 5

Paper 4 presents how the teacher in the case study designed the lesson
sequence involving the students’ utilisation of programming to deter-
mine limit values numerically. Of particular interest was how the in-
corporation of programming into his mathematics classroom had re-
quired an adaptation of the teacher’s craft knowledge. As argued by
Bozkurt and Ruthven (2017), such adaptation is essential when teach-
ers incorporate new digital tools (e.g., programming) into their mathe-
matics instructions, as it shapes the nature of their instrumental or-
chestrations.

Drawing on an interview with the teacher, together with field notes
generated during the lesson sequence, this adaptation was analysed
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based on five structuring features of classrooms practice (Ruthven,
2009): the curriculum script, the resource system, the activity struc-
ture, the time economy, and the working environment. The findings
reveal how the teacher’s dual role as a mathematics and programming
instructor influenced his pedagogical choices. Furthermore, these
choices were shaped by the way programming has been integrated into
the Swedish mathematics curricula.

Although Paper 5 does not explicitly analyse the teacher’s design, the
analysis of students’ instrumental genesis provides valuable insights
into the consequences of the design, given that specific design choices
may shape the nature of such genesis.

The adaptation of the teacher’s craft knowledge

The findings in Paper 4 indicate that several aspects relating to the de-
sign of the lessons were associated with the teacher’s curriculum script,
which stems from the teacher’s professional knowledge and encom-
passes goals and actions related to the specific mathematical content
(Ruthven, 2014). It was evident that the teacher deliberately positioned
programming as a tool for solving mathematical tasks numerically ra-
ther than for mathematical problem solving. This decision was based
on the argument that mathematical problem solving would require stu-
dents to write code from scratch, which was presumed to be too de-
manding for students with limited programming experience. The prin-
ciples guiding the teacher’s task design were therefore grounded in the
idea that programming should function as a tool for numerical compu-
tations, and that the associated tasks should aim to deepen students’
understanding of key mathematical concepts, such as limits of func-
tions, derivatives, and integrals.

To support students’ technical engagement with programming in the
application of numerical methods, the teacher intentionally restricted
the number of programming concepts they were required to master.
The concepts applied included WHILE loops, IF statements, print
statements, and basic operations involving computational variables.
This implied that the task design also was guided by the criterion that
tasks should be solvable using the limited set of programming concepts
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introduced. This aspect of the task design was partly driven by the time
economy feature.

All tasks presented to students during the three lessons described in
Paper 5 focused on the numerical determination of limit values. This
was achieved using an algorithm that iteratively printed the values of
the mathematical expression together with the corresponding values of
the independent variable as it approached a given value (see Figure 10).
Besides being asked to determine various limit values by adjusting pre-
existing code, the task design involved associated questions relating the
given limit value’s. These questions focused on interpreting both the
mathematical meaning of the numerical limit value and the mathemat-
ical reasoning underlying the construction of the code.

Figure 10: Screenshot of Bella and David’s code for determining the limit

—1)10_
m E "1 iy the case study

1 x=10
2 rep = True
3 while rep == T
y = ((x-1)**10-1)/x
print (x, y)
XN/=2
if x<= 0.00000001:
rep False

10 348678440.0
.0 209715.0
.5 22.666015625
.25 -0.7999992370605469
.625 -1.5999120101332664
.3125 -3.124512159192818
.15625 -5.2296444138617915

.0390625 -8.413344047315073
.01953125 -9.165341575845384
.009765625 -9.571797662434813
.0048828125 -9.783110155895816
.00244140625 -9.890848927519755
_001220703125 -9.945246791880527

5
2
al
0
0
0
0.078125 -7.12546412213972
0
0
0
0
0
0

As previously described, the students were instructed to build their
code according to a given code structure. The students also made use
of pre-designed code examples, which they could modify to solve new

15 All tasks are presented in the appendix of Paper 5.
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tasks. These resources were parts of the teacher’s resource system. To
ensure students had sufficient programming knowledge, the school al-
located additional instructional time in the preceding mathematics
course to introduce basic programming skills. This decision also re-
flects the time economy aspect of the instructional design.

During the lessons, no major changes were made in association with
the working environment. However, during the activities, as part of the
teacher’s activity format, several different orchestration types associ-
ated with the use of programming were employed (Drijvers, Doorman,
et al.,, 2010). The teacher employed technical-demo orchestration
when introducing programming as a mathematical tool during the
whole-class introduction; explain-the-screen orchestration when re-
lating programming to the specific mathematical topic; link-screen-
board orchestration when connecting the code displayed on the screen
to algebraic manipulations on the whiteboard; and discuss-the-screen
orchestration when initiating student discussions about the program-
ming code.

The impact of design decisions on students’ instrumental genesis

As Paper 5 examines the students’ instrumental genesis during the first
three lessons, the paper also provides evidence of the outcomes of the
teacher’s design, shaped by the structuring features of the classroom
practice. The investigation of the two students’ instrumental genesis in
Paper 5 reveals that the students seldom encountered any technical dif-
ficulties related to the syntax of the programming language and that
the code structure and the code examples provided adequate scaffold-
ing for the students to use programming to calculate limit values nu-
merically. These aspects of the task design and orchestration, shaped
by the curriculum script, resource system, and time economy, estab-
lished clear boundaries for students’ engagement with programming,
aligning closely with the teacher’s intended outcomes for the lesson se-
quence. This meant that the task design and aspects associated with the
orchestration of the learning activities fostered a productive instru-
mentalization, where the students were able to use and modify the code
structure and the code examples to determine limit values.
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However, the findings presented in Paper 5 indicate, as described in
sub-section 6.1.2, that the teacher’s task design primarily fostered a
process view of limits among the two students. Although this may rep-
resent a natural first step in developing a proceptual view of limits,
where students can view a limit both as a process and as a concept
(Gray & Tall, 1994), this learning outcome did not fully align with the
teacher’s intention of developing students’ conceptual understanding
of limits. This became evident when the students were asked to inter-
pret the meaning of certain limits. Furthermore, the findings indicate
that the task design related to the numerical calculation of limits did
not fully support students in coordinating the domain process (where
x approaches a) and the range process (where f(x) approaches L) into
what Cottrill et al. (1996) describe as a mathematical limit scheme.

In summary, the findings reveal how the incorporation of program-
ming into his teaching of mathematics inferred an adaptation of the
teacher’s craft knowledge associated with the five structuring features
of classroom practice (Ruthven, 2009). These adaptations were influ-
enced by the teacher’s dual role as a programming teacher, in which
deliberate choices in task design and scaffolding enabled students to
use programming effectively for determining limit values. However, it
could be argued that the task design did not provide students with ad-
equate support to foster a deeper conceptual understanding of limits.

6.2.3 The relationship between the instructional design in Paper
2, Paper 4, and Paper 5

The papers present two markedly different approaches to introducing
programming in upper-secondary mathematics education, each char-
acterised by distinct designs and associated with different challenges.
In the two studies, programming was also used for two different math-
ematical practices: problem solving and numerical calculations. This
implied that in the design study, which involved open-ended mathe-
matical problems, the students were expected to construct their own
code from the ground up. This process involved two main stages: the
development of a mathematical algorithm applicable to the problem
situation, and the development of a computational algorithm for con-
ducting an exhaustive trial. The findings presented in Paper 2 indicate
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that the students encountered difficulties both in formulating an ade-
quate problem-solving strategy and in translating their mathematical
algorithms into computational implementations, while receiving only
a limited amount of scaffolding. Given these findings, it could be ques-
tioned whether problem solving constitutes the most appropriate con-
text for introducing programming to students with no, or only limited,
prior experience of the technology in school mathematics.

In the case study, presented in Papers 4 and 5, the use of a code struc-
ture and code examples provided students with extensive scaffolding
when using programming to determine limit values numerically. The
inclusion of the code structure and worked code examples further illus-
trated for the students the affordances of programming as a tool for
numerical calculations. However, the findings indicate how only mak-
ing small adjustments to pre-designed code may not have fostered a
profound mathematical understanding of the limit concept. The case
study therefore highlights the delicate balance between providing suf-
ficient scaffolding to support students’ engagement with programming
and granting enough autonomy to enable them to use programming as
a tool for deepening their understanding of mathematical concepts.

The findings demonstrate that the design of tool-based tasks signifi-
cantly influences students’ engagement with programming as a math-
ematical instrument, thereby shaping their instrumental genesis. The
two different task designs were, in several respects, shaped by the inte-
gration of programming into the Swedish mathematics curriculum. At
the time of the design study, the upper-secondary mathematics curric-
ulum stipulated that programming should be employed by students as
a problem-solving tool. As the curriculum later expanded the scope of
programming, the teacher in the case study opted to design tasks where
programming was used to apply numerical methods.

Both task designs needed to account for students’ limited prior experi-
ence with programming in mathematical contexts. This necessitated
different pedagogical approaches. In the design study, the tasks em-
phasised the application of a pre-defined problem-solving strategy, re-
lying only on basic mathematical knowledge (DV3 in Table 4) not di-
rectly tied to the course content. In the case study, tasks were shaped
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by the practical constraint of teaching students to use the tool effec-
tively within a limited timeframe. Consequently, the structuring fea-
ture of time economy played a pivotal role in both lesson planning and
task design, for example, by providing students with a pre-defined code
structure and illustrative code examples.

6.3 The analysis of students’ instrumental genesis during pro-
gramming activities

Over the last decades, the Instrumental Approach has been operation-
alised as a theoretical framework in mathematics education research to
investigate students’ handling of digital mathematical tools, such as
computer algebra systems (e.g., Drijvers & Gravemeijer, 2005;
Trouche, 2005a) and dynamic geometry software (e.g., Fahlgren, 2017;
Turgut & Drijvers, 2021). In recent years, the framework has also been
applied in relation to the use of programming in mathematics educa-
tion (e.g., Buteau et al., 2020; Martinez, 2023; Misfeldt & Ejsing-Duun,
2015). However, a key distinction between traditional programming
languages and tools such as computer algebra systems or dynamic ge-
ometry software is that the former are not primarily designed as math-
ematical or educational software (Buteau et al., 2020). In this section,
and in relation to the third research question of this thesis, it will be
elaborated on how the analysis of students’ instrumental genesis might
need to take into account that the artefacts used in the mathematical
activities were not designed primarily for mathematical purposes. In
Paper 3, students’ instrumental genesis is analysed using two different
analytical lenses, based on data generated during the design study. The
first analytical approach was also employed in Papers 1 and 2, while the
second was applied in Paper 5. Although the focus in Papers 2 and 5
was neither on comparing the respective analytical frameworks nor on
evaluating their affordances and constraints, each paper includes an
analysis of students’ instrumental genesis. These analyses will, in this
section, serve as illustrative examples of how each framework can be
applied.
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6.3.1 Analysing schemes using scheme components

The first approach for analysing students instrumented action schemes
in the design study, presented in Papers 1, 2, and 3, involved represent-
ing these schemes using scheme components as defined by Vergnaud
(1998a). According to Vergnaud (1998a), a scheme comprises goal and
anticipations, rules of actions, operational invariants, and possibili-
ties of inferences'. Rules of actions are defined as the generative part
of the scheme whereas operational invariants are regarded as the epis-
temic aspects of the scheme. There are two types of operational invari-
ants: concepts-in-action, which refer to the concepts that students con-
sider relevant for solving a given task, and theorems-in-action, which
represent propositions held to be true by students when they act. As
described by Vergnaud (1998a), concepts are integral to the formula-
tion of theorems, while theorems, in turn, give meaning and substance
to the concepts. This implied that during the analysis of students’ in-
strumented action schemes, identified theorems-in-action were
formed based on relevant concepts-in-actions.

In the analysis of students’ instrumented action schemes, presented in
Papers 1, 2, and 3, technical and mathematical aspects of the problem-
solving process are visible in numerous concepts-in-actions and theo-
rems-in-action (see Table 2). Gueudet et al. (2020) refer to such
schemes that integrate a mathematical process within programming as
p + m schemes, whose goals are simultaneously oriented toward both
mathematical understanding and programming practice. They argue
that p + m schemes are bridging students’ digital and mathematical
competences and that “the identification of p + m operational invari-
ants in particular deepens our understanding of how mathematics and
programming relate to each other” (pp. 7-8). In accordance with
Gueudet et al. (2020), it could also be claimed that describing an in-
strumented action scheme using scheme components visualise the
complexity of a p + m instrumented action scheme. For example, the
scheme visualised in Table 2 consists of 26 components. Although the
number of scheme components may depend on the level of granularity

16 Since the analysis of students’ instrumental genesis only concerned one lesson activity, it was not
possible to analyse the scheme’s possibilities of inferences.
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applied during analysis, the resulting scheme indicates that integrating
programming with mathematics activates a wide range of concepts and
highlights the complex relationships among them.

6.3.2 Analysing schemes using conceptual elements and tech-
nical elements

The second approach for analysing students’ instrumented action
schemes, described in Papers 3 and 5, concerned representing schemes
based on instrumented techniques and associated conceptual and tech-
nical elements (Drijvers & Gravemeijer, 2005; Turgut & Drijvers,
2021). In Paper 3, in which the two analytical approaches are com-
pared, the analysis draws on data from the design study. In contrast,
the analysis in Paper 5 is based on data from the case study.

Drijvers and Gravemeijer (2005) argue that since schemes are mental
constructs, existing only in a student’s mind, the instrumented tech-
niques should be regarded as the visible manifestation of the schemes.
Instrumented techniques are thus defined as “a set of rules and meth-
ods in a technological environment that is used for solving a specific
type of problem” (p. 169). Each technique (and scheme) comprises con-
ceptual and technical elements, where conceptual elements are linked
to students’ mathematical reasoning, while technical elements pertain
to the operational use of the artefact (Turgut & Drijvers, 2021). The
technical elements are thus guided by the conceptual elements.

In Paper 3, the two analytical approaches are compared and contrasted
in line with the ideas of networking theories (Prediger et al., 2008). The
findings suggest that analysing students’ visible instrumented tech-
niques is a straightforward manner of describing students’ instru-
mented action schemes. The students’ actions are closely related to the
technical elements of the schemes which, in turn, are guided by math-
ematical conceptual elements.

The schemes presented in Paper 5 (see Table 3), concerning two stu-
dents’ use of programming for numerical calculations of limits, are
each associated with a specific technique. In Paper 3, the scheme iden-
tified is related to several techniques. It could be argued that what
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counts as a single scheme is once again a question of the level of gran-
ularity applied during analysis. It may also be argued that the four in-
strumented action schemes described in Table 3 are sub-schemes
(Lagrange, 1999) to an overarching scheme concerning the use of pro-
gramming to determine limit values numerically.

6.3.3 A comparison of the two analytical approaches

In this thesis, two analytical approaches have been operationalised to
investigate students’ instrumental genesis, specifically their instru-
mented action schemes when using programming as a mathematical
tool. Before comparing and contrasting the two analytical lenses, it is
important to highlight that both approaches aim to shed light on stu-
dents’ instrumental genesis. The two ways of analysing schemes using
scheme components or instrumented techniques also reflects the his-
torical background of the Instrumental Approach. Drijvers, Kieran, et
al. (2010) emphasise that, within the context of Cognitive Ergonomics,
the notion of a scheme is grounded in Vergnaud’s (1998a) definition,
which characterise a scheme as an “invariant organization of behavior
for a certain class of situations” (p. 167). It is therefore reasonable to
describe schemes using the components of schemes as defined by
Vergnaud (1998a). The notion of technique stems, on the other hand,
from the French Anthropological Theory of Didactics (Drijvers, Kieran,
et al., 2010) and is recognised as one of the fundamental components
of the praxeology (Chevallard & Sensevy, 2014). Analysing students’ in-
strumented techniques could thus be regarded as a valid approach
when investigating their instrumental genesis. Drijvers, Kieran, et al.
(2010) argue that although schemes and techniques have different on-
tological backgrounds, they both acknowledge the intertwined rela-
tionship between technical and conceptual aspects. They further claim
that this intertwined relationship constitutes the strength of the Instru-
mental Approach as a theoretical framework, and that it should be con-
sidered more significant than the distinction between technique and
scheme.

The operationalisation of the two analytical frameworks demonstrates
that both enable nuanced and detailed descriptions of instrumented
action schemes. It may be argued that the two distinct descriptions of
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schemes, each shaped by its respective analytical framework, exhibit
shared characteristics. These commonalities enable the possibility to
establishing links between the two frameworks. Rules of action are the
generative parts of a scheme according to Vergnaud (1998a) and could
thus be viewed as the visible manifestation of the scheme. Conse-
quently, it could be argued that rules of action correspond to instru-
mented techniques which both could have pragmatic and epistemic
values (Artigue, 2002). It may also be argued that concepts-in-action
represent the psychological correlates of conceptual elements. On the
other hand, theorems-in-action, which link together rules of actions
and concepts-in-action, do not have an equivalent when describing p +
m schemes (Gueudet et al., 2020) based on the visible instrumented
techniques. This connection between rules of actions and concepts-in-
action, highlighted in Paper 3, is particularly significant in illustrating
how relevant concepts, relating to both mathematics and program-
ming, are materialised into actions using the artefact.

An important outcome of the analysis presented in Paper 3 is the call
to broaden the conceptualisation of conceptual elements when analys-
ing students’ instrumented techniques. Unlike other digital tools de-
signed specifically for mathematical purposes, programming may re-
quire students to construct their own programs, including the develop-
ment of mathematical functionalities. It could be argued that p + m
schemes for using programming in school mathematics do not only en-
compass conceptual elements associated with the mathematical topic.
The instrumented action schemes may also comprise conceptual ele-
ments associated with the code construction. Such conceptual pro-
gramming elements may concern aspects relating to, for example, the
sequential nature of steps in imperative programming (Ahmadzadeh et
al., 2005) and the different meanings of variables and the equals sign
in mathematics compared to programming (Haspekian et al., 2023).
Consequently, including conceptual programming elements as an ana-
lytical construct when describing p + m schemes offers a more nuanced
account of the conceptual challenges students may encounter when us-
ing programming as a mathematical tool. However, since the students
in the case study (presented in Paper 5) primarily engaged with pre-
designed code examples, modifying rather than constructing them, the
verbatim excerpts seldom provided explicit evidence of conceptual
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programming elements. It may be claimed that the act of creating orig-
inal code more prominently would foreground these conceptual pro-
gramming elements.

Finally, the analysis of students’ instrumental geneses in Paper 2 and
Paper 5 suggests that schemes could be described at different levels of
granularity. In Paper 2, the instrumented action scheme (see Table 2)
comprises all aspects of the process of conducting an exhaustive trial.
In Paper 5, on the other hand, students’ ways of determining limit val-
ues numerically involves four different schemes (see Table 3), each of
which corresponds to a specific instrumented technique. As previously
noted, it could be argued that these schemes are, in fact, sub-schemes
(Lagrange, 1999) within a broader scheme for determining limit values
using programming. Alternatively, one could claim that the scheme
presented in Table 2 could itself be decomposed into multiple sub-
schemes, each representing distinct aspects of students’ instrumented
activity. The findings, illustrated in Table 3, show that decomposing a
broader scheme into sub-schemes offers the possibility to elucidate
how distinct scheme elements (or scheme components) are associated
with specific instrumented techniques (or rules of actions). Moreover,
this decomposition highlights the recurrence of certain elements (or
components) across multiple sub-schemes.

6.4 Summary of key findings from the two studies

This chapter has presented findings from the two studies addressing
students’ use of programming as a mathematical tool and teachers’ de-
sign of such activities. Based on the three research questions of the the-
sis, the findings are organised around: (a) students’ instrumental gen-
esis, (b) the design of programming-based mathematical activities, and
(c) the application of two different frameworks for analysing students’
instrumented action schemes. Table 5 summarise the key findings from
the design study (DS) and the case study (CS) in relation to the three
research questions of this thesis.
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Table 5: Summary of the key findings in relation to the research questions

RQ 1. What are the instrumental geneses of upper-secondary school students appropriating programming as an
instrument for mathematical activity?

Key findings For students with limited experience in using programming within school mathematics, creating
their own code can be challenging, particularly when it is not clear how the programming environment can serve
as a mathematical tool. This lack of clarity may impede students’ instrumentalization. Moreover, the process of
translating a mathematical algorithm into a computational form may be challenging due to conceptual discrep-
ancies in notions that exist in both mathematics and programming yet are interpreted or applied differently within
each domain. (DS)

Providing students with pre-designed code examples that they could use and modify helped establish clear bound-
aries regarding how a programming environment can function as a mathematical tool, thereby facilitating stu-
dents’ engagement with the artefact. While the code structure supported students in determining limits through
programming, it did not always assist them in interpreting the calculated limit values. As part of the instrumen-
tation process, the use of pre-defined code for numerically determining limits also led students to perceive the
notion of a limit primarily as a process rather than as a concept. (CS)

Based on the progression model Use-Modify-Create, findings suggest that for students inexperienced in using
programming in school mathematics, creating code from scratch may be overly demanding. Instead, students’
handling of programming as a mathematical tool could be eased by introducing students to pre-designed code
which they can use and modify. (DS+CS)

RQ 2. How can aspects of teachers’ design of learning activities—in which students engage with programming as
a mathematical tool—affect students’ instrumental genesis?

Key findings Interweaving programming and mathematical problem solving can be overly demanding for stu-
dents with limited programming experience, as both activities are inherently challenging. Allowing sherpa-stu-
dents to guide their peers’ work may, to varying degrees, support the development of a collective instrumental
genesis. However, the temporal use of sherpa-students requires balancing two competing needs: enabling stu-
dents to engage independently in their problem-solving processes while also providing timely assistance to help
them overcome potential impasses related to different aspects of those processes. (DS)

A teacher’s integration of programming into school mathematics is shaped by various structuring features of class-
room practice, which are themselves influenced by how programming is embedded in the mathematics curricu-
lum. Among these features, time economy appears particularly prominent, as it sets boundaries for aspects of
lesson design, including task design. This suggests that considerations related to time economy can affect other
structuring features, such as the teacher’s curriculum script and resource system. (CS)

Although instrumental genesis is primarily an individual process, it is influenced by the design of mathematical
activities that incorporate programming. Different forms of scaffolding (e.g., the use of sherpa-students and pre-
designed code examples) affect the instrumental genesis and, consequently, students’ mathematical understand-
ing in distinct ways. (DS+CS)

RQ 3. How should analyses of students’ instrumental genesis take account of the fact that the artefact—the pro-
gramming environment—used during mathematical activities is not designed primarily as a mathematical tool?

Key findings The comparison between the two analytical frameworks for describing instrumented action
schemes reveals that each framework offers distinct affordances yet both serve as valuable analytical lenses for
characterising students’ schemes. When describing p + m schemes using scheme components (Vergnaud, 1998a),
the theorems-in-action provide a valuable theoretical construct for linking the generative parts of a scheme (its
rules of action) with its conceptual aspects, expressed through concepts-in-action. Although the abovementioned
link is absent when schemes are analysed through technical and conceptual elements (Drijvers & Gravemeijer,
2005), the simplicity of describing schemes based on the observable instrumented techniques facilitates the op-
erationalisation of the analytical framework. (DS)

The findings indicate that, since the artefacts in this thesis were not primarily designed as mathematical tools, the
notion of conceptual elements should be expanded to include not only mathematical conceptual elements but also
programming conceptual elements. (DS+CS)
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7 Discussion

This chapter presents the main contributions of the thesis. The first
section outlines and discusses its theoretical contributions. The second
section examines the practical implications for teaching mathematics
in upper-secondary education using programming. The final section
looks ahead and discusses how the outcomes of the two studies have
illustrated the need for further research.

7.1 Theoretical contributions

In this thesis, the Instrumental Approach has been operationalised as
a framework for examining upper-secondary students’ mathematical
use of programming, with particular attention to their instrumental
genesis. In addition, the construct of instrumental orchestration has
been employed as a theoretical lens to illustrate how the design and
orchestration of learning activities can foster both individual and col-
lective instrumental genesis. The operationalisation of the Structuring
Features of Classroom Practice framework has further enabled an anal-
ysis of how a teacher’s craft knowledge was adapted when incorporat-
ing programming into mathematics teaching.

A key theoretical contribution of this thesis lies in demonstrating how
the operationalisation of two analytical frameworks for examining stu-
dents’ instrumental genesis, together with the use of the abovemen-
tioned frameworks for analysing teachers’ design of learning activities,
can enrich our understanding of how programming may be meaning-
fully integrated into mathematics education.

7.1.1 Two frameworks for analysing the instrumental genesis

Analysing students’ instrumental genesis involves describing the in-
strumented action schemes developed and used by students. In Papers
1 and 2, students’ instrumented action schemes are portrayed using
scheme components as defined by Vergnaud (1998a). In Paper 5, such
schemes are described based on its conceptual and technical elements
as proposed by Drijvers and Gravemeijer (2005). In Paper 3, the two
analytical approaches are also compared and contrasted. The
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implementation and comparison of the two analytical approaches, con-
cerning programming as a technical artefact, serves as a theoretical
contribution of this thesis. It can be argued that analysing the inter-
twined relationship between students’ technical use of programming
and their conceptual understanding of mathematical concepts is of par-
ticular importance, given that programming environments are not pri-
marily designed as mathematical or educational tools. How this aspect
influences the analysis of students’ instrumental genesis has been of
central relevance in this thesis.

Both analytical frameworks, illustrated by the instrumented action
schemes in Table 2 and Table 3, portray the conceptual and technical
complexity of utilising programming as a mathematical tool. The de-
tailed descriptions of the schemes, as illustrated in the two tables, stem
from a rigorous operationalisation of the two analytical frameworks, in
which data were analysed through an iterative process. During this pro-
cess, the researcher continuously revised the scheme components/ele-
ments, rephrasing, adding, or removing them as necessary. Defining
these components/elements required a careful balance: on the one
hand, ensuring they were sufficiently generic to identify commonalities
across different schemes; on the other hand, maintaining enough spec-
ificity to capture the distinctive characteristics of each individual
scheme.

The comparison between the two analytical frameworks indicates that
they highlight, to varying degrees, the important relationship between
technical and conceptual aspects during the instrumental genesis. Es-
pecially, theorems-in-action, defined as the propositions students re-
gard to be true (Vergnaud, 1998a), serve to connect the technical han-
dling of artefacts, as expressed through rules of action, with the con-
ceptual aspects manifested by the concepts-in-action. The findings re-
veal that such connection is less evident in p + m schemes described by
its conceptual and technical elements. Describing schemes using
scheme components may therefore offer a more nuanced description
of the relationship between students’ technical handling of program-
ming environments and their conceptual understanding of the mathe-
matical objects. The operationalisation and comparative analysis of the
two analytical frameworks for analysing students’ instrumental
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genesis, particularly in relation to students’ use of programming, con-
stitutes a methodological contribution to the field.

Another theoretical contribution of this thesis lies in the proposed ex-
pansion of the analytical framework that characterises schemes
through their conceptual and technical elements (Drijvers &
Gravemeijer, 2005). In existing research utilising the Instrumental Ap-
proach as a theoretical framework, the artefact often constitutes a dig-
ital tool designed for mathematical purposes. For such artefacts, the
mathematical affordances are readily apparent to students. However, a
crucial part of students’ initial instrumentalization when engaging with
programming in mathematics classrooms, concerns modifying the ar-
tefact as to function effectively as a mathematical tool. This process in-
volves, among other things, the development of a conceptual under-
standing of differences and similarities between the mathematical lan-
guage and a programming language. I claim that these conceptual as-
pects linked to the technical handling of the artefact is not visible when
schemes traditionally are described using conceptual and technical el-
ements. This finding highlights the need to broaden the notion of con-
ceptual elements. Instead of merely referring to conceptual (mathe-
matical) elements, the framework should also consider conceptual
programming elements. As Drijvers and Gravemeijer (2005) argue,
usage schemes comprise not only technical aspects but also conceptual
aspects. Extending the meaning of conceptual elements offers a more
nuanced view of students’ instrumented action schemes and has the
potential to highlight important relationships between conceptual
mathematical elements and conceptual programming elements. For
example, the absence of crucial conceptual programming knowledge,
particularly concerning the meaning of variables, can lead to the for-
mation of a scheme in which variables are interpreted solely in mathe-
matical terms, even when used within a programming context. When
such a scheme also lacks conceptual programming elements related to
the sequential nature of program execution, students tend to perceive
computational assignments as static mathematical relationships. This
was illustrated in the design study, where students viewed these assign-
ments as universally valid throughout the code rather than as opera-
tions executed in a specific order.
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The two analytical frameworks for analysing schemes have pros and
cons. Analysing combined programming and mathematical schemes
through the four main components of a scheme (Vergnaud, 1998a)
may, via the theorems-in-action, more clearly illustrate the relation-
ship between technical aspects related to the use of artefacts and con-
ceptual aspects pertaining to both mathematics and programming.
When the artefact constitutes (parts of) a programming environment,
it is important to illuminate the conceptual programming aspects, as
these may influence students’ instrumental genesis. Therefore, as pre-
viously discussed, I propose that when analysing schemes using con-
ceptual and technical elements (Drijvers & Gravemeijer, 2005), con-
ceptual elements should also include elements related to students’ con-
ceptual understanding of programming. However, expanding an ana-
lytical framework may entail certain trade-offs. Drijvers and
Gravemeijer (2005) point out that the terminology associated with the
Instrumental Approach, such as instrument, instrumentation, and in-
strumentalization, is not inherently intuitive or self-explanatory. Con-
sequently, describing schemes using two types of elements, rather than
four distinct scheme components, may simplify the analysis of stu-
dents’ instrumental genesis. This reflects a necessary balance between
providing detailed descriptions and ensuring that the outcomes of such
analyses remain accessible and meaningful for both researchers and
educators. It can also be questioned to what extent a mental scheme,
existing solely in a student’s mind, can be precisely described. Conse-
quently, basing the analysis on students’ instrumented techniques, and
treating these as observable manifestations of underlying schemes
(Drijvers & Gravemeijer, 2005), may be regarded as a more modest ap-
proach to characterising students’ schemes.

Finally, although this thesis has demonstrated how students’ instru-
mental genesis can be analysed through different approaches, it is im-
portant to emphasise that both approaches underscore the important
intertwined relationship between technical and conceptual aspects. As
Drijvers, Kieran, et al. (2010) aptly state “it is the importance of this
relationship that makes instrumentation theory powerful” (p. 110).
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7.1.2 Two frameworks for analysing teachers’ instructional de-
sign

In this thesis, Instrumental Orchestration (Drijvers et al., 20009;
Trouche, 2004) has been operationalised as a theoretical frame to ex-
plore how choices related to the orchestration of learning activities may
affect a productive instrumental genesis. Moreover, also in relation to
such orchestration, the Structuring Features of Classroom Practice
framework (Ruthven, 2009) has been employed to analyse how the
professional adaptation of a teacher’s craft knowledge shaped the in-
corporation of programming into his teaching. Networking these
frameworks, by combining them (Prediger et al., 2008), provided a
multifaceted perspective on the empirical phenomenon. Extending this
networked approach to the study of how programming is incorporated
into school mathematics provides a theoretical contribution to the
field. As emphasised by Bozkurt and Ruthven (2017), the two frame-
works have different focuses. Whereas the Instrumental Orchestration
offers insights into the orchestration of specific learning activities, the
Structuring Features of Classroom Practice framework (SFCP) focuses
on the overarching structure which set the stage for the teacher’s or-
chestration. This conclusion is further underlined by Simsek and Clark-
Wilson (2024) who argue that Instrumental Orchestration offers “a
valuable lens for a finer-grained analysis of the construct of activity
structure within the broader SFCP framework” (p. 1595). The analysis
of how the teacher in the case study adapted his craft knowledge,
framed by the five structuring features of classroom practice, illus-
trated how his instrumental orchestration was shaped by his profes-
sional background and personal beliefs about the role of programming
in school mathematics. Moreover, the analysis demonstrated that this
adaptation was affected by the way programming has been integrated
into the Swedish mathematics curricula. In conclusion, this thesis has
demonstrated that the SFCP framework can serve as a powerful analyt-
ical lens for investigating how and why overarching educational re-
forms and teacher practices are enacted through specific forms of in-
strumental orchestrations in mathematics classrooms.
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7.2 Practical implications

This thesis has portrayed two studies that, in many aspects, adopt two
different approaches concerning the use of programming as a tool in
mathematics education. Both approaches are, in serval ways, shaped
by how programming has been integrated into the Swedish mathemat-
ics curriculum. The comparison between these approaches contributes
to a more profound understanding of how different approaches for in-
corporating programming into mathematics education can influence
students’ instrumental genesis. This is of special interest for both in-
service teachers, teacher educators, and policy makers.

7.2.1 Implications for in-service and pre-service teachers

In the two studies, programming was employed respectively as a means
of facilitating mathematical problem solving and as a tool for perform-
ing numerical computations. To allow the students in the design study
to engage independently in problem solving, they were expected to cre-
ate their own algorithms. In the case study, on the other hand, the stu-
dents were initially provided with given algorithms which they were ex-
pected to use and modify. It could be argued that the two different ap-
proaches took their starting points in two different ends of the progres-
sion model Use-Modify-Create presented by Lee et al. (2011). A key
finding from the analysis of students’ instrumental genesis in the two
studies is that students with limited experience in using programming
for mathematical purposes require appropriate support to grasp the
mathematical affordances and constraints of the artefact before they
can be expected to construct their own algorithms. Without such scaf-
folding, as evidenced in the design study, students’ instrumentalization
processes risk becoming primarily an unstructured exploration of these
possibilities and constraints. Consequently, the process of instrumen-
tation, through which engagement with programming shapes and
deepens students’ understanding of the underlying mathematical
ideas, is likely to recede into the background. Omitting the Use and
Modify stages of the progression model thus risks hampering students’
instrumental genesis. In this sense, the task design in the design study,
particularly its emphasis on mathematical problem solving, an inher-
ently complex and demanding activity (Lester, 2013; Schoenfeld,
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1992a), significantly influenced, and in times hindered, the develop-
ment of a productive instrumental genesis.

Another practical implication from the design study, is that mathemat-
ics teachers must consider potential difficulties arising during students’
transition from a mathematical to a computational algorithm. The
findings indicate that this transition is not always a straightforward
process. Existing research also highlights numerous technical and con-
ceptual challenges met by students when introduced to programming
(Ettles et al., 2018). Taub (2024) notes that although programming can
foster mathematical reasoning, insufficient programming experience
among students constrains the artefact’s role in supporting their math-
ematical understanding. Due to the mathematical flavour of numerous
programming concepts (du Boulay, 1989) (e.g., variables and the
equals sign) students in the design study sometimes overlooked the fact
that these concepts carry different meanings in mathematics and pro-
gramming. Moreover, the students did not pay attention to the sequen-
tial nature of steps in programming but attributed mathematical prop-
erties to computer science calculations, for example, regarding such as-
signments as mathematical relationships between variables. Mathe-
matics teachers must not overlook the fact that traditional program-
ming languages are not designed primarily as mathematical tools
(Buteau et al., 2020). As part of their design and instrumental orches-
tration, teachers must therefore account for the fundamental differ-
ences between the mathematical language and programming lan-
guages. Students should be made aware of the distinctions between
concepts that appear in both programming and mathematics, and how
these differences must be taken into account when transitioning from
a mathematical to a computational algorithm.

An unintended observation from the design study was that working
online, as opposed to in-person, appeared to reduce students’ interac-
tions with both their peers and the teacher. Previous research has em-
phasised that collaborative engagement with technology can stimulate
student discussions (Brunstrom & Fahlgren, 2015; Goos et al., 2003)
and thereby a sharing of knowledge (Goos et al., 2000). Although Zoom
provides functionalities that facilitate mutual interaction with the arte-
fact, the observations from the design study indicate that such
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knowledge sharing is at risk of being constrained by the online format.
It is important to note that the analysis of the screen and voice record-
ings did not examine the consequences of this re-design in detail. Nev-
ertheless, this unintended observation raises important questions,
given that collaborative work has the potential to foster the develop-
ment of a productive instrumental genesis.

In contrast to the design study, the case study required students to en-
gage with the Use and Modify stages of the progression model. Drawing
on the teacher’s task design, it may be argued that providing students
with a pre-defined code structure and illustrative examples, which they
could use and modify, effectively directed their attention toward ex-
ploring the artefact’s potential for mathematical applications. In turn,
this scaffolding supported students’ instrumentalization by enabling
them to concentrate on the construction of instrumented action
schemes, interweaving technical aspects (relating to programming)
and conceptual mathematical aspects. Thus, making only minor modi-
fications to pre-designed code facilitated the participating students’ use
of programming as a tool for the numerical computation of limits.
However, limiting students” autonomous use of programming may af-
fect the extent to which such use contributes to deepen their mathe-
matical understanding. Although the students managed to determine
limit values, they did not consistently demonstrate an ability to inter-
pret their meaning, to coordinate the domain and range processes, and
to view limits as concepts not merely as processes. In the spirit of
Papert (1980) it could be claimed that it is partly the construction of
the code that fosters students’ conceptual understanding of the mathe-
matical topic. Making minor adjustments to pre-designed code ease
students technical handling of programming but may not, as illustrated
in the case study, foster an in-depth understanding of the mathematical
concepts. Teachers’ task design for integrating programming into
mathematics education must therefore address how tasks can foster a
productive instrumental genesis for using programming as a computa-
tional tool. At the same time, teachers must consider how tasks can
support an instrumental genesis that promotes students’ conceptual
understanding by fostering the development of instrumented tech-
niques that hold both pragmatic and epistemic values (Artigue, 2002).

114



In other words, the design should take into account both the processes
of instrumentalization and instrumentation.

Furthermore, the findings from the case study illustrate how teachers’
task design, when integrating programming into their teaching, may
not only be affected by the curriculum script, but also by the structuring
feature of time economy. As Ruthven (2014) argues, this structuring
feature is related to teachers’ ability to “changing the ‘rate’ at which the
physical time available for classroom activity can be converted into a
‘didactic time’ measured in terms of the advance of knowledge” (p.
386). It could be argued that integrating programming into mathemat-
ics education places considerable demands on teachers, particularly
when converting limited physical time into didactic time for program-
ming. This challenge is compounded by the fact that programming en-
vironments are typically designed neither as mathematical tools nor as
educational tools. From a Swedish perspective, where mathematics
teachers must teach programming within a restricted timeframe, this
becomes an even greater obstacle. The dual demands placed on Swe-
dish teachers, introducing programming while maintaining a focus on
mathematical content, likely constrain the design possibilities, limiting
opportunities for students to engage with programming as a means of
developing mathematical understanding. It is therefore unsurprising
that the tasks designed to employ programming as a tool for numerical
calculations did not effectively promote a profound mathematical un-
derstanding of limits.

In conclusion, the findings of this thesis suggest that teachers must be
capable of making deliberate and informed decisions regarding their
design of learning activities when integrating programming into their
teaching of mathematics. In the Swedish mathematics curriculum for
upper-secondary school, it is specified that programming should be
used in relation to activities involving mathematical problem solving
and/or the application of numerical methods (and/or data processing).
The findings from the two studies suggest that introducing program-
ming into mathematics education through mathematical problem solv-
ing may be perceived as too challenging for novice programmers who
lack prior experience in applying programming within a mathematical
context. Using programming as a numerical tool, could in that sense,
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be regarded as a sound way of introducing programming, especially
since non-problem-solving activities would allow a more direct guid-
ance of students’ use of the artefact. However, easing students’ tech-
nical use of programming may come with a mathematically conceptual
cost. It can be argued that mathematics teachers must strike a balance
between scaffolding students’ use of programming and allowing them
the autonomy to independently engage with the tool in ways that sup-
port their mathematical understanding. Or in other words, teachers
must find a balance between utilising programming to conduct mathe-
matical calculations and solving mathematical problems. Achieving
such balance also responds to the need identified by English and
Sriraman (2010) to incorporate mathematical problem solving as a
fundamental component in the introduction of new mathematical con-
cepts. It can be argued that this complex balancing act originates from
the way programming was integrated into the Swedish curriculum,
originally with the overarching aim of enabling students to engage with
programming and to understand its role in a digital society (The
Ministry of Education and Research, 2017). Swedish mathematics
teachers are not only expected to teach programming under significant
time constraints, but they are also confronted with the challenge of us-
ing a tool that was not primarily designed for educational or mathemat-
ical purposes to foster students’ mathematical understanding. This sit-
uation may be described as a didactical dilemma.

A successful implementation of programming in mathematics class-
rooms depends not only on the effective adaptation of in-service teach-
ers’ craft knowledge (Ruthven, 2014), but also on ensuring that pre-
service teachers are well prepared to make informed instructional de-
cisions. Therefore, the findings of this thesis may offer valuable insights
for teacher educators, and professional developers, regarding the po-
tential challenges faced by future mathematics teachers. The findings
suggest that pre-service teachers must not only acquire knowledge
about programming and its possibilities and constraints as a mathe-
matical tool (as part of their personal instrumental genesis). They must
also be equipped to make conscious didactical choices related to the
integration of programming into mathematics teaching, choices that
are shaped by structuring features of classroom practice.
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7.2.2 Implications for policy

Although this thesis does not aim to evaluate the education reform of
integrating programming into school mathematics in Sweden, the out-
comes of its two studies highlight aspects related to this integration. As
previously noted, in 2017 the Swedish National Agency for Education
announced that, beginning in 2018, programming would be introduced
as a mathematical tool from year four (approximately age 10) and on-
wards in Swedish lower and upper-secondary education. In lower-sec-
ondary school, the focus is on the design, interpretation, and modifica-
tion of computational algorithms related to mathematical tasks and
problems (The Swedish National Agency for Education, 2022b). In up-
per-secondary mathematics education, programming was initially in-
troduced in 2018 as a tool for mathematical problem-solving activities.
In 2021, its areas of application were broadened to also include numer-
ical methods and data processing (The Swedish National Agency for
Education, 2021). This implies that the Swedish national mathematics
curricula do not associate the use of programming to any specific math-
ematical content but to specific mathematical activities (Tamborg et al.,
2024). Furthermore, the curricula neither specify nor recommend
which computational concepts students should master nor which pro-
gramming languages to use. In general, the Swedish mathematics cur-
riculum, as expressed through its overarching aims, core content, and
grading criteria, sets out learning objectives, but does not prescribe
specific methods for delivering the subject matter. This implies that
Swedish teachers possess considerable autonomy in planning and de-
livering their instructions (OECD, 2024; Wermke et al., 2019). How-
ever, when programming was integrated into the mathematics curric-
ulum, Swedish teachers expressed concerns and reported insufficient
support regarding its intended application within school mathematics
(Humble, 2022; Vinnervik, 2022). The findings in this thesis indicate
how several aspects related to the implementation of this educational
reform may have hampered Swedish mathematics teachers’ use of pro-
gramming in school mathematics.

Firstly, programming was incorporated into the core content of the
mathematics curriculum without the removal of existing material, and
teachers were expected to teach programming as an integral part of
mathematics instruction. To solve this, the teacher in the case study
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had allocated extra time for teaching programming in the previous
course, an initiative that must be considered unusual in a Swedish con-
text. It can therefore be presumed that teachers with limited personal
experience in programming may struggle to incorporate the technology
effectively into their teaching, particularly within the constraints of
limited instructional time.

Secondly, although the wording of the curriculum provides teachers
with considerable autonomy in how to incorporate programming into
their mathematics classrooms, it does not offer sufficient guidance re-
garding the programming knowledge students are expected to acquire.
This implied that the teacher in the case study assumed his students
possessed highly varied levels of prior experience with programming
from lower secondary mathematics education. Consequently, he could
not expect them to possess knowledge of fundamental concepts such as
loops and selection statements upon entering upper-secondary school.
It was also reasonable to assume that the students had been exposed to
a range of programming languages and environments.

Thirdly, findings in this thesis raise questions regarding the effective-
ness of learning mathematics through programming. While using pro-
gramming to solve mathematical tasks may be an efficient approach to
learning programming, referred to by Fuentes Martinez (2024) as dual
teaching, this does not necessary imply that employing programming
as a mathematical tool is an efficient way to enhance students’ mathe-
matical abilities and understanding. Existing research identifies sev-
eral areas where students’ engagement with programming can support
their mathematical understanding (e.g., Munthe, 2024; Taub, 2024;
Tossavainen et al., 2024). However, there is limited research investi-
gating the effectiveness of such teaching approaches, which Fuentes
Martinez (2024) refers to as interspersed teaching.

Overall, it could be argued that the concerns raised by mathematics
teachers (Humble, 2022; Vinnervik, 2022) at the time of the imple-
mentation of the educational reform were very highly relevant. The ac-
celerated implementation resulted in teachers having limited time for
their own professional instrumental genesis (Haspekian, 2011). Fur-
thermore, because programming was integrated into the mathematics

118



curricula without removing any existing mathematical content, teach-
ers are required, within a restricted time frame, to teach students pro-
gramming as well as the possibilities and constraint of using program-
ming as a mathematical tool. These time constraints, combined with
the limited guidance offered by the curricula, may have left many
teachers fumbling in the dark. Given that national examinations do not
include tasks requiring the use of programming, it is reasonable to as-
sume that many Swedish mathematics teachers prioritise other curric-
ular content over programming.

In England, all students should receive instruction in programming as
part of the subject Computing (Tamborg et al., 2024). However, in con-
trast to Sweden, English students are not expected to engage with pro-
gramming as part of their mathematics education. This suggests that
the integration of programming into school mathematics in England is
largely dependent on the initiative of individual schools and teachers.
As in Sweden, initiatives involving the integration of programming into
English school mathematics risk being constrained by the pressures of
high-stakes testing (Noss et al., 2020).

A productive approach to integrating programming into school mathe-
matics may be achieved through a hybrid model that draws on the re-
spective approaches to implementation adopted in England and Swe-
den. Teaching programming as a distinct subject within the computing
curriculum allows for a more focused exploration of the mathematical
affordances of programming tools during mathematics lessons. Clearly
defined learning objectives within the computing curriculum would
also provide mathematics teachers with well-established expectations
regarding the level of programming knowledge their students are likely
to possess. From the perspective of the Instrumental Approach, out-
sourcing the development of usage schemes to the computing subject
may enable a more focused engagement with students’ instrumental
genesis within mathematics education. This shift would allow mathe-
matics instruction to concentrate on the development of instrumented
action schemes aimed at transforming mathematical objects. As a re-
sult, greater emphasis would be placed more directly on using pro-
gramming to enhance students’ mathematical understanding.
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Drawing on the findings of this study, policy makers involved in future
educational reforms concerning digitalisation, should ensure that suf-
ficient provisions are made to support both students’ and teachers’
technical handling of new artefacts within the school context. In this
context, generative artificial intelligence is expected to play an increas-
ingly significant role in teaching and in the school curriculum. How-
ever, as with programming, large language models (e.g., ChatGPT and
Copilot) are not designed primarily as educational or mathematical
tools, which implies that their mathematical affordances and con-
straints, from an educational perspective, may not be clear to either
students or teachers. By analysing previous digitalisation reforms, such
as the introduction of programming into mathematics education, we
can gain a better understanding of the organisational and pedagogical
conditions required for future reforms to be implemented in ways that
enhance quality and promote equity within the school system.

7.3 Further research

The final contribution of this study lies in offering directions for future
research in the field, which will be explored in this section.

The two studies presented in this thesis illustrate distinct approaches
to incorporating programming into school mathematics. In the design
study, the intention was to allow students to engage independently in
problem solving, which initially led to difficulties in recognising the
mathematical affordances of programming. In contrast, the case study
employed a pre-defined code structure and examples, which clarified
the intended mathematical focus. However, the structured design of
the artefact may have limited students’ opportunities to explore the
mathematical concepts more deeply. Each approach presents its own
didactical advantages and limitations, highlighting the need to balance
structure and autonomy when incorporating programming into math-
ematics education. I therefore call for further research into how a bal-
ance between structured guidance and student autonomy can be effec-
tively enacted when incorporating programming into school mathe-
matics. Such studies could also respond to the call by English and
Sriraman (2010), who advocate for problem solving to be an integral
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and natural component of students’ conceptual development concern-
ing mathematical concepts in school curricula.

Both qualitative studies presented in this thesis involve only a small
number of students. Consequently, while the conclusions drawn may
contribute as pieces of a larger puzzle, the findings cannot be broadly
generalised and therefore have limited external validity. This highlights
the need for large-scale studies that examine the impact of using pro-
gramming as a tool in school mathematics on students’ mathematical
understanding. Such studies could also evaluate the effectiveness of
learning mathematics through programming and identify which math-
ematical abilities and aspects of students’ mathematical understanding
are most likely to be fostered through its use.

The case study presented in this thesis analysed how a teacher adapted
his craft knowledge when integrating programming into mathematics
education. The findings highlight how the teacher’s professional back-
ground, along with the curricular framing of programming in the Swe-
dish mathematics curriculum, influenced his approach to integration.
Previous research in the Swedish context has shown that mathematics
teachers have expressed concerns about how programming is intended
to be incorporated into school mathematics (Humble, 2022; Vinnervik,
2022). These findings suggest that teachers’ diverse backgrounds and
attitudes toward programming may affect the adaptation of their craft
knowledge and thus play a significant role in shaping how such incor-
poration unfolds in practice. Therefore, further research is needed that,
in light of this educational reform, examines how teachers’ back-
grounds and beliefs, together with the ways in which programming has
been integrated into the mathematics curriculum, influence their in-
corporation of programming into mathematics teaching. Such studies,
involving both qualitative and quantitative methods, can shed light on
the practical outcomes of such educational reform. They may further-
more provide valuable insights for future reforms related to digitalisa-
tion, such as the use and application of generative artificial intelligence
in school mathematics.

A theoretical contribution of this thesis is that analytical frameworks
for investigating students’ instrumental genesis must have the
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potential to take account of the inherent complexity of the artefact.
More specific, such analytical frameworks must have the exploratory
power to portray how conceptual programming aspects affect such gen-
esis. While it could be argued that the students in the case study re-
quired a conceptual understanding of programming to fully compre-
hend the code examples, the structured guidance provided by these ex-
amples made such understanding less visible. In contrast, such concep-
tual understanding may become more explicit in contexts where stu-
dents engage with programming more autonomously, as was the case
in the design study. Consequently, I call for further research into stu-
dents’ instrumental genesis when using programming for mathemati-
cal purposes, research that operationalises an expanded notion of con-
ceptual elements to include conceptual programming elements. Apply-
ing such a modified analytical framework may yield deeper insights
into the intertwined relationship between students’ engagement with
programming and their development of an in-depth mathematical un-
derstanding.
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Appendix: The interview guide

(The interview guide in this appendix has been translated from Swe-
dish into English)

Each question is accompanied by a brief description of its purpose, ex-
plaining its relevance and providing an estimated time required for re-
sponse. Depending on the teacher’s responses, it may be necessary to
pose probing or follow-up questions to provide an opportunity for clar-
ification or further elaboration.

The interview is expected to take approximately 60—75 minutes to
complete.

Introduction

A brief overview of the interview’s purpose and structure will be pro-
vided. This is also an opportunity for the teacher to ask questions.

Information for the teacher

During the interview, I will ask you a series of questions related to
how you incorporate programming into your teaching of mathemat-
ics. The primary focus will be on course 3c, as this was the course in
which I had the opportunity to observe your students.

Twill record only the audio of the interview using a voice recorder. Do
you consent to this?

Do you have any questions before we begin the interview?

Background

The purpose of these questions is to gain an understanding of the
teacher’s experience, his approach to incorporating programming into
mathematics teaching, and his attitude towards using programming as
a mathematical tool in upper-secondary mathematics education.
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Question 1

I would like to begin the interview with a few brief background ques-
tions:

a) How many years have you worked as a teacher?

b) How many years have you worked at [the name of the school]?
c¢) Which subjects do you teach?

d) How would you describe your own programming skills?

Purpose

To obtain a brief overview of the teacher’s professional background and
experience.

Intended outcome

Background information that can be used to describe the teacher’s pro-
file (e.g., for readers) and to contextualise the teacher’s responses dur-
ing the interview.

Estimated time required

5 minutes

Question 2

In the national curriculum for upper-secondary school mathematics,
it has for several years been stated that students following the so-
called c-track should be given examples of how programming can be
used, or alternatively, use programming themselves as a tool for
problem solving, data processing, or applying numerical methods.
Could you describe your perspective on the fact that programming is
now highlighted as a digital tool to be incorporated into mathematics
education (specifically in the c-track)?
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Probing question if the teacher’s attitude is entirely negative:

Do you see any positive aspects of integrating programming into
mathematics education?

Probing question if the teacher’s attitude is entirely positive:

Do you see any negative aspects of integrating programming into
mathematics education?

Purpose

To gain insight into the teacher’s views on the use of programming as a
digital tool in upper secondary mathematics education.

Intended outcome

The teacher’s response may provide valuable information about how
his perception influences the instrumental orchestration of learning ac-
tivities, including didactic choices such as the selection of program-
ming languages, environments, and the design of mathematical tasks.

Estimated time required

5 minutes

Question 3

Could you briefly describe how you have chosen to integrate pro-
gramming across the different mathematics courses within the c-
track?

Probing question if the teacher’s description of the content selection in one of the
courses is somewhat brief:

Could you describe the contexts in which students use programming
in course x?
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Follow-up question if the teacher’s response does not include a description of any
overarching structure or progression related to the use of programming across the
courses:

Is there an overarching structure or progression in how program-
ming is integrated across the courses, and if so, how would you de-
scribe it?

Purpose

To gain an understanding of how the teacher has incorporated pro-
gramming into various courses.

Intended outcome

The response will provide insight into how the observed students have
previously worked with programming. This information can be used to
describe the types of instrumental action schemes students may have
developed and applied in earlier courses. The answer may also reveal
whether there is a coherent progression in how programming is inte-
grated throughout the curriculum.

Estimated time required

5—10 minutes

The Didactical configuration

The questions in this section of the interview relate to what Trouche
(2004) and Drijvers et al. (2009) refer to as the teacher’s didactical
configuration, which constitutes the first element of an instrumental
orchestration.

142



Question 4

Could you describe your reasoning behind the choice of programming
language and the digital programming environment in which stu-
dents work when solving mathematical tasks?

Probing question if the teacher does not clearly justify why the chosen programming
language and/or programming environment is more suitable for the intended purpose
than other available options:

Could you elaborate on what makes this programming language
and/or programming environment more suitable compared to other
available options?

Follow-up question if the teacher does not clearly explain how the choice of program-
ming language and/or programming environment may facilitate students’ use of pro-
gramming for mathematical purposes:

Could you elaborate on how you believe the choice of programming
language and/or programming environment might facilitate stu-
dents’ use of programming for mathematical purposes?

Purpose

To gain insight into the didactical choices regarding programming lan-
guage and programming environment.

Intended outcome

Previous research has shown that the choice of programming language
and programming environment can influence students’ ability to use
programming effectively for specific purposes (Mannila et al., 2006).
Therefore, it is of interest to understand the teacher’s reasoning behind
the selection of these artefacts, as such choices may potentially affect
students’ instrumental genesis.

Estimated time required

5 minutes
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Question 5

Could you describe what programming knowledge students need to
possess, or need to develop, to use programming as a mathematical
tool in course 3c?

Probing question if the teacher’s response does not clarify what prior knowledge stu-
dents are expected to have before the course begins:

Could you clarify what programming knowledge you expect students
to have before the course begins?

Follow-up question if the teacher does not provide a justification for why these pro-
gramming skills are considered especially relevant for using programming as a math-
ematical tool within the course:

Why do you consider these programming skills to be especially rele-
vant when students are expected to use programming as a mathemat-
ical tool within the course?

Purpose

To gain insight into the prior programming knowledge students are ex-
pected to possess, as well as the competencies they are expected to de-
velop during the course.

Intended outcome

The response will provide information about the usage schemes the
teacher believes students should have already developed, as well as
those they are expected to acquire throughout the course. This infor-
mation, related to the teacher’s instrumental orchestration, may be val-
uable when studying students’ instrumental genesis.

Estimated time required

5 minutes
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Question 6

How did you reason when selecting the types of mathematical tasks
that students are expected to solve using programming?

Probing question if the teacher does not provide a general description of the types of
tasks he considers particularly well-suited to be solved using programming:

Are there any types of mathematical tasks at the upper secondary
level that you believe are particularly well-suited to be solved using
programming?

Follow-up question if the teacher’s response does not link the types of tasks to spe-
cific mathematical abilities or skills:

Are there any specific mathematical skills or mathematical abilities
that you believe the use of programming has especially strong poten-
tial to develop?

Purpose

To gain insight into the teacher’s considerations when selecting math-
ematical tasks.

Intended outcome

By understanding the teacher’s rationale for task selection, it may be-
come possible to describe, based on the teacher’s intentions, the types
of instrumented action schemes he aims for students to develop or ap-

ply.

Estimated time required

5 minutes

The Exploitation mode

The questions in this part of the interview are related to what Trouche
(2004) and Drijvers et al. (2009) refer to as the exploitation mode,
which constitutes the second element of an instrumental orchestration.
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Question 7

On several occasions, you provide students with partially completed
code that they can reuse to solve tasks. How do you view the balance
between allowing students to write code independently and providing
them with pre-written code to modify, such as code skeletons?

Follow-up question if the teacher argues that the primary focus should be on the
mathematical aspects:

Is there anything that may be lost, in relation to the use of program-
ming as a mathematical tool, when students do not create the code
from scratch?

Follow-up question if nothing in the teacher’s initial response indicates that there are
any time-related advantages to working with pre-written code:

Are there any time-related advantages to working with pre-written
code or code skeletons?

Purpose

To gain insight into the teacher’s choices regarding students’ creation
of program code.

Intended outcome

The teacher’s response may reveal his perspective on the balance be-
tween enabling students to learn how to create programs that solve
mathematical problems and simultaneously develop mathematical
abilities and skills. This can provide insight into the types of schemes
or scheme components (both mathematical and computational) that
the teacher primarily intends for students to develop or utilise.

Estimated time required

5 minutes
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Question 8

During the first lesson in which programming was used in the course
Mathematics 3c during the autumn term, students were asked to use
programming to determine various limits. Could you describe your
intentions with these tasks?

Probing question if the teacher’s response does not clarify which mathematical skills
or forms of mathematical understanding the students are expected to develop when
working on the tasks:

What mathematical skills or forms of mathematical understanding
are the students expected to develop when working on the tasks?

Probing question if the teacher’s response does not clarify which programming skills
or forms of programming understanding the students are expected to develop when
working on the tasks:

Are there any programming skills or forms of programming under-
standing that the students are expected to develop when working on
the tasks?

Purpose

To gain insight into the didactical choices the teacher made in design-
ing and planning the implementation of the tasks.

Intended outcome

By exploring the teacher’s didactical decisions, it becomes possible to
identify the mathematical and/or computational schemes or scheme
components that the teacher intends for students to develop and/or
apply. This, in turn, provides an opportunity to describe the instrumen-
tal genesis that the teacher’s instrumental orchestration aims to sup-
port.

Estimated time required

5 minutes
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Question 9

During the second lesson in which programming was used, students
were asked to use programming to determine the value of derivatives.
Could you describe your intentions with these tasks?

Probing question if the teacher’s response does not clarify which mathematical skills
or forms of mathematical understanding the students are expected to develop when
working on the tasks:

What mathematical skills or forms of mathematical understanding
are the students expected to develop when working on the tasks?

Probing question if the teacher’s response does not clarify which programming skills
or forms of programming understanding the students are expected to develop when
working on the tasks:

Are there any programming skills or forms of programming under-
standing that the students are expected to develop when working on
the tasks?

Purpose

To gain insight into the didactical choices the teacher made in design-
ing and planning the implementation of the tasks.

Intended outcome

By exploring the teacher’s didactical decisions, it becomes possible to
identify the mathematical and/or computational schemes or scheme
components that the teacher intends for students to develop and/or
apply. This, in turn, provides an opportunity to describe the instrumen-
tal genesis that the teacher’s instrumental orchestration aims to sup-
port.

Estimated time required

5 minutes
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Question 10

During the third lesson in which programming was used, students
were asked to use programming to determine the value of derivatives
of exponential functions with base e. Could you describe your inten-
tions with these tasks?

Probing question if the teacher’s response does not clarify which mathematical skills
or forms of mathematical understanding the students are expected to develop when
working on the tasks:

What mathematical skills or forms of mathematical understanding
are the students expected to develop when working on the tasks?

Probing question if the teacher’s response does not clarify which programming skills
or forms of programming understanding the students are expected to develop when
working on the tasks:

Are there any programming skills or forms of programming under-
standing that the students are expected to develop when working on
the tasks?

Purpose

To gain insight into the didactical choices the teacher made in design-
ing and planning the implementation of the tasks.

Intended outcome

By exploring the teacher’s didactical decisions, it becomes possible to
identify the mathematical and/or computational schemes or scheme
components that the teacher intends for students to develop and/or
apply. This, in turn, provides an opportunity to describe the instrumen-
tal genesis that the teacher’s instrumental orchestration aims to sup-
port.

Estimated time required

5 minutes
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Question 11

During the fourth lesson in which programming was used, students
were asked to use programming to find local minimums using the
gradient descent method. Could you describe your intentions with
these tasks?

Probing question if the teacher’s response does not clarify which mathematical skills
or forms of mathematical understanding the students are expected to develop when
working on the tasks:

What mathematical skills or forms of mathematical understanding
are the students expected to develop when working on the tasks?

Probing question if the teacher’s response does not clarify which programming skills
or forms of programming understanding the students are expected to develop when
working on the tasks:

Are there any programming skills or forms of programming under-
standing that the students are expected to develop when working on
the tasks?

Purpose

To gain insight into the didactical choices the teacher made in design-
ing and planning the implementation of the tasks.

Intended outcome

By exploring the teacher’s didactical decisions, it becomes possible to
identify the mathematical and/or computational schemes or scheme
components that the teacher intends for students to develop and/or
apply. This, in turn, provides an opportunity to describe the instrumen-
tal genesis that the teacher’s instrumental orchestration aims to sup-
port.

Estimated time required

5 minutes
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Question 12

During the fifth lesson in which programming was used in the course
Mathematics 3c last autumn, students were asked to use program-
ming to numerically determine the values of integrals. Could you de-
scribe your intentions with these tasks?

Probing question if the teacher’s response does not clarify which mathematical skills
or forms of mathematical understanding the students are expected to develop when
working on the tasks:

What mathematical skills or forms of mathematical understanding
are the students expected to develop when working on the tasks?

Probing question if the teacher’s response does not clarify which programming skills
or forms of programming understanding the students are expected to develop when
working on the tasks:

Are there any programming skills or forms of programming under-
standing that the students are expected to develop when working on
the tasks?

Purpose

To gain insight into the didactical choices the teacher made in design-
ing and planning the implementation of the tasks.

Intended outcome

By exploring the teacher’s didactical decisions, it becomes possible to
identify the mathematical and/or computational schemes or scheme
components that the teacher intends for students to develop and/or
apply. This, in turn, provides an opportunity to describe the instrumen-
tal genesis that the teacher’s instrumental orchestration aims to sup-
port.

Estimated time required

5 minutes
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Conclusion

A brief concluding and general description of how the results of the in-
terview will be used, along with an opportunity for the teacher to sup-
plement or clarify any of his previous responses.

Information for the teacher

That was my final question. Thank you very much for taking the time
to participate in this interview.

The data I have generated through this interview will hopefully allow
me to compare the outcomes of how well the students were able to use
programming as a mathematical tool with the intentions you had
when designing the lessons. I am therefore very grateful that you took
the time to participate.

Before we conclude the interview, is there anything you would like to
add, or do you have any questions or reflections?

With that, we conclude the interview.
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Incorporating programming into
mathematics education

This thesis comprises two studies investigating upper-secondary students’ use of
programming as a mathematical tool. It aims to examine both the intertwined
relationship between students’ use of programming and their mathematical
understanding, and how the design of learning activities can support the
incorporation of programming into mathematics education. The findings indicate
that analyses of how students use programming to support their mathematical
understanding must also consider how their grasp of programming concepts
shapes their mathematical use of the tool, given that programming is not designed
as a mathematical or educational tool. The findings further suggest that using
programming as a mathematical problem-solving tool, particularly when students
construct their own algorithms, places significant demands on those with limited
programming experience. Conversely, providing pre-designed algorithms for
numerical computations, intended to ease students’ use of programming, may
restrict the development of deeper mathematical understanding. A practical
contribution of the thesis is that mathematics teachers must balance scaffolding
students’ use of programming with allowing them autonomy to engage with the
tool in ways that support their mathematical understanding.
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