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Abstract

In this thesis we study a parameter identification problem for a stationary diffusion equation
posed in heterogeneous media. This problem is closely related to the Calderén problem with
anisotropic conductivities. The anisotropic case is particularly difficult and is ill-posed both
in regards to uniqueness of solution and stability on the data. Since the present problem is
posed in heterogeneous media, we can take advantage of multiscale modelling and the tools
of homogenization theory in the study of the inverse problem, unlike the original Calderén
problem. We investigate the possibilities of combining the theory of the Calderén problem with
homogenization theory in order to obtain a well-posed parameter identification. We find that
homogenization theory indeed can be used to make progress towards a well-posed identification
of the diffusion coefficient. The success of the method is, however, dependent both on the
precise structure of the heterogeneous media and on the modelling of the measurements in the
invese problem framework.

We have in mind a particular problem formulation which is motivated by an experiment
to determine effective coefficients of materials used in food packaging. This experiment comes
with a set of requirements on both the heterogeneous media and on the method for making
measurements that, unfortunately, are in conflict with the currently available results for well-
posedness. We study also an optimization approach to solving the inverse problem under these
application specific requirements. Some progress towards well-posedness of the optimization
problem is made by proving existence of minimizer, again with homogenization theory playing
a key role in obtaining the result. In a proof-of-concept computational study this optimization
approach is implemented and compared to two other optimization problems. For the two tested
heterogeneous media, the only optimization method that manages to identify reasonably well
the diffusion coefficient is the one which makes use of homogenization theory.

Keywords: parameter identification, multiscale modelling, homogenization theory, partial
differential equations, inverse modelling

MSC Subject Classification (2010): 35B27, 35R30, 35Q93
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1 Introduction

Inverse problems arise in a variety of important applications in science and engineering and
has introduced to applied mathematics a wide range of challenging problems. These problems
arise when the object of interest is one that cannot be accessed directly. A very well-known
example is the so-called computed X-ray tomography, although it is perhaps less known that
it is considered as an inverse problem. From measurements of X-rays that are sent through
the body, the goal is to reconstruct a cross-sectional image of the body. The problem can be
thought of as finding a cause to a measured effect. We measure the effect that the body had
on the X-rays and the goal is figure out the cause of the effect, that is, the interior structure
of the body that interacted with the X-rays.

We consider in this thesis specifically an inverse problem known as parameter identifica-
tion for partial differential equations. Particularly important to our setting is the well-known
Calderén problem [11]. A physical interpretation of the Calder6n problem is to determine the
electrical conductivity throughout a domain from measurements of the current and the voltage
at the boundary of the domain. The original motivation of Calderén was supposedly appli-
cations to subsurface geology and, in particular, to discover oil reservoirs. But the Calderén
problem has seen applications also in medical imaging, then known as electrical impedance
tomography, for example serving as a tool in breast cancer detection [26]. The application to
medical imaging is based on the observation that different body parts have different electrical
conductivities.

In this thesis, we consider a problem which is neither motivated by oil prospection nor
medical imaging, but still is related to the Calderén problem. Instead we have in mind an
application towards material science and the diffusion of gas through a heterogeneous media.
Instead of measuring the electrical current and voltage, in this application we measure the
particle flux and particle density. From this information, we wish to identify the diffusion coef-
ficient throughout the domain. A complication with this problem is the natural occurence of a
diffusion coefficient which attains different values in different directions, a so-called anisotropic
diffusion coefficient. This is therefore related to the anisotropic Calderén problem, which is a
version of the Calderén problem which is particularly difficult to solve. The goal is to investi-
gate how to use the additional mathematical structure provided by multiscale modelling [24]
to find natural solutions to the issues related to the inverse problem.

This work is motivated by the mathematical modelling research activities currently done
within the frame of the Knowledge Foundation project "Multi-Barr" (Multilayer barrier coating
technology for fibre-based packaging), project nr. KK20180036. Essentially, small amounts of
oxygen crossing a heterogeneous thin layer (called the "barrier") are detected by a checkmate
oxygen sensor that is supposed to be robust and stable. The scientific question is: What
can we infer on the internal microstructure of the thin layer material, using only information
from sensor measurements? This is where this master’s thesis contributes via a preliminary
study that combines the fine aspects of inverse problems, homogenization theory as well as
FEniCS-based numerical simulations.

The thesis is structured as follows. In Chapter 2, we collect some fundamental background
that is needed throughout the remainder of the thesis. In Chapter 3, we study the forward
problem. We perform the homogenization procedure and obtain some estimates that provide



the key to applying homogenization arguments to the inverse problem. We derive also the
continuity and the differentiability of the homogenized forward operators. In Chapter 4, we use
the results from the homogenization procedure to present three formulations of the parameter
identification problems and we investigate their well-posedness. We present an optimization
approach to the inversion and study briefly some issues regarding its well-posedness, again
using the results from homogenization as the key to make progress on the well-posedness.
In Chapter 5, we investigate numerically the inversion of a particular anisotropic coefficient
using the optimization approach presented in Chapter 4. In Chapter 6, we conclude the thesis
with some thoughts on the obtained results and discuss a few ways in which the work can be
continued.

2 Preliminaries

2.1 Function spaces and related theorems

Let Q C R? be an open bounded subset. By C*(Q) we denote the space of functions f: Q —
R for which the derivatives f() exist and are continuos for | < k. The space of infinitely
differentiable functions is defined as the intersection C*(Q) := (.o C¥(€). The space C§°(12)
is the subset of functions of C*°(Q2) that have compact support in 2, that is, the functions
f € C>(Q) for which there exists a compact subset K C Q such that f =0 on Q\ K.

Rather than continuously differentiable functions, we most often use functions belonging to
Lebesgue spaces or Sobolev spaces. Unless otherwise stated, measurability and integrability is
considered with respect to the Lebesgue measure. By L?(2) we denote the space of functions
f: © — R that are measurable and satisfy [, f( 2 dx < oo and where functions that differ on
at most a set of measure 0 are identified. We equip LQ(Q) with the inner product ( f, g)r2(q) =
Jo J( r) dr and denote by || f||12(q) the norm induced by this inner product. By replacing
the Lebesgue measure with the surface measure on 99, we define L?(95), the inner product
(s )r2(80), and the induced norm ||-[|z2( 39) just as for L?(Q2). We denote by L2(0Q) the
space of functions f € L*(99) such that [, f(x)do(x) = 0, where o is the surface measure.
By L*>(€) we denote the space of functions f 2 — R that are measurable and for which
esssup,colf(z)] < oo and where functions that differ on at most a set of measure 0 are
identified. L>°(€2) is equipped with the norm || f|| Lo () = esssup,cqlf(@)]-

We define the Sobolev space H' () to contain the functions f € L%(Q) for which there exist
Oui [+ Ony f € L*() that satisfy [, f(2)0r,¢(z) dv = — [, 0y, f(x)p(x) dx for every v € C5P(Q)
and for i € {1,2}. H'(Q) is equipped Wlth the inner product (f, g)g1(q) = (f, 9)r2) +
Z?:1<8xif, 0z;9)12(q)- Rather than using the norm induced by this inner product, we use
the equivalent norm || |l z1(q) = | fllr2(q) + IV.fll12(0). We often use the subspace of H'(Q2)
whose integrals over (2 have a fixed value. Let m € R. Then H!(Q;m) is defined to be the
space of function f € H'(2) for which fQ x) dx = m. We define the fractional Sobolev space
H'Y2(09) intuitively to be the image of Hl(Q) under the trace operator, and H~1/2(9Q) to
be its dual space. We never use the inner product or norm of fractional Sobolev spaces and
therefore omit their definition. We sometimes need integral constraints also on the elements
of H=1/2(9Q). We denote by Hgl/g(aﬁ) the set of functionals f € H~'/2(dQ) such that



(fs Dr2a0) = 0.1

If H(Q) is one of the above function spaces then we denote by Hx () the set of Q-periodic
functions whose restriction to €2 belong to H(2). If H has an inner product or norm, then
we equip Hyx with the same inner product and norm. We use in particular H#(Q) but also
C () and L ().

In addition to €2, now consider an open subset Y C R?. We sometimes need to use functions
f(z,y) for x € Q and y € Y where f(z,-) belongs to one type of function space and f(-,y)
belongs to another. This is accomplished by using Bochner spaces. Let H (), H2(Y') be two
of the above function space. Then we define Hi (€2; Ho(Y')) to contain the functions f(z,y)
such that f(x,-) € Ho(Y) for each z € Q and f(-,y) € H1(Q2) for each y € Y. We use, in
particular, L?(Q; Cx(Y)), L*(£; H#(Y)) and C§° (¢ C;EO(Y))

We often work with product spaces of the above defined spaces. If V is a vector space then
[V] " is the space of n-tuples with components in V and [V] "™ is the space of m x n matrices
with components in V. If V has a norm |||y then we define for f € [V]n and g € [V]mxn
the product space norms HfHMn = > || fillv and HQH[V]mX" =y Z;‘:nginV. We use
most commonly the product space [LOO(Q)]sz, which is defined in this way.

Let us end this section by recalling a few important theorems, but first, a caveat. The
following three results are stated here as they are stated in [12], but neither proofs nor reference
to proofs are prodivded in [12]. Proofs of very similar results can be found in [2]. The main
difference between the following results and those in [2] is that instead of H'/2(9Q) and
L?(09) the results in [2] apply to HY/2(Q,) and L?(€), where Q, is the intersection of Q and
a k-dimensional plane. It is claimed in [2] that the results generalize to the intersection with
other smooth manifolds.

Theorem 2.1 ([12]). Let @ C R™ be an open bounded set with Lipschitz continuous boundary
0Q. Then WH™(Q) is compactly embedded in LI(Q) for any q € [1,00).

(
Theorem 2.2 ([12]). Let Q C R™ be an open bounded set with Lipschitz continuous boundary
0Q. Let v: HY(Q) — L2(0Q) be the trace operator. Then there exists a constant ¢ > 0
depending on v and Q@ such that ||v(u)l| g1/2(90) < cllullgiq) for all u € H(Q).

Theorem 2.3 ([12]). Let Q@ C R™ be an open bounded set with Lipschitz continuous boudary
0. Then HY/2(0Q) is compactly embedded in L*(0Q).

The significance of theorems 2.2 and 2.3 in the present context is that, as a result, the
trace operator v: H1(Q)) — L%(09) is compact.

Theorem 2.4 ([13]). Let B: H x H — R be a bilinear form and let L: H — R be a bounded
linear functional. If there exist constants o, 8 > 0 such that

|B(u,v)| < allullullvlln Vu,v e H

and
B(u,u) > Bl|lu|?% Yu e H,

Tt may look like a typo to use the L2-pairing for a functional in H~'/2, but it is intended to be the
L2-pairing.



then there exists an element uw € H such that
B(u,v) = L(v) Yve H.

Theorem 2.5 ([13]). Let Q be a bounded, connected, open subset of R™, with C1 boundary
0. Asssume 1 < p < oco. Then there exists a constant 2, depending only on n,p and U, such
that

|u = (Wallrr@) < ClIVullLe (@),

where (u)g = ﬁ Jou(z) da.

Theorem 2.6 ([20]). Let X,Y be normed spaces and T: X — Y a compact linear operator.
Suppose that x, is a weakly convergent sequence in X with weak limit x. Then Tz, is a strongly
convergent sequence in Y with limit Tx.

2.2 Two-scale convergence and homogenization

In this section we define the concept of two-scale convergence, present two important results
regarding the existence of two-scale limits and briefly discuss the application to homogenization
of linear elliptic partial differential equations. In Chapter 3, we go through the homogenization
procedure in some detail, following closely [24].

Definition 2.1. Let (u.) be a sequence in L?(Q2). We say that (u.) converges two-scale to a
unique function ug(z,y) € L*(Q x Y) if and only if for any v € C§° (€ C;f(Y)), we have

e—0

T 1
li - = ’
im ug(x)v(x, ) dx V] / / uo(z, y)v(z,y) dydx

We need two existence results, the proofs of which can be found in [22].

Theorem 2.7. Let (u:.) C L*(Q) be a bounded sequence. Then there exist a subsequence which
two-scale converges to ug(z,y) € L2(Q x Y).

Theorem 2.8. Let (u:.) C H'(Q) be a bounded sequence which converges weakly touw € H'(Q).
Then there ezists ug € H(2xY) and uy € L (% H;#(Y)) such that Vgu. converges two-scale
to Vaug + Vyur. Furthermore, ug is independent of y and uo(z,y) = u(z).

When applying two-scale convergence to the homogenization of multiscale partial differ-
ential equations, we think of {2 as the macroscopic domain and Y as the microscopic domain.
Consider specifically Y = [0,1] x [0,1] C R Let k € Z? and let Y, = Y + Y2, kje;, where
e; € R? is the 4th standard unit vector.? Then Y} is simply the set Y translated in a periodic
manner. In order to interpret Y as the periodic microstructure in the domain €2, we use the
relation

Q= J{eV: eVe C Q. (2.1)
kez?

We want a Y-periodic microstructure. We use the shifts e; since, with Y being the unit square, the
microstructure is 1-periodic along each coordinate axis. If Y is not the unit square then we pick different
vectors e;.



By defining a periodic function on Y, (2.1) gives us an oscillating function on €. The smaller
¢ is, the faster the oscillations. In the context of a differential equation, the oscillations occur
to the various data of the equation. Consider the equation

div ( — ke(z)Vu(z)) = fo(z) z€Q (2.2)

with e-dependent k. and f.. Since the data depends on ¢, also the unknown v depends on ¢,
u=u.. Let k: QxY = R, f: Y — R and take k-(z) = k(z, £), f-(z) = f(£). Then we have
obtained a function f. whose variations are entirely due to the microstructure but a coefficient
k. for which the microstructure may have different effect at different points in 2, due to the
first argument = of k. The goal of homogenization is to obtain an equation which describes
the limiting behaviour of (2.2) as € — 0. We do this by applying two-scale convergence to the
weak formulation of (2.2) and Theorem 2.7 and Theorem 2.8 help us to ensure the existence
of the limit.

2.3 Necessary optimality conditions as weak formulations

Obtaining a weak formulation of a single linear elliptic partial differential equation with Neu-
mann and Dirichlet boundary conditions is done by a straightforward procedure of multiplying
the equation by a test function and integrating by parts. A reoccuring complication in this
thesis is an integral constraint to the equation. In such a situation it is not clear how to
obtain a weak formulation with the standard approach of multiplying by a test function and
integrating. This is resolved by making a connection between weak formulations of partial
differential equations and necessary optimality conditions of a related constrained functional.
Then Lagrange multipliers handle the unusual constraints to the partial differential equation,
such as integral constraints. To this end, we need the following theorem.

Definition 2.2. Let T be a continuously Fréchet differentiable transformation from an open
set D in a Banach space X into a Banach space Y. If 2y € D is such that T"(x¢) maps X onto
Y, then the point zg is said to be a regular point of the transformation 7.

Theorem 2.9 ([21]). Let X,Y be Banach spaces, f: X — R be a continuously Fréchet dif-
ferentiable functional and H: X — Y a continuously Fréchet differentiable operator. If f has
a local extremum under the constraint H(x) = 0 at the regular point xo, then there exists an
element yo € Y™ such that the Lagrangian functional

L(z) = f(z) + yoH ()

1s stationary at xg, that is,
f'(@o) + yo H'(z0) = 0.

Throughout this section we use the notation H;(Q; I'p) where T'p C dQ and g € HY/2(09Q)
to denote the set of functions u € H'(Q) such that u|r,= g. Now define the functional
J: Hy(Q;Tp) = R by

J(u):/ 1|Vu]2—fuda:+/ huds, (2.3)
Q2 Ty

5



where I'y = 0\ I'p. Consider the following minimization problem

min J(u).
u€H (' p)

A necessary condition for optimality is that Fréchet derivative vanishes,
J (u)v =0, (2.4)

for all admissible variations v. A function v € H'(Q) is an admissible variation of u if u +v €
H}(;Tp). It follows that the admissible variations are in Hj(Q;T'p). Then the necessary
condition (2.4) reads

/Vu-Vv—fvd:r—i—/ hvds =0 (2.5)
Q 'y
for all v € H}(;Tp). But (2.5) is just the weak form of

—divVu(z)=f z€Q

() z€lp (2.6)
(x) xeln.

So there is a close relation between the weak(or variational) formulation of a linear elliptic
partial differential equation and the necessary optimality condition that the Fréchet derivative

vanishes for a certain functional.
If instead of (2.6), we have the partial differential equation

u(z)

)
—Vu(z) -n(z) =h

—divVu(z)=f z€Q
—Vu(z) -n(x) = h(x) x € 0Q

/Qu(x) dz =0

then it is not so clear how to obtain a weak formulation by the standard approach of multiply-
ing by a test function and integrating. However, in the optimization framework just described,
it makes sense to define the weak form of (2.7) to be the first order optimality condition of
the minimization problem

(2.7)

' J

subject to / u(z)dr =0,
Q

where the functional J is defined by
1
J(u) :/ |Vu\2—fud$+/ hu ds
Q2 o9

In the context of theorem 2.9, H(u) = [, udx and f(u) = J(u). To see that H'(u) is surjective,
take a constant increment v = ¢[Q2| 7! for any ¢ € R. Then H'(u)v = [, ¢/Q|~' dz = c. Now
introduce the Lagrangian L: H!(Q) x R — R defined by

L(u, \) = J(u) + AH (u).



Then theorem 2.9 states that

0= 8L((9u, /\)U = J' (u)v + \H'(u)v
v (2.8)
= / Vu(z) - Vou(z) — f(z)v(z) + Av(z) de + / h(z)v(x)ds(z).
Q 0
In addition, since w is an admissible function,
OL(u, \)
_ ————mm = 2.
0= = [ u(w)do (2.9)

for any p € R. Adding (2.9) to (2.8) yields the combined necessary condition
0= / Vu(z) - Vou(z) — f(z)v(z) + Av(z) + pu(z) de + / h(z)v(x) ds(z).
Q oN

This is now an equation in the space H'(2) x R in which (v, ;1) take the role of test functions
and (u, A) are the unkowns.

3 The forward problem

Consider a connected open set  C R? with two open subsets Qy and Q; such that Qy =
0\ ©Q; and Qp is a disconnected open set. Let €; and Q, be two disjoint open sets such that
Qo = QU Q,.

Q Q4 Q.
o I L'y

Figure 3.1: A simple example geometry.

The diffusion coefficient k. in € is given by

) ko(z), €Qo
kE(x)_{kl(ﬂg), R

Oxygen enters the domain € through a subset I'" C 9Q; \ 9. The oxygen spreads by
diffusion through €, Q;, and Q,. Appart from I'"”, the boundary of Q is impenetrable. Let
[y = 09\ I'"" be the impenetrable part of the boundary. However, the oxygen can pass



through the boundary I'; between ; and €21, and the boundary I',., between €21 and 2. The
stationary diffusion equation for this system is

div(—kes(z)Vue(x)) =
—ko(x)Vue(z) - n(z)
(P) 4§ —ke(2)Vue(z) - n()

/ng(:v) dz

Since (3.1) is a Neumann problem, the flux boundary conditions are not sufficient for uniquely
determining the solution. The integral constraint in (3.1) is included to ensure the uniqueness
of a solution, the physical interpretation of the integral constraint being that the total mass
of oxygen throughout 2 be m.

Now the forward problem is: Find the density u. of oxygen throughout the domain €2,
given the diffusion coefficient k.(-), the oxygen flux g through I'" and given that the total
oxygen mass in () is m.

for z € Q

0
g(x) for z € T
0 for x € Iy (3.1)

m.

3.1 Weak formulations of the forward problem

There are at least two ways to obtain reasonable weak formulations of (P). One way is to
incorporate the integral constraint into the function space definition, H!(£2;m), and then take
the weak formulation in H!(2;m). This formulation is suitable for theoretical investiations
of (P:). Tt is for example straightforward to prove well-posedness of the weak formulation in
H}(2;m) by applying Lax-Milgram’s Lemma and it is in the space H!(Q;m) that we apply
two-scale convergence. But the weak formulation in H}(;m) has the disadvantage that it is
not obvious how to formulate it in FEniCS. Another way to obtain a weak formulation of (P:)
is to incorporate the integral constraint into the weak form by using Lagrange multipliers.
This is advantageous from an implementation point of view and it is easily implemented in
FEniCS. But a disadvantage is that the use of Lagrange multipliers to enforce the constraint
removes important structure from the function space. One implication of this is that the
generalized Poincaré inequality cannot be used to obtain an equivalent norm. Without the
equivalent norm it is not that easy to apply Lax-Milgram’s Lemma to obtain well-posedness,
if it is even possible. So the Lagrange multiplier approach is very good from a practical point
of view, but it severly limits the available tools to use in theoretical investigations. For this
reason we will find both weak formulations useful, one for theoretical investigations and one
for implementation.

Having already seen in Section 2.3 how to obtain weak formulations from necessary op-
timality conditions for constrained optimization problems, it is straightforward to obtain the
following weak formulation with Lagrange multipliers.

Definition 3.1 (Weak solution with Lagrange multipliers). A pair (ue,\) € H'(Q) x R is
said to be a weak solution of (P:) if it satisfies

/Qks(x)VuE(x)-Vv(x)+)\v(x)+uu€(x) dxr = pm— o g(x)v(x)do(z) Y(v,pn) € HY(Q)xR.
(3.2)



Let us now turn to the weak formulation in H!(£;m). There is one important thing to
keep in mind here, and it is the fact that H!(Q;m) is not a Hilbert space, because it is not
even a vector space. Then in order to apply results such as Lax-Milgram’s Lemma, the weak
formulation needs to be shifted so that it is formulated in the Hilbert space HZ(£2;0). Then
we need to decide when to do this shift. The shift could for example be made already at the
level of (P.). But in order to keep the connection to the application, it seems reasonable to
keep the equations as close to the physical model as possible, that is, not to shift the model
(P.) into a 0 integral constraint. Whenever the structure of H!(£2;0) is required we can still
temporarily shift the weak formulation of (P:). So let us formulate the weak formulation in
H!(Q;m). We seek u. in H!(2;m) and then the test functions v should be functions in H!(£2)
such that ue +v € HL(;m). It follows that v € H2(Q;0). By multiplying the PDE in (P)
by v and integrating by parts we arrive at the following weak formulation.

Definition 3.2 (Weak solution). A function u. € H2(;m) is said to be a weak solution of
(P:) if it satisfies

/ k-(z)Vug(x) - Vo(x) de = — / g(x)v(z)do(z) Yo € HL(;0), (3.3)
Q Lin

where g € H, '/*(99) with supp(g) € T'™ and k. € [L°(2)]***.

3.2 Well-posedness of the multiscale forward problem

We show the well-posedness of (P.) via its weak formulation (3.3) in H1(Q;m). Lax-Milgram’s
Lemma requires the use of Hilbert spaces and we therefore shift the weak formulation (3.3)
into a weak formulation in HX($;0). Let f € H1(€;m) be arbitrary. Then u. solves (3.3) if
and only if w. = u. — f solves

/ (k-Vuw,) - Vodz = —/ (k.Vf)-Vvdz —/ gudo(z) Yo € HL(0). (3.4)
Q [¢) rin

It is important to note that since any solution of either (3.3) or (3.4) corresponds to a solu-
tion of the other, both existence or uniqueness of either equation translates into existence or
uniqueness of the other. Let us make the following assumptions:

Al. Let kg € [L>=(Q0)] 22 and ky € [LO#O(Y)] *2 uch that for some ag, oy > 0 the coercivity

conditions ko(x)¢ - € > aplé|? and ki (y)€ - € > aq|€]? hold for a.e. € Qg,y € Y and all
£ € R

A2. Let k. be defined by k.(z) = ko(z) for z € Qo and k.(z) = kl(f) for x € Q1. Let
a = min{agp, a1 }. Then k. € [LOO((ZH2X2 and ke(z)¢ - € > al€]? for a.e. x € Q and all
£ e R2%

A3. f € HY(Q;m)

A4, g e L)



A5, 9Q =TouT" is CL.

The bilinear form B: H!(Q)xH}(2) — R and the linear form L: H!(Q) — R that corresponds
to the weak formulation (3.4) are defined by

B(w,v) = /kag(x)Vw(x) -Vou(x)

L(v) = —/ng(x)Vf(:z) -Vou(x) dz —/ g(x)v(x)de.

I‘zn
The key step in making Lax-Milgram work is to use the equivalence of the norms ||V (-)[|2(q)
and ||| g1(q) in H1(;0) that is obtained by Theorem 2.5. This is where A5. is needed, as
Theorem 2.5 requires a C'! boundary.
Using the coercivity of k., we have

B(w,w) = /le(a:)Vw(a:) -Vw(x)dr > /Qa\Vw(a:)Ide (3.5)
= a|[Vul7aiq) = aCxllwlin ).

where Cy is a constant used for the equivalence of norms. So B is coercive. Let us show the
boundedness of B. First, we have by Cauchy-Schwarz inequality

|B(w,v)| < /Q!k‘s(ﬂf)Vw(ﬂf) Vo(z)| de < [V w120 [Vl 2(0)- (3.6)
We now derive an estimate for [|k:Vue/| 2(q), which we will use many times throughout the

tl;esis 2but we only go through the calculations in detail here. By using the inequality ab <
&+ %, we have

2
. i 2
5l = [ 3 (@m0 + K2 )oru() do
=1

2
<2 2 () Bey0(@))? + (H2(2) 0,0 (2))?)

(3.7)
2 2 2
L - /Q 23" (B w(@)” + (Bry(a))”) da
=1
= 4 keI oy | V0|72 -
Using (3.7) in (3.6), followed by equivalence of norms, yields
|B(w,v)| < 2[[ke|[peo (2= | VWl L2y [ VUl 12 (0) (3.8)

< 2[kelipee 2z lwl 1 @) vl 1 () -

To prove the boundedness of the functional L, we first use Cauchy-Schwarz inequality on both
terms and then the trace inequality on the second term. This yields

|L)| < [[keV fll 2 [IVUll 2200) + 19l L2 oimy [[0]] L2 iy

(3.9)
< (2lkellpoe @2V fll L2y + gl pzaimy) 01l 1)

10



Now (3.5),(3.8),(3.9) allow the application of Lax-Milgram’s Lemma. Hence, it follows that
there is a unique w € H!(Q;0) such that B(w,v) = L(v) for all v € H}(£;0). By shifting
u. = w + f we obtain the existence and uniqueness of a weak solution in H}(;m) satisfying
(3.3).

Obtaining the continuity of the weak solution of (3.3) on the data g follows easily from the
observation that if ul, u? are solutions of (3.3) corresponding to data g1, g2 € L?(I'™), g1 # g2,
then u!—u? is a valid test function. By taking v = ul—u? and subtracting the weak formulation

of u. from the weak formulation of u!, we have

/ () (0 () — w2 (2)) - ¥ (o () — 2 ()l = — / (01(2) — 92()) (u(2) — u2()) dor(z).
Q rin

Since ul — u? € H1(£;0), we can apply the equivalence of norms. Hence, using also the

coercivity of k. and the trace inequality, we have

1
lug = uZ|[ 31 () < CTHV(U; —ud)||72(0
N

1
N ﬁ N /F (91(2) = g2(2)) (uz (@) — uZ(2)) do ()

Cr , 1 2
ﬂ”ﬁ - 92HL2(FW)HU5 - ua”Hl(Q)'

IN

It follows that
C
1 2 T
ue —uZll gy < —Ag llg1 — gallL2riny- (3.10)
aCy
Hence that the solution to (3.3) indeed depends continuously on the boundary data g. We could
also prove in a similar manner the continuity of u. on the diffusion coefficient k.. But while
we need to use (3.10) for the homogenization procedure in the next subsection, we will not
actually need the continuity of u. on k.. However, we will later need such a continuity property
with respect to the effective diffusion coeflicient for the solution of the weak formulation of the
upscaled equation. We therefore postpone this proof until the upscaled equation is derived.

3.3 Homogenization by two-scale convergence

In this section, we apply the concept of two-scale convergence to obtain the homogenized
equation, the effective diffusion coefficient and the cell problems associated to (3.1). We break
down the process in two major steps. First, we justify the two-scale limit by ensuring the
existence of the two-scale limit via compactness results and ensuring mass conservation of
the two-scale limit process. Then, knowing that the two-scale limit exists, we pass to the
homogenization limit and derive the effective diffusion coefficient, the upscaled equation and
the cell problems. To summarize the end product in one place, we will derive the following.

11



The cell problems are to find w; such that

div, (— k1 (y)Vywi(x,y)> =divy (k}(y)) yeVY.ie{1,2}

(Peein) (3.11)
w; is Y-periodic, ¢ € {1,2}.
The upscaled equation reads
div, ( — D(z, k)Vzuo(x)) =0 x €
—D(x,k)V up(x) - n(z) = g(x) el
(Fers) —D(x,k)Vaup(x) -n(z) =0 x el
/ u(z) de =m,
Q
where effective diffusion coefficient is defined by
ko(x) x € Qo
D(l‘,ko,k‘l) = (3.12)
|71| fY 3} (y) (I + [vywl (y) Vwa(y)]) dy =€ O,

where w; are the solutions to (Pey). Just as for the (P:), the equations we actually use are
the weak formulations of the above equations. By the standard procedure we arrive at the
following two definitions of weak solutions.

Definition 3.3 (Weak solution of cell-problems). Let k € [LOO(Y)]QXQ. A function w; €
H%E(Y) N HL(Y;0) for i € {1,2} is said to be a weak solution of (3.11) if it satisfies

/ (k) Vus(w)) - Vo(y) dy = / div (ki(y))v(y) dy Vo € HY(Y),
Y Y

where k; is the ith colum of k.

Definition 3.4 (Weak solution of upscaled equation). A function u € H}(£2;m) is said to be
a weak solution of (Pers) if it satisfies

/ (D(z, ko, k1)Vu(z)) - Vo(z) dz = —/‘ g(x)v(z)do(z) Yo e HY(Q), (3.13)
Q Tin

where g € HJI/Q((?Q; 0) with supp(g) € I''", the effective diffusion coefficient D is defined by
(3.12).

3.3.1 Two-scale compactness

The first step towards obtaining the necessary compactness results is to obtain an e-independent
upper bound on the sequence of weak solutions u. to (P:) in the sense of Definition 3.2. If each
ue was a valid test function, that is, if u. € H}(;0), then such a bound is easily obtained
from the coercivity and the boundedness of the bilinear form B and the linear form L. It is
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not certain that u. € H}(£2;0) but we can obtain useful information by considering the shifted
weak formulation (3.4) with f = o and we = ue — f € HL(Q;0). From (3.5) and (3.9) we
have

1
L(we) < aC]erHgHLZ(rm)stllHl(n)-

1
2 o< — B -
||w5”H1(Q) — 04012\[ (wivwﬁ) OZCJQV

We conclude that [[wel| 1) < 1]2V 9l p2(riny. Since u. = we + ﬁ, we have

aC

m

m 1
. <l L < L oy + 3.14

From (3.14) we get e-independent bounds under the assumptions that
A6. The flux g and the boundary I'™ are both e-independent.
A7. The coercivity constant a of k. is e-independent.
A8. The size of the domain 2 is e-independent.

It can be shown that C is e-independent so that no additional assumption is necessary for
that constant. The mass m is e-independent. The application we have in mind confines the e-
dependence to functions defined on €21, so that assuming g to be e-independent is natural. The
domain €2 being e-independent is also natural since we have no pores. The only assumption
that is questionable is the e-independence of the coercivity constant «. But this is a result of
Al. and A2. combined.

Consequently, by accepting the above assumptions, we have an e-independent bound on
el 1 () and by the Eberlein-Smuljan Theorem there exists a subsequence (also indexed by
g) ue which converges weakly to some ug € H'(Q2). Then u. also two-scale converges to the
same limit ug and there exists a function u; € L?(; H# (Y)) and a subsequence (also indexed
by €) of u. such that Vu. two-scale converges to Vyug + Vyui; see Theorem 20 in [22].

We note at this stage that each function u. belongs to H1(2;m) but we currently know
nothing about the integrals of ug or w;. Since the integrals represent the mass of Oz(g) in
the system it is physically important that the mass is preserved after passing to the two-scale
limit. Indeed, this turns out to be true. We know that u. — wuy weakly in H!(£2). Since
H'(Q) is compactly embedded into L%(Q), the identity operator H'(Q) > u — u € L() is
compact. Since ue — ug in H'(Q) we have by Theorem 2.6 that ue. — ug strongly in L?(£2).

Now we have
/ug(a;) dw—/uo(:c) dz
Q Q

uo(z) de = | we(z)de = m.
Q Q

Consequently, the two-scale limit ug does indeed belong to HZI(£2;m).

< VI llue = ol 20,

and it follows that

Remark. As far as results that are necessary for the application of two-scale convergence, we
are done. But when turning to the inverse problem we will need one more convergence result
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for u., namely, convergence in L?(0K)). Recall that ug is obtained as the weak limit in H'(Q) of
ue. Since the trace operator Tr: HY(Q2) — L?(09)) is compact, then Theorem 2.6 ensures that
Tr(ue) — Tr(ug) strongly in L*(09). To summarize the important results of this subsection,

we have
ug € HY(Qm),uy € L*( Hy(Y)),

ue 2 ug,

ue — ug strongly in L (), (3.15)
Tr(u.) — Tr(ug) strongly in L*(9S2),

Vue 2 Vaug + Vyur.

3.3.2 The two-scale limit

With the convergence results (3.15) at hand, we are now ready to apply two-scale convergence
to (3.1). The two-scale limits are applied to the weak formulation (3.3). The bilinear form B
and linear form L for the weak formulation are defined by

B(ug,v) == /le(m)Vug(x) -Vou(x) dx

L(v) = — /Fm g(x)v(x) dx.

Now take test functions of the form v(z) = vo(z) + evi(z, L) with vy € Hi(Q;0),v1 €
L2(%; H;#(Y)/]R) Then we wish to calculate the two-scale limit, as ¢ — 0, for

0= lin%B(us,vo + ev1) — L(vg + ev1). (3.16)
e—

The goal is to find an expression for the limit, rather than to find the value of the limit. But
the value of the limit is easily seen to be 0 since for each € > 0, the right-hand side is equal
to 0 since each u. is a weak solution in the sense of Definition 3.2. Term by term, we have

lim B(ue,v9) = lim [ ke(x)Vue(x) - Vog(z) dx

e—0 e—=0 Jo

= |}1/‘ /Q /y k(z,y) (Vzuo(m) + Vym(a:,y)) - Vo (z) dzdy,

where
k Q
K,y = { 10 o€
kl(y), x € Q1.
Next,
lim B( )= lim [ ke(2)Vue(z) - €V ( x)d
lim B(ue, evy) = lim ; -(x)Vue(z) - eVuy z,~ ) dz
. x x
= ;l_I}% A ke(x)Vue(x) - <5va1 (x, g) + V1 (m, g>) dz

- Dl/ /Q /Y k(x’ y) (VI’LLU(LL’) + vyul (.T, y)) : vyvl (l‘, y) Cll‘dy

14



Here we assume that we have an e-independent upper bound on the term involving V,v1, so
that the limit of that term is 0 due to the factor €. For the linear form, we have

hm L(vg +ev1) = lim g(z) (vo(a:) + evy (x, g)) do(x)

e—0 Tin

~ / o) do(z) + lim | g(@)en (2. 7) do(a)

— [ @@ doo).

Here the v; term is evaluated to 0 by using Cauchy-Schwarz inequality followed by the trace
inequality and an e-independent bound of the H; norm of v;. Combining the above, we find
that (3.16) yields

1
v /Q /Yk:(w,y)(vzuo(fﬁ) + Vyur(2,9)) - (Vavo(z) + Vyvi(2,y)) dedy 3.17
. / g(w)vo(x) do(z).

To obtain the strong form of the effective equation and cell-problems, we first apply the
divergence theorem to (3.17) and write

|Y1|/ / divgc — k(z,y) (Vauo(z) + Vyul(a:,y)))vo(x) dxdy
’Y’ /asz/ )(Vatiolw) + Vyul(x,y))> -n(z)vo(z) do(z)dy
]Y] / / ley T,y) (Vmuo(x) + Vyul(x,y))>vl(x,y) dzdy

—— [ sle)nia)do(e) Vi, v) € HHR:0) x L HY(V)/R)

(3.18)

3.3.3 The cell problems
Taking vp = 0 in (3.18) yields

1
|Y|/ / div, (—k(az,y) (qu()(x)—{—vyul(a:,y)))vl(:c,y) dedy =0 Vv € LZ(Q;H#(Y)/R).
oJy
Hence we conclude that
divy ( — k(z,y) (Vauo(z) + Vyul(x,y))> =0 ae (z,y) eQxY. (3.19)

Now assume that ui(z,y) = Vyuo(z) - w(z,y), where w(z,y) = (wi(z,y), w2(z,y)) and
w; € L%Q;H#(Y)),i € {1,2} are the cell functions. Substituting the cell functions into
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(3.19) yields for a.e (z,y) € Q@ x Y that

0 = divy ( — k(z,y) (Vauo(z) + Vyui (z, y)))
= div, ( — k(z,y) (Vauo(z) + Vy (Vauo(z) - w(z, y)))) (3.20)
= div, ( — k(z,y)(I + V,W(z, y)))VIuo(a:),

where V, W (z,y) is the matrix whose ith column is Vyw;(x,y),7 € {1,2}. Now using the

identity a‘zuo((xg gzgg; giz = 0;;, where ¢,j € {1,2} and 0;; is the Kronecker delta, we have
m 2uo(xz) = e; where e; is the unit vector with 1 in the ith position and 0 otherwise.

Now dividing (3.20) by 0z,uo(x) yields
div, ( — k(,y)(e; + Vywi(x,y))> =0 (z,y)€QxVY,ie{l,2} (3.21)

Let us now show that the assumption that k|o,= ko is independent of y implies that for
x € Qg we have Vyw;(x,-) = 0 and w;(x,-) = 0. This is important for showing that the
effective coefficient reflects the assumption that no oscillations occur in €y, which we get back
to once we have derived the effective coefficient. Let x € €}y and consider the weak formulation
of (3.21),

/Y ko(2)Vywi(z,y) - v(y) dy =0

with test function v € H#(Y) For any particular z, we have w;(z,-) € H. 4(Y), so that w; is
a valid test function. Then we have by coercivity that

1
/ IV wile, )2 < - / (@)Y ywi(, ) - ws(, y) dy = 0
Y CJy

so that Vyw;(z,y) = 0 and w;(z, -) is constant. For the sake of well-posedness, we supply the
cell problem (3.21) with an integral constraint [, w;(x,y)dy = 0. Then we get w;(z,y) =0
for a.e. (z,y) € Qo x Y and i € {1,2}.

For z € 1, we have the cell problems
—divy (K} (y)) + divy ( — Kl(yg)Vywi(x,y)) =0 (z,y) € QxY,ie{l,2}

where ki is the ith column of k1. Note that these equations have no x-dependent data, so we
obtain cell problems depending only on y. Adding an integral constraint [, w;(y)dy = 0 for
the sake of well-posedness, we have the cell problems to find w; € H;#(Y) NHL(Y;0) such that

divy (= k(W) Vywily)) = divy (K1) y€Yiie{1,2}. (3.22)
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3.3.4 The upscaled diffusion equation
Taking v1 = 0 in (3.18) yields

Y] / / dlvx 2, y)(Vauo(z) + Vyul(iﬁay)))vo(w) dxdy
\Y\ /dQ/ (Vauo(2) + Vyu (z, y))> -n(z)vo(z) do(z)dy
__/mg( ) ( )dO'( ) VU()EH(Q;O),

By substituting the cell functions ui(x,y) = Vyup(z)w(z,y) and bringing the z-derivatives
out of the Y—integrals we have

|Y| / div, _/ ( 7y) (I-l- VyW(a:,y)) dnyuo(a:)>v0(x) dx
|Y| 20 ( - /y bz, y) (I + VoW (2,9)) dnyuO(:c)) -n(z)vo(x) do(z)dy

— - [ ste)u(a) do).
Now, define the effective diffusion coefficient D(x, k) by
1
D(z, k) = \Y/ k(z,y)(I+V,W(z,y))dy €. (3.23)
Y

Since Vyw;(z,y) = 0 for x € Qp, we have V, W (z,y) = 0 for € Q. Also, taking into account
the subdomain specific  and y dependence of k, (3.23) simplifies to

B k()(x) x € Qo
b = {|¢| Sy @I +V,W(y)dy =€

Now, we can write the upscaled equation more compactly as

/ divy, ( — D(x, k)va0($)>Uo($) dx

Q

+ /BQ ( — D(x, k)qu()(:c)) -n(x)vo(z) do(z)dy
—- [ s(@)un(a) do )

Since this equation hold for any test function vg € HZ(£;0) we obtain the following strong
form of the upscaled model

div ( — D(x, k‘)Vuo(m))
—D(z,k)Vuo(z) - n(x)
—D(z,k)Vuo(z) - n(x)

/Quo(:v) dx
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3.4 Differentiability of the parameter-to-solution maps

In this section, we derive rigorously the continuity and differentiability of the solution ug of
(P.yyr) with respect to the effective diffusion coefficient, D(x, ko, k1). We consider the continuity
and differentiability with respect to both the full coefficient D(x, ko, k1) and with respect to
the underlying parameter k; in the cell-problems.

3.4.1 Differentiability with respect to the upscaled coefficient

Let o > 0 be some fixed real number and consider the subset U C [LOO(Q)]2X2 defined by
U=1{ke [LOO(Q)]2X2: yTk(x)y > aly|? for a.e z € Q,Vy € R%}. In this section, we study the
continuity and differentiability properties of the parameter-to-state map Gerr: U — HL(S;m).
This map is defined by G.r¢(k) = u, where u solves the equation

/ (kVu) - Vudz = / gudo(z) Vv € HL(Q;0).
(9] Tin

The proofs rely on the fact that the coercivity constant « is independent of the coefficients,
which is why we consider the map G.ry only on the subset ¢. The proofs of Proposition 3.1
and Proposition 3.2 are straightforward adaptations of the proofs from chapter 5 of [18] to
the case of matrix coefficients and in the space H}(2;m) for arbitrary m. Then we extend the
argument to also prove twice differentiability.

Proposition 3.1. The parameter-to-solution map Gesp: U — HL(Q;0) is Lipschilz continu-
ous.

Proof. Let ki, ks € U and let uy = Geyrr(k1) and ug = Geyr(k2). The goal is to show that there
exists a constant ¢ > 0 such that [|u1 — ual|g1 () < cllk1 — kalloo )2x2-

The argument relies heavily on the use of equivalent norms in H!(€2;0), and therefore
we need to shift the solutions u1,us into H!(€;0). At one point in the argument, it is very
important that the function used in the shift has a 0 gradient, otherwise we can still obtain
an upper bound on w1, us in terms of the coefficients k1, ko but it will not be a Lipschitz-type
bound. Therefore, we need the shift to be constant. Let h = ﬁ where |-| denotes the 2

dimensional Lebesgue measure. Then w; = u; — h,ws =ugs — h € Hg(Q, 0) satisfy the weak
formulations

/Q (k1Vwy) - Vude = —/ gvdo(x) (3.24)

Tin

/ (k2Vws) - Vude = —/ gudo(z), (3.25)
Q

Tin

for every v € H:(€;0). The key ingredient in the argument is to use these two weak forms to
obtain an equation with two terms where one term has a factor kI and the other has a factor
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kT — kI'. Subtracting (3.25) from (3.24) and rewriting a bit yields
0= /Q (k1Vwy) - Vo — (k2Vws) - Vo da
- /Q (k¥ (w1 = w2) ) - Vo = (k2 = k1) Vawn ) - Vo de (3.26)
- /QV(wl —wp) - (K[ V0) = Vs - (K] — kT) Vo) da.

By using coercivity on k; followed by using (3.26) with v = w; — wy and then using Cauchy-
Schwarz inequality, we have

|| V(wi — wy)|[72iq) < /Q (klv(wl - w2)> V(w1 —ws) dz
= / V(wl — wg) . (leV(wl — wg)) dx
Q

= / Vws - ((kg — le)V(wl — w2)> dx
Q
< \Vwall 2zl (k3 = k) - V(wr — ws)|l 120

Using the inequality || (k3 — k7 ) - V(w1 — wa)|l2(q) < 2|k — leH[Loo(Q)]zszV(wl —w2)|lr2(0),
we have 5
IV(wr —w2)llr2@) < ~IIVw2llz20)llk1 = kalljzeo @y (3.27)

We can now use the trace inequality and Poincaré’s inequality to estimate ||Vwz||12(q) inde-
pendently of ki, ko. We have

oz||Vw2||%2(Q) < /Q (k2Vws) - Vws dx

= /rm gws do(x) (3.28)

< Crllgll L2 rimy w2l ()
< Cr(Cp + Dlgll L2 riny[[Vwzl| 2 (o)
This is where it is important that the shift A is constant. If we did not immediately pick A to

be constant then the second row in (3.28) would have a term involving ko and Vh. By taking
h to be constant, this term involving ks vanishes. Using (3.28) in (3.27), we have

207 (Cp +1
19001~ w2z < XD i gy s — holl e,

A

Writing u; — ua = (w1 + h) — (w2 + h) and using Poincaré’s inequality yields

207 (Cp +1)?
[ur — uzl[r2(0) < [Jur — vzl g1y < THgHLz(rm)Hkl — k2| L~ (o) (3.29)

By writing u1 = Gefp(k1), u2 = Geps(k2) we obtain the Lipschitz continuity of the parameter-
to-state operator Geyy. O
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Proposition 3.2. The operator k — Gcrp(k) for k € U is Fréchet differentiable, and the
directional derivative G, ; (k)h = w € HL(Q;0) is the unique solution of the equation

—/ (kVw) - Vudz = / (hVug) - Vodz Yo e H(9;0), (3.30)
Q Q

where u, = Gerr(k).

Proof. The proof is by a verification of the definition of Fréchet differentiability, that is, to

show that .
1Gers(k+ h) = Gepr(k) — Gipp(R)hl i)
IAl|—0 1]l (o ()22

=0. (3.31)

For ease of notation, let uy = Gesr(k) and up = Gepr(k + h) and suppose for the moment
that w = G ;(k)h exists. Since w,uy — up € H1(;0) we have by equivalence of norm and
coercivity of k that

|lup — ug — w”%{l(ﬂ) < On|[V(up — up — U))”%z(g)
3.32
< CC’TN (FV (un = up —w)) - V(up — up — w) da. .

Q

By subtracting the weak formulation (3.24) with k; = k from the weak formulation with
k1 = k + h and rearranging slightly, we have

/ (kV (u, — ug)) - Voda = —/ (hVuy) - Vu(z) da. (3.33)
Q Q
Using (3.33) with v = up, — ux — w followed by using (3.30), we have

/(k:V(uhukw))-V(uhukw)dx:/(hVuhk:Vw)-V(uhukw)dx
Q Q

= / (hV(uk - uh)) : V(uh — Uk — w) dx.
Q
(3.34)
Inserting (3.34) into (3.32) and then using Cauchy-Schwarz’ inequality we have
Cn

(0}

C
< 2jN||h||[Loo(Q)]2x2HV(Uk —un)llL2yllun — ur — wll g

lun = ur — wliF ) < == 1BV (ur — un) | 2 () lun — we — wll 1 (q)

By the Lipschitz continuity of G,y we have
2CN

= wk = wll 1 (9) < ==l @pex2 IV (ur = un)llL2 (@)

2CNC

= TN”h”%me)W’

and now (3.31) follows. Furthermore, it is easy to verify by the definition of the operator
h — G ;¢(k)h as a solution of (3.30) yields a linear operator and, as a consequence of Lax-
Milgram’s Lemma, it is a bounded operator. Therefore, it is a Fréchet derivative. O
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Proposition 3.3. The operator k — Qéff(k:)h for k € U is Lipschitz continuous.

Proof. Denote wy = G/ ¢(k1)h and wy = G/ ; ;(k2)h. Subtracting (3.30) with ws from the same
equation with w; yields

/ (k2Vwa — k1 Vwy) - Voda = / (AV (w1 — ug)) - Vodz, (3.35)
Q Q

where uy = Gesp(k1) and ug = Gesp(k2). Adding and subtracting kaVw; in the integral on the
left-hand side of (3.35) and rearranging slightly in the resulting expression, yields

/ (k:gV(wg — wl)) -Vodz = / ((k‘l — k‘Q)le) -Vou + (hV(ul - uz)) -Vuvdzx (3.36)
Q Q
Using the coercivity of ks and (3.36) followed by Cauchy-Schwarz inequality, we have

1
19 (w2 — wn) 220 < Q/Q (ko (w3 — 1))V (ws — w1) de

1

= a/Q ((kj — k2)Vwi + (hV (uy — U2))) - V(wy —wy) dx

< ([[(k1 = k2) V|| r2q) + 1RV (ur — u2) || 20)) |V (w2 — w1) | 20
< 2(|[k1 — Fallipe (ze2 [Vt [l 2 (o)
+ [ Al oo @yzx2 ]IV (u1 = ug)[| £2(0)) IV (w2 — w1)]] 12(q)

Dividing the last expression by ||V (w2 — w1)||r2(q) and using the Lipschitz continuity of Gesr
to estimate the norm ||V (u1 — u2)||12(q) yields

IV (wa — w1)ll 200y < 2[[k1 — kallipee @2z ([ Vwill z2) + CllRl Lo @)2x2) (3.37)
By applying the coercivity property to (3.30) we have
1
Vw12 < E”hquHLQ(Q) < 2||A[zee @22 I Vuzll 220 (3.38)
Now taking ug in place of wsy in (3.28), we have that
Cr(Cp+1
[Vuz|[2(0) < (a)HgHm(Fin)- (3.39)

Inserting (3.38) and (3.39) into (3.37) yields

2C7(Cp+1
<(a)HgHL2(Fm) + C) Hkl - kQH[Loo(Q)]2x2,

|[we — w120y < 2[[Al{zee ))2x2
which proves the desired Lipschitz continuity. O
Proposition 3.4. The parameter-to-solution map Gy is twice Fréchet differentiable and the
derivative ( gff(k)h)f =m € H(;0) is the unique solution of the equation

—/ (kVm) - Vudz = / (hVw) - Vv + (fVuwy) - Vudz, (3.40)
0 0

where wy, = G ¢ ¢(k)h and w = G, (k) f.
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Proof. The idea of this proof is very similar to that of Lemma 3.2 and we will verify that

1Gess (K + £)h = Gipp(R)h — (Gyp(R)R) £l 1 (0

150 | fll1oe ()22

= 0. (3.41)

Let wp =Gy (k+ f)h and wy = G, ;;(k)h and let m be the solution of (3.40). We will show

that m = (G, ;;(k)h) f.
By equivalence of norm in H}(;0) and by coercivity of k, we have

wa —wp — mHi]l(Q) < CHv(wf - Wk — m)H%2(Q)

3.42
< S/ (k:V(wf—wk—m)) -V(wf—wk—m)da:. ( )
Q

By definition, wy and wy, satisfy (3.30) with coefficients k + f and &, respectively. Subtracting
(3.30) with coefficient k and wy, form the same equation with coefficient k£ + f and wy yields,
after slight rearrangement,

/ (kV(wy — wy)) - Vodz = —/ (hV (uy —ug)) - Vo + (fVwy) - Vuda, (3.43)
Q Q

where uy = Gerr(k + f) and ug, = Geps(k). Using (3.43) we have

/Q(k:V(wf—wk—m))-Vvda:: —/Q(ka)-Vv—i—(hV(uf—uk))-Vv—i—(waf)-Vvdx. (3.44)

Inserting (3.40) in (3.44) and estimating in terms of || f|[{zo(q)2x2 we have

/ (kV(wy —wp —m)) - Vo = —/ (hV (uf —up — w) + fV(wy — wg)) - Vode
Q Q

< (7Y (ug — ur — w)|l L2y + 1 FV(wy — wi)ll2) IVl 20
< 2||Allipe @22 |V (uf — uk — w)l| 20 [Vl 22(0)

+ 2[| fllzee @yzx2 IV (wy — wi) [ L2 VUl 22(0)

< 2([1Pllizs @2 Cill f oo gz + Coll FlIfroo yexe) IV 0ll L2
< 2([|All 2o (@)2x2C1 + Co) || £ oo 2 V0l 22

(3.45)
The leftmost ||f||[2Loo zx2 on the second to last row of (3.45) comes from the definition

w = G, (k) f, because then it holds that ||V (us — ug — w)[r2(y) < C’Hf||[Loo q)2x2- Taking
v =ws — wy —m in (3.45) and inserting into (3.42) yields

h oo X C C
|wp — wg —ml| 1) < (H iz~ ]2 i 2)

12w e

from which (3.41) follows. O
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3.4.2 Differentiability with respect to the coefficient of the cell-problems

While in the previous subsection we obtained the differentiability of the solution ug of (Pefy)
with respect to the effective diffusion coefficient, we are also interested in such differentiabil-
ity properties of ug with respect to the diffusion coefficient of the cell-problems. Using the
composition Ger¢(D(k)), where D(k) is the effective coefficient, we can obtain the derivative
of ug = Gerr(D(k)) with respect to k by the chain rule

dgeff(D(;C];gcell(k))) = Gl (D(k. Gun(h) PGt ), (3.46)

Hidden in the expression Cé—i) is also the Fréchet derivative gge”. So in order to compute the

derivative of Gy on the microstructure k, we first study the derivative géell(k). Then the
results regarding G’ (k) help us derive ‘fi—f. This can then be combined with the results
of Section 3.4.1 to compute the full Fréchet derivative in (3.46).In summary, we have the
operators

Gepp: [L°()])7° = L2(Q)

Geell : [LOO(Y)]QXQ - [LQ(Y)}Q

D: [L°(Y)]P? x [L2(V)] P = [Lo()]**?

and we need to prove Fréchet differentiability of these operators. From Section 3.4.1, we
already have existence of G/ - The proof of existence of G, is very similar to the proof for
ggf 7 except that the weak form that defines G..;; has a right-hand side that depends on the
parameter k. But the main novelty to the differentiability proofs now that we consider the
microstructure is the derivative of the effective coefficient D(k, Geei(k)) with respect to the
coefficient k.

Just as in Section 3.4.1, the proofs in this section rely on an assumption that the coercivity
constant for the coefficients is independent of the coefficients. Therefore, let a@ > 0 be fixed

and define U = {k € [LOO(Y)}2X2: 2T k(y)r > |x|? for a.e. y € Y,Vy € R?}.

Proposition 3.5. The operator k — Gee(k) for k € U satisfies
1Geeit(k) = Geetr(h) % < (Cr + Cal|hllroeyy2x2) |k = hlljroovyj2x2

where Cp,Coy > 0 are independent of k, h and H denotes either [LQ(Y)]2 or [Hl(Y)]z.

Proof. Let us start by obtaining the inequality when considering only one component in the
range of G.o, that is, we consider one cell function w; at the time. This result is then easily
extended into the product space, since the equations that define the components of G.. are
very similar. Let w; be the ith component with ¢ € {1,2}. Then w; solves the equation

[ ) ui) - Vo) dy = - [ o) - Tol) . (3.47)
Y

Y

where k; is the ith column of k. Consider k, h € U and the corresponding solutions w?, w!. By
subtracting the weak form corresonding to the coefficient h from the weak form with coeffcient
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k and then adding and subtracting the term k‘Vth, we have
/ (kV(w — w; )) Vody = —/ (ki — hi) - Vo + ((k—h)- szh) -Vudy. (3.48)
Y Y
Using the coercivity on k and Cauchy-Schwarz’ inequality, we have

1
HV(wf — th)Hiz(y) < _a/ ((k?z —h;i) + (k- h)Vu;Zh) . V(wf — wf) dy
Y

IN

1
a(Hki — hillz2evy + 2l = Bl zeevyexe IV 2o IV (W] — w]) || g2y

1
< a(v Y]+ 21Vl | n2v)) Ik = Bllpe ryzxe | V(W] — wi) || 12y
(3.49)
By Lax-Milgram’s Lemma applied to (3.47) we get
Y
IVl < Y ey e (3.50)

Combining (3.49) and (3.50), we get

Y] 2V[Y]
IV (wf = w2y < (C + = Hh\|[Loo(Y)]2xg) ke = hllzoo vyjexe.
This inequality holds for each i € {1,2}. Adding them up yields

2y 1Y|
[0

IV (wh = wi)l| 2y + [V (wh = wy)l| L2y < (14 2[| Al po vy ) 1B = Pl zo (vry2x2s
which proves the Proposition for H = [L2 (Y)] 2, By the equivalence of norms, the result holds
also for the choice H = [Hl(Y)]Q. O

Proposition 3.6. The mapping k — (wy,w2) = Geey(k) for k € U is Fréchet differen-
tiable, viewed as a mapping into [L2(Y)]2 or [Hl(Y)}Z, with directional derivative G, (k)h =
(m1,ma) € [Hg(Y;O)]2 satisfying

/Y (kVm;) - Vv dy = /Y (AVw;) Vo + h; - Vudy Yo € HL(;0). (3.51)

Furthermore, the mapping k — (Vw1, Vwsg) € [Lz(Y)]2X2 is Fréchet differentiable, with di-
rectional derivative in direction h given by Vm.

Proof. Let k,h € U and let (w}, wh) = Geen(k + h), (WY, wh) = Geen(k) and let (mq,ms) €
[Hi(Y,O)] solve (3.51). We will show that (mi,ma) = G._,;(k)h. Let us first consider an
arbitrary component ¢ € {1,2} and then extend the result from a single component to the
product space. By using the coercivity of k followed by Cauchy-Schwarz’ inequality, we have

1
HV(th - wf — mi)||L2(y) < a/ (/{V(wzh - wf — mz)) -V(wzh — wf —my) dy. (3.52)
Y
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Substituting k + h for h in (3.48) and w! — w¥ — m; for v, we have

/(kV(wf—wf)yV(w?—wf—mi)dy:/hi'V(w?—wf—mi)—i—(thlh)-V(w?—wf—mi)dy.
Y

Y
(3.53)
Inserting (3.53) on the right-hand side of (3.52) yields
1
|V (wl — wh — mi)”%g(y) < a/ (hi + hVwl — kVm;) SV (wl —wF —my). (3.54)
Y

By substituting (3.51) with v = w? —w¥ —m; back into the right-hand side of (3.54), we have
1
IVl =t = m) oy < ¢ [ (9l = b)) - Vil — k= m) .
By using Cauchy-Schwarz’ inequality and Proposition 3.5, we now have

2
19 (wf = wf = mi)ll 2y < = (Cr+ Callblzm gy BBy (3:55)

Adding the result for both components ¢, we have

Q\Hk

ZHVU) —w —mi)| 2y <

=1

(Cr + Collk[lzoe vy 1allFpoo (yyj2z- (3.56)

(3.56) proves that the Fréchet derivative of the map k — (Vwi, Vws) is (Vmi, Vma). By the
equivalence of norms in H}(Y;0), we have

4
ZHw —wf —mi|lgyy < 5(014-02“]4”@00 Y)]2><2)Hh’”[L°° Y)]2%2)
=1

which shows that G/ _,,(k)h = (m1,m2). O

Proposition 3.7. The map k — D(k,Geer(k)) for k € U is Fréchet differentiable and the
derivative is given by

dD(k‘, gcell(k»

Ik h= /Yk(y)VM(y) + h(y) (I + VWi(y)) dy (3.57)

where VM (y) = [Vma(y) Vma(y)], VWi(y) = [Vwi(y) Vwi(y)] and (mi,mz) = Gy (k)h
and (w§, wk) = Geen (k).

Proof. We want to verify that

DGk + B, Geenll + 1)) = DU, Geen (k) — AOCGeet D p| oo exz
lAll—0 ||h||[Loo(Y)]2><2
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Let VW}, = [Vw} Vuwh] where (w}, w}) = Geeu(k + h). By using (3.57), we have

k7 gcell<k))

HD<k+h,gcell(k+h)) —D(k',gcell(k)) — d‘D( 0 h

[Loo(Q)]ZXQ

= sup / (k+ h)(I + VW) — k(I + VW) — kVM — h(I + VW)
Y

€

/ (k+h)(I + VW) — k(I + VW) — kVM — h(I + VW;)
Y

(3.58)

9

/ k(VW), — VW), — VM) + h(VW), — VIV})
Y

where the second equality in (3.58) is due to the fact that all functions in the integral are
independent of z € Q. Let us turn to studying the matrix by its components. Let k;, h; denote
the ith row of k and h, respectively. Then we have on row ¢ and column j of the matrix (3.58)
the element

/ k; - V(w? — wf —mj)+h; - V(w? - wf) dy.
Y

By using Cauchy-Schwarz’ inequality followed by (3.55) and Proposition 3.5, we have

/Yki : V(w? - w}“ —mj)+ h; - V(w? — wf)dy

< VIYIk ez V(W] = wf —m))l2ay + VIV IR e e |V (w) — w$)llzz

< \/MHkH[Loo(Y)]zx%(Cl + Collkll o vy ) Pl vz + VIV TN Lo vy [V (W] = wi) L2y

< \/W\lkll[mo(ynw%(cl + Collkll i vy ) 1Pl (v ygexe + VIYI(CL + Collkll o vy Bl Foe ()22
<VIYI(C1 + Callkl oo (vyj2x2) (HkH[LOO(Y)P“% + 1) | 2lIpo0 ()22

Combining the above, we now have

ID(k + hy Geeur(k + h)) — Dk, Geenr(k)) — LEGect BNy nn

11m
12| —0 [l Lo (v))2x2
< i Y [YT(C1 + Callkll oo (vyj2x2) (1Kl roe ryj2x2 2 + 1) 17 o (yry22
11 —
= |Iall—o0 [Pl {poo (vyj2x2

O

Corollary 3.1. The map k — Gesr(D(k,Gee(k))) for k € U is Fréchet differentiable. The
directional derivative up = %[geff(D(k,gceu(k)))}h can be computed by the following algo-
rithm.

1. Compute w = (w1, w2) = Geey (k).

2. Compute (m1, ma) =G, (k)h.
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3. Construct Dy, = D(k,w) and compute u, = Ger(Dy).
4. Construct Dy, = Wh from (w1, w2) and (m1, mg) via (3.57).

5. Compute up, = Qéff(Dk)Dh.

4 The inverse problems

Now we turn the studying an inverse problem to the forward problem that we have studied
so far. We have the equation

div(—=kVu) =0 in Q
—kVu-n=g on 0f)

(4.1)
/ udr =m
Q
where supp(g) C I'"" and
k QuUQ,
h(z) = 4 F0@), T e (4.2)
kqy (SL‘), x € Q.

Depending on whether the problem is posed before or after the two-scale limit and whether
or not we consider both the upscaled equation and the cell-problem or only the upscaled
equation, we get the following 3 different choices for k;.

o (P): ki(z) = ke(w) = k(2),k € [LF(V)]*,

° (Peff): kl(ac) =k, k GRQXQ,

2%2
o (Pesp)&(Peet): kr(x) = [y k(I + VW) dy,w = Gee(k), k € [LF (V)] 7.
In the next sections, we will see that the inverse problem of (P.) has some serious problems
and that some of those problems are resolved by the use of homogenization theory and that
some problems are not yet resolved but that there is reason to be hopeful.

Solving the inverse problem can be formulated as solving the equation

y = F(k)

where 7 = C oG, G is a parameter-to-solution operator such as G or Gerr, and C is an
observation operator which represents a physical measurement of the quanity v = G(k), and
y represents a known observation. That is, we wish to find the parameter k that corresponds
to the real-world observation y. This raises the question of well-posedness of this equation. Of
particular interest is the uniqueness of the solution k, which is often approached by studying
the injectivity of the operator F, and the continuous dependence of the solution k£ on the
observation y. Existence of solution is not that common to study, since that is more a question
of how well the operator F models reality.
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Often it turns out that this equation is not well-posed. In particular continuity of F is
often violated in inverse problems, but we will see that even uniqueness is violated in our case.
One approach to resolving ill-posedness is to not solve the equation directly, but instead solve
it by a least-squares approach. For a so-called regularization parameter a > 0 we solve

Ta(hsy) = SIF (k) ~ yl + @ k),

(4.3)
Ra(y) = argmin {Ta(k;iy)}

where the term «aJ(k) is added to resolve the ill-posedness. Precisely which norm |||y is
chosen to be depends on the application, but we will pick an L?-norm on some domain. J
can be a quite general functional, but we will consider L?-norms or Sobolev space norms or a
total variation functional. In the case that F is a linear operator, it can be shown under quite
generous assumptions that the inverse R, ! is continuous with respect to y for each a > 0;
see for example [25]. Unfortunately, this continuity does not translate well into our setting
since, as mentioned briefly above, F is defined from parameter-to-solution maps such as G,
which are nonlinear. If continous dependence is of great importance, it is possible to linearize
the problem using the Fréchet derivatives derived in Section 3.4. We will, however, instead
investigate ways to justify solving the full nonlinear problems in a well-posed way.

4.1 The Neumann-to-Dirichlet and Dirichlet-to-Neumann maps

Modelling of the physical measurement is a crucial part of any inverse problem. In our situation
we consider the measurements to be pressure or density measurements at the boundary I'y; C
09,.N0N of the gas whose density is given by u, the solution of the partial differential equation.

Q 04 Q,

Figure 4.1: An example showing, in particular, the placement of I'",T'j; and €.

This measurement is natural to model as pointwise measurements at a finite number of
points along I'j;. However, by instead modelling the measurement as the trace of the solution
u onto 'y, we get access to mathematical tools that are much more well-suited for a partial
differential equation setting than those of pointwise evaluation. Hence, we will use trace-
based measurement modelling. More specifically, we use the so-called Neumann-to-Dirichlet
operator, which maps the right-hand side Neumann data g to the trace u|sq of the solution u
onto the boundary. In the litterature, the related Dirichlet-to-Neumann map is often studied
instead, which maps u|gg to g. While these may at first sight appear to be the inverse of each
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other, there are some subtle details that prevent this from being the case. With that said, it
is important to properly define the Neumann-to-Dirichlet map. But since a lot of the related
research is done for the Dirichlet-to-Neumann map we need it as well.

Let k € [L>=(Q)] 2 he symmetric and such that there exists an o > 0 such that y” k(z)y >
aly|?, and consider the equation

div ( — k(z)Vu(z)) =0 z € Q. (4.4)

We define the Neumann-to-Dirichlet map Nj: Hgl/Q(aQ) — HY2(09Q) by Nilg) = ulsq,
where v € H}(Q;0) is the unique weak solution to (4.4) when supplied with the Neumann
boundary condition (kVu)-n = g on 9. Then we can define N as the self-adjoint operator

on H<>_1/2(8Q) satisfying

(0. Nulf)) = / (k(2)Vu(x)) - Vo(z) da (4.5)

Q

where u,v € H!(£;0) are the unique weak solutions with Neumann data g and f, respectively.
Similarly, we define the Dirichlet-to-Neumann map Ay: HY/2(0Q) — H~Y2(0Q) to be
Ax(f) = (kVu) - n|pq, or by the weak formulation

(Bi(f).g) = / (k(2)Vu(x)) - Vo(z) de (4.6)

Q

where u,v € H'(Q) are the unique weak solutions with Dirichlet data f and g, respectively.
We note that Ay is usually defined to map into the space {u € HY/?(9Q): Joqudo =
0}. As defined above, N} instead maps into the space {u € H/2(8Q): Jv € H'(Q),v|pn=
U, fQ vdz = 0}. Moving the integral constraint from the boundary 952 to the interior € in this
way likely has little impact on the related theory, as the integral constraint appears to mainly
serve as a way to obtain a well-defined operator. Then it makes sense to use the integral
constraint over all of {2 since that constraint is required to hold by the forward problem.

4.2 Formulation of the inverse problems

We can express the inverse problems as follows. Suppose that we know the particle flux
through the boundary of a domain and that we know the particle density at a subset of the
boundary. Determine the diffusion coefficient throughout the domain.

With reference to (4.1) and (4.2), the particle flux g is considered to be a parameter that
we can modify as part of the design of the experiment. The diffusion coefficient kg in the
subdomains Q;,Q, is set to a constant matrix, ko(x) = ko, and it is not a parameter that
we modify between experiments. The particle density is u|r,,. This is a quantity that has
to be measured for each prescribed flux g. We wish to determine the diffusion coefficient kq
in the subdomain €. Let us from now on denote by N}, the Neumann-to-Dirichlet map N
for the coefficient k defined in (4.2) with k; = h. For N different experiments with different
fluxes g1, ...gn the data for the inversion is contained in the set of Neumann-Dirichlet pairs
{(9i, Nk, (gl))}f\il When studying whether or not the data is sufficient for determining the
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coefficient, it is usually assumed that we have all the data {(g,N, (9))} @ for every

gGH_1/2
possible particle flux g, but this is of course not possible in practice. Therefore, we choose the
realistic finite data model here. We can now define 3 inverse problems, corresponding to the

3 choices of k; described in the introduction to this chapter.

Definition 4.1 (e-dependent inverse problem). Let k.(x) be an unknown function, assumed
to be of the form k-(z) = k(%) where k € [LOO(Y)]2X2. Let {(gi, Nk (9i)|ry, )}, be known
data from N experiments with particle fluxes g; € H~/2(8Q) with supp(g;) € I'"". Determine
the diffusion coeflicient k..

Recall that from the limits in (3.15) we have u. — ug in L?(99), as ¢ — 0, where u.
is the weak solution in the sense of Definition 3.2 and ug be a weak solution in the sense
of Definition 3.4. Now let N Ef 7(g) be the Neumann-to-Dirichlet operator for the upscaled
equation, that is, if D is an effective diffusion coefficient then Ngff(g) = ulpn, where wu is the

weak solution in the sense of Definition 3.4. Let n. = (u. — u)|r,,:== (Nk.(9) — Ngff(g))]rM
be the approximation error. Then

Nka(QNFM:N[e)ff(g)|FM+7757 (4.7)

where |1:][z2(r,,) — 0 as € — 0. That is, if we try to find an effective diffusion coefficient D
that explains the observations N}, (g), then we only introduce the small error 7. whose L?-norm
tends to 0. Based on this observation we can formulate a new inverse problem, which aims
at reconstructing the constant effective diffusion coefficient rather than the rapidly oscillating
diffusion coefficient.

Definition 4.2 (Upscaled inverse problem). Let D € R?*2 be an unknown effective diffusion
coefficient and let {(gz-,/\/’gff(giﬂpM)}f\il be known data from N experiments with particle
fluxes g; € H~'/2(9Q) with supp(g;) € I'™. Determine the effective diffusion coefficient D.

One last way in which we can formulate the inverse problem is to still use the effective
coefficient, but now use its parametrization on the cell-problems. The same observation as
above show that this only introduces a small error into the inversion.

Definition 4.3 (Multiscale inverse problem). Let k € [LOO(Y)]2X2 be an unknown coef-
ficient for the cell-problems and let D(k) be the corresponding effective coefficient. Let
{(9s, Ng{i) (902, ) 1Y, be known data from N experiments with particle fluxes g; € H~1/2(99)
with supp(g;) € I'*". Determine the effective diffusion coefficient D(k) and /or the cell-problem
coefficient k.

4.3 Ill-posedness of the s-dependent inverse problem

Our inverse problems are identical in their mathematical structure to the famous Calderén
problem or the inverse conductivity problem in electrical impedance tomography|11]. These
two problems have been heavily studied in the last four decades and we can use a lot of this
research to conclude that the present e-dependent problem is ill-posed. There is one caveat,
however, namely that most of this research considers the Dirichlet-to-Neumann map rather
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than the Neumann-to-Dirichlet map. But by the strong similarity between the two maps, it
seems quite likely that ill-posedness results for one translates into similar results for the other.

Let us start with the isotropic case, that is, the case where the diffusion coefficient k.
is a real-valued function rather than a matrix-valued function, or if we wish to interpret it
as matrix valued then it is of the form f(x)I, where f is real-valued and I is the identity
matrix. The e-dependent problem may in some cases correspond to this isotropic case. The
uniqueness problem has been solved in a very general setting in [7], requiring no regularity on
the boundary 09 and allowing to identify coefficients &k in the subset of functions in L*°(12)
that satisfy ¢! < k < ¢ for some fixed ¢ > 0. Note that we identify the entire coefficient k,
and not only k1 = k: on ;. But since the identification is unique, the identified coefficient
agrees with the known coefficient kg on €; and €2,. This means that, at least in principle, it
is possible to identify the diffusion coefficient k. in (3.1) from observations of (k-Vuc) - n on
the boundary 0f).

A serious issue is that of stability of the solution of the inverse problem. It is shown
with a counterexample in chapter 5 of [18] that even a piecewise constant diffusion coefficient
cannot be reconstructed in a continuous manner. More specifically, the example presents a
sequence of piecewise constant coefficients k. depending on a parameter 7 > 0 and a fixed
coefficient ko such that ||k — k|| (q) is constant while [Ny, — N, || — 0 as » — 0. This
disproves the continuity of the inverse of & — Nj. This is a well-known example in the
inverse problems community and the original source seems to be [3]>. Furthermore, [3] is
often credited with obtaining a logarithmic stability for the inverse problem, after restricting
attention to coefficients in the subset H**2(2) of L>(2) for s > n/2 and n > 3. Specifically,
the stability supposedly is |[k1 — k2| oo () < w(|[Ng, — Nk, |l), where w is a function satisfying
w(t) < Cllnt|~®. For n = 2, a similar logarithmic bound is obtained in [9]. So, it appears
that by requiring the coefficients to be differentiable, we can obtain some form of stability,
albeit a weak logarithmic one. It is shown in [23] that such a logarithmic stability is actually
the strongest stability that can be obtained if all we do in order to obtain stronger stability
is to require the coefficients to be differentiable up to some order. This is bad news for the
e-dependent inverse problem, because a small improvement in ||k — k2| 1 () Tequires a much
larger improvement in [Ny, — N, ||. In practice, this means that we need incredibly accurate
measurements to capture the oscillations in k.. But due to the oscillations, such accurate
measurements might not be possible. Therefore, reconstructing the true oscillating coefficient
ke may not be practically possible.

Since the isotropic case can be considered as a special case of the anisotropic case, it
seems unlikely that the anisotropic case would work out any better. Actually, it turns out
that the anisotropic case is even worse in regards to uniqueness. An anisotropic diffusion
coefficients cannot be determined uniquely in the same way that isotropic coefficients can. It
was first observed in [19] that a change of variables y = F'(x) in (4.1) by a diffeomorphism
F: Q — Q such that Flpq is the identity forms a new partial differential equation of the
same linear elliptic structure and with a different diffusion coefficient but with the exact same

8But I have been unable to get access to this article and therefore cannot verify the source. I suspect that
the original counterexample presents it for the Dirichlet-to-Neumann map. So the fact that it is given for the
Neumann-to-Dirichlet map in [18] is good.
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Dirichlet-to-Neumann map. In [8] the converse to this statement was proved, namely that if
any two diffusion coefficients correspond to the same boundary measurements then those two
coefficients are related by such a diffeomorphism. That is, in the very general settin§ where
we seek to identify a symmetric diffusion coefficient in a bounded subset of [LOO(Q)] X2, the
best identification we have is that of an equivalence class of coefficients related in a certain
way by diffeomorphisms.

In conclusion, if we wish to identify an isotropic coefficient k. then it is possible to uniquely
determine the coefficient, but it depends sensitively on the observations. If, instead, we wish to
identify an anisotropic coefficient k. then we have non-uniqueness in addition to the sensitivity
on observations.

4.4 Towards well-posedness of the upscaled inverse problem

Despite the issues of non-uniqueness for anisotropic case mentioned in Section 4.3, there is
one thing that provides a natural solution, namely, the homogenization theory. While one
line of research for the Calder6n problem has been conserned with the problem of determining
uniqueness of the coefficient up to diffeomorphisms, another line of research has attempted to
actually obtain uniqueness by restricting attention to certain subsets of coefficients. There is
a very recent result that obtains uniqueness of piecewise constant anisotropic coefficients of
the form

l
k@) = 3 koo, (2), (4.8)
=1

where k; are symmetric matrices and D; are fixed and nonoverlapping known open subsets of
Q such that Q = Ui:l D;, along with a few more technical requirements. Then it is shown
in [4] that such a piecewise constant diffusion coefficient can be uniquely identified from
measurements made on a subset I' C 9€2. This last point is important, since in our setting we
do measure on a subset of the boundary. However, in our setting the measurement is done on a
subset I'ys which is disjoint from the subset '™ where the nonzero part of Neumann boundary
is prescribed. This does not quite agree with the result in [4], which requires T'y; = T'". But
the result in [4] is still a big step towards well-posedness. It also shows that homogenization
theory may play a crucial role in obtaining a well-posed parameter identification of diffusion
coefficients from boundary measurements, since it is homogenization theory that provide us
with the piecewise constant structure of the coefficient. But some work still needs to be done
to obtain a partial data result for disjoint sets I'y; and I'™". However, we should note that the
case with disjoint I'j; and T is still an open problem even for the isotropic case, according
to the relatively recent survey [17] on uniqueness with partial data.

The next step towards well-poesdness is stability with respect to the observations. Also
here has progress been made, but the current results does not quite agree with our setup.
There are two results in particular that are close to solving the stability problem for our
problem with a piecewise constant coefficient. First, in [6], it is shown for the isotropic
situation that if the coefficient is of the form (4.8) with k; € R there holds a Lipschitz bound
k1 — k2|l o) < Cl|Ag, — Ag, |- Furthermore, this result holds for the partial data situation
where I'j; = I'™. Note, however, that this is a bound for the Dirichlet-to-Neumann map. In
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[15] it is shown that if the coefficient is of the form

k(x) =~ (x)A(z) (4.9)

where A(x) is a Lipschitz continuous 2 x 2 matrix-valued function and 7 is an isotropic
coefficient of the form (4.8) then we again have Lipschitz stability, and with the partial data
situation corresponding to I'y; = I'™. However, instead of (4.9) we would need something like

l

k() =) i(z)As(). (4.10)

i=1

and then we could pick each A;(x) to be a symmetric constant matrix. The proofs presented
in [4] and [15] are very similar, despite one being isotropic and one anisotropic. It appears
that the main part of the proof presented in [15] may also apply to (4.10), assuming that a
few technical lemmas generalize in an expected way. These technical lemmas are, however,
very technical and it is beyond the scope of this thesis to prove them. But at the very least, it
seems likely that a diffusion coefficient of the form (4.10) enjoys the same Lipschitz stability
with partial data as was derived in [4] and [15].

4.5 Towards well-posedness by using multiscale modelling

Rather than using homogenization theory as the main tool to obtaining well-posedness, there
is a result on the Calderén problem that may allow multiscale modelling to be used to obtain
well-posedness. This result can then be applied to both the e-dependent inverse problem in
the sense of Definition 4.1 or the multiscale inverse problem in the sense of Definition 4.3.
However, it is likely computationally advantageous to use the multiscale inverse problem,
since the e-dependent inverse problem most likely requires a much finer mesh to be used in
the discretization.

In [5], is presented a uniqueness result for the identification of diffusion coefficients with a
particular parametrization of the form A(x) = A(z,a(x)), where A is a matrix-valued function
in WHP and a is a real-valued function in WP, Different results are obtained for finite p and
for infinite p. If p = oo then it is proved that the full coefficient A(-,a(-)) can be recovered
from the Dirichlet-to-Neumann map. For finite p then it is shown that A(-,a(-))|an can be
identified uniquely from the Dirichlet-to-Neumann map. The identification on the boundary
02 is shown to be Lipschitz and even Holder stable.

It is tempting to use this result on the effective coefficient by taking A = D and a = k
where D(z, k) is defined as in (3.23). Then k is a function on © x Y but a should only be a
function on 2 and therefore this does not work. It is also required that a is real-valued, but
k may be matrix-valued.

Instead of applying the parametrization result directly to the effective coefficient D(z, k),
it could be applied to the microstructure given by k. Say, for example, that it is known that
the microstructure has a constant base value k; and that the microstructure deviates from kg
according to some function k(y), but that it is unknown how large effect the microstructure
k has. That is, the amplitude of k is unknown. If we let h(z) be the amplitude of the
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microstructure at the point x € €2 then we could assume that k is of the form
k(h(z),y) =k + h(2)k(y). (4.11)

Then we could consider the effective coefficient as being parametrized by h by inserting (4.11)
into (3.23) and denote the resulting coefficient by D(x,h(x)). After verifying that several
inequalities involving D and h hold, we could apply the result in [5] to D(z,h(z)). This
type of parametrization of the microstructure is studied in [14]. The overall framework is
somewhat different in [14] then in this thesis, however, as the authors of [14] appears to
study the e-dependent inverse problem rather than the homogenized one. In [14], they use
a parametrization such as (4.11), among several other parametrizations that correspond to
various microstructures.

This approach has several drawbacks when considering its application to the present prob-
lem. Two major issues with the result in [5] are that it uses the Dirichlet-to-Neumann map
and that it is not a partial data result. Then the Neumann and Dirichlet data has to be
known on the entire boundary 9. Using a parametrization such as (4.11) also requires quite
a lot of prior knowledge of the microstructure due to the assumed knowledge of k, which we
may not have in our application. Furthermore, for unique identification of A(-, a(-)) inside all
of Q, the result in [5] requires the function a to be Lipschitz continuous. But in the present
problem, it is the most natural to consider a to be discontinuous. We could for example have
the parametrization

k(z,y) = h(z)ko(z) + (1 — h(z))k1(y)- (4.12)

Taking h = xq, in (4.12), where xq, is the characteristic function for the set g, and inserting
(4.12) into (3.23) gives exactly the effective coefficient in (3.12). So a parametrization such as
(4.12) describes our problem, if the parameter h is allowed to be discontinuous. But in order
to use the result in |5| for identification inside all of €2, h has to take the place of a and h must
therefore be Lipschitz continuous. Another issue is that a in the results in [5] is not allowed to
attain the value 0 but in order for (4.12) to properly describe our problem, h needs to attain
the value 0 in Q. So while (4.12) can potentially describe our problem, there are some issues
that prevent h from taking the place of a in [5].

It seems that the results in [5] can be used to make progress towards well-posedness in a
multiscale setting, as demonstrated in [14], but the success of such an approach seems to rely
on the microstructure changing continuously throughout €2. Since this is not the case for the
inverse problem considered in this thesis, the result in [5] cannot be applied.

4.6 An optimization approach to inversion

In this section we consider the actual inversion process, which we do by solving an optimiza-
tion problem of the form (4.3). Since the homogenized inverse problem of reconstructing the
piecewise constant effective coefficient is the closest to being proved well-posed, that is the
problem we focus on now. We will prove the existence of minimizers, which is enabled by the
fact that the homogenized problem is finite dimensional. We also briefly discuss why this ar-
gument does not apply to the e-dependent problem, which demonstrates that homogenization
theory plays a crucial role also in the optimization-based inversion process.
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Recall that we consider the observation y = F(k:) to be an observation of the e-dependent
forward problem and that inverting with respect to the homogenized coefficient introduces the
error 1) = (ue —Uefs)|r,,- Then the equation we wish to solve is y = F (k) +1, for an effective
coefficient k. Since we now have an error term, we cannot conclude from the uniqueness of the
homogenized inverse problem that the equation has a unique solution, or even a solution at
all. Therefore, instead of solving the equation directly, we take the least-squares optimization
approach. But it is not certain that the optimization problem is well-posed. In this section
we will give partial solution this well-posedness question by proving existence of minimizer.
Actually, even if we solved the e-dependent inverse problem by the optimization approach a
solution may not exist, since the data is generally assumed to be affected by measurement
error and therefore we would still have an error term even for the e-dependent problem.

4.6.1 The upscaled problem - existence of minimizer

For the proof, it is important that we optimize in reflexive Banach spaces, because we want to
obtain weakly convergent subsequences from bounded sequences. The solution w of the partial
differential equation belongs to a Hilbert space and therefore belongs to a reflexive space. The
coefficient k, however, belongs to L° which is not reflexive. But this issue is resolved by the
fact that the effective coefficient belongs to the finite dimensional subspace

y={ke [L“(Q)]2X21 kijlous kijlo,, kijlo, are constant }

and finite dimensional spaces are reflexive. Furthermore, since the functions are constant in
each of the 3 subdomains, this space V contains precisely the same functions as the space

{k: € [L2(Q)]2X2: kijlo,s kijlay, kijla, are constant}.

Due to the finite dimensions, the norm induced by the L2-inner product is equivalent to the
L*>-norm. Therefore, we will instead work with the space V as an inner product space, with
the L2-inner product and its induced norm. This is simply for the convenience of having access
to an inner product, which becomes even more convenient when we discuss the algorithmic
side of actually solving the optimization problem.

For ease of notation, define for some given ag > 0 the following spaces and subsets

V={ke [LQ(Q)]2X2: kijloo, kijlo, are constant}, U=H"(Q)

Vaa = {k € V: y" k(z)y > aply|]® for all y € R?, ace. z € Q},  Upa = HL (4 m).

The sets U,q, Vg are used as constraints in the optimization problem, while U,V are the
Hilbert spaces in which the optimization problem is formulated. For N different fluxes g;, the
partial differential equation constraint is defined by the mapping e;: U x V — U™, which is
given by
ei(u,k‘)v:/ (kVu)Vvdx+/ givdo, i€{l,...,N}. (4.13)
Q r

in

Now, the constraints are given as equations in U* as e;(u;, k) = 0, where 0 is interpreted as
the functional v — 0 for all v € Y. Each flux g; corresponds to one measurement, where the
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measured data is upz,;. Finally, for some given kg € [LQ(QO)]2X2 with supp(ko,;) C Qo define
the functional

T (u k; uM,k() ZHUZ uM%HL2(FM) + = Hk kOH[L2 0)]2x2»
=1
where u = (uy,...,un),upr = (upra,-- -, up,n). The function kg is the diffusion coefficient

in the subdomain €y, which is assumed to be known. Adding ko to T, in this way can be
thought of as adding our prior knowledge of the diffusion coefficient into the functional. With
these definitions, we consider the optimization problem
min To(u, ks unr, ko)
u; €U, kEY
subject to e;j(u;, k) =0 i€ {l,...,N} (4.14)
U; € Upd, k € Viyg.

Proposition 4.1. The optimization problem (4.14) has a minimizer for each o > 0.

Proof. First note that for each k € V4 and each ¢ € {1,..., N} there exists a unique u; € Uy
such that e;(u;, k) = 0. Therefore, the set Wyq of feasible points of (4.14) is nonempty. Since
T, > 0, the infimum 7" = inf, 1yew,, To(u, k;un, ko) exists and is finite. Then there exists
a minimizing sequence, that is, a sequence (un, ky) € W,q such that

Hm To (wn, kn;unr, ko) = T

n—oo
We will show that this limit is attained in the set W,4, which shows existence of a minimizer.
The sequence Tt (un, kn; unr, ko) is bounded and hence also [|ky[|{z2(q)2x2 is bounded, as seen

from ) ) )
[EnllT2yzxe < 2(1kn — kollz2qyexe + [1Kolliz2(y2x2)

4
< aTa(Um knsun, ko) + 2HkOH[2L2(Q)]2><2-

Then k, has a weakly convergent subsequence, also denoted by k,, in [LZ(Q)]2X2, which is
also a strongly convergent subsequence due to the finite dimension of V. Since V,4 is a closed
subset of V and k,, € V,q then k, — k* € V,q. There exists a unique u; € U,q such that
ei(u’, k*) = 0. By the Lipschitz continuity of the forward map and by equivalence of norms in
finite dimensional spaces,

Hum U ”Hl < CHk — k ||[Loo Q)]2><2 < CHk‘ — k ”[LQ(Q ]2><2,
and hence u; , — u; strongly in Y. Now we have

7" = lim Ty (Un, s ung, ]f(]) TCY(’U‘*v k*;qukO) > T*v

n—oo

where the inequality follows from the fact that 7™ is defined as an infimum over W,4 and
(u*, k*) € Wyq. We conclude that T, (u*, k*; ups, ko) = T so that (u*, k*) indeed is a mini-
mizer. 0l
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If we tried to apply the same argument to an optimization problem for the e-dependent
inverse problem with V = [L>(Q)] 2 then we encounter some issues. The first issue is the V

is not a reflexive space, but that could still be resolved by taking instead V = [H*(Q)] 72 for
s > n/2, because then H® is embedded in L*>°. Choosing a smaller space with nicer properties
such as H? is essentially a result of using regularization, and is therefore a quite natural thing
to do in inverse problems. Next, we would still obtain a weakly convergent subsequence of
the minimizing sequence k,,, and we would obtain weakly convergent subsequences u; , from
the Lipschitz continuity of the forward map. The issue is then to prove that the weak limit
belongs to the feasibility set. This follows automatically in the finite dimensional case due to
the strong convergence. When we only obtain weak convergence of ky,u;,, we instead have
to prove that the map e; is closed under weak convergence.?

In addition to the existence result just presented, it would also be desirable to obtain
uniqueness and continuity of the minimizer on the data wys. If the constraints e;(u, k) were
linear, then the convexity of T, in u and strict convexity in k could be used to obtain unique-
ness. But since e;(u, k) is nonlinear, such an argument for uniqueness fails. Regarding the
continuity of minimizers on the data uys, the nonlinearity of e;(u, k) is again problematic. We
would want to obtain that if u7{, is any sequence of observations that converge to u%/[ then the
minimizers uy, k, that correspond to ufj, converge to the minimizers ug, ko that correspond
to u9,;. As shown in [16] this can at least be obtained for a subsequence and for weak con-
vergence of uy, k, to u*, k™ respectively, where u*, k* are minimizers not necessarily equal to
ug, ko. In our finite dimensional setting, the weak convergence of the subsequence turns into
strong convergence. But we still cannot ensure that the limit u*, k* is g, ko.

4.6.2 Two possible approaches to the multiscale problem

While we will not put much effort into studying the possibility of reconstructing the coefficient
of the cell-problems, let us at least mention two ways in which it could possibly be done. Both
approaches are based on the parametrization of the effective coefficient on the cell-problems
given by (3.12). The first idea is to first find an effective diffusion coefficient D by solving
the optimization problem (4.14). Then we can try to find a corresponding microstructure by
minimizing ||D — D(k)|| in a suitable norm, and with the cell-problems as constraints. Then
we obtain the following optimization problem
. 1 2 Q2
min S I1D = Mllze@yzxa + 5 Ikl f7rs (vy2xa

subject to  fi(k,w;) =0 i€ {1,2} (4.15)

M:/ B(1+ [un V] ) dy
Y
where f; is defined by

fik, wi)v =/

(k:Vwi)-Vvdy—/ki'Vvdy ie{l,2}
Y Y

*This is something I have not managed to do, due to the map (k,,%i.n) — €i(kn,win) being nonlinear. So
we see that also in the optimization approach to the inversion, homogenization theory helps in getting closer
to well-posedness.
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and k; is the ¢th column of k. The H® norm on k in the objective function is taken because k
should belong to a reflexive space. Then taking s > n/2 means that k is in a reflexive space
which is continuously embdedded into L. Note that unless k belongs to a finite dimensional
subspace, then we will encounter the same issues regarding the existence of minimizers for
(4.15) as was discussed for the e-dependent problem at the end of Section 4.6.1. This issue
could be resolved by linearization with respect to k, which we can do since we have obtained
explicit forms of the Fréchet derivatives in Section 3.4.2. Another way to resolve the issue
would be to find reasonable finite dimensional spaces for k, which is studied in [14].

Instead of first finding the effective coefficient and then trying to match a microstructure
to it, we can consider doing both at the same time. Then we have the optimization problem

N

) 1 9 QL9
w2 ;”“i —untillzaqr,) + 5 1Kl s (vyex
subject to  e;(u;, M;) =0 i€ {l,...,N} (4.16)

fz,](kawl,j)zo ZE{l,,N},]€{1,2}

Mi:/k([Jr[Vwm Vwi,g])dy ie{l,...,N}
Y

where the subscript ¢, 7 denotes cell-problem j corresponding to the upscales equation indexed
by 4. This problem also suffers potential issues in regards to proving well-posedness unless &
belongs to a finite dimensional space. But just as for (4.15) this can be resolved by lineariza-
tion, using the Fréchet derivatives derived in Section 3.4, or by trying to find reasonable finite
dimensional spaces for the coefficient k. The latter is studied in [14] for (4.16) as well.

5 Numerical simulations

In this section we demonstrate numerically the inversion for the upscaled inverse problem in
the sense of Definition 4.2 by the least-squares optimization framework described in Section
4.6.1. We construct a simulated measurement of the e-dependent forward problem and then try
to find an effective coeflicient that describes the measurement. We use three slightly different
approaches to perform the inversion. Omne approach is to solve precisely the optimization
problem studied in Section 4.6.1. In this approach we force the coefficients to be piecewise
constant by optimizing over a space spanned by a basis of piecewise constant functions. As
a comparison, we solve also the optimization problem by optimizing over a basis of finite
elements. The latter approach could be viewed as solving the e-dependent inverse problem in
the sense of Definition 4.1, since the coefficients used in the inversion procedure are described
numerically in the same way as the coefficient used in the simulation of the e-dependent
measurement. As another comparison, we optimize again over a basis of finite elements but
we use a total variation penalty instead of a Tikhonov-style penalty. The idea is that the total
variation penalty might drive the solutions more towards the piecewise constant structure of
an effective coefficient than a Tikhonov-style penalty does.
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5.1 The optimization framework

Before stating the optimization problems, let us discuss the total variation functional. The
total variation of a function f € L'(2) can be defined by

V() =swf [ f@)dive@) e o € GEOR Ielpmop <1}, (651
If, in addition, f € C*(Q) then the total variation can be written

T.V.(f) = /Q|Vf(x)| dz. (5.2)

We are interested in using the penalty functional

2 2
J(k) =) T.V.(kij).

i=1 j=1

The total variation (5.2) is better suited for numerical implementation than (5.1), due to
the presence of the supremum in (5.1). But using (5.2) does not resolve all issues with the
total variation functional. We will use a gradient based optimization algorithm and therefore
require the functional to be Fréchet differentiable, which the functional T.V. is not. Instead
of changing the optimization algorithm, we make a slight modification to the functional. For

some small 8 > 0, let
2 2
T(k) = Z/ﬂ \/|VEij(x)2 + Bdx. (5.3)

i=1 j=1

The idea is to take 3 so small that Jg is approximately equal to T.V . Such approximation is
proved rigorously in [1]. This justifies replacing the penalty functional T. V. with Jj.

Now let us define the optimization problems we wish to solve. Let V denote the space of
diffusion coefficients, which is soon to be specified presicely, and let & = H'(Q) denote the
space of solutions u to the partial differential equations. The constraints to the optimization
problem is defined by the functionals e¢;: U x V — U*, which is given by

ei(u;, kv :/ (k:VuZ) -Vvdx—/ givdo,
Q r

in

where u; is the solution that is fitted to the ith measurement uys;. We optimize the penalized
least-squares function T, defined by

N

1
Ta(u, ks un, ko) = 5 > i — ual
i=1

%2(FM) + OéJ(k)

5This definition of Js requires k to be differentiable. Just like T. V. can be extended to nonsmooth functions,
so can Jg, but such an extension uses the duality theory of convex functions which is a topic we will not discuss.
See the Section 8.4.1 in [25] for some discussion and further references.
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We consider two choices of J, namely J(k) = ||k — I’<:0||[2L2(Q)]2X2 and J(k) = Jg(k), where Jg
is defined by (5.3).
When we optimize over a piecewise constant basis, we define the basis functions as follows.

Let
10 1 0 0 1
R P A PR B

and define the matrix functions fi;, f1:, fri by

M; ifxe Qj
i(2) =
Jiilz) {0 otherwise.

for j € {lI,1,7},i € {1,2,3}. We consider the following three combinations of parameter space
VY and penalty functional J.

1) V= Span{fjla] € {l> 17T}7i € {17273}}7 J(k) = %Hk - k0H[2L2(Q)]2><27

.. 0 2x2
i) V= [L2(Q)]7, T (k) = 3llk = koll?> e

i) V= [L(Q)] 7%, J(k) = Jg(k — ko), where Jg is defined in (5.3).

For each of the above three choices, we consider a corresponding optimization problems which
we denote by Problem i), Problem ii), Problem iii) throughout this chapter. The optimization
problems are defined by

min Ty (u, k;upr, ko)
uel ,key (54)

subject to e;j(u;, k) =0 ie{l,...,N},

and N is the number of measurements.

5.1.1 Gradient calculations

Now we wish to solve the optimizaiton problem (5.4). Before describing the algorithm which
we use to solve this, let us derive the equations that we will solve as part of the algorithm.
Mainly, we need to derive equations for the Fréchet derivative of the constrained functional.
By using the parameter-to-solution map, we can write u = Ger(k) as a function of k. Then we
need to calculate the Fréchet derivative of T (k) = To(Gers(k), ks uns, ko) with respect to k.
We could use the directional derivatives derived in Section 3.4. But this turns out to perform
badly, since we need to calculate the derivative in the direction of every basis vector and for
each such directional derivative we need to solve (3.30). Instead we now derive the so-called
adjoint equation. After solving the adjoint equation only once, we can use FEniCS in order
to efficiently assemble the Fréchet derivative.

We take the Lagrangian approach to deriving the adjoint equation. This approach is
rigorously justified in Chapter 9.6 in [21]. One of the few requirements is that the forward
map is Lipschitz continuous, which we know from Section 3.4 that it is. Let us first consider
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the L2-penalty functional of Problem i) and Problem ii). Consider the Lagrangian functional
L:UN xV x [U*]™ = R defined by

N

L(u,k, A) = To(u, ks unsi ko) + > Ni(ei(us, k).

=1

Since U is a Hilbert space and therefore is reflexive, we have that for each \; € U* there is a
vector also denoted \; € U such that X (e(u;, k)) = e(u;, k)A;. Then

L(u, k,\) = Ty (u, k;uns; ko) JrZel Ui, k).

=1
Now we form the system of 2N equations
OL(u, k, A
= (ui”)uf = / (wi — upri)u; do +/ (kVX;) - Vi dx (5.5)
aui INY; Q
L(u, k, A
o= P By / (k) - VAL dar / gi: do. (5.6)

Note that for each i € {1,..., N}, equation (5.6) is just the upscaled forward equation and it
has only the unknown u;, meaning that we can solve (5.6) without considering (5.5). When
u; is known then the only unknown in (5.5) is A;. Therefore, we first solve (5.6) for u; and
then solve (5.5) for A;. Recall that in the present setup, we have u;, \; € U = H(Q), which
means that the equations (5.6),(5.5) are not uniquely solvable for u;, A;. To obtain uniqueness
of u; we can simply take u; € Uyg = HL(2;m), since (5.6) is the upscaled forward equation.
In order to obtain a unique \;, let us first look at how we will use A; in the gradient %. We
have

dTo(u, k;uns, ko) . OL(u, k, A) o,
o = k= alk, k) M+Ze, (i, k)N
2 2
:QZZ/kwk;dx—l—Z/ (k*Vu;) - VA da.
i=1 j=1

We see that the function we actually use is the gradient V; and not \;. Therefore, additive
shifts in )\; makes no difference and we can choose \; € H!(£2;0) in order to obtain uniqueness
of solution to (5.5). Next, we need to obtain weak formulations of these equations that
we can implement. We do this by using the Lagrangian approach to include the integral
constraints into the weak formulations, as discussed in section 2.3. In the Lagrangian based
weak formulation of (5.6) we seek the pair (u;,r;) € H'(Q) x R such that

/ (kVw;) - Vv + v + pu,; do = pm — gvdo Y(v,p) € HY(Q) xR (5.7)
(9] Tin

and for (5.5) we seek the pair (\;,s;) € H'(€2) x R such that

/ (EVX;) - Vv + s + pX; do = —/ (ui — upri)vdo  Y(v,p) € HY(Q) x R. (5.8)
Q

in
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Next, we need to find a vector representation g € [LZ(Q)]2X2 of %, which we do by solving

for g in the equation (g, k*)[z2(q)2x2 = dj;: k*. More explicitly, this equation reads

2 2

>y

i=1 j=1"7%

2 2 N
gijk; do = aZZ/Qkijk;‘j dx + Z/Q (K*Vu;) - VA, da. (5.9)
i=1

i=1 j=1
With such a g at hand, we can easily calculate the operator norm of the gradient as follows

dTa(u7 k, A)
Hdk” = |lglliz2()2x2-

When we use the total variation penalty in Problem iii) we can compute the gradient by
the same reasoning as above after some modification to (5.9). The Fréchet derivative of the
total variation penalty functional is given by

dJs(k) | o~ / Vkij - Vhi
h=> 3 [ 2L gy
dk Q ‘Vkijfz + 05

i=1 j=1
Instead of (5.9), we now have
2 2 2 2 N
Vkij - VE;
gijk;-kv dr = « / B dr + / (k*VuZ) . V/\Z dr. (5.10)
;;/ﬁ ’ ;; o VIVEi[>+ 8 ; Q

5.1.2 The conjugate gradient algorithm with inexact line search

When solving the problem (5.4) we use Algorithm 1 and Algorithm 2. These are, respectively,
the conjugate gradient algorithm and an inexact line search with Armijo’s rule, adapted to
the equations derived in Section 5.1.1. Instead of describing the algorithms in detail, we refer
to [25, 10].
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Algorithm 1 Conjugate gradient algorithm for effective coefficient inversion

Input: Functional T, (-, -;uar, ko); Initial guess kjnir; Stop criterion € > 0
Output: Approximation of k = argminy, T,
vr=1
k1 = Kinit
Find uy, A1 by solving (5.7) and (5.8) with k;
Find gradient g; by solving (5.9)
Set search direction p; = —¢1
0 = ||91||[2L2(Q)]2x2
while [|g,[[[z2(q)2x2 > € do
if <g,,, pu>[L2(Q)]2><2 > 0 then

Pv = —Gv
0y = ngH[QLQ(Q)Pw
end if

7, = argmin_. o Ty (ky + 7py)
kyi1 =k, +1upy
Find uy41, Ap+1 by solving (5.7) and (5.8) with k41
Find gradient g,4+1 by solving (5.9)
Opy1 = ”g’/+1||[2L2(Q)]2X2
Bu—&-l = 5V—|—1/5V
Update search direction p,4+1 = —gp+1 + Bo+1Pv
v=v+1
end while

For the input parameters in Algorithm 1 we use the following. The initial guess kjp;: is set

1 0
Einit = [O 1] .

The stop criterion ¢ is set to 1078 and 1079, that is, we run the tests twice but with different
stop criteria. The prior knowledge ko about the true coeflicient is set to

1 0 0 0
kolo,= [0 J, kolo,= {O 0]-

The generation of the measurement ujys is described in Section 5.2.1 and the various choices
of the regularization parameter is described in Section 5.1.4. The input parameters used in
Algorithm 2 are

to

Tinit = 1000, ,3 = 05, v = 0.2.

The other input parameters to Algorithm 2 vary as they are generated for each iteration in
Algorithm 1. Both algorithms are terminated if they run for 2000 iterations without reaching
convergernce.
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Algorithm 2 Inexact line search with Armijo’s rule for effective coefficient inversion

Input: Functional T, (-, -;uar, ko); Base point kp and corresponding state up; Regulariza-
tion parameter «; Gradient gy at kp; Search direction p; Initial step size Tin; Small weight ~;
Step size adjustment factor g

Output: Approximation of 7 = argmin_. 47, (k + 7p)

vr=1
T1 = Tinit -
T* = To(kp, up; unr, k)
d* = <gb, P>[L2(Q)]2X2
ki =ky+ mip
Find w; corresponding to k; by solving (5.7)
T = To (K1, ur;un, ko)
while T, > T* + 7,vd* do
Tv+1 = BTy
kyt1 = ky + 11p
Find w1 corresponding to k.41 by solving (5.7)
Ty—l-l - Ta(ky—i-l + Ty4+1D, Upy+1;5 UM, kO)
v=v+1
end while

5.1.3 A few remarks on the performance of the inexact line search

A reason for using an inexact line search is that it may not be required for the convergence
of the conjugate gradient algorithm that the line search results in a minimum. The conjugate
gradient algorithm may still converge provided a sufficiently large descent is obtained in the
line search phase. But there are several parameters to tune in Algorithm 2 and bad choices of
these parameters can result in the line search not managing to find a sufficient descent. This
does happen in our numerical evaluation. In an attempt to resolve this, larger values for § were
tested, as well as both larger and smaller values of «. But the issues persisted. Permanently
changing the values of 8 and  in this way may drastically reduce the improvements made in
each conjugate gradient iteration, which causes the conjugate gradient algorithm to converge
very slowly. But 8 = 0.5 and v = 0.2 appears to yield relatively good improvements for each
conjugate gradient iteration. For this reason we also tried to initially set 3 = 0.5 and v = 0.2
and update them only when the line search failed. But once the conjugate gradient algorithm
reached an iteration where the line search failed for one choice of 8 and <, the line search
failed for every other choice as well.

The conclusion is that our implementation of the algorithms sometimes fail. Since the
issues were never resolved, we present only the results obtained by taking the fixed choice of
B8 =0.5and y=0.2.

5.1.4 Choosing a regularization parameter

A good choice of regularization parameter is crucial in obtaining a good inversion. If we take
a too large regularization parameter then the penalty term dominates the misfit term and
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then the minimizers may not be able to explain the observations. A too small regularization
parameter may, on the other hand, not provide enough information for the ill-posedness of the
original problem to be resolved. In this thesis, we do not present a systematic and reliable way
to find a good regularization parameter for this problem. Our goal merely is to demonstrate
that it is possible to find a good regularization parameter.

Since this is a computational study and we have generated the observations ourselves, we
know precisely what the true effective coefficient is. Let us denote the parameter by kipye. We
use this knowledge of ki to guide the decision on which regularization parameters to try.
By no means is this a practical approach to finding a good regularization parameter. In a
real world scenario, we would have no information about k.. and could therefore not use it
to guide our decisions. But by using this information we can at least demonstrate that there
exist good regularization parameter.

During the run-time of the conjugate gradient algorithm, we can monitor the error norm
Ik, — ktmeH[Lz(Q)]zxz, where k, is the candidate coefficient at conjugate gradient iteration n.
The error norm starts out at around 0.4. For some regularization parameters the error norm
does not change much as the algorithm progresses, but for other regularization parameters
the error norm may at some point decrease to values as low as 0.02. At this low error norm,
the candidate solution k,, is almost identical to the true effective coefficient kipqye. We would
therefore want to find a regularization parameter for which the algorithm converges sometime
during this period of decreased error norm. This appears to have a tendency to happen
for regularization parameters in the interval [107% 10~7] and in particular closer to 1077,
Therefore, we test the regularization parameters ¢ - 1072 and ¢ - 1078 for ¢ € {1,...,9}, in
addition to 107 and 1076,

5.2 The simulation setup
5.2.1 The measurement

We use a unit square domain, Q = (0,1) x (0,1), and the 3 subdomains are given by §; =
(0,0.45) x (0,1),9Q, = (0.55,1) x (0,1) and Q1 = (0.45,0.55) x (0,1). The subset ['™ of 9
with nonzero particle flux is T® = {0} x (0,1). The flux is constant at g = 1. For ease of
implementation, the mass is set to m = 0. FEniCS does not appear to allow incorporating an
integral constraint fQ Ue dr = m with nonzero right-hand side into the weak formulation. A
nonzero mass m would therefore have to be implemented manually by repeatedly shifting the
solution. But since a nonzero m is not important from a mathematical point of view, it might
as well be set to 0 to avoid having to shift the solutions. The coeflicient k. is defined by

/{7() ko if x € QUQ,,
e\ L) =
kl(%) if ¢ € Qq,

where ko = I is the identity matrix and € > 0. In order to define &y, first consider h € L%E(Y)
defined by

o sin(27ry1)2 (o — B) sin(27y1 ) cos(2mys)

hiy) = (o — B) sin(27y1) cos(2myo) B cos(2my2)?

45



for some constant «, 5 > 0. We choose «, 5 so that h is positive semidefinite for y € Y and
then define k1(y) = vI + h(y) for some v > 0. Then k; is positive definite for y € Y since

h is positive semidefinite and [ is positive definite. At least for % < a < B, h is positive

5 <
semidefinite. To see this we can, for example, use Theorem 3.3.12 in [10]. First if either

hi11(y) = 0 or haa(y) = 0 we see that also hi2(y) = h21(y) = 0, as required. Also,

hy) asin(27y1)?  (a — B)sin(2my1) cos(2my2)
Y 0 M cos(27y2)? 7

where ~ denotes equivalence by the standard row and column operations. For % <a<pwe

have M > 0 so that MCOS(QTF@/Q)Q > 0. Then it follows from Theorem 3.3.12
in [10] that h is positive semidefinite and then k; is positive definite. In particular we choose,
rather arbitrarily, « = 0.3, 5 = 0.4 and v = 0.2. Then

kn(y) = 0.2+0.3-sin(27y1)?  —0.1-sin(27y) cos(2my2)
W=1_01. sin(27y; ) cos(2my2) 0.2 4 0.4 - cos(27y2)?

5.2.2 Some implementation details

In this section we go through some details regarding how the problem is represented numer-
ically. We do this because the numerical representation of the above mathematical objects
deviate somewhat from their true mathematical structure. For example, when we optimize
over a piecewise constant basis, the functions are not actually piecewise constant. So the
purpose of this section is mainly to show how the different objects are represented.

The unit square domain 2 is generated by the function call mesh = UnitSquareMesh(64,
64). This generates a mesh of triangles on the unit square such that there fits 64 triangles side
by side in each direction, and stores the mesh in the variable mesh. The e-dependent coefficient
k. is given a finite element representation, constructed by the function call as_tensor([[k11,
k121, [k21, k22]1]) where the components k11, k12, ko1, koo are constructed by the following
function calls

ki1

Expression("x[0] >= 0.45 &% x[0] <= 0.55 7
a*xpow(sin (2*DOLFIN_PI*x[0]/e),2) + ¢ : 1",
a=alpha, c=gamma, e=epsilon, degree=1)
Expression("x[0] >= 0.45 && x[0] <= 0.55 7
(a-b)*sin (2*DOLFIN_PI*x[0]/e)*cos(2*DOLFIN_PI*x[1]/e) : 0",
a=alpha, b=beta, e=epsilon, degree=1)
Expression("x[0] >= 0.45 && x[0] <= 0.55 7
bxpow(cos (2«DOLFIN_PI*x[1]/e),2) + c : 1",

b=beta, c=gamma, e=epsilon, degree=1)

ki2

ki2

and the definition k21 is identical to that of k12. The constants alpha,beta,gamma,epsilon are
constants defined earlier in the code. The code inside ” ...” in Expression above is C++ code
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and it describes the region inside 27 and outside {21 by an inline C++ conditional expression.
The piece of code degree=1 means that whenever the coefficients are used in computations,
they are first interpolated into a finite element space defined by Lagrange finite elements of
degree 1. So, rather than an actual jump discontinuity, the numerical implementation has a
steep, linear shift in value between 27, 2, and ;.

Whenever we solve a partial differential equation, we always seek a finite element so-
lution. In FEniCS, these finite elements are defined as P = FiniteElement("Lagrange",
mesh.ufl_cell(), 1). The provided mesh is the variable mesh with the triangulation of
the unit square defined above. Since the Lagrange finite elements of degree 1 are uniquely
determined by their values at vertices in the mesh, we see that all functions used in the imple-
mentation have the same degrees of freedom.® When we solve an equation in a product space
such as H'(Q2) x R, we use the space defined by U = FunctionSpace(mesh, P*R), where R
= FiniteElement("Real", mesh.ufl_cell(), 0) are the finite elements for constant real
number that represent the Lagrange multipliers.

The diffusion coeflicient k that we use as variable in the optimization algorithm is repre-
sented in two different ways. For problems ii) and iii) we define the coefficient as an element
in the space defined by V = TensorFunctionSpace(mesh, "Lagrange", 1, (2,2)). Vis a
space of 2 x 2 matrix-valued functions whose matrix components are represented by Lagrange
finite elements of degree 1. Now all arithmetic with the coefficients is done by FEniCS and
we also use FEniCS to very efficiently construct the finite element approximations of integral
equations such as (5.9).

For problem i), we instead define the coefficients by k = as_tensor([[k11l, k12], [k21,
k22]]) where each coefficient is defined by k11 = Expression("x[0] <= 0.45 7 c1 : x[0]
<= 0.55 7 ¢2 : ¢3",cl=a,c2=b,c3=c,degree=1). This produces a function which is equal
to clin £, c2in 4 and c3 in §2,. Note that when these functions are used to compute inte-
grals, they are first interpolated into a finite element space defined by Lagrange finite elements
of degree 1. Just as discussed for k. above, this means that the discontinuities are approx-
imated linearly. But in the interior of €;,; and €., the functions are still constant when
defined in this way. When performing arithmetic with these functions, we now manually
perform the arithmetic in Python and then update the corresponding component c1,c2,c3.
Since we are not using the FEniCS functionality of function spaces, we cannot use the efficient
FEniCS implementation of the construction of matrix representations for equations such as
(5.9). Therefore, we now manually loop over the basis elements and calculate the integrals for
each basis element. The integral evaluation is still done by FEniCS, by calling the function
assemble. If we used the function spaces implemented by FEniCS then assemble would com-
pute the whole matrix at once in efficient C++ code. Now we instead construct the matrix
component by component in rather inefficient Python code, but it still performs well enough
due to the low dimension of the function space in problem 1i).

This situation where the degrees of freedom used in the reconstruction is the same as those used in the
data generation is sometimes called an inverse crime, and often lead to better reconstructions than in real life
scenarios. This inverse crime is commited in problems ii) and iii) but not in i).
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5.3 Inversion in the case of fine microstructure
5.3.1 The simulated measurement

Now solving equation (3.2) with the data defined in Section 5.2 and with ¢ = 0.1 yields a
finite element discretization of the observation u.. The program outputs the following norms
related to the measurement of u. and the approximation error

lus — ol p2() ~ 5.786 - 107
l[ue — ol 2(r,,) ~ 5.898 - 1077
[uell p2(r,,) =~ 0.2217
luollz2(r,,) = 0.2216.
We see that the error introduced by considering the e-dependent u. as a noisy observation of
the solution wug of the upscaled equation (3.13) is rather small. Relative to the measurement

of ug, the size of the error is only about 2.7%, [Jue — uol|r2(ry,)/lluollL2(r,,) &~ 2.662 - 1072,
The numerical values calculated for the effective coefficient are

10 0.314435800 9.06289607 - 10~

Deslao= [0 1]’ Degrlon~ [9.06289607-10‘6 0.344885901 (5.11)

(c) ka1 (d) koo

Figure 5.1: Plots of k., shown from angles such that the oscillations are visible.
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(a) D1y (b) D32

Figure 5.2: Plots of the nonzero components of the true effective coefficient D.

5.3.2 Numerical results

In Table 5.1 is a numerical summary of the results for solving Problem i) with stop criterion
10~8. When taking regularization parameter o < 1078 the algorithm always terminated at
conjugate gradient iteration 12, just as for & = 1078. Therefore, the parameters o < 10728 are
not shown in Table 5.1. This early termination of the algorithm is due to an rapid decrease in
the gradient norm that always occur as the algorithm starts. Later, the norm of the gradient
often stabilizes around 1075 or 1076. For small regularization parameters, this initial decrease
in gradient norm reaches all the way to 10~ and the algorithm terminates.

By judging the quality of the inversion by its error norm, we see in Table 5.1 that the
best inversion is obtained for regularization parameter a = 6-107%. In this case the estimated
coefficient D is

Dlo, ~ 0.99493319 —0.00167329 Dlo,~ 0.3489804 0.00305011
2000167329 1.00008229 |’ 47 10.00305011  0.22440582]
Dla, ~ 0.995038486 —7.05975190 - 10~4

@ = | 7.05975190 - 104 1.00062139 ’

Regularization parameter o = 3 - 1072 also results in a rather good inversion, identifying the
following effective coefficient

Dlg, ~ 0.987126634 —9.01384881 - 104 Dlg,~ 0.34954941 0.00184867
7 -9.01384881 - 10 1.00008541 P 0.00184867 0.21479563
Dl ~ 0.987188447 —3.54856805 - 104

@r ™ | -3.54856805 - 10~ 1.00065018

These two coeflicients are by far the best ones identified in the tests presented in Table 5.1
and they agree quite well with the true effective coefficient (5.11). But we should note that
for every tested regularization parameter o € [3 - 1078, 10_6], every component of the true
effective coefficient (5.11) is identified rather well except for the component Dag|q,. Judging
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Table 5.1: Summary of the results for Problem i) with stop criterion ||ddl,§H <1078,

regularization conjugate gradient €rror norm
parameter o | converged iterations kerr — kestllir2(@y2x2
1076 yes 207 0.1120803
1077 yes 887 0.1151009
9.107% yes 707 0.1341151
8-107° yes 477 0.1455599
7-1078 yes 250 0.1021478
6-107° yes 259 0.04034444
5-107% yes 961 0.09247621
4-1078 yes 271 0.07725089
3-1078 yes 360 0.04509805
2.1078 yes 116 0.2779014
1078 yes 12 0.3149823

by the error norm, o = 8- 1078 resulted in the worst approximation among the regularization
parameters in this interval, and it gave the following approximation

Dlg, ~ 1.07518722  —0.00160862 Dloy~ 0.29802296  0.00222055
7| -0.00160862  1.00013149 | 417 10.00222055  —0.04895257
Dlo, ~ 1.07530267 —5.88897264 - 104

@ ™ | ~5.88897264 - 10~ 1.00057952

In Table 5.2 are the results for Problem i) with stop criterion 10~?. We see in Table 5.2
that the algorithm does not terminate early for small regularization parameters, except for
a = 1077, So despite the fact that the algorithm reports a convergent results for o = 107, it
does not manage to identify the coefficient at all. In fact, even the component D;1|q,, which
is set to the correct value of 1 in the initial guess, has decreased to around 0.8.

Judging by the error norm, the best inversion obtained in Table 5.2 corresponds to one of
the regularization parameters that terminated early in Table 5.1, namely, o = 6-10~?. Among
all solutions in Table 5.2, the solution which manages to find the best approximation for the
usually problematic component Dag|q, is also the solution corresponding to o = 6 - 1079, The
solution is the following

Dlo, = 1.00751329  —0.00104648 Dlo,— 0.33531572 0.00159613
%7 1-0.00104648  1.00005013 |’ %7 10.00159613  0.12197899 |
Dla, = 1.00766446 —1.40893580 - 10~

@ = | -1.40893580 - 106 1.00034603

The general trend for the solutions in Table 5.2 appears to be the same as the trend for the
solutions in Table 5.1, namely, that the algorithm manages to identify rather well all compo-
nents of the true effective coefficient (5.11) except component Daslq, for every regularization
parameter o, except for @ = 107 that terminated early.
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Table 5.2: Summary of the results for Problem i) with stop criterion ||%H <1079,

regularization conjugate gradient
parameter o | converged iterations kerr — kestllir2(@y2x2

1076 yes 305 0.1131184

1077 yes 1680 0.1133869
91078 yes 993 0.1237176
8-107° no 825 0.1346709
7-1078 yes 1014 0.1138198
6-1078 no 2000 0.1259717
5-1078 yes 1067 0.1140898
4-1078 yes 416 0.1048298
3-1078 yes 1270 0.1101097
2.107° yes 1536 0.1241788

1078 yes 659 0.09619978
9-1077 yes 760 0.09768813
8-107Y yes 779 0.1205695
7-107° no 2000 0.1359899
6-107Y yes 1268 0.07262870
5-107° yes 1349 0.1472201
4-107Y yes 1733 0.1365671
3-107° no 2000 0.03200904
2.107Y yes 1180 0.09214483

1077 yes 27 0.3148775

In Table 5.3 we find a summary of the results for solving Problem ii) with stop criterion
1078, These results are of rather different nature than those in Table 5.1 and Table 5.2, as
the algorithm failed to converge for most regularization parameters. For the regularization
parameters where the algorithm is reported to fail to converge before 2000 conjugate gradient
iterations, the failure is due to the inexact line search not finding a sufficient descent. For
the regularization parameters that are not shown in Table 5.3, the algorithm terminated
early due to the initial decrease in the norm of the gradient. Only for two regularization
parameters o = 3 -107% and a = 8 - 107 does the algorithm manage to converge within
2000 conjugate gradient iteration, if we discard the regularization parameters for which the
algorithm terminates early. These solutions are shown in Figure 5.3 and Figure 5.4.
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Figure 5.3: The nonzero components of the solution D corresponding to o = 3-10~8 in Table
5.3.

Figure 5.4: The nonzero components of the solution D corresponding to o = 81072 in Table
5.3.

(b) Doz

In Figure 5.3 we see that the component Dy; agrees relatively well with the true effective
coefficient, except that it is not piecewise constant. For component Dso shown in Figure 5.3,
the identification of the true coefficient is much worse. While the values in gy are nearly
perfectly identified, the value inside 2y does not agree at all with the true coefficient. The
components D11 and Dog shown in Figure 5.4 are about similar in quality to the corresponding
components in Figure 5.3.

In Table 5.4 we show only the results obtained for regularization parameters « that con-
verged in Table 5.3. The regularization parameter not included in Table 5.4 fail to converge
since they failed to converge with the convergence criterion used in Table 5.3. We see that
when using convergence criterion H%H < 107? for problem ii), the algorithm never manages

to converge within 2000 conjugate gradient iterations.
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Table 5.3: Summary of the results for Problem ii) with stop criterion Hddl;?” <1078

regularization conjugate gradient
parameter o | converged iterations kerr — kestllir2(@y2x2
1076 no 2000 0.1146074
1077 no 279 0.1361102
9.1078 no 509 0.1561867
81078 no 2000 0.055652
7-1078 no 296 0.1360445
6-1078 no 579 0.1358822
5-1078 no 2000 0.1148359
4-1078 no 2000 0.06975416
3-1078 yes 1493 0.1359200
2.1078 no 2000 0.07480373
1078 no 2000 0.08368087
9-107Y yes 17 0.3109459
810" yes 1949 0.1071182
7-1079 no 2000 0.08207644

Table 5.4: Summary of the results for Problem ii) with stop criterion Hdd%” <107Y.

regularization conjugate gradient
parameter o | converged iterations kerr — kestllir2(@y2x2
3-1078 no 2000 0.1359044
9.107" no 2000 0.06905525
8.107Y no 2000 0.1071470
6-1077 no 2000 0.1723987
5-1077 no 2000 0.1760705
4-107° no 2000 0.1622649
3-1077 no 2000 0.08064874
2.1077 no 2000 0.07151367
1079 no 2000 0.2772218

In Table 5.5 are summarized the results for Problem iii) and we see that the algorithm
never manages to converge in 2000 conjugate gradient iterations. For Problem iii), only the
four regularization parameters shown in Table 5.5 were tested. The reason for this is that the
algorithm never made any significant improvements at all. Unlike for Problem i) and Problem
ii), the norm of the gradient is almost constant for all 2000 conjugate gradient iterations
for Problem iii). This is the reason that both constants 8 = 1075 and 8 = 107!° in the
approximation of the total variation functional are tested. The idea was that maybe the norm
of the gradient was constant because a value for 3 as large as 3 = 1075 perhaps dominates
the other contributions to the norm of the gradient. But taking the much smaller 5 = 10710
did not resolve the issue.
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Table 5.5: Summary of the results for Problem iii) with stop criterion Hdd%” <1078

regularization | T.V. approximation conjugate gradient
parameter « constant 3 converged iterations [kerr — kestllip2(@)2x2
106 10—° no 2000 0.2957378
1077 10—° no 2000 0.2448909
1078 107° no 2000 0.2054218
1077 107° no 2000 0.1987321
1076 10-10 no 2000 0.2996724
1077 1010 10 2000 0.2711596
108 1010 1no 2000 0.2046633
1079 1010 no 2000 0.2014202

5.4 Inversion in the case of coarse microstructure
5.4.1 The simulated measurement

To obtain the simulated observation we now solve (3.2) with the data defined in Section 5.2
and with € = 0.5. We have the following norms related to the simulated measurement of u,
and the approximation error

l|ue — U0||L2(Q) ~~ 2.645 - 1072
[ue — uol|r2(r,,) ~ 2.710 - 1072
|uellr2(r,,) =~ 0.2488
|uwollL2(r,,) =~ 0.2218.

The error introduced by considering the e-dependent u. as a noisy observation of the solution
ug of the upscaled equation (3.13) is now much larger than in Section 5.3. Relative to the mea-
surement of ug, the size of the error is about 12.2%, |[ue —uol|z2(r,,)/|luoll z2(r,,) = 1.222-1071.
Since the effective coefficient is independent of €, we now have the same effective coeflicient
as for the finer microstructure with € = 0.1 in Section 5.3. For convenience, we write it here
as well,

0.314435800 9.06289607 - 10~°

10
Deslao= [0 1]’ Degrlon~ [9.06289607-10‘6 0.344885901 (5.12)

The coeflicient k. that was used to generate the measurements is shown in Figure 5.5.
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(c) ka1 (d) ka2

Figure 5.5: Plots of k., from angles such that the oscillations are visible.

5.4.2 Numerical results

In this section we show the results obtained when solving Problem i) and ii) with ¢ = 0.5.
The Problem iii) is not solved for two reasons. First, the negative results for the total vari-
ation penalty functional in Section 5.3 will unlikely be resolved by adding more noise to the
measurements. Secondly, it is very time consuming to run the tests with the total variation
penalty functional. So in order to save some time, we ignore the problem which almost surely
will fail.

In Table 5.6 is a summary of the results for solving Problem i) with stop criterion 1075.
Of the regularization parameters o < 1078, only o = 5-107? did not results in immediate
termination due to the initial decrease in the norm of the gradient. Those regularization
parameters are therefore not included in Table 5.6. Judging by the error norms shown in
Table 5.6, the algorithm did not manage to identify the true effective coefficient (5.12) very
well. But there is one solution which stands out when subjectively judging the quality of the
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solution. That is the solution corresponding to o = 5- 1079, It is the following coefficient

Dlo, = 0.85563454 —0.01613926 Doy = 0.30485316 0.01329244
&7 12001613926 1.00010429 | 71T [0.01329244 0.28754852] (5.13)
Do, — 0.8525425  0.00194081 '
= 10.00194081 0.99952767| °

By comparing (5.13) to the true effective coefficient (5.12), we see that with the regularization
parameter o = 5 - 1079 the algorithm manages to identify the effective coefficient rather well
inside €. Unfortunately, the identification is worse inside €; and €2,. But the fact that the
algorithm manages to converge to such a good solution even with the more noisy measurements
is a positive result.

Table 5.6: Summary of the results for Problem i) with stop criterion ||%H <1078,

regularization conjugate gradient
parameter o | converged iterations kerr — kestllir2(@y2x2
1076 yes 480 0.1140176
1077 yes 934 0.1053377
9.1078 no 656 0.1210689
8-107° yes 767 0.09531663
7-1078 yes 707 0.1178340
6-1078 yes 642 0.1234739
5-1078 yes 1125 0.1225256
4-1078 yes 553 0.1125681
3-1078 yes 961 0.1170789
2.1078 yes 1669 0.1199955
5-107° yes 1382 0.1396006

In Table 5.7 we see that the algorithm reports convergence only for the regularization
parameter a = 1075, except for the regularization parameters where the algorithm terminated
early. The solution found for regularization parameter o = 107% is shown in Figure 5.6. This
solution appears to follow the general trend that it has identified all components of the true
coefficient 5.12 quite well, except for the component Dj;|q, which does not agree with 5.12 at
all inside Q.
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Table 5.7: Summary of the results for Problem ii) with stop criterion Hddl,g‘H <1078

regularization conjugate gradient
parameter | converged iterations kepr — kestllir2(ay2x2

1076 yes 1984 0.1155902

1077 no 2000 0.1180405
9.1078 no 2000 0.11147711
81078 no 2000 0.1025285
7-1078 no 2000 0.09853046
6-1078 no 2000 0.1024131
5-107% no 2000 0.1019985
4-1078% no 2000 0.1046875
3-107% no 2000 0.1789970
2.1078 no 2000 0.1737397

1078 np 2000 0.2384773
61077 no 2000 0.2445941
5-1077 no 2000 0.2671090

Figure 5.6: Plots of the nonzero components of the solution D corresponding to a = 1076 in
Table 5.7.

(a) k11

When instead solving Problem ii) with stop criterion 1077, the algorithm does not manage
to converge within 2000 conjugate gradient iterations for a single regularization parameter.

In Table 5.8 we see the results for Problem i) with stop criterion 10~. Both when judging
quantitatively by the error norm and when judging subjectively, the best identification of the
true effective coefficient (5.12) is obtained for a = 8 - 107, This coefficient is given by

Dl = 0.97473621  —0.01796255 Dl 0.24160456 0.01088452
%=1 20.01796255  1.00055592 | 917 10.01088452 0.10727076|°

0.97214701 0.00146621
0.00146621 1.00250128]

(5.14)
D’Qz =

57



Table 5.8: Summary of the results for Problem i) with stop criterion ||%H <1079,

regularization conjugate gradient
parameter | converged iterations kerr — kestllir2(@y2x2
1076 yes 967 0.1148629
1077 yes 1367 0.1150241
9.107% no 656 0.1210689
8-107° yes 1057 0.1187355
7-1078 yes 1327 0.1153761
6-1078 no 2000 0.221626
5-1078 no 1885 0.224927
4-1078 yes 1140 0.1140629
3-1078 yes 1181 0.1133895
2.1078 no 2000 0.1204114
1078 yes 1676 0.1101285
9-1077 no 2000 0.1097343
81077 yes 1567 0.08596238
7-107° no 2000 0.1135382
6-107° no 2000 0.165800
5-107Y no 2000 0.09851861
4-107° no 2000 0.09469850
3-107Y no 2000 0.1681655
2.107Y no 2000 0.1598062
1077 yes 1351 0.2759648

Given the large measurement error in the present inversion, (5.14) can perhaps be considered
a relatively good identification of the true effective coefficient (5.12).

6 Conclusion and outlook

In this thesis, we study a particular inverse problem of parameter identification for a diffusion
equation posed in heterogeneous media. The original problem is ill-posed and we attempt to
obtain well-posedness by modifying the inverse problem with techniques from homogeniza-
tion theory. This modification leads to two potential inverse problems, one which uses the
parametrization of the effective diffusion coefficient on the microstructure and one which uses
the fact that the effective coefficient is piecewise constant. The specific setup we have in mind
turns out to be quite difficult to handle due to the following three issues:

i) The measurements are taken of the Dirichlet data.

ii) The set I C 9Q on which the Neumann data is prescribed is by the experiment design
disjoint from the set ['j; C 0f2, where the measurements of the Dirichlet data are taken.

iii) The microstructure of the media varies discontinuously.
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These issues affect the degree to which we can resolve the uniqueness and stability of the
inverse problems. First consider the case where we only have issue i) and iii), but issue ii)
is replaced with the situation I'® = T'j;, possibly with T = I'j; = 99Q. Then the inverse
problem of determining the piecewise constant effective coefficient is uniquely solvable. The
issue of stability is currently unsolved in this case, but it is reasonable to expect that the
Lipschitz stability derived in [15] can be generalized to provide Lipschitz stability in this
situation as well.

If we had none of issues i),ii),iii), but instead measure the Neumann data rather than the
Dirichlet data, the microstructure varies in a Lipschitz continuous manner throughout the
domain, and I'™ = I'); = 09Q. Furthermore, if it is known that the microstructure is of a
certain type, allowing for a parametrization of the microstructure, then the inverse problem
of determining the effective coefficient is uniquely solvable and the identification is Lipschitz
stable at least on 0f). Important to keep in mind for this identification result is that the
microstructure cannot be completely unknown. Some information about the microstructure
must be available, so that a parametrization of the microstructure can be obtained.

The above results towards well-posedness is in contract to the ill-posedness that hold for
the original inverse problem of determining the rapidly oscillating diffusion coefficient of the
heterogeneous media. So by using multiscale modelling and homogenization theory we are able
to make progress towards well-posedness of the inverse problem, if we make some relaxations
to the issues i),ii),iii).

In the situation where all three of the issues i),ii),iii) hold, the only rigorous progress
towards well-posedness we have managed to make is in regards to the optimization approach
to solving the inverse problem of identifying the piecewise constant effective coefficient. We
optimize a Tikhonov-style functional with L?-penalty term and the misfit term being restricted
to the subset 'y of the boundary. By searching for piecewise constant effective coefficient we
obtain a finite dimensional parameter space. Using the finite dimensional theory, in particular
the equivalence of weak and strong convergence, we are able to prove existence of minimizer.

There are several ways in which this work can be continued. The perhaps most promising
way to extend the work would be to obtain stability of the piecewise constant effective coeffi-
cient in the above mentioned situation where issues i) and iii) hold. It seems likely that this
can be obtained by generalizing the work in [15] as described in Section 4.4.

Another way to continue from here is to study how to select regularization parameter. The
approach to regularization parameter selection used in Chapter 5 is completely impractical
since it requires knowledge of the coefficient we wish to reconstruct. But in Chapter 7 of [25]
are presented several methods for regularization parameter selection that might work. There
are two possible complications with applying the methods in [25] to our setting. First, some of
the methods are based on a statistical measurement error but the error in the present problem
is due to the two-scale limit and is deterministic. A second complication is that the methods
are analysed only for linear forward operators. There are at least two methods that may work
despite the first complication, but more work might have to be done in regards to the second.

The two possible methods for selection of regularization parameter « are the L-curve
methods and the discrepancy principle. The L-curve method is based on the idea that if
one plots the norm ||k, ||? of the regularized minimizer against the error ||F(kq) — y||? in a
log-log plot then the graph often has the shape of the letter L. The goal is then to choose a
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regularization parameter that corresponds to the corner of the L-shape. In the discrepancy
principle the goal is instead to find the largest regularization parameter « for which ||F(kq) —
y|| < 6 for some § > 0. I am, however, uncertain how these methods translate from the linear
forward operators F(-) studied in [25] to the present nonlinear ones that are based on the
Neumann-to-Dirichlet map.

Lastly, let us discuss very briefly a way to extend the idea of using homogenization theory
in the inverse problem to the case of the homogenization of porous media. In Section 2.2 we
described the microstructure by the set Y. For an open subset Y C Y, the set Y \ Yy describes
the microstructure of a porous material. We can think of Yj as a hole in the domain. Suppose
that in some application, we are interested in determining the porosity level, or the fraction
of Y which is made up of Yy. This might be possible to do by using the factorization method,
discussed for example in [18]. It is mentioned in the closing paragraph of Chapter 5 in [18]
that the factorization method does allow the set Yy to be impenetrable and dY; be given a
boundary condition. This suits situations arising in porous media.

References

[1] Robert Acar and Curtis R Vogel. “Analysis of bounded variation penalty methods for
ill-posed problems”. In: Inverse problems 10.6 (1994), p. 1217.

[2] Robert A Adams and John JF Fournier. Sobolev spaces. Elsevier, 2003.

[3] Giovanni Alessandrini. “Stable determination of conductivity by boundary measure-
ments”. In: Applicable Analysis 27.1-3 (1988), pp. 153-172.

[4] Giovanni Alessandrini, Maarten V De Hoop, and Romina Gaburro. “Uniqueness for
the electrostatic inverse boundary value problem with piecewise constant anisotropic
conductivities”. In: Inverse problems 33.12 (2017), p. 125013.

[5] Giovanni Alessandrini and Romina Gaburro. “Determining conductivity with special
anisotropy by boundary measurements”. In: STAM Journal on Mathematical Analysis
33.1 (2001), pp. 153-171.

[6] Giovanni Alessandrini and Sergio Vessella. “Lipschitz stability for the inverse conduc-
tivity problem”. In: Advances in Applied Mathematics 35.2 (2005), pp. 207-241.

[7] Kari Astala and Lassi Péivirinta. “Calderon’s inverse conductivity problem in the plane”.
In: Annals of Mathematics (2006), pp. 265-299.

[8] Kari Astala, Lassi Péivérinta, and Matti Lassas. “Calderons’ inverse problem for anisotropic
conductivity in the plane”. In: Communications in Partial Difference Equations 30.1-2
(2005), pp. 207-224.

[9] Juan Antonio Barcel6, Tomeu Barcel6, and Alberto Ruiz. “Stability of the inverse con-
ductivity problem in the plane for less regular conductivities”. In: Journal of Differential
Equations 173.2 (2001), pp. 231-270.

[10] Mokhtar S Bazaraa, Hanif D Sherali, and Chitharanjan M Shetty. Nonlinear Program-
ming: Theory and Algorithms. John Wiley & Sons, 2013.

60



11]
12]
[13]
14

[15]

[16]

[17]
[18]
[19]
[20]

[21]
[22]

23]
[24]

[25]
[26]

Alberto P Calderén. “On an inverse boundary value problem”. In: Comput. Appl. Math
(2006), pp. 2-3.

Doina Cioranescu and Patrizia Donato. An Introduction to Homogenization. Vol. 17.
Oxford University Press Oxford, 1999.

Lawrence C Evans. Partial Differential Equations. Vol. 19. American Mathematical Soc.,
2010.

Christina Frederick and Bjorn Engquist. “Numerical methods for multiscale inverse prob-
lems”. In: arXiv preprint arXiw:1401.2431 (2014).

Romina Gaburro and Eva Sincich. “Lipschitz stability for the inverse conductivity prob-
lem for a conformal class of anisotropic conductivities”. In: Inverse Problems 31.1 (2015),
p. 015008.

Bernd Hofmann, Barbara Kaltenbacher, Christiane Poeschl, and Otmar Scherzer. “A
convergence rates result for Tikhonov regularization in Banach spaces with non-smooth
operators”. In: Inverse Problems 23.3 (2007), p. 987.

Carlos Kenig and Mikko Salo. “Recent progress in the Calderén problem with partial
data”. In: Contemp. Math 615 (2014), pp. 193-222.

Andreas Kirsch. An Introduction to the Mathematical Theory of Inverse Problems. Vol. 120.
Springer Science & Business Media, 2011.

Robert V Kohn and Michael Vogelius. Identification of an Unknown Conductivity by
Means of Measurements at the Boundary. Tech. rep. 1983.

Erwin Kreyszig. Introductory Functional Analysis with Applications. Vol. 1. Wiley New
York, 1978.

David G Luenberger. Optimization by Vector Space Methods. John Wiley & Sons, 1997.

Dag Lukkassen, Gabriel Nguetseng, and Peter Wall. “Two-scale convergence”. In: Inter-
national Journal of Pure and Applied Mathematics 2.1 (2002), pp. 35-86.

Niculae Mandache. “Exponential instability in an inverse problem for the Schrodinger
equation”. In: Inverse Problems 17.5 (2001), p. 1435.

Adrian Muntean and Vladimir Chalupecky. Homogenization Method and Multiscale Mod-
eling. Kyushu University, 2011.

Curtis R Vogel. Computational Methods for Inverse Problems. Vol. 23. Siam, 2002.

Y Zou and Z Guo. “A review of electrical impedance techniques for breast cancer detec-
tion”. In: Medical engineering & physics 25.2 (2003), pp. 79-90.

61



