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We study an asymmetric simple exclusion process in a strip in the presence of a solid impenetrable

barrier. We focus on the effect of the barrier on the residence time of the particles, namely, the

typical time needed by the particles to cross the whole strip. We explore the conditions for reduced

jamming when varying the environment (different drifts, reservoir densities, horizontal diffusion

walks, etc.). Particularly, we discover an interesting non–monotonic behavior of the residence time

as a function of the barrier length. Besides recovering by means of both the lattice dynamics and

mean–field model well–known aspects like faster–is–slower effect and the intermittence of the flow, we

propose also a birth–and–death process and a reduced 1D model with variable barrier permeability

to capture the behavior of the residence time with respect to the parameters.

PACS numbers: 05.40.Fb; 02.70.Uu; 64.60.ah

I. INTRODUCTION

Lattice models of particle flow may show surprisingly

rich behavior even when only exclusion of a particle on

the same site is considered [1]. Complex percolation be-

havior arises in particular at increased particle concen-

tration (see [2] for a modern account on percolation the-

ory, [3] for a case study related to the motion of col-

loids in narrow channels, and [4] for percolation effects

in transportation in more general complex systems). In

this paper, we introduce a 2D asymmetric simple exclu-

sion random walk model with diffusion and drift. The

model aims at capturing the effect of the barrier posi-

tioned in the strip on the corresponding residence times,

i.e., the time needed by a particle to cross the strip.

More precisely, we consider a vertical strip and mea-

sure the time that a particle entering the strip at the top

side takes to exit the strip through the bottom side, un-

der the assumption that the three other boundaries act

as reflecting boundaries. This typical time will be called

residence time.
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We find an interesting non–linear dependence on the

length of this barrier when simulating the evolution of a

high particle density in the strip. Instead of the expected

increase in the residence time, at particular conditions we

surprisingly notice a decrease in residence times with in-

creasing barrier length. We mention that in the literature

it has already remarked that for non–equilibrium systems

non–uniform dependence of current on a driving force

may arise in presence of a blockage [5, 6]. Moreover, the

effect we find reminds us of the Braess paradox, discov-

ered when traffic flow unexpectedly decreases, whereas

an inhibitive traffic access barrier is removed (cf. [7]).

This confirms once more the fact that as population den-

sities and the number of interactions between particles

(agents, people, financial stocks, etc.) increase, so does

the probability of emergent phenomena.

Our modeling approach and simulation results are po-

tentially useful when trying to forecast the motion of

pedestrian flows in open (heterogeneous) spaces. It has

for instance been found that flocking of sheep [8, 9] is

helped by introducing a barrier before an exit point.

Also high density particle flow through an orifice that

leads to jamming has been found to have less jamming

when a barrier is put in front of the orifice (see, for in-

stance, [10] and [11] for crowd dynamics scenarios when

the flow is improved by the presence of an obstacle in



2

front of the exit). We have explored extensively in a

previous paper (see [1]) the 2D diffusion–drift strip lat-

tice model used in this context, but without barriers. In

this paper, our 2D lattice is “perturbed” by a immobile

barrier with a fixed rectangular shape. At the top and

of the bottom of the lattice, we assume the presence of

reservoir (particle) densities. The “size” of the reservoirs

controls the stochastic particle dynamics inside the lat-

tice. Essentially, displacements can only occur towards

unoccupied lattice sites. The displacement probabilities

of the particles are possible in the four directions of the

square lattice. The horizontal displacement probability

perpendicular to the flow direction of the strip is h/2,

whereas u and d are the upward and downward displace-

ment probabilities. The choice of h, u, d is constrained

by h+ u+ d = 1.

The model describes the diffusion of particles in the

lattice as well a strongly nonlinear convection when drifts

induced by d− u 6= 0 are introduced.

We focus on the case d − u ≥ 0. When the drift

(pointing out in the top-down direction) is non–zero,

our stochastic simulations show a transition in the de-

pendence of simulated average particle residence time as

a function of the barrier length W . This transition is

only found when the bottom reservoir density, say ρd,

exceeds a particular threshold value (see Figure 8), while

the range of barrier lengths of decreases in residence time

depends on the choice of the drift value. In the absence

of the drift, alike transitions do not happen (as predicted

for instance in [12] and references cited therein).

The analysis focuses on the relation between den-

sity profiles and residence time changes with the barrier

width. It is the remarkable sudden change in density

profile from convex to concave just behind the barrier

that induces the residence time dependence change from

increasing to decreasing with increasing barrier width.

The width of change relates to the value of the bottom

boundary prescribed density ρd. It is worth mentioning

two studies, see [13, 14], of the behavior of 1D exclusion

processes local inhomogeneities, in which density profiles

similar to the ones we discuss in this paper are found.

Results are two fold: we will compare Monte Carlo

simulation of the lattice model with numerical solutions

of the 2D Mean Field equations for the density profile

and residence time. It appears that the lateral depen-

dence of the density distribution is rather flat for h large

enough [1] (in the simulation we shall use h = 0.5). This

we exploit by using a 1D differential mean field equa-

tion to calculate residence time from laterally averaged

simulated and calculated density distributions. This has

the advantage that an analytical relation between resi-

dence time and density profile can be used to interpret

the cause of the anomalous dependence of the residence

time on the width of the barrier when the density ρd is

larger than 0.5 and the drift is non–zero. When drift is

zero for the 1D case an analytical solution to the resi-

dence time dependence can be found.

The paper is organized as follows. In Section II, we

introduce the lattice model and the different methods

to approach the barrier problem. We close this section

with a short discussion of our main results. This is to

be followed by the detailed presentation and analysis of

our results in Sections III A and III B. A summary of the

main results and physics of the barrier introduction into

the strip concludes the paper.

II. MODELS AND METHODS

In this section, we introduce the models we plan to

study to address the problem discussed in the introduc-

tion and we also give a brief account of our main methods.

A. Lattice dynamics

The lattice model we discuss here is the same as the

one introduced in [1], excepting for the presence of the

barrier. We sketch, here, the definition of the mode and

refer to [1] for details.

Take L1, L2 to be positive integer numbers and con-

sider the strip {1, . . . , L1}×{1, . . . , L2}. We say that the

coordinate directions 1 and 2 of the strip are respectively

the horizontal and the vertical direction. We accordingly

use the words top, bottom, left, and right. On the strip

we consider a simple exclusion random walk with hori-

zontal hopping probability h, up direction hopping prob-

ability u, bottom direction hopping probability d, with

h+u+d = 1. Particles are inserted through the top and

the bottom boundary at rates mimicking fixed boundary

densities ρu and ρd.

Denote our vertical strip by Ω

The impenetrable barrier is modeled by a rectangular

region of width W and height O2 which is constantly

occupied by particles at rest. Hence, particles moving on

the lattice must do back step and/or lateral jump this

region.
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FIG. 1. Schematic representation of the model in the presence

of the barrier. Solid squares represent the particles at rest

modeling the barrier.

This model will be studied via Monte Carlo simula-

tions. We will let evolve the process for a time (termal-

ization time) sufficiently long until the system reaches its

stable steady state. After that, we measure the 2D den-

sity profile by averaging the occupation number at each

site of the lattice (see, for instance, Figure 2).

Moreover, we shall also measure the residence time by

averaging, at stationarity, the time needed by a parti-

cle entered through the top boundary to exit through

the bottom one. In this computation, the top boundary

condition will be chosen to be ρu = 1 so that particles

will not be allowed to leave the system through the top

boundary.

In the study of the residence time we shall find two

very different behaviors corresponding to the case when

the particle dynamics will be either biased or not along

the vertical direction. A special role will be played by

the parameter

δ =
d− u
d+ u

(2.1)

which will be called drift.

For more details, we refer again the reader to [1] where

a complete account on this approach is provided.

B. Mean field dynamics

A mean field approximation of the lattice model can be

derived as in [1] using arguments very much inspired from

[15]. The novelty, here, is the presence of the barrier,

which is treated as follows. We omit to show the details.

Denote our vertical strip by Ω and refer to the internal

barrier as O, see Figure 1 for a sketch of the geometry.

The density profile can be well approximated as solution

to the mean–field equation

∂ρ

∂t
=
h

2

∂2ρ

∂y2
+

1− h
2

∂2ρ

∂x2
− δ(1− h)

∂

∂x
(ρ(1− ρ)) (2.2)

in Ω \ O, endowed with the initial condition

ρ(0, y, x) = 0 in Ω \ O (2.3)

and the boundary conditions

ρ(t, y, 0) = ρu, ρ(t, y, L2) = ρd, (2.4)

and

∂ρ(t, 0, x)

∂y
=
∂ρ(t, L1, x)

∂y
= ∇ρ · n∂O = 0. (2.5)

Here n∂O denotes the outer normal along the boundary

of the barrier O.

This mean field model, a nonlinear diffusion–drift

equation, is approximated via a finite element approach.

The problem (2.2)–(2.5) is integrated numerically and

the density profile ρ(y, x) is found. Then the residence

time is computed by means of the equation (2.6). We

used the Finite Element Numerics toolbox DUNE [16]

to implement a solver for the model. We used quadratic

Lagrange elements and the Newton method to deal with

the nonlinear drift term.

Simulations indicate that there may not be too much

dependence in the density profile on the y variable and

we can approximate the 2D density profile with its 1D

counterpart ρ(x) that we obtain by integrating out the

y variable. We shall misuse the notation and denote by

ρ both the 2D density distribution and the 1D density

profile. This 1D density profile can be then used to cal-

culate the residence time estimate that is given from the

mean field expression

R = − 2

(1− h)∂xρ(0)

∫ L2

0

ρ(x) dx. (2.6)

This expression [1, equation (5.35)] shows that the aver-

age particle residence time is determined by the deriva-

tive of the density at the entrance of the strip and the
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FIG. 2. Simulated 2D density profiles for the lattice model in presence of the barrier: comparison between low and high bottom

boundary densities. On the left ρd = 0.9 and on the right ρd = 0.0, three values of the barrier width are compared: W = 85

(top), W = 90 (middle), and W = 95 (bottom). The corresponding simulated mean residence time is equal to 81359.8 (b),

101390 (d), 146403 (f) for ρd = 0.0; and 146678 (a), 119865 (c), and 162350 (e) for ρd = 0.9. The other model parameters used

in the simulation are L1 = 100, L2 = 400, h = 0.5, δ = 0.05, ρu = 1, O2 = 3.

integrated density. The convex to concave density profile

change behind the barrier in Figure 2 indicates a large

change in the particle density, that, as we will see, is

responsible to a significant extend to the transition be-

havior of the residence time. We have shown in [1] that

the mean field equation (2.2) is only valid in a limited

regime of the parameter space, there a birth–and–death

random walk model providing an alternative approach to
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calculate the residence time is proposed.

C. One–dimensional reduction

We propose a twofold reduction of the Mean Field

model. This way, we reduce the dimensionality of the

model from 2D to 1D and compensate, based on an effec-

tive transport coefficient, for the presence of the obstacle.

For this we use a porous media modeling approach where

parameters like obstacle porosity and tortuosity will be

used in the 1D context. Similar arguments are indicated,

for instance, in [17].

It occurs to us that there may be not too much de-

pendence in the density profile on the y variable and we

can approximate the 2D density profile with its 1D coun-

terpart that we obtain by integrating out the y variable.

After integration, the x coordinates that correspond to

the place where the barrier was in two dimensions, are

designated to have a smaller diffusion coefficient to ac-

count for that obstacle.

In our initial approximation, we consider the diffusion

coefficient and the drift to be porosity and tortuosity

based via the coefficient

λ(x) =

F (h)
L1 −W
L1

x ∈ [L2−O2

2 , L2+O2

2 ]

1 otherwise.
(2.7)

For convenience we also let α := F (h)(L1−W )/L1. Here,

the ratio (L1 −W )/L1 is the porosity, while F (h) is the

currently unknown function of the horizontal displace-

ment probability h. This plays the role of the tortuos-

ity. It is expected that F (h) ∈ (0, 1). In this very basic

approximation porosity and tortuosity effects are inde-

pendent (multiplicative), so that the no barrier case is

recovered for W = 0 and F (h) = 1 in the expression

(2.7). An increase in W results in a decrease in λ(x) in

the region x ∈ [(L2 − O2)/2, (L2 + O2)/2], which is also

the expected behavior from the lattice model.

The 1D Mean Field equation reads

d

dx

[
λ(x)

(1

2

dρ

dx
− δρ(1− ρ)

)]
= 0 (2.8)

with the boundary conditions

ρ(0) = 1 and ρ(L2) = ρd. (2.9)

On the basis of the density profile obtained by solving

(2.8), it is possible to compute the residence time via a

standard argument, see, e.g., [1, Section 5.6]. We find

R = − 2

ρ′(0)

∫ L2

0

ρ(x) dx, (2.10)

which is the analogous of equation (2.6).

We will see in the next Section that the reduced model

(2.8) and (2.9) is a convenient approximation of the 2D

mean–field model with barrier in the zero drift case. In

this context the model will be solved explicitly and the

density profile will be computed. Then we will compute

the residence time using again (2.6).

III. RESULTS

In this section we will present our results discussing

the zero drift case and non–zero drift case separately.

For the zero–drift case the analytical solution of the

1D barrier problem (2.8) gives the density profile. In

Sections III A 1 and III A 2 we compare this solution to

the horizontally averaged 2D density distributions com-

puted for the lattice model and for the Mean Field model

and a perfect match is found. In Section III A 3 the asso-

ciated residence time is computed via equation (2.10) and

via the Birth–and–death model [1]. These results will be

compared to the averaged 2D density profile obtained via

the Monte Carlo simulation and the associated residence

time.

In Section III B, for the non–zero drift case, for which

no analytical 1D model could be developed, the 2D

Monte Carlo stationary density distribution is reduced

to a 1D profile via lateral averaging. Moreover, such a

profile, is used to estimate the residence time via mean

field and birth and death methods. Results are compared

to the Monte Carlo estimates for the residence time. As

for the non–zero drift case a short interpretation of the

data is given.

In this case, we find that the residence time depends

not monotonically on the barrier width provided the bot-

tom reservoir density is large enough; more precisely,

when ρd is larger than 0.5, the residence time behavior

changes from the monotonic increase with increase of W

to a non–monotonic behavior: it decreases until a critical

value Wc is reached and increases beyond it. In the ab-

sence of the drift, alike transitions do not happen (as pre-

dicted for instance in [12] and references cited therein).

It is worth noting that in absence of drift, the dependence

on the barrier width always turns into a monotonic in-

crease of the residence time with increasing width.
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A. Zero Drift Case

We consider the lattice model introduced in Sec-

tion II A on the lattice strip of size L1 × L2 in absence

of drift, namely, for δ = 0. Our simulations will be run

mainly for L1 = 100, L2 = 400, h = 0.5, ρu = 1, and

ρd = 0, 0.9. But in some cases we shall also consider the

values L1 = 200 and h = 0.3, 0.4. Our barrier is of size

W × O2 and is placed in the middle of the strip. The

typical values used in the simulations for the width W of

the barrier are 10, 20, ..., 90. Its height O2 will always be

equal to 3.

1. Solution to the 1D model

For δ = 0 the model in Section II C simplifies and a

thorough analytical treatment is possible. The 1D equa-

tion (2.8) is a linear diffusion equation with a piecewise

constant diffusion coefficient. Its solution is piecewise

linear on intervals [0, (L2 − O2)/2], [(L2 − O2)/2, (L2 +

O2)/2], [(L2 + O2)/2, L2], and we can express it in the

form

ρ(x) = ρuT0(x) + aT1(x) + bT2(x) + ρdT3(x), (3.11)

where the coefficients a and b are the unknowns. The

functions Ti are the linear pyramid functions. Their

derivatives are T ′0(x) = −2/(L2−O2) on [0, (L2−O2)/2]

and 0 otherwise,

T ′1(x) =


2

L2−O2
on [0, (L2 −O2)/2],

− 1
O2

on [(L2 −O2)/2, (L2 +O2)/2],

0 otherwise

T ′2(x) =


1
O2

on [(L2 −O2)/2, (L2 +O2)/2],

− 2
L2−O2

on [(L2 +O2)/2, L2],

0 otherwise.

and T ′3(x) = 2/(L2 − O2) on [(L2 + O2)/2, L2] and 0

otherwise. After substituting (3.11) into (2.8), multiply

both sides by T1(x) and T2(x) and then integrate. This

yields the following equations∫ L2

0

ρ′(x)D(x)T ′1(x)dx = 0 and

∫ L2

0

ρ′(x)D(x)T ′2(x)dx = 0.

From here it follows that∫ L2−O2
2

0

(ρuT
′
0 +aT ′1)T ′1 dx+

∫ L2+O2
2

L2−O2
2

(aT ′1 +bT ′2)αT ′1 dx = 0

and∫ L2+O2
2

L2−O2
2

(aT ′1 + bT ′2)αT ′2 dx+

∫ L2

L2+O2
2

(bT ′2 + ρdT
′
3)T2 dx = 0.

After integration, we obtain

a =
ρu + ρd + ρuβ

2 + β
and b =

ρu + ρd + ρdβ

2 + β
(3.12)

with

β =
O2

α(L2 −O2)
. (3.13)

We remark that the deviations in the density profile

from the straight line are symmetric. See e.g. Figure 4

for an example simulation. Indeed, by summing the co-

efficients in (3.12) we obtain a+ b = ρu + ρd and, hence.

a− ρu + ρd
2

=
ρu + ρd

2
− b =

(ρu − ρd)β

4 + 2β
.

Having obtained the analytical expression for ρ(x), we

can compute the 1D Mean Field residence time approx-

imation by using (2.10). Indeed, some simple algebra

yields

R =
(ρu + ρd)L2(L2 −O2)(2 + 2O2

α(L2−O2)
)

ρu − ρd
(3.14)

where, we recall, α = F (h)(L1 − W )/L1. In the case

α = 1, i.e., no barrier, the expression of the residence

time simplifies to

R =
(ρu + ρd)2L2

2

ρu − ρd
, (3.15)

which is an agreement with [1, equation (5.39)].

We note the following: according to (3.14), the resi-

dence time increases with increasing value of ρd. Addi-

tionally, the effect of W on the residence time disappears

when L2 goes to infinity. Moreover, from (3.14), the resi-

dence time uniformly increases as W increases. Note also

that the W dependence can be also seen purely as W/L1.

This is a limitation of our simple approximation to the

diffusion coefficient, since in our simulations we see an ef-

fect of different values of W on the residence time, even

with the same W/L1 ratio (see Section III A 3).

2. Density profile

Now, we discuss how the density profile obtained from

(3.11) compares to the one obtained by averaging the

2D Monte Carlo simulation. The results are shown in
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FIG. 3. Comparison between the density profile obtained by

averaging the 2D lattice simulation and the analytical solution

of the 1D mean field equation. Parameters: L1 = 100, L2 =

400, h = 0.5, δ = 0, W = 70, O2 = 3, ρu = 1, and ρd as

listed in the inset. For the 1D model the tortuosity coefficient

has been chosen equal to 0.45 for all the values of ρd. Thick

lines correspond to Monte Carlo data for the lattice model

and thin lines correspond to the analytical solution of the 1D

model.

Figure 3 in the case W = 70. The parameters we used in

the computation are listed in the caption.

The match between the Monte Carlo and the analytical

result is perfect. For the 1D model we had to optimize on

the tortuosity coefficient by choosing F = 0.45 for this

comparison, but we stress that the same value has been

used for all the choices of the bottom boundary density

plotted in the picture. Although this value resulted in

a good match, the question of the explicit dependence

F (h) still remains open.

The size of the jump in the averaged density profile,

which can be observed in the figure, obviously depends on

the width of the barrier. This dependence is analyzed in

Figure 4, where we plot the averaged Monte Carlo density

profile for the 2D lattice model for different values of W .

The two plots show our results for ρd = 0 (top panel) and

ρd = 0.9 (bottom panel). It is worth remarking that, as

we expected, in both cases the size of the jump increases

with the barrier width. But we stress that the qualitative

behavior of the graph does not change with ρd. This fact

is particularly relevant and it is key in our explanation

for the different behaviors that we shall find in the biased

(non–zero drift) case.
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ρ

(a)

W = 0, RT = 317280;

W = 10, RT = 318420;

W = 20, RT = 320838;

W = 30, RT = 324187;

W = 40, RT = 330067;

W = 50, RT = 336041;

W = 60, RT = 346667;

W = 70, RT = 360927;

W = 80, RT = 383568;

W = 90, RT = 425627;

W = 95, RT = 480030;

0 50 100 150 200 250 300 350 400 450
0.88

0.9

0.92

0.94

0.96

0.98

1

x

rh
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(b)

 

 

W = 0, RT = 2746390;

W = 10, RT = 2754260;

W = 20, RT = 2763570;

W = 30, RT = 2771830;

W = 40, RT = 2802970;

W = 50, RT = 2843210;

W = 60, RT = 2889650;

W = 70, RT = 2928350;

W = 80, RT = 2979970;

W = 90, RT = 3124410;

W = 95, RT = 3216770;

FIG. 4. Density profile obtained by averaging the 2D lattice

simulation: comparison for different values of W . Parameters:

L1 = 100, L2 = 400, h = 0.5, δ = 0, ρu = 1, ρd = 0 (a) and

ρd = 0.9 (b), O2 = 3, and W as listed in the inset. In the

inset we have also listed the Monte Carlo averaged residence

time data discussed in Section III A 3.

3. Residence time

The above discussion shows that the 2D stationary

density profile can be found by averaging the Monte Carlo

data for the 2D lattice model or by solving the Mean Field

model (2.2). Moreover, by averaging along the horizontal

axis this 2D profile, we find a 1D profile which can be per-

fectly fitted with the 1D model proposed in Section II C

by choosing the correct tortuosity coefficient. Such a 1D

density profile can be used as an input to estimate the

residence time.

This estimate can be achieved via the Mean Field ap-

proximation provided in (2.6). But we shall also use a

different approach proposed in [1] and based on a Birth–
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FIG. 5. The Birth–and–Death and Mean Field approxima-

tions to the actual measured mean residence time (labeled

LA). Parameters: L1 = 100, L2 = 400, δ = 0, ρu = 1, ρd = 0,

O2 = 3, and h = 0.5.
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FIG. 6. The Birth–and–Death and Mean Field approxima-

tions to the actual measured mean residence time (labeled

LA). Parameters: L1 = 100, L2 = 400, δ = 0, ρu = 1,

ρd = 0.9, O2 = 3, and h = 0.5.

and–Death model. The main idea is that of predicting

the residence time via a 1D model in which a particle

performs a simple random walk in the vertical direc-

tion with jumping probabilities defined in terms of the

stationary density profile measured for the 2D lattice

model. In particular it has been deduced the prediction

[1, equation (4.20)] for the residence time based on the

Birth–and–Death model defined in [1, equation (5.28)].

In that paper, due to the absence of barrier, the reduc-

tion to 1D is rather obvious, since the density profile

does not depend on the horizontal coordinate. As in the

case of the Mean Field approximation (2.6), we shall also

use this Birth–and–Death approach here starting from

the horizontally averaged density introduced above equa-

tion (2.6).

In Figure 5 and Figure 6, we compare the Monte Carlo

measurement of the residence time (LA) to the Birth–

and–Death (BD) and Mean Field (MF) estimates based

on the horizontally averaged 1D density profile ρ of the

2D simulation of a flow through a strip with an obstacle

in the middle. On the horizontal axis we have the barrier

width and on the vertical axis the mean residence time.

The formulas for the both residence time estimates can

be found in [1], more precisely, see [1, equation (5.32)]

and [1, equation (5.39)] respectively for the BD and the

MF approximation.

As we can see, the quality of the approximation is in-

fluenced heavily by the value of ρd. For ρd = 0, the MF

approximation works very well, while the BD approxima-

tion gets worse when the width of the barrier is increased.

For ρd = 0.9, the MF approximation overestimates by a

lot, while the BD approximation is a bit better, but still

not very precise. This result is consistent with what it

has been found in [1] in absence of barrier: in absence

of drift, provided h is large enough (here we are using

h = 0.5), the BD prediction is better than the MF one in

those situations in which clogging is present. There, in

absence of obstacles, clogging was introduced by increas-

ing the value of the bottom boundary density.

From this it follows that we can’t expect to get precise

residence time estimates based on the analytical solution

of our 1D model for the case of zero drift. But we can

still hope to reproduce the density profiles well.

As a final remark, on which we shall come back in the

discussion Section IV in connection with the results we

will find in the non–zero drift situation, we note that the

behavior of the residence time with the barrier width is

absolutely trivial. Indeed, it stays more or less constant

till half the horizontal width is reached, then it increases

sharply.

B. Non–zero Drift Case

In the zero drift case residence time and current are

determined by diffusion and, hence, by the gradient in

particle density. For this case in the previous subsection

we have shown that the barrier reduces density gradients

in the strip. This reduced density gradient compared to
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the no–barrier case is the reason for the longer residence

time when barrier is present.

The physically very different response for the case of

non–zero drift upon the presence of a barrier relates to

the very different particle density profile in the strip when

drift dominates versus diffusion. Since the stationary

density distribution, even in presence of a barrier, will

poorly depend on the horizontal spatial coordinate, we

will often use 1D arguments based on the 1D dimensional

density profile obtained by averaging the 2D density dis-

tribution on the horizontal spatial coordinate.

As it is well known, for diffusion the particle density

profile decreases linearly between its high value at en-

trance of the strip and its low value at the exit. This

can be observed, for the no–barrier case, in Figure 4. As

it can be observed in Figure 10, when drift is finite the

density profile becomes very different.

In 1D, when no barrier is present, the particle density

profile in the strip is determined by the condition that

current is maximum [12]. The drift contribution to the

current is proportional to ρ(1−ρ), see (2.8) and [1, equa-

tion (5.34)], which is maximum at ρ = 0.5. Therefore,

when possible, the particle density in the strip will tend

to be flat and equal to 0.5.

In our case the inlet density of the strip ρu = 1 is kept

constant, but the outlet density ρd is varied. One has to

distinguish the cases ρd less or equal to 0.5 and ρd > 0.5

[1, 12, 18]. When ρd is less than 0.5 and the drift domi-

nates, except for a small region close to the boundaries,

the density profile is nearly constant and close to 0.5.

The density in the flat part of the profile will not change

unless ρd exceeds 0.5. Then the value of the flat density

part in the strip will increase to ρd (see the case without

barrier in Figure 10). This can be considered the onset

region of percolation. Since, when ρd > 0.5 the ρ(1− ρ)

term decreases the current decreases and the residence

time increases.

The different response of residence time on barrier

length for the zero and non–zero drift cases relates to

the very different physics that determines current in the

two cases: density gradient when diffusion dominates

and ρ(1 − ρ) term when drift dominates. In the next

section simulations of the dependence of the residence

time on barrier width will be presented. We will discuss

under which conditions the residence time will behave

non–linearly and will show a minimum as a function of

barrier width. In the following subsection we will relate

this non–linear residence time behavior to changes in the
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FIG. 7. Simulated mean residence time for the 2D lattice

model as a function of ρd for the different values of W listed

in the inset. Parameters: L1 = 100, L2 = 400, h = 0.5,

δ = 0.1, ρu = 1, and O2 = 3.

density profiles. After a discussion of the changes in den-

sity profiles when barrier width changes we will analyze

these changes using the 1D model.

1. Residence time

We consider the lattice model introduced in Sec-

tion II A on the lattice strip L1×L2 in presence of drift,

namely, for δ > 0. Our simulations will be run mainly

for the same parameters as those used in Section III A.

Details will be given in the figure captions.

The dependence of the residence time on the barrier

width is shown in Figures 7 and 8. Again, it is essential

to consider the cases where ρd is smaller or larger than

0.5.

Figure 7 shows simulated residence time as a function

of ρd. In the inset the values ofW are shown. When there

is no barrier, W = 0, the residence time increases only

once ρd exceeds 0.5. As discussed above this is due to

the onset of percolation. As long as ρd does not exceed a

critical value, when W is different from zero the residence

time increases with increasing value of W . As for the

case W = 0, the residence time remains independent of

ρd until ρd exceeds this particular critical value. This

critical value of ρd increases as W becomes larger.

Interestingly at this critical value of the outlet bound-

ary density ρd the residence time in presence of a barrier,

as long as W does not exceed a critical value Wc, is lower
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Here we plot the sign of the numerical derivative of R w.r.t.

W . Yellow part: the residence time increases with increase in

W . Blue part: the residence time decreases with increase in

W . Other parameters: L1 = 400, L2 = 100, δ = 0.1, h = 0.5.

than the residence time for the no–barrier strip (W = 0).

In case ρd is kept constant the residence time will al-

ways increase with W as long as ρd is less than 0.5. How-

ever, if ρd is larger than 0.5, there is a critical value Wc

of the barrier width below which the residence time will

decrease. The value of Wc increases with ρd. This de-

fines a region of ρd–W values where the residence time

will decrease below that of the no–barrier case. This is

illustrated diagrammatically in Figure 8.

The critical value Wc, below which the residence time

has a minimum, is also a function of the drift. Figure 9

illustrates the change in residence time as a function of

W for the case ρd = 0.9 at different values of the drift:

Wc decreases with increasing drift and there is also an

increase in the residence time dip width. We will analyze

the physical reason for the residence time changes with

barrier width in detail in subsections III B 2 and III B 3.

2. Density profile

The not uniform dependence of the residence time on

W for ρd > 0.5 relates to the asymmetric variation of

the density profile before and after the barrier. We will

discuss the density profile here and analyze how this re-

lates to the different residence time change regimes in the

next section. The differences in density profiles when W

is introduced are shown for a few cases in Figure 10.

30 40 50 60 70 80 90 100

W

0

5

10

15
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×10
4
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FIG. 9. Simulated mean residence time for the 2D lattice

model as a function of the barrier width W for the different

values of δ listed in the inset. Parameters: L1 = 100, L2 =

400, h = 0.5, ρu = 1, ρd = 0.9, and O2 = 3.

In the barrier free case (W = 0), Figure 10 illustrates

the very different density profiles for the non–zero drift

case compared to the zero drift case discussed in the pre-

vious section. When δ = 0.1 the slope in density at the

center of the strip is substantially decreased compared to

the case (see Figure 4) where diffusion dominates (δ = 0).

When δ is not zero there is no change in density profiles

unless ρd ≥ 0.5. As Figure 10 shows when ρd = 0.9, the

density profile in the center becomes equal to ρd and

has nearly zero derivative. For the decreased value of

δ = 0.01 the density value at the center is similar, but

the slope is larger since diffusion contributes now more to

the current. Note (see the date in the inset in Figure 10)

that the ratio between the corresponding values of the

residence time is of the same order of the inverse of the

ratio between the δ values.

When a barrier is introduced (W > 0), there are im-

portant differences between the density changes when ρd
is smaller or larger than 0.5. When ρd < 0.5 there is

a density increase before the barrier and a wake devel-

ops after it (see the left and center panels in Figure 10).

When ρd > 0.5 (see the right panels in Figure 10), for W

small only a wake appears, but at a critical value Wc of

the barrier width an increase in density before the barrier

is observed.



11

0 50 100 150 200 250 300 350 400 450

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ

W = 0, RT = 15972;

W = 10, RT = 16105;

W = 20, RT = 16740;

W = 30, RT = 18176;

W = 40, RT = 20405;

W = 50, RT = 23446;

W = 60, RT = 27833;

W = 70, RT = 34344;

W = 80, RT = 45248;

W = 90, RT = 69906;

W = 95, RT = 103821;

0 50 100 150 200 250 300 350 400 450

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ

W = 0, RT = 16488;

W = 10, RT = 16564;

W = 20, RT = 17093;

W = 30, RT = 18468;

W = 40, RT = 20674;

W = 50, RT = 23748;

W = 60, RT = 28050;

W = 70, RT = 34531;

W = 80, RT = 45537;

W = 90, RT = 69942;

W = 95, RT = 104442;

0 50 100 150 200 250 300 350 400 450

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ

W = 0, RT = 80054;

W = 10, RT = 79763;

W = 20, RT = 79734;

W = 30, RT = 79644;

W = 40, RT = 79153;

W = 50, RT = 78686;

W = 60, RT = 77890;

W = 70, RT = 76692;

W = 80, RT = 51828;

W = 90, RT = 76447;

W = 95, RT = 114826;

0 50 100 150 200 250 300 350 400 450

x

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ

W = 0, RT = 124337;

W = 10, RT = 124689;

W = 20, RT = 126209;

W = 30, RT = 128219;

W = 40, RT = 131541;

W = 50, RT = 136308;

W = 60, RT = 143124;

W = 70, RT = 153198;

W = 80, RT = 170147;

W = 90, RT = 205516;

W = 95, RT = 253158;

0 50 100 150 200 250 300 350 400 450

x

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

ρ

W = 0, RT = 157644;

W = 10, RT = 157802;

W = 20, RT = 159132;

W = 30, RT = 160914;

W = 40, RT = 163785;

W = 50, RT = 167502;

W = 60, RT = 173585;

W = 70, RT = 182820;

W = 80, RT = 198302;

W = 90, RT = 231791;

W = 95, RT = 278798;

0 50 100 150 200 250 300 350 400 450

x

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

ρ

W = 0, RT = 746389;

W = 10, RT = 747867;

W = 20, RT = 750821;

W = 30, RT = 751342;

W = 40, RT = 750806;

W = 50, RT = 755372;

W = 60, RT = 756099;

W = 70, RT = 758445;

W = 80, RT = 769553;

W = 90, RT = 790004;

W = 95, RT = 818824;

FIG. 10. Density profile obtained by averaging the 2D lattice simulation: comparison for different values of W . The lattice

size is 100 × 400, h = 0.5, δ = 0.1 (top) and δ = 0.01 (bottom), ρu = 1, ρd = 0 (left), ρd = 0.4 (center), and ρd = 0.9 (right),

and O2 = 3. The Monte Carlo averaged residence time measured in the different cases has been reported in the inset.

3. The physics of the jammed strip with a barrier

Wake developments after the barrier and density vari-

ations before the barrier are sufficient to explain the res-

idence time behavior. In our discussion we will take also

advantage from the Mean Field approximation for the

residence time which closely follow the trends of the lat-

tice simulated values (see Figure 11), with an average

deviation at high values of W of one percent.

The expression of the residence time based on the

Mean Field approach can be rewritten as R = m1m2

with

m1 = − 2

(1− h)ρ′(0)
and m2 =

∫ L2

0

ρ(x) dx , (3.16)

where, we recall, we abuse the notation and denote by ρ

the density distribution averaged along the horizontal di-

rection. The quantities m1 and m2 enable to distinguish

between changes before and after the barrier; indeed, m1

changes only when the density profile alters before the

barrier, whereas m2 measures the total mass in the sys-

tem.

For δ = 0.1, ρd = 0, and ρd = 0.9 the residence times

are plotted in Figure 11 and the related values of m1 and

m2 are plotted in Figure 12. The data show the very

different dependences of m1 and m2 as a function of W

when ρd = 0 and ρd = 0.9.

Data in Figure 12 show that, when the outlet density

ρd is zero, m1 increases with W and, hence, the derivative

of the density profile at the inlet decreases with W . This

is connected to the fact that at low outlet density case

(ρd < 0.5), a linear increase of the density level just be-

fore the barrier is observed when the width of the barrier

is increased. The onset of percolation before the barrier

is thus related to the increase of the parameter m1. On

the other hand the parameter m2 stays constant, with

respect to W for ρd < 0.5. This is shown in the case

ρd = 0 in Figure 12. This fact is due to the symmetric

variation of the averaged density profile before and after

the barrier around the level 0.5, see the left and center

panels in Figure 10. Hence, the increase in density be-

fore the barrier and the decrease after it compensates

and m2 remains constant. Recalling that R = m1m2, we

have that in the regime ρd < 0.5 the residence time is an

increasing function of W .

The response to the introduction of a barrier changes

when ρd exceeds 0.5. The data plotted in Figure 12 for

ρd = 0.9 show that initially (i.e., W small enough) m1

is constant and, thus, no change in the derivative of the

density at the inlet is observed. This also implies that

there is no increase in density before the barrier. For the
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FIG. 11. The Monte Carlo estimate (solid symbols) and the

Mean Field prediction (open symbols) of the residence time

are plotted for δ = 0.1, lattice size 100×400, h = 0.5, ρu = 1,

O2 = 3, ρd = 0 (circles), and ρd = 0.9 (squares).

same values of W , on the other hand, the presence of

the wake after the barrier decreases the value of m2 as

W is increased. Thus, this mass loss in the wake after

the barrier and the related percolation decrease cause the

residence time to decrease as long as the barrier width is

less than Wc (see figures 9 and 11).

WhenW increases near the critical valueWc, the quan-

tity m2 steeply decreases as a consequence of the convex

to concave transition in the density profile in the wake

near the barrier. With a further increase in W , the quan-

tity m1 starts to increase, which implies that the density

starts to increase before the barrier. Residence time now

will increase due to increased jamming before the barrier

(the decrease of m2 is not sufficient to compensate the

increase of m1).

4. 1D interpretation of the density profiles

In Subsection III B 3 we have shown that our numeri-

cal results on the residence time can be interpreted using

the Mean Field approximation and the main features of

the stationary density profiles. Here, we show that these

profiles can be understood in terms of the 1D model in-

troduced in Section II C.
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FIG. 12. Plot of the parameters m1 (solid symbols) and m2

(open symbols) defined in (3.16) for δ = 0.1, lattice size 100×
400, h = 0.5, ρu = 1, O2 = 3, ρd = 0 (circles), and ρd = 0.9

(squares).

We will discuss the 1D model (2.7)–(2.9) assuming that

the lengths L2 � O2 are both large (tend to infinity)

so that the transport term dominates diffusion in the

expression of the current

J = λ
(
− 1

2

dρ

dx
+ δρ(1− ρ)

)
.

Hence, we try to predict the constant bulk values of the

density profiles and we renounce to describe the small

scale effects close to the boundaries and close to the

porosity discontinuity regions. We shall, thus, denote

by ρ1, ρ2, and ρ3 the bulk values of the density profiles

in the three regions x < (L2 − O2)/2, (L2 − O2)/2 <

x < (L2 + O2)/2, and x > (L2 + O2)/2, respectively.

We will discuss how ρ1, ρ2, and ρ3 depend on the barrier

width W under two assumptions: i) maximization of the

bulk current λδρ(1 − ρ) [1, 12, 18], ii) ρ1 ≥ ρd, which

is a rather natural assumption in view of the boundary

conditions (2.9).

We first remark that (2.8) implies that the current is

constant with respect to the space variable, hence, for

the bulk values we have that

ρ1(1− ρ1) = αρ2(1− ρ2) = ρ3(1− ρ3)

where α ∈ (0, 1] has been introduced below equation
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(2.7). Thus we have that

ρ1 = ρ3 or ρ1 = 1− ρ3 (3.17)

and

ρ2 =
1

2

[
1±

√
1− 4

α
ρ1(1− ρ1)

]
(3.18)

provided the discriminant is not negative, which is the

case if and only if

ρ1 ≤
1

2
(1−

√
1− α) or ρ1 ≥

1

2
(1 +

√
1− α) . (3.19)

It is important to note that the right hand side in the

second inequality (3.19) varies between 0.5 and 1 for α ∈
(0, 1]. The conditions (3.19) have an important physical

meaning, indeed, they state that, due to the presence of

the reduced porosity in the middle of the system, the

bulk densities ρ1 and ρ3 cannot be arbitrarily close to

0.5.

Consider, now, the case 0 ≤ ρd < 0.5. Since ρd <

0.5 and (1 +
√

1− α)/2 ≥ 0.5, in order to maximize the

current it will be ρ1 = (1 +
√

1− α)/2. Thus it will also

be ρ2 = 1/2 and ρ3 = 1 − ρ1 = (1 −
√

1− α)/2. Hence,

in this case, independently on the value of ρd, when α

varies from 1 to 0, that is to say the barrier width varies

from 0 to L1, the value of ρ1 moves from 1/2 to 1. It is

very important to remark that this is precisely what is

observed for the horizontally averaged profile of the 2D

lattice model in Figure 10. In particular note that the

bulk density levels are the same in the two top left panels

although they correspond to two different values of the

outlet boundary density ρd.

In the 2D model the non–linear changes of residence

time, that occur upon introduction of the barrier, are

only observed in the low current regime when ρd > 0.5.

As we explained above this is due to the peculiar behavior

of the density profile illustrated in the right top panel in

figure 10. Now we show that a similar behavior can be

conjectured for the bulk density values in the framework

of the 1D model.

Thus, consider, now, the 1D model in the case ρd >

0.5. For α close to 1 one has that (1 +
√

1− α)/2 < ρd.

Hence, the condition ρ1 ≥ (1 +
√

1− α)/2 is not effective

and, in order to maximize the bulk current, it will be

ρ1 = ρd which is the smallest value larger than 1/2 that

ρ1 can assume. Hence, when α is lowered starting from

1 the bulk density ρ1 will stay constantly equal to ρd
until α will be so small that (1 +

√
1− α)/2 = ρd. This

equation defines a critical value of α below which ρ1 =

(1 +
√

1− α)/2 so that it increases when α is decreased

further. In this case, we also have that, since the current

must be constant, it will also be ρ3 = 1 − ρ1 = (1 −√
1− α)/2. It is important to note that the behavior

here described is precisely the one observed in the right

top panel in Figure 10.

IV. CONCLUSIONS

We have discussed simulations on a strip lattice model

with asymmetric simple exclusion in the presence of a

solid impenetrable barrier. We have analyzed these re-

sults by averaging the density in a direction perpendicu-

lar to the direction of current so that a 1D model could

be constructed.

In the 2D model a relative value of the horizontal dis-

placement probability h = 0.5 has been used. In that

case there is rapid horizontal diffusion of density before

the barrier to the opening positions between barrier and

wall and after barrier into wake region. For the 1D model

for zero drift an analytical solution for the residence time

could be found in the presence of a barrier. For non–zero

drift such an analytical solution could not be found, but

the 1D model could be analyzed within the mean field

approximation.

The physics of the increase in residence time by intro-

duction of the barrier for the zero drift case has a simple

explanation. We consider the case where the strip inlet

particle density is one, but at the outlet of the strip it is

varied. In absence of barrier, when drift is zero, the den-

sity between inlet and outlet varies linearly. When a bar-

rier is introduced the density before the barrier increases

and a wake develops behind it. Since both changes re-

duce local density gradients it causes a decrease in cur-

rent and residence time increases with increase of barrier

width W . The increase of residence time will occur for

any value of ρd.

The drift contribution to the current depends non–

linearly on the density profile. In the absence of a barrier,

when drift is large compared to diffusion, this causes the

density to be independent of position except at the in-

let and outlet regions of the strip. As long as ρd is less

than 0.5 the constant bulk value of the density does not

change when ρd is varied. The current remains maxi-

mized since ρ(1 − ρ) is maximum for ρ = 0.5. However

when ρd exceeds 0.5 the flat part of the density profile

becomes equal to ρd. The current now decreases and the

residence time increases. This is the onset of percolation.
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When drift is not zero, the presence of the barrier in the

strip gives the expected increase in residence time with

increasing barrier width as long as ρd < 0.5. The density

before the barrier increases and also a wake develops.

The increase in density before the barrier and decrease

in density in the wake after the barrier reduce current

since densities in both cases start to differ from the value

0.5, that maximizes the bulk current.

However, when ρd > 0.5 the system is already in the

percolation regime. Now, the introduction of the barrier

can lead to local reduction of the density so that percola-

tion will decrease. The density changes before and after

the barrier are now asymmetric. Initially, there is only

formation of a wake behind the barrier. This reduction

of density reduces percolation and causes an increase of

current and a decrease of residence time. There is no in-

crease in density before the barrier since this will increase

percolation and hence decreases current. The residence

time gets its minimum value when the average value of

the density behind the barrier becomes equal to 0.5, be-

yond this point an increase in barrier width will increase

the residence time.

Once W increases beyond the critical value Wc, where

the average density in the wake becomes less than 1−ρd,

a further reduction of density in the wake will decrease

current similarly as an increase in density before the bar-

rier to higher values of ρd. Now with increase of barrier

width, not only density in the wake decreases but also the

density before the barrier will increase. Now, residence

time will continue to increase beyond its no–barrier value.

Due to the additional contribution of diffusion, that

counteracts the decrease in residence time, the minimum

in residence time is reached for larger values of W when

the drift is decreased.

In the recent paper [19] the totally asymmetric simple

exclusion process has been applied to a molecular motor

transport model on a network. Whereas the network

is different from our strip model and drift equals one,

the authors find also non–linear dependence on motor

particle density when its global density exceeds a critical

value and network exit rate is asymmetric. Also in this

case the critical behavior is due to the term ρ(1 − ρ) as

we discuss in this paper.
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