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Over the last twenty years there have been spectacular observations and 
experimental achievements in fundamental physics. Nevertheless all the physical 
phenomena observed so far can still be explained in terms of two old models, 
namely the Standard Model of particle physics and the ΛCDM cosmological 
model. These models are based on profoundly different theories, quantum field 
theory and the general theory of relativity. There are many reasons to believe 
that the SM and the ΛCDM are effective models, that is they are valid at the 
energy scales probed so far but need to be extended and generalized to account 
of phenomena at higher energies. There are several proposals to extend these 
models and one promising theory that unifies all the fundamental interactions 
of nature: string theory.

With the research documented in this thesis we contribute with four tiny drops 
to the filling of the fundamental physics research pot. When the pot is full, the 
next fundamental discovery will take place.
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Abstract

This thesis concerns a range of aspects of theoretical physics. It is composed of two parts.

In the first part we motivate our line of research, and introduce and discuss the relevant

concepts. In the second part, four research papers are collected. The first paper deals

with a possible extension of general relativity, namely the recently discovered classically

consistent bimetric theory. In this paper we study the behavior of perturbations of the

metric(s) around cosmologically viable background solutions. In the second paper, we

explore possibilities for particle physics with low-scale supersymmetry. In particular we

consider the addition of supersymmetric higher-dimensional operators to the minimal su-

persymmetric standard model, and study collider phenomenology in this class of models.

The third paper deals with a possible extension of the notion of Lie algebras within cate-

gory theory. Considering Lie algebras as objects in additive symmetric ribbon categories

we define the proper Killing form morphism and explore its role towards a structure theory

of Lie algebras within this setting. Finally, the last paper is concerned with the compu-

tation of string amplitudes in four-dimensional models with reduced supersymmetry. In

particular, we develop general techniques to compute amplitudes involving gauge bosons

and gravitons and explicitly compute the corresponding three- and four-point functions.

On the one hand, these results can be used to extract important pieces of the effective

actions that string theory dictates, on the other they can be used as a tool to compute

the corresponding field theory amplitudes.
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1 Introduction

All the fundamental physical phenomena observed so far can be described at the

microscopic scale by the Standard Model (SM) of particle physics in the quantum field

theory framework, and at the cosmological scale by the standard ΛCDM cosmological

model within the general theory of relativity. There are several reasons to believe that

the current standard models are not the final ones. Above all, these models do not

account for a microscopic description of gravity. The SM of particle physics does not

account for gravity and works to describe physics at the energies currently probed in

particle accelerators, i.e. at the TeV scale, because at these energies gravity is negligible

as compared to the other forces. Further, it is very likely that quantum field theory in

itself cannot be a theory valid at arbitrarily high energy scales. It in fact seems that there

is no way to consistently describe gravitational interactions in quantum field theory.

To date, it is known only one theory that is capable of describing all the fundamental

interactions of nature in a unified framework, namely string theory. But, if on the one

hand it seems possible to accommodate the observed physics within string theory, on the

other there is no experimental evidence that string theory is a valid fundamental theory of

physics, and it is sometimes accused to lack in predictability [1.1]. A common assumption

is that the string scale must be close to the Planck scale, i.e. Ms ∼ 1018 GeV, and that

the description of the physical phenomena that will be observed in the near future will

surely not directly require string theory. Further, the theory has an enormous amount

of solutions, and these can accommodate not only the observed physics but indeed many

other possible scenarios. That is, most of the many solutions do not describe our world.

There are various things that should be emphasized in these respects.

First, concerning the testability of string theory as a fundamental physical theory, or

more to the point concerning the impact that string theory can have on phenomenology,

the truth is that we do not really know the characteristic string scale. As it stands, it can

be anywhere above about 10 TeV, see e.g. [1.2,1.3]. Secondly, whether we should expect a

theory to predict a unique universe is a matter of philosophy, not of physics. Note that in

quantum field theory it is possible to build infinitely many consistent models, still with this

theory we successfully describe observed physical phenomena. In addition, the number
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Chapter 1. Introduction

of truly allowed scenarios within string theory is not yet known, naive expectations are

usually based on semi-classical arguments, quantum effects influence the number of stable

vacua, and these are not yet fully under control. One well-known attempt to stabilize

string vacua is [1.4], for recent work see e.g. [1.5].

We also like to recall that string theory constructions and formalisms have proven to

be useful tools for different areas in physics. In view of our research, we remark that

string theory formalisms and techniques have been successfully employed to compute

quantum field theory amplitudes. For example, one-loop amplitudes in supergravity can

be computed using string-based methods, see e.g. [1.6]. Similar methods can be used for

the computation of quantum field theory amplitudes with minimal supersymmetry, and

likely in the future also for non-supersymmetric amplitudes. String-inspired techniques

are even used for collider physics software [1.7].

In order to test possible scenarios with a relatively low string scale, or otherwise

indirectly probe an intermediate string scale, a promising approach consists in deducing

the effective field theories allowed by string theory beyond the two derivative terms. The

strict field theory limit of four-dimensional semi-realistic string theory models yields the

two derivative action of N = 1 supersymmetric Yang-Mills theory (SYM) coupled to

N = 1 supergravity (SUGRA). But, at some point below the string scale, even though

it might not yet be necessary to use the full string theory framework, physics will “start

to feel the stringy structure”. At these scales, the stringy effects can be conveniently

encoded by the addition of effective operators to the SYM and SUGRA Lagrangian. These

operators are typically higher-derivative interactions that are weighted by suitable powers

of the string scale, and in principle they can be explicitly deduced within given class of

models. Most parts of these effective actions can be obtained through the computation

of string scattering amplitudes. Further, independently from the order of the string scale,

as we were already alluding to, perturbative effects play a role to determine true semi-

realistic vacua of the theory. However, in practice, these evaluations are not easy and

not always unambiguous. Hence, among the various aspects of string theory that need

to be developed, it would be desirable to have a better technology or even a better

formalism to compute string scattering amplitudes in semi-realistic models. The main

focus over the last period of my PhD studies has been in this direction. In particular,

we have concentrated on the computation of one-loop amplitudes in four-dimensional

models with reduced supersymmetry based on orbifold compactifications of the Ramond-
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Chapter 1. Introduction

Neveu-Schwarz superstring. The basic concepts to set up the computation of scattering

amplitudes for the RNS superstring have been known for a long time, however, in models

with reduced supersymmetry, the explicit evaluation of one-loop amplitudes is nontrivial

already when considering the scattering of only three and four states. In paper IV we

investigate techniques that can facilitate these computations. In particular, we show how

some methods developed for the computation of amplitudes with maximal supersymmetry

can be extended and applied to amplitudes in models with reduced supersymmetry. In

this context, we further evaluate the one-loop three- and four-point functions for gauge

bosons and gravitons.

We believe that progress in fundamental physics might come from a variety of different

approaches. On the one hand, as we have briefly discussed, developments in string theory

can guide the description of the low energy effective physics. On the other hand, a more

phenomenological, bottom-up approach is also important. Finally, as history has shown,

mathematical developments might lead to unexpected possibilities. In order to learn the

basics, during my PhD studies I have tried to get a glimpse of all the above different areas

of research. The other research papers collected in this thesis deal with these different

areas of theoretical physics.

In the introductory part of the thesis we summarize and introduce the basic con-

cepts needed to approach the various fields of research. Chapter 2 introduces to paper I,

outlining the basics of bimetric massive gravity. In paper I we study cosmological per-

turbation theory for FLRW-like backgrounds of bimetric theories. Chapter 3 motivates

and introduces particle physics with low scale supersymmetry. We discuss some aspects

of the minimal supersymmetric standard model (MSSM) and some of its challenges in

view of experimental data. This is related to paper II, where we consider the addition

of supersymmetric higher-dimensional operators to the MSSM. In chapter 4 we motivate

the study of Lie Algebras in category theory, and we introduce the basic notions needed

to approach paper III. Finally, the last two chapters are dedicated to string theory. In

chapter 5 we introduce bosonic string theory and the RNS superstring. In chapter 6

we review orbifold compactifications, namely a special class of string compactifications

leading to four-dimensional models with reduced supersymmetry.
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2 Bimetric Massive Gravity

General relativity (GR) is a highly nonlinear theory addressing the dynamics of the

metric. The theory is invariant under general coordinate transformations and there are

constraint equations, i.e. the Bianchi identity for the Einstein tensor. As a result, in four

dimensions the metric has only two independent modes. From the microscopic point of

view GR describes the interactions of a massless spin-two particle, the graviton. In fact,

by linearizing GR around the Minkowski background we get the action for a free massless

spin-two particle in flat space 1

S ∼ 1

2κ2

∫
d4x

√
−det g R

∣∣∣
h2
∼
∫
d4x hµνE ρσ

µν hρσ (2.1)

where gµν = ηµν + κhµν , and

E ρσ
µν = −1

2

(
η ρµη

σ
ν �− ηµνηρσ�+ ηµν∂

σ∂ρ + ηρσ∂µ∂ν − 2η σ
(µ ∂ν)∂

ρ
)
, (2.2)

such that E ρσ
µν hρσ is the linearized Einstein tensor. The linearized GR action (2.1) is

invariant under infinitesimal diffeomorphisms, i.e.

hµν → hµν + Lξ ηµν = hµν + ∂µξν + ∂νξµ , (2.3)

for any smooth vector field ξ. A common choice of gauge is [2.1]

∂µhµν −
1

2
∂νh = 0 , (2.4)

where h = ηµνhµν . The above choice leads to the equations of motion �hµν = 0, and there

is clearly still freedom to perform gauge transformations for any ξ such that �ξµ = 0.

This is very similar to abelian gauge theory, and here the large amount of gauge freedom

is associated to eight unphysical degrees of freedom out of the ten components of the

metric fluctuations.

Especially over the last twenty years, after the observation of the acceleration of the

universe [2.2], there has been an increasing interest in modified theories of gravity, that

could face the cosmological constant problem by modifying GR in the infrared and produce
1In this chapter we make explicit reference to a four-dimensional space-time, but most of the discussion

is valid in any dimension, see e.g. [2.5] for a nice dimension agnostic presentation of the topic.
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Chapter 2. Bimetric Massive Gravity

self accelerating solutions. One possibility, that aims to be also technically natural, is

massive gravity [2.6, 2.7].

Linearized GR in flat space can be extended by the addition of a mass term for the

graviton. For a long time it has been known that in order to have a ghost-free theory, there

is a unique choice for the mass term of the graviton. That is, the Fierz-Pauli action [2.3]

SFP ∼
∫
d4x hµνE ρσ

µν hρσ −
1

2
m2(hµνh

µν − h2) , (2.5)

is the unique possibility to describe a free massive spin-two particle in flat space. The

relative coefficient of −1 between hµνhµν and h2 in the mass term is sometimes referred to

as Fierz-Pauli tuning. For different choices of the coefficient, hµν would not only describe

the five degrees of freedom of a massive spin-two particle but also one more degree of

freedom associated to a ghost [2.6,2.7]. Note that the mass term breaks gauge invariance,

but the Bianchi identities for the equation of motions associated to (2.5) give rise to five

constraint equations, i.e.

∂µhµν = 0 , h = 0 , (2.6)

these in turn imply that hµν has five propagating degrees of freedom. When choosing a

mass term different from the Fierz-Pauli tuning, the trace constraint is lost and the extra

degree of freedom is associated to a ghost. Before recent discoveries that we will discuss

in a moment, the Fierz-Pauli action was known to be consistent for a few more general

backgrounds than flat Minkowski space, e.g. for FLRW backgrounds.

Extending the Fierz-Pauli action to a consistent nonlinear theory of massive gravity has

been proven to be difficult. Boulware and Deser showed that the ghost mode generally re-

appears when extending the Fierz-Pauli action to nonlinear theories [2.8]. Only recently,

a family of actions that describe nonlinear and ghost-free theories of massive gravity has

been discovered [2.9–2.14]. The most general class of these actions can be expressed in

the form [2.11–2.13]

SMG ∼
1

2κ2

∫
d4x

√
−det g

{
R(g)− 2m2

4∑
n=0

βn en(
√
g−1f)

}
, (2.7)

where βn are free real parameters, f is an arbitrary symmetric two tensor,
√
g−1f de-

note the matrix such that
√
g−1f

√
g−1f ≡ gµρfρν and en(X) are elementary symmetric
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Chapter 2. Bimetric Massive Gravity

polynomials of the eigenvalues of X, i.e.

e0(X) = 1 ,

e1(X) = tr(X) = x1 + x2 + x3 + x4, (2.8)

e2(X) =
1

2
(tr(X)2 − tr(X2)) = x1x2 + x1x3 + x1x4 + x2x3 + x2x4 + x3x4,

e3(X) =
1

6
(tr(X)3 − 3tr(X)tr(X2) + 2tr(X3)) = x1x2x3 + x1x2x4 + x1x3x4 + x2x3x4,

e4(X) = det(X) = x1x2x3x4 ,

where xi denote the eigenvalues of X. Note that the term proportional to β4 in the

action (2.7) is
√
−det g det(

√
g−1f) =

√
det(−f), therefore it does not contribute to the

equations of motion and it could be dropped from the massive gravity action, we will

shortly see the reason for writing that term. Note further that the action is organized

in terms of levels of nonlinear complexity, and the simplest massive gravity models are

for β2 = β3 = 0; in this case β0 and β1 control the vacuum energy and the graviton

mass. Upon linearization, the symmetric tensor f plays the role of the background metric

in the Fierz-Pauli action. That is, linearizing the massive gravity action, with gµν =

fµν + κhµν , gives the Fierz-Pauli action in a background determined by f . But, the

nonlinear theory can have classical solutions in which g differs sensibly from f and one

can consider fluctuations around these solutions. For this reason f is often referred to as

the reference metric rather than the background metric [2.13].

Even if not completely evident, the potential for the massive gravity actions in eq.

(2.7), is almost symmetric in f and g. In fact, considering the expressions (2.8), it is

quite easy to see that

√
−det g

4∑
n=0

βn en(
√
g−1f) =

√
−det f

4∑
n=0

βn e4−n(
√
f−1g) . (2.9)

Therefore it is tempting to treat f on equal footing as the metric g. Further, by promoting

f to a dynamical variable, one gets a background independent theory that is invariant

under general coordinate transformations. It was shown in [2.15] that adding to the

massive gravity action (2.7) a kinetic term for f of the Einstein-Hilbert form does not

7



Chapter 2. Bimetric Massive Gravity

spoil the consistency of the theory. That is, the action

SBM ∼M2
g

∫
d4x

√
−det g R(g) + M2

f

∫
d4x

√
−det f R(f) +

− 2m4

∫
d4x

4∑
n=0

βn en(
√
g−1f) ,

(2.10)

defines a ghost-free bimetric theory. Analogously as for the massive gravity case, the

consistency of these bimetric theories can be shown with the ADM formalism. Now there

are seven propagating modes, and these are naturally interpreted as five associated to a

massive spin-two field and two associated to a massless one. However the identification of

the mass eigenstates in terms of g and f is non trivial. Also, when trying to interpret the

above bimetric theories as modified theories of gravity, the first question that arises is:

which is the “gravitational metric” ? That is, is there a combination of g and f such that

under a suitable limit this would reproduce the GR metric? To address this question, it

is first important to say that coupling arbitrary combinations of f and g to matter does

not in general keep the theory ghost-free [2.15, 2.16]. One possibility that does not spoil

the consistency of the theory is to define separate minimal couplings for g and f , that is

Sm ∼
∫
d4x

√
−det gL(g, ψmg) +

√
−det f L(f, ψmf ) , (2.11)

where ψmg and ψmf may or may not represent the same kind of matter. With these matter

couplings, the equations of motion read

Eµν(g) +
m4

M2
g

V g
µν =

1

M2
g

T gµν , Eµν(f) +
m4

M2
f

V f
µν =

1

M2
f

T fµν , (2.12)

where Eµν(g) is the Einstein tensor associated to g, T gµν = −(1/
√
detg)δSm/δgµν is the

energy-momentum tensor of ψmg, similarly for f , and the interaction terms can be written

as

V g
µν =

3∑
n=0

(−1)nβn gµρY
ρ

(n)ν(
√
g−1f) , V f

µν =
3∑

n=0

(−1)nβ4−n fµρY
ρ

(n)ν(
√
f−1g) , (2.13)

with

Y(n)(X) =
n∑
r=0

(−1)rXn−rer(X) . (2.14)

By coupling only one metric to matter, say g, that is T fµν = 0, and therefore inter-

preting g as the gravitational metric, the above consistent bimetric theories have been
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Chapter 2. Bimetric Massive Gravity

shown to be cosmologically viable, see e.g. [2.17–2.19]. In particular there are homoge-

neous and isotropic solutions to the equations of motion that allow for a cosmic evolution

that starts from a matter dominated FLRW universe and tends to de Sitter. Further,

among the viable models there are models with self-accelerated solutions, that is, the

effective cosmological constant is generated by the interaction potential even when there

is no vacuum energy, i.e. β0 = 0. But, when coupling only one metric to matter the

decomposition into mass eigenstates is in general not clear. When linearizing the theory,

a clear decomposition is known for proportional backgrounds of g and f , say f̄µν = c2ḡµν .

However these solutions are only possible if the energy-momentum tensors of the two kind

of matter are proportional, i.e. T̄ fµν =
M2
f

M2
g
T̄ gµν . This can be easily seen from the equations

of motion (2.12) by noting that for proportional metrics the interaction terms reduce to

V g
µν = cggµν and V f

µν = cffµν , with cg and cf constants, functions of the parameters β, m

and Mg,f . Therefore, with the ansatz f̄µν = c2ḡµν , the equations of motion read

Eµν(ḡ) + cgḡµν =
1

M2
g

T̄ gµν , Eµν(ḡ) + cf ḡµν =
1

M2
f

T̄ fµν , (2.15)

and these are consistent only if T̄ fµν =
M2
f

M2
g
T̄ gµν and cg = cf . Linearizing around proportional

backgrounds, say

gµν = ḡµν +
1

Mg

δgµν , fµν = c2ḡµν +
c

Mf

δfµν , (2.16)

the equations of motion for the metric fluctuations can be written as [2.16]

Ē ρσ
µν δgρσ + cgδgµν −

m4B

2MgMf

(δ ρµ δ
σ
ν − ḡµν ḡρσ)

(
δfρσ −

cMf

Mg

δgρσ
)

=
1

Mg

δT gµν ,

Ē ρσ
µν δfρσ + cfδfµν +

m4B

2 cM2
f

(δ ρµ δ
σ
ν − ḡµν ḡρσ)

(
δfρσ −

cMf

Mg

δgρσ
)

=
1

Mf

δT fµν ,

(2.17)

where Ē ρσ
µν δgρσ is the linearized Einstein tensor for the fluctuations δg with non triv-

ial background ḡ, and B is a constant, function of the parameters β. From the above

equations it is suddenly seen that the combinations

δGµν ∝ δgµν +
cMf

Mg

δfµν , δMµν ∝ δfµν −
cMf

Mg

δgµν , (2.18)

satisfy the equations of motion respectively for a massless and a massive spin-two particle.

Thus when Mf

Mg
→ 0 the metric g tends to the massless graviton. This limit is indeed

the correct limit to reproduce GR from bimetric theory, and unlike for the “massive

9



References

gravity like” limit m→ 0, it is not affected by the vDVZ discontinuity [2.17]. The mass-

eigenstate decomposition for proportional backgrounds was not fully understood at the

time we wrote [2.20]. In this paper we were interested in understanding whether the

parameter space of bimetric theories with one metric coupled to matter allows for viable

cosmological perturbation theory. The main obstacle to solve the perturbation equations

in full generality was ultimately due to the fact that it was not possible to recognize the

mass decomposition for general FLRW backgrounds. But for de Sitter background, that

cosmologically means infinite future when all matter is diluted (that is T gµν ∼ 0 and so

proportional backgrounds), we indeed observed the mass state decomposition similarly as

in eq. (2.18).
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3 Low Scale Supersymmetry

As we will see in string theory, supersymmetry seems to be required in order to build

a consistent unified theory that is UV finite. But supersymmetry might also furnish

a solution to another puzzling problem in high energy physics, namely the hierarchy

problem. Here, we will not dwell on the definitions of principles, such as naturalness

criteria, that attempt to a precise formulation of the hierarchy problem, see e.g. [3.1,3.2].

But, let us at least recall that the Standard Model (SM) of particle physics is with no doubt

an effective theory. Also, a complete quantum theory that includes gravity, such as string

theory, is commonly thought to become relevant close to the Planck scale, MP ∼ 1018

GeV. The hierarchy problem arises because the Higgs boson of the SM is in principle

highly sensitive to the scale of new physics. In fact the radiative corrections to the Higgs

mass depend on this scale. Let us write the Higgs mass as

m2
h = m2

h, 0 + δm2
h , (3.1)

where mh, 0 is the bare mass at a fixed scale and δm2
h represents loop corrections. These

corrections are indeed proportional to the squared mass of any heavy particle, say ψ,

present in the unified theory that couples directly or indirectly to the Higgs boson. That is,

if the scale of new physics is at the Planck scale then δm2
h ∼ m2

ψ ∼M2
P. Therefore, in order

to obtain the observed value for the Higgs mass, mh ∼ 125 GeV [3.3], in this scenario there

should be an incredible cancellation of about 32 orders of magnitude between the squared

tree level mass and the radiative corrections. This seems unlikely and requires a tuning

that to date has no explanation. There are various ideas that could solve this problem.

As we have mentioned in the introduction, it could be that the scale of the complete

unified theory is not at the Planck scale, rather is much lower. This can be realized

with large extra dimensions, indipendently from the structure of the unified theory, [3.4].

But, it could also be that just one or two orders of magnitude above the weak scale,

particle physics is supersymmetric while gravity is still decoupled. This would solve the

hierarchy problem simply because in supersymmetric theories the radiative corrections

to the Higgs mass due to particles, say ψ, and their superpartners, ψ̃, cancel, sketchily

δm2
h ∼ m2

ψ −m2
ψ̃

= 0. See for example [3.5, 3.6] for further details.
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Chapter 3. Low Scale Supersymmetry

To have an idea on whether a given model offers a solution to the hierarchy problem,

some authors introduced a measure for the degree of tuning required by the parameters of

the model in order to reproduce the observed weak scale behavior [3.7,3.8]. This measure

is usually defined as

∆ = max|∆ai | , ∆ai =
∂ lnm2

Z

∂ ln ai
, (3.2)

for any relevant parameter ai in the model, and where mZ denotes the mass of the SM Z

boson. Note that in place of mZ the measure can equally well be defined in terms of the

Higgs vacuum expectation value (VEV), and nowadays it would actually be more natural

to define it in terms of the Higgs mass. Also variations of the above definition have been

proposed, e.g. [3.9]. In any case the measure in eq. (3.2) provides an idea of how fined

tuned a given model would be, the higher is ∆ the more fine tuned is the model.

Simplicity suggests that a good candidate for a supersymmetric model of particle

physics is a minimal supersymmetric extension of the standard model. In fact, the proba-

bly most explored model is the minimal supersymmetric standard model (MSSM), where

the particle content is that of the SM with the addition of the corresponding superpart-

ners. So far none of the superpartners has been observed. The parameter space of the

MSSM is quite big, and in the attempt to understand whether the MSSM is a viable model

to describe physics, say at about 1 TeV, it is helpful to focus on particular sub-sectors of

the model. The Higgs sector has been studied in great detail because the related scalar

potential has a small number of parameters and their space is well bounded by the LHC

and LEPII data.

In the SM the Higgs boson arises from an SU(2)L doublet in which the components are

complex scalars, in the MSSM this is promoted to an SU(2)L doublet of chiral superfields.

But, since the superpotential must be holomorphic, in the MSSM there is also another

SU(2)L doublet that interacts with matter and gives masses. Hence, in the MSSM there

are two SU(2)L doublets of Higgs-like superfields. These are often denoted by Hu =

(H+
u , H

0
u) and Hd = (H0

d , H
−
d ), where the superscripts +,−, 0 refer to the corresponding

electric charges, and the MSSM superpotential can be written as

WMSSM = ūyuQ ·Hu − d̄ydQ ·Hd − ēyeL ·Hd + µHu ·Hd , (3.3)

where yu, . . . ,Q, ū, . . . , are matrices and vectors of chiral superfields in family space, for

each family, Q and L are SU(2)L doublets, and the product “ · ” in SU(2) space is defined

as v · w = vαε
αβwβ where ε is the two-dimensional Levi-Civita symbol.
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Chapter 3. Low Scale Supersymmetry

Clearly, the MSSM in itself cannot describe physics at low energies and a supersymme-

try breaking mechanism is needed. This is usually difficult to achieve within the MSSM,

rather, promising supersymmetry breaking mechanisms involve additional physics (what a

surprise!). Nevertheless the effect of the extra fields at the energies currently probed in ac-

celerator experiments can be just that of breaking supersymmetry. This can be encoded

by supersymmetry breaking effective operators, that, in order to maintain a hierarchy

between scales, should be of positive mass dimension. The supersymmetry breaking op-

erators of positive mass dimension are referred to as soft terms, and the possible ones in

the MSSM are

Vsoft = (ũ∗R au Q̃ · hu − d̃∗R ad Q̃ · hd − ẽ∗R ae L̃ · hd + c.c.) +

Q̃∗m2
QQ̃ + ũ∗Rm

2
uũR + d̃∗Rm

2
dd̃R + L̃∗m2

LL̃ + ẽ∗Rm
2
eẽR +

m2
uh
∗
u · hu +m2

dh
∗
d · hd + b(hu · hd + c.c.) ,

(3.4)

with the addition of mass terms for the gauginos. In eq. (3.4), Q, u∗R, . . . are vectors

in family space whose entries are the scalar components of the corresponding superfields.

Often, in order to avoid strong flavor changing and CP violating effects it is assumed

that m2
Q, m2

u, . . . are diagonal, and au = Auyu, . . . further ensure that these terms are

dominant for the third family.

Taking into account the soft terms, the scalar potential for the Higgs sector of the

MSSM reads

V = (|µ|2 +m2
u)(|h0

u|2 + |h+
u |2) + (|µ|2 +m2

d)(|h0
d|2 + |h−d |

2)

+[b(h+
u h
−
d − h

0
uh

0
d) + c.c.]

+
1

8
(g2 + g′2)(|h0

u|2 + |h+
u |2 − |h0

d|2 − |h−d |
2)2 +

1

2
g2|h+

u h
0∗
d + h−∗d h0

u|2 ,

(3.5)

where b, md, mu, are the supersymmetry breaking terms, and g, g′, are the usual SU(2)×
U(1) coupling constants. Similarly as in the SM, gauge freedom can be used to set h+

u = 0

at the minimum of the potential. This in turn implies that also h−d = 0. Then, in order

for h0
u and h0

d to develop non-trivial VEVs, the Lagrangian parameters need to satisfy

various conditions. First, for the potential to be bounded from below

2|µ|2 +m2
u +m2

d > 2b , (3.6)

secondly in order that the mass matrix associated to h0
u, h

0∗
d has a negative eigenvalue we
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Chapter 3. Low Scale Supersymmetry

should have

b2 > (|µ|2 +m2
u)(|µ|2 +m2

d) . (3.7)

It is customary to set vu ≡ 〈h0
u〉 and vd ≡ 〈h0

d〉, their squared sum is related to the

observed electroweak parameters, i.e.

v2 = v2
u + v2

d =
2m2

Z

g2 + g′2
, (3.8)

and the other unknown direction in the vd, vu plane is then conveniently parametrized by

tan β = vu/vd. With these choices, the minimization conditions ∂V/∂h0
u = 0, ∂V/∂h0

d = 0,

can be written as

2(m2
u + |µ|2 − b cot β)−m2

Z cot 2β = 0 ,

2(m2
d + |µ|2 − b tan β) +m2

Z cot 2β = 0 .
(3.9)

After the minimization one finds as expected three massless Goldstone bosons, usu-

ally denoted by G0, G±, whereas the other five mass eigenstates are usually denoted

by h, H, A, H±, and defined with the following conventions(
h0
u

h0
d

)
=

(
vu

vd

)
+
Rα√

2

(
h

H

)
+ i

Rβ√
2

(
G0

A

)
, (3.10)

(
h±u

h±d

)
= Rβ

(
G±

H±

)
,

where we have set h−u ≡ h+∗
u , h+

d ≡ h−∗d , and

Rα =

(
cosα sinα

− sinα cosα

)
, Rβ =

(
sin β cos β

− cos β sin β

)
, (3.11)

with the angles α, β , such that (h, H), (G0, A), (G±, H±), have diagonal mass matrices,

in particular β coincides with the polar angle in the VEV plane. The masses of the above

states are

m2
A = 2|µ|2 +m2

u +m2
d = 2b/ sin 2β

m2
H,h =

1

2

{
m2
A +m2

Z ±
[
(m2

A −m2
Z)2 + 4m2

Zm
2
A sin 2β

]1/2}
m2
H± = m2

A +m2
W .

(3.12)

16



Chapter 3. Low Scale Supersymmetry

Note that the mass of h is bounded, that is mh < mZ ∼ 91 GeV. However, the masses in

eq. (3.12) are tree level expressions and can receive significant loop corrections.

In general, the available experimental data are not very promising for the MSSM.

Nevertheless it is not ruled out, the most likely scenario suggests to identify h with the

SM-like Higgs recently discovered and that the other four Higgses are very massive [3.10].

This scenario can be realized if mA >> mh, and is referred to as the decoupling limit 1. It

is also possible to achieve similar spectra in the limit tan β >> 1. However, even in these

limits, the mass of h can reach the observed value of ∼ 125 GeV only for high stop masses

and mixings; for example the leading one-loop contribution to m2
h in the decoupling limit

is [3.6, 3.11]

δm2
h
' 3m4

t

2π2v2

[
ln
M2

t̃

m2
t

+
X2
t

2M2
t̃

(
1− X2

t

6M2
t̃

)]
(3.13)

where Mt̃ = (mt̃1 + mt̃2)/2, with mt̃1 and mt̃2 denoting the masses of the stops mass

eigenstates, and Xt is the stop mixing parameter, i.e. Xt = At−µ cot β 2. The correction

in eq. (3.13) is maximized for |Xt/Mt̃|2 ' 6, but even for this choice, and Mt̃ & 1TeV, mh

barely reaches 125 GeV. So the MSSM can accommodate the observed physics only within

certain regions of the parameter space, and the model appears to be quite fine tuned.

For example, considering also two loop corrections to the higgs mass, ∆ & 100 [3.13].

This scenario suggests that if a model with low scale supersymmetry is the solution to

the hierarchy problem, this is likely not the MSSM. Several extensions of the MSSM

have been proposed such as the NMSSM or its generalization the GNMSSM, where one

chiral superfield is added to the MSSM particle content, see e.g. [3.12]. The GNMSSM

seems to be less fine tuned than the MSSM. However, instead of building extensions of

the MSSM with rather ad hoc additions of fields and interactions, it is convenient to

introduce higher dimensional operators that parametrize deviations from the MSSM and

agnostically encode the microscopic effects of a would be MSSM generalization. It is

known that adding to the MSSM the dimension five operator

c5

M

∫
d2θ (Hu ·Hd)

2 (3.14)

1For applications, mA ' 1TeV can be considered as decoupling limit for all other choices of free

parameters.
2The mass matrix associated to (t̃L, t̃R) is obtained from eq. (3.4), for the explicit form see e.g.

[3.5, 3.6, 3.11].
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can yield a Higgs spectrum consistent with observations without requiring high fine tuning

[3.14, 3.15]. In eq. (3.14) M represents the energy scale at which the contribution of the

operator is most relevant, and c5 is an order 1 coefficient weighting the interaction. In

2012, ATLAS and CMS collaborations, together with the observation of the Higgs like

resonance at 125 GeV, reported also an excess in the h→ γγ decay width as compared to

the SM. Such an excess is difficult to achieve in the MSSM, in particular in the decoupling

limit. Therefore in [3.16] we considered a scenario in which the Higgs sector of the MSSM

is modified with the addition of the operator in eq. (3.14) together with the dimension

six operator

c6

M

∫
d2θ (Hu ·Hd)Tr(WαWα) , (3.15)

where Wα is the electroweak field strength chiral superfield. The addition of the above

operators to the MSSM can easily accommodate the observed Higgs mass and an h→ γγ

excess. Since our paper was published, the excess has dropped to become consistent with

the standard model, see e.g. [3.17], but there is still room for a 10-20% excess that could

become possible to probe at later stages of the LHC or at future accelerators.
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4 Lie Algebras in Monoidal Categories

For the computation of quantum field theory amplitudes, recently it has become quite

common to facilitate the evaluation of the “color” part by adopting a graphical repre-

sentation for the Lie algebra generators, structure constants, traces, etc. More precisely,

there exist graphical techniques that allow explicit evaluation of the gauge group factors

of the amplitudes without employing the elaborate classical machinery of tensor calcu-

lus [4.1,4.2]. Indeed, these techniques are a specialization to Lie algebras of more general

graphical techniques that can be defined for quite general maps between vector spaces. To

the best of our knowledge, Penrose was the first to introduce such techniques in 1971 [4.3].

Later, it was realized that graphical calculus can actually be defined in a much more gen-

eral setting than tensor calculus and vector spaces. In fact, as discussed below, (strict)

monoidal categories are a quite general setting in which the graphical notation is mean-

ingful and well defined [4.4]. Vector spaces and tensors are just objects and morphisms

of the special case of the category of vector spaces. Given that some of the computing

techniques adopted in physics live in a more general setting than the one in which they

originally appeared, it is natural to ask whether the full mathematical structures employed

can be consistently generalized. For example, to which extent is it possible to define the

concepts of algebra, Lie algebra, representation, group, manifold, within category theory?

The answers to this question have a long tradition. Indeed, independently from graphical

calculus, various classical mathematical structures have been generalized in the category

theory framework.

A simple definition of category can be given as follows. A category, say C, consists of:

• a class of objects, obC;

• for each pair of objects, say X, Y ∈ obC, there is a set of maps (morphisms) between

the objects, homC(X, Y );

• there is an associative operation for the morphisms, usually called composition and

denoted by ◦, that is h ◦ (g ◦ f) = (h ◦ g) ◦ f , ∀ f ∈ homC(X, Y ), g ∈ homC(Y, Z),

h ∈ homC(Z,W );
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Chapter 4. Lie Algebras in Monoidal Categories

• for every object there exists the identity morphism, i.e. ∀X ∈ obC, ∃ idX ∈
homC(X,X), such that idX ◦ f = f and g ◦ idX = g, ∀ f ∈ homC(Y,X), g ∈
homC(X,Z).

In a category a product of objects, analogous to the cartesian product of sets, is defined as

follows: given two objects, say X1, X2 ∈ obC, their product is an object, often denoted by

X1

∏
X2, together with two morphisms, r1 ∈ homC(X1

∏
X2X1), r2 ∈ homC(X1

∏
X2X2),

such that for any Y ∈ obC and for every φi ∈ homC(Y,Xi), there exists a unique morphism

φ : φi = ri ◦ φ. There is also a dual notion, that is: a coproduct of two objects,

X1, X2, is an object, often denoted by X1

∐
X2, together with two morphisms, e1 ∈

homC(X1, X1

∐
X2), e2 ∈ homC(X2, X1

∐
X2), such that for any Y ∈ obC and for every

φi ∈ homC(Xi, Y ), there exists a unique morphism φ : φi = φ ◦ ei.
In category theory there is also another notion of product, namely the tensor or

monoidal product. This can coincide with the categorical product we just saw 1, but

in most cases it is useful to define it independently. A monoidal category is a category

with the following additional structure:

• a new operation for objects, called the tensor or monoidal product, denoted by ⊗;

• a special object called the unit, 1;

• a product for morphisms, still denoted by ⊗, such that for all f ∈ homC(X,Z),

g ∈ homC(Y,W ) there exists (f ⊗ g) ∈ homC(X ⊗ Y, Z ⊗W );

• three isomorphisms that essentially define the product to be associative and unital,

i.e. αX,Y,Z : (X ⊗ Y )⊗ Z → X ⊗ (Y ⊗ Z) , lX : 1⊗X → X, rX : X ⊗ 1→ X ,

in addition the tensor product and the composition of morphisms must be compatible in

the sense that (k ⊗ h) ◦ (g ⊗ f) = (k ◦ g)⊗ (h ◦ f) and idX ⊗ idY = idX⊗Y ; further α, l,

and r, must satisfy a series of axioms with which we will not be concerned here. In fact,

a monoidal category is said to be strict when the isomorphisms α, l, and r are identities.

Further, it can be shown that any monoidal category is equivalent to a strict monoidal

category [4.5]. For an introduction to category theory and more general definitions, see

for example [4.5,4.6]. For strict monoidal categories, graphical calculus is well formalized
1A monoidal category where the tensor product for objects is the categorical product is referred to as

Cartesian monoidal category.
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and turns out to be very useful especially when additional structure is imposed on the

categories. In graphical notation, morphisms are represented by lines, accompanied by a

box and a proper label in order to identify the particular morphism when needed. We tend

to draw morphisms as vertical lines with the source object at the bottom. For example,

we write the morphisms f ∈ homC(X, Y ), g ∈ homC(Y, Z), and g ◦ f ∈ homC(X,Z), as

f = f

Y

X

, g = g

Z

Y

, g ◦ f =

g

Z

X

f

,

(4.1)

and the tensor product, say f ⊗ h, for f ∈ homC(X, Y ), h ∈ homC(Z,W ) with either of

the following two representations

f ⊗ h = f

Y

X

h

W

Z

= f⊗g

Y

X

W

Z

.

(4.2)

It is worth underlying that, although here the morphisms are represented by use of straight

vertical lines, local deformations of the lines do not alter the meaning of the graph.

An algebra in a monoidal category, C, is just a pair (A, m), where A ∈ obC and

m ∈ homC(A ⊗ A, A). In graphical notation, the multiplication morphism m is usually

represented as

m =

A

A A

.

(4.3)

This definition is quite useless unless further requirements are imposed on the multipli-

cation morphism m. Depending on the intentions, this may require additional structure

on the underlying category. Yet, in monoidal categories, it is possible to define unital

associative algebras, unital coalgebras and Frobenius algebras, see e.g. [4.7]. To define

23



Chapter 4. Lie Algebras in Monoidal Categories

Lie algebras, additional structure on the category is indeed required. A basic setting that

allows to proceed in analogy to the classical case is that of additive, braided symmetric

monoidal categories. A category C is said to be additive if:

• it is an Ab-enriched category: that is, ∀X, Y ∈ obC the set of morphisms homC(X, Y )

is endowed with the structure of an Abelian group, and the composition is bilinear

with respect to the group operation;

• there is a zero object, 0, that is homC(X,0) = 0 = homC(0, X), ∀X ∈ obC;

• all pair of objects admit a product, that is there exists X
∏
Y ∈ obC, ∀X, Y ∈ obC;

it can be shown that in an Ab-enriched category the existence of a finitary product implies

the existence of the corresponding coproduct, indeed these are isomorphic and one can

define direct sums, that is

n⊕
i=1

Xi
∼=

n∏
i=1

Xi
∼=

n∐
i=1

Xi , (4.4)

such that ri ◦ ej = δi,jidXj ,
∑n

i=1 ei ◦ ri = idX , where ri and ei are the product and

coproduct morphisms. Therefore in an additive category there exists all finitary direct

sums. A braiding on a monoidal category is a family of isomorphisms linking tensor

products with exchanged factors, i.e. a braiding is a family of isomorphisms, say c, such

that cX,Y : X ⊗ Y → Y ⊗X, ∀X, Y ∈ obC, and

(idY ⊗ cX,Z) ◦ αY,X,Z ◦ (cX,Y ⊗ idZ) = αY,Z,X ◦ cX,Y⊗Z ◦ αX,Y,Z , (4.5)

a similar axiom holds for the inverse braiding c−1. Graphically, the braiding, say cX,Y ,

and the inverse braiding, c−1
X,Y , can be represented as

cX,Y =

X Y

XY

, c−1
X,Y =

X Y

XY

,

(4.6)

that is, now morphisms are lines embedded in three-dimensional space. For a strict

monoidal category, the braiding axiom (4.5) almost trivializes, in fact in graphical notation
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Chapter 4. Lie Algebras in Monoidal Categories

it reads

X Y Z

Y Z X

=

X Y Z

Y Z X

;

(4.7)

this equality shows part of the essence of graphical calculus in braided monoidal categories,

that is, relations are preserved by bending the morphisms in space until there is no

obstruction. A braiding is said to be symmetric when cY,X ◦ cX,Y = idX,Y , that is cY,X =

c−1
Y,X . In this case there is then no need to graphically distinguish between braiding and

inverse braiding, i.e. in eq. (4.6) we can draw superimposed lines. Therefore for braided

symmetric monoidal categories the graphical calculus goes back to two dimensions.

We are now ready to give the definition of a Lie algebra in an additive, braided

symmetric, monoidal category. Given a category C satisfying these requirements, a Lie

Algebra is a pair, say (L, `), with L ∈ obC and ` ∈ homC(L ⊗ L,L), such that ` is

antisymmetric

` ◦ (id⊗2
L + cL,L) = 0 ,

L

L L

+

L

L L

= 0 ,

(4.8)

and satisfies the Jacobi identity, i.e.

` ◦ (idL ⊗ `) ◦ [id⊗3
L + cL⊗L,L + (idL ⊗ cL,L) ◦ (cL,L ⊗ idL)] ,

L L L

L

+

LL L

L

+

L LL

L

= 0 ,

(4.9)

where we have accompanied the antisymmetry relation and the Jacobi identity by the cor-

responding graphical description. It is possible to generalise the above definition without

committing to a symmetric braiding, but in this case two independent Jacobi identities are

needed [4.15], we do not consider this case. Further, note that the above definition could
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be given without necessarily requiring the category to be additive, pre-Abelian would

be sufficient in order to be able to add morphisms. But, in this case, it would be more

difficult to go beyond the definition, as it would be more difficult without direct sums to

handle a notion of subalgebras and ideals.

In the classical case a lot is known about the general structure of finite-dimensional

Lie algebras, especially when they are over algebraically closed fields of characteristic

0. In particular the Levi decomposition gives that any finite dimensional Lie algebra

is the semidirect product of a solvable ideal and a semisimple Lie algebra. Further, all

the finite dimensional simple Lie algebras are fully classified. For Lie algebras on vector

spaces, see for example [4.11,4.12]. A structure theory for Lie algebras in the categorical

setting is not known. In [4.14] we aim to set the basics in order to start this program

within additive ribbon categories 2. In particular we define nilpotent, solvable, simple and

semisimple Lie algebras in additive symmetric ribbon categories. We consider a suitable

morphism that is the analog of the Killing form in the classical case, and establish the

necessary requirements that the category has to fulfil such that a non-degenerate Killing

form ensures semisimplicity.
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5 Perturbative Strings

In this chapter we summarize the basic concepts needed to approach the computation

of scattering amplitudes for the Ramond-Neveu-Schwarz (RNS) superstring. We will start

by first introducing the bosonic string and its scattering amplitudes, the RNS superstring

will then be introduced as a generalization of the bosonic string. We do not aim to provide

a complete description of the topics, but we hope to furnish a useful summary, for more

exhaustive explanations see for example [5.1–5.6].

The Bosonic String

The starting point to build any semi-realistic string theory is bosonic string theory, which

in turn is based on intuitive concepts. Bosonic string theory describes the quantum

dynamics of relativistic strings embedded in Lorentzian space. Strings embedded in

Minkowski space can be described starting from the Poincaré invariant action 1

Sbos = SX + Sχ , SX =
1

4πα′

∫
M

d2σ
√
g gαβ∂αX

µ∂βXµ ,

Sχ =
λ

4π

∫
M

d2σ
√
g R(gαβ) = λχM ,

(5.1)

where gαβ = gαβ(σ1, σ2) is the metric of the worldsheet manifold, M , spanned by the

strings in the flat background, Xµ = Xµ(σ1, σ2) are the corresponding embedding fields,

R(gαβ) is the Ricci scalar of the worldsheet metric and λ is a constant that will be

related to the string coupling. Sχ is the Einstein-Hilbert action for the worldsheet metric,

however in 2-dimensions this is equal to the Euler number χM of the manifold. Although

the classical equations of motion and the quantum spectrum do not depend on the global

properties of the worldsheet, in particular they do not depend on Sχ, these play a crucial

role in defining string interactions. But, let us first have a look at the local properties of

the theory with reference to a worldsheet patch with trivial topology.
1The action 5.1 is written for a worldsheet with Riemannian metric, the Minkowski case can be

recovered by the Wick rotation σ2 → iτ .
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Chapter 5. Perturbative Strings

By varying the embedding action SX with respect to the metric we find a vanishing

energy-momentum tensor, i.e.

δSX
δgαβ

= 0 =⇒ Tαβ = − 1

α′
(∂αXµ∂βXµ −

1

2
gαβ∂γXµ∂γXµ) = 0 , (5.2)

note further that the action (5.1) is invariant under diffeomorphisms of the worldsheet

and local Weyl rescalings of the metric. There is then enough gauge freedom to com-

pletely fix the worldsheet metric and use (5.2) as a constraint on the system. Even after

having chosen a specific worldsheet metric there is still some gauge invariance left, in fact

there exist diffeomorphisms that combined with suitable Weyl rescalings leave the met-

ric invariant. These diffeomorphisms are the conformal transformations, in the present

case two-dimensional conformal transformation. It is convenient to fix the metric to the

Euclidean flat metric and consider complex coordinates, w = σ1 + iσ2. This is useful to

exploit conformal invariance, in fact two-dimensional local conformal transformations co-

incide with holomorphic coordinate reparametrizations. With flat metric, in the complex

coordinates (w, w̄), or more generally in any coordinate related to w through conformal

transformations, i.e. z = f(w) : ∂̄f = 0, the embedding action reads

SX =
1

2πα′

∫
d2z ∂Xµ∂̄Xµ , (5.3)

this choice is usually referred to as conformal gauge. In string theory, it is convenient to

select one particular choice among all the coordinates related to w through holomorphic

reparametrizations, i.e. z = e−iw. This choice turns out to be particularly useful in the

study of string interactions, for the moment observe that in the (z, z̄) coordinates the

infinite past (σ2 = −∞) corresponds to the origin of the associated complex plane and

that circles of constant radius define equal-time curves.

Note that the the energy-momentum tensor is traceless, i.e. Tz̄z = 0, that together

with its conservation, ∂̄Tzz+ ∂̄Tzz̄ = 0, implies that the a priori non vanishing components

are (anti-)holomorphic, i.e. (∂Tz̄z̄ = 0) ∂̄Tzz = 0. In the following we set T (z) ≡ Tzz,

T̃ (z̄) ≡ Tz̄z̄. Conformal invariance is ultimately due to the traceleness of the energy-

momentum tensor, in fact the conserved currents associated to conformal transformations

can be written as

j(z) = v(z)T (z) , j̃(z̄) = v̄(z̄)T̃ (z̄) , (5.4)

for any holomorphic function v(z). For what follows it is useful to expand the energy-
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Chapter 5. Perturbative Strings

momentum tensor components in Laurent series

T (z) =
+∞∑

n=−∞

Ln
zn+2

, T̃ (z̄) =
+∞∑

n=−∞

L̃n
z̄n+2

, (5.5)

and similarly by Fourier expanding in the w coordinate we write

T (w) =
+∞∑

n=−∞

Tn e
in(σ1+iσ2) , T̃ (w̄) =

+∞∑
n=−∞

T̃n e
in(σ1−iσ2) , (5.6)

although the two above equations might seem completely equivalent, and at the classical

level they are, we will shortly see the reason to make explicit distinction between the

above mode expansions.

With the flat worldsheet metric the equations of motion for the embedding fields

reduce to simple free wave equations in flat space

∂α∂
αXµ = 0 , (5.7)

and in order to preserve Lorentz invariance, for closed strings the fields have to satisfy

periodic boundary conditions Xµ(σ1) = Xµ(σ1 + 2π), we have

Xµ ∼
√
α′

∞∑
n=−∞

1

n

{
αµn e

in(σ1+iσ2) + α̃µn e
−in(σ1−iσ2)

}
. (5.8)

Boundary conditions for free open strings that preserve Lorentz invariance are ∂σXµ|σ=0,π =

0, these are known as Neumann (NN) boundary conditions and lead to only one set of

independent modes, i.e. in eq. (5.7) αµn = α̃µn , ∀ n. It is however also important to

consider open strings that are not free to propagate in every direction, say that for a

given direction ν the endpoints of these strings are constrained at fixed positions, then

the boundary conditions read Xν(0) = xµ0 , X
ν(π) = xµπ, and we have ανn = −α̃νn ∀ n,

these considions are known as Dirichlet boundary conditions (DD). It is natural to as-

sign a physical significance to the loci where the open string endpoints are constrained

to move. In fact, along the directions where the open string endpoints are free to move

there extend objects that are very heavy in perturbation theory, called D-branes. These

objects in turn carry closed string charges, see e.g. [5.8].

Canonical quantization proceeds by promoting the modes αµn to operators and impos-

ing suitable commutation relations, i.e. [αµn, α
ν
−m] = n ηµνδn,m. However, the states in
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the Hilbert space generated by all the operators are not all physical 2. This is a conse-

quence of having gauge fixed, the physical states can then be identified by imposing the

energy-momentum constraint (5.2) at the quantum level, i.e. by requiring

〈ψ′|Tαβ|ψ〉 = 0 (5.9)

for any |ψ〉, |ψ′〉 physical. In terms of modes this is realized by requiring

Tn|ψ〉 =
1

2

+∞∑
m=−∞

αµn−mαµ,m|ψ〉 = 0, ∀ n > 0 , (5.10)

and

T0|ψ〉 ∼
(α2

0

2
+
∑
m>0

αµ−mαµ,m − aXcyl
)
|ψ〉 = 0 , (5.11)

where the constant aXcyl is introduced to account for the ambiguity arising from ordering

non-commuting operators. For the closed string there clearly are analogous constraints

involving T̃n and T̃0. In the following we will often present formulas only for the holo-

morphic quantities, and unless otherwise stated the formulas will be valid for both the

open string and “one side” of the closed string. In light-cone gauge quantization and

OCQ, heuristic arguments are used to fix the ordering constant aXcyl and determine the

physical spectrum for an (almost) consistent theory. One finds aXcyl = 1 together with

the unexpected condition that there needs to be 26 embedding fields to preserve Lorentz

invariance and maintain all the worldsheet symmetries at the quantum level, i.e. in order

not to suffer from a conformal anomaly. In light-cone gauge quantization the physical

states are nicely identified with the excitations transverse to the light-cone plane. A very

useful prescription to obtain the ordering constant is furnished by considering in T0 only

the physical transverse excitations, order the operators using the commutation relations,

and regularize the divergent term using zeta function regularization, i.e. 3

T⊥0 =
α2

0

2
+

1

2

∑
n6=0

: αµ−nαµ,n :
∣∣∣
⊥

=
α2

0

2
+
∑
n>0

αµ−nαµ,n

∣∣∣
⊥

+
24

2

∑
n>0

n =⇒

T⊥0 =
α2

0

2
+
∑
n>0

αµ−nαµ,n

∣∣∣
⊥
− 1 .

(5.12)

2There are a number of well known quantization procedures, e.g. Light-cone gauge quantization, Old

covariant quantization (OCQ), BRST quantization [5.1, 5.3, 5.6], here we do not discuss these in detail,

but we highlight some aspects relevant for our purposes.
3Operator normal ordering is often defined by just bringing the creation operators to the left, here we

have included in the definition also the ordering constant as in [5.3].
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Note that the T0 condition (5.11), determines the mass of the physical states. In fact,

by integrating the Noether current for space-time translations, the zero modes can be

identified with the space-time momenta. In particular for open strings pµ = αµ0/
√

2α′,

and for closed pµ =
√

2/α′ αµ0 =
√

2/α′ α̃µ0 .

As usual in quantum field theory, path integral quantization highlights the relation

between gauge invariance and physical states. For example, the vacuum energy path

integral is well defined only by accounting for the gauge redundancy, i.e. by quotienting it

out by the volume of the (local) symmetry group. The DeWitt-Faddeev-Popov procedure

then enables to gauge fix the action introducing ghostmodes that cancel unphysical states.

For the bosonic string we have

Z ∼
∫

DgDX

Vdiff×Weyl
e−SX(g,X) =

∫
DX ∆FP(ĝ) e−SX(ĝ, X) (5.13)

with the Faddeev-Popov measure given by

∆FP (ĝ) =

∫
DbDc e−Sbc(ĝ) , Sbc(ĝ) =

1

2π

∫
d2σ
√
ĝ bαβ∇̂αcβ , (5.14)

where ĝ denotes the frozen metric and b and c are Grassmannian fields with b traceless.

In conformal gauge the ghost action reads

Sbc =
1

2π

∫
d2z b ∂̄ c+ b̃ ∂ c̃ , (5.15)

where b ≡ bzz, c ≡ cz, b̃ ≡ bz̄z̄ and c̃ ≡ cz̄.

In the path integral approach a useful renormalization scheme is furnished by removing

contact divergences from the propagators, that is: given the Dyson-Schwinger equation

∂1∂̄1〈Xµ(z1, z̄1)Xν(z2, z̄2)〉 = −πα′ηµν〈δ2(z12, z̄12)〉 , (5.16)

the normal ordered product of the fields is defined by requiring that it satisfies the same

equation but without the contact term, i.e.

∂1∂̄1〈 :Xµ(z1, z̄1)Xν(z2, z̄2) : 〉 = 0 ; (5.17)

we then have

: Xµ(z1, z̄1)Xν(z2, z̄2) : = Xµ(z1, z̄1)Xν(z2, z̄2) +
α′

2
ηµν ln|z12|2 . (5.18)

In this approach, the energy-momentum tensor can be regularized by just defining

Tαβ = − 1

α′
: (∂αXµ∂βXµ −

1

2
gαβ∂γXµ ∂γXµ) : . (5.19)
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To study string interactions we need some more tools. These are quite general and are

developed for the quantization of general conformally invariant field theories (CFT) 4. Let

us then take a quick detour from the bosonic string. A CFT can be defined by a set of fields

with assigned transformation properties under conformal transformations, these fields are

referred to as primary fields. In particular, in two-dimensional CFTs a primary field φ

of conformal weights (h, h̃), trasforms under holomorphic reparametrizations, z′ = f(z),

z̄′ = f̄(z̄), as

φ′(z′, z̄′) = (∂f)−h(∂̄f̄)−h̃ φ(z, z̄) , (5.20)

and the operator product expansion (OPE) of primary fields with the energy-momentum

tensor reads

T (z1)φ(z2, z̄2) =
h

z2
12

φ(z2, z̄2) +
1

z12

∂φ(z2, z̄2) + . . . , (5.21)

where z12 = z1 − z2. Further, there is a one-to-one correspondence between primary

fields and states. For holomorphic primary fields, in the radial coordinate z = e−iw, the

isomorphism can be defined via

|h〉 ∼= φ(0)|0〉 = φ−h|0〉 , (5.22)

where the final equality holds by considering the customary convention

φ(z) =
∑
n∈ Z

φn
zn+h

: φn =

∮
dz

2πi
zh+n−1φ(z) , (5.23)

together with the requirement that φn|0〉 = 0 , ∀ n > −h. If conformal invariance is

anomalous, the energy-momentum tensor is not a primary field. In fact, accounting of

a possible anomaly, the OPE (of the holomorphic component) of the energy-momentum

tensor with itself reads

T (z1)T (z2) =
c

2

1

z4
12

+
2

z2
12

T (z2) +
1

z12

∂T (z2) + . . . , (5.24)

where c is referred to as the central charge. The conformal anomaly is just proportional

to the central charge. The OPE (5.24) implies the following commutation relations for

the modes of the energy-momentum tensor

[Ln, Lm] = (n−m)Ln+m +
c

12
(n3 − n)δn+m,0 , (5.25)

4See e.g. [5.3] for a nice introduction to the quantization of two-dimensional conformal field theories.
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these relations define the Virasoro algebra. Now, for any primary state, say |h〉 ∼= φ(0)|0〉,
from the OPE (5.21) it follows

L0|h〉 = h|h〉 , Ln|h〉 = 0 , ∀ n > 0 , (5.26)

that is, primary states are highest weight vectors for the Virasoro algebra.

In the case of the bosonic string, the fields ∂Xµ, ∂̄Xµ have conformal weight h = 1,

h̃ = 1. The OPE of the holomorphic component of the energy-momentum tensor (5.19)

with itself reads

T (z1)T (z2) =
d

2

1

z4
12

+
2

z2
12

T (z2) +
1

z12

∂T (z2) + . . . , (5.27)

where by d we have denoted the number of embedding fields. Hence the embedding theory

has central charge equal to the number of space-time dimensions. As can be seen from eq.

(5.14), the conformal dimensions of the bc ghosts are (hb, h̃b̃) = (2, 2), (hc, h̃c̃) = (−1,−1),

and the associated energy-momentum tensor T bc has central charge −26. Therefore pre-

cisely in 26 dimensions the full energy-momentum tensor T + T bc behaves as a primary

field and the theory has no conformal anomaly. Further, the Hamiltonian constraint can

now be written as

(L0 + Lbc0 )|ψ, ↓〉 = (L0 − 1)|ψ, ↓〉 = 0 , (5.28)

where by | ↓〉 we have denoted the ghost system ground state and used that Lbc0 | ↓〉 = −| ↓〉,
the unphysical timelike and longitudinal excitations being cancelled by the ghost modes.

Note that since the total central charge is zero, the above condition does not depend on

the choice of conformal coordinates, and we can similarly write

(T0 + T bc0 )|ψ, ↓〉 = (T0 − 1)|ψ, ↓〉 = 0 . (5.29)

The physical states of the bosonic string are primary states, thus we can use the state-

operator mapping and represent the physical states by local operator insertions on the

worldsheet, these operators are known as vertex operators (VO). To gain physical intu-

ition, consider a worldsheet with an infinitely long cylinder spanned by a defined closed

string state “propagating from −∞”. The cylinder, in the coordinate z = e−iw, looks like a

disk where the infinite past (σ2 = −∞) is at the origin, and the assigned incoming string

state is defined by a vertex operator insertion. For closed string states, say with space-

time momentum k, the vertex operators associated to the first two embedding states read
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V0 = : eik·X : ∼= |0, k〉 , m2 = −k2 = − 4
α′
,

V µν = : ∂Xµ∂Xνeik·X : ∼= αµ−1α
ν
−1|0, k〉 , m2 = −k2 = 0 ,

(5.30)

where on the right we show the mass of the corresponding states. The conformal weights

of : eik·X : are (α′k2/4, α′k2/4), therefore by use of the mass-shell condition we can see

that the above vertex operators have weights (1, 1) in agreement with the fact that the

on-shell states are highest weights for the embedding Virasoro algebras of weights (1, 1).

But, as we as seen, the true physical states are determined by considering also the ground

state of the ghosts, e.g. for closed strings we write the tachyon state with momentum k as

|0, k, ↓ ↓̃〉. The state-operator mapping in the bc CFT gives | ↓〉 ∼= c(0)|0〉 = c1|0〉, hence,
when accounting of the ghost ground state, the vertex operators for the physical states

read

V̂ = c c̃ V , (5.31)

where by V we have denoted a general vertex operator associated to the embedding theory.

Therefore the operators associated to the first two states of the closed string read

V̂0 = c c̃ : eik·X : ∼= |0, k, ↓ ↓̃〉 , m2 = −k2 = − 4
α′
,

V̂ µν = c c̃ : ∂Xµ∂Xνeik·X : ∼= αµ−1α
ν
−1|0, k, ↓ ↓̃〉 , m2 = −k2 = 0 ,

(5.32)

recalling that (hc, hc̃) = (−1,−1) we see that the full vertex operators for closed bosonic

strings have weights (0,0).

Scattering amplitudes

The basic concept defining string scattering amplitudes is intuitive: the complete result

for a given amplitude is given by summing over all the possible worldsheets, i.e. over all

the possible string interaction processes, leading to the desired final states. For example,

in a theory with only oriented closed strings, an amplitude involving four strings can

ideally be computed by summing over the infinite set of processes represented in fig. 5.1.

By definition, in a scattering amplitude the sources are taken to infinity, that is the

incoming and outgoing states are specified and free at infinity. Therefore the manifolds in
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Figure 5.1: Pictorial representation of the scattering of four oriented closed strings embedded

in space time.

Figure 5.2: Pictorial representation of a conformally equivalent description of the scattering of

four oriented closed strings represented in fig. 1.

fig. 5.1 must be interpreted as having four long cylinders with the boundaries at infinity.

As we have seen, the conformal transformation z = e−iw allows to map a cylinder with

the boundary at −∞ to a disk where the initial state is represented by a vertex operator

at the origin. More generally, all the “scattering manifolds” have conformally equivalent

descriptions in terms of compact Riemann surfaces with punctures defining the sources.

For example, the manifolds in fig. 5.1 are mapped respectively to a sphere, a torus and a

double torus with four punctures, see fig. 5.2.

Hence, scattering amplitudes can be computed as a sum of expectation values of vertex

operators over manifolds with various topologies. Further, for each topology there are in

general inequivalent manifolds to sum over. For a given Euler number there might be

infinitely many surfaces not related to each other by diffeomorphisms. Each of these

surfaces can be identified by a specific choice of continuous parameters in the parametric

metric associated to a given topology; in the string theory context these parameters are

referred to as worldsheet metric moduli. In addition, different positions of the vertex

operators on the worldsheet in principle define different processes, therefore to obtain the

full scattering amplitude we should in principle integrate over all their positions. But each

surface may have global conformal invariance, e.g. say that there exist k (real) generators

of the conformal Killing group, then the position of k/2 closed string vertex operators can

be arbitrarily fixed. The Riemann-Roch theorem relates the number of generators of the

conformal group, the Euler number and the number of metric moduli, i.e.

χ =
1

3
(k − µ) , (5.33)
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where µ is the number of real metric moduli and k the number of independent conformal

Killing vectors.

The above considerations can be summarized by saying that: an n-point string scat-

tering amplitude is organized in terms of a sum over inequivalent n-punctured Riemann

surfaces and, the general prescription defining an n-point scattering amplitude in bosonic

string theory can be written as

S(1, 2, . . . n) =
∑
M

e−λχM
∫
d
µ
t d

2n−k
σ DgDX

Vdiff×Weyl
e−SX V̂1(σ1) . . . V̂n(σn) (5.34)

where the vertex operators V̂1, . . . , V̂n define the incoming and outgoing states, and clearly

all the integration variables do depend on the topology of the manifold but for ease of

notation we have omitted the related subscripts M . It is of course desirable to have a

gauge fixed prescription for the amplitudes, by use of the Faddeev-Popov procedure it

can be shown that eq. (5.34) becomes [5.1]

S(1, 2, . . . n) =
∑
M

e−λχM
∫
d
µ

t d
2n−k
σ DX DbDc e−SX−Sbc ×

µ∏
i=1

1

4π
(b, ∂ti ĝ)

n−k/2∏
j=1

bj−1b̃
j
−1 · V̂1(σ1) . . . V̂n(σn)

(5.35)

where (b, ∂ti ĝ) =
∫
d2σ bαβ∂ti ĝαβ , and ∂ti represents the derivative with respect to the

modulus ti. In the above equation, the action of the b−1 modes on the vertex operators

is defined as b−1 · V̂ (0, 0) =
∮

dz
2πi

b(z)V̂ (0) 5, hence considering the ghost propagator

b(z)c(0) ∼ 1
z
we see that b−1b̃−1 · V̂ = V , i.e. for amplitudes involving n closed strings,

on a surface with k real CKV, we need to integrate over the positions of n − k
2
vertex

operators and these effectively correspond to the vertex operators of the matter states.

So far we said nothing about the relative order of each summand in the above series

nor it is clear whether the series has at least a chance to converge. Let us first observe
5 This is a special case of a more general definition in CFT. Via the state-operator isomorphism,

the action of an operator on the Hilbert space of states is extended to an action on the space of local

operators. This works as follows, given a primary field φ(z, z̄) of weights (h, h̃) its modes φn act on a

local operator, say O, as

φn · O(0, 0) =

∮
dz

2πi
zn+h−1φ(z)O(0, 0) . (5.36)
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that in the case of closed oriented strings the Euler number of the surfaces involved in

the series is

χ = 2− 2g (5.37)

where g denotes the genus of the surface, hence the Euler number decreases by a factor of 2

for each “handle” added to the sphere. That is, each string splitting or joining is weighted

by a factor of eλ. It is then natural to identify the closed string coupling constant as

gc ≡ eλ, and the scattering series can be sketchily written as

S = SS2 + Sg=1 + Sg=2 + · · · = e−2λ{(. . . ) + g2
c (. . . ) + g4

c (. . . ) + . . . } . (5.38)

From the analysis of strings in background fields, the parameter λ can be identified with

the dilaton background, i.e. λ = Φ0, therefore for suitable backgrounds gc = eΦ0 << 1,

and the series in eq. (5.35) defines a perturbative expansion.

Even though one-loop vacuum amplitudes are not scattering amplitudes, for a number

of reason it is fundamental to analyze them. The one-loop vacuum amplitude, i.e. the

partition function, compactly encodes full information on the spectrum of the theory.

Note also that to compute one-loop scattering amplitudes it is necessary to know the

one-loop vacuum amplitude. For closed oriented strings, the only one-loop surface is the

torus. For the closed bosonic string the partition function can be written as [5.1]

ZT 2 =

∫
F

d2τ

4τ2

〈〈 b(0)b̃(0)c(0)c̃(0) 〉〉T 2(τ) , (5.39)

where d2τ = 2dτ1dτ2 = dτdτ̄ , with τ1, τ2 representing the two real moduli of the torus, the

integration is over the space of inequivalent moduli F , the b b̃ ghost insertions arise upon

gauge fixing similarly as in eq. (5.35), and the 4τ2 factor in the denominator comes from

dividing by the volume of the CKG of the torus, i.e. the volume of translations 4π2τ2.

Expectation values can be computed separately in the embedding and ghost CFTs, i.e.

〈〈 . . . 〉〉M = 〈〈 . . . 〉〉M,X 〈〈 . . . 〉〉M,bc , (5.40)

and the expectation values relevant for ZT 2 can be conveniently computed using the

operator formalism, we have [5.1, 5.3]

〈〈 1 〉〉T 2(τ),X = tr
(
qT0 q̄T̃0

)
=

V26

(4π2α′τ2)13

1

|η(τ)|52
, (5.41)
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where q = e2πiτ , T0 and T̃0 are given in eq. (5.11) and since here we are considering all

the 26 embedding fields the ordering constant is aXcyl = 26
24
. In the above equation η(τ) is

the Dedekind eta function [5.1,5.14], and the factor V26/(4π
2α′τ2)13 comes from gaussian

integrating the momenta using the continuum normalization. The contribution from the

unphysical timelike and longitudinal excitations is offset by the ghosts, in fact

〈〈 b(0)b̃(0)c(0)c̃(0) 〉〉T 2(τ),bc = tr
(
(−1)F b0b̃0c0c̃0 q

T bc0 q̄T̃
b̃c̃
0
)

= |η(τ)|4 . (5.42)

Altogether, the partition function for the closed bosonic string reads

ZT 2 = V26

∫
F

d2τ

4τ2(4π2α′τ2)13

1

|η(τ)|48
, (5.43)

note that it could be computed ignoring the ghosts and considering just the 24 transverse

excitations of the embedding fields, i.e.

ZT 2 =

∫
F

d2τ

4τ2

〈〈 1 〉〉T 2(τ), X⊥ =

∫
F

d2τ

4τ2

tr
(
qT
⊥
0 q̄T̃

⊥
0
)
. (5.44)

The RNS String

The RNS string generalizes the bosonic string through the addition of worldsheet spinors,

this in turn leads to the presence of space-time fermions in the spectrum. Similarly as for

the bosonic string it is convenient to select a class of coordinates that are useful to exploit

the symmetries of the system. The action for the “matter fields” in conformal gauge reads

SRNS = SX + Sψ =
1

2πα′

∫
d2z ∂Xµ∂̄Xµ +

1

4π

∫
d2z ψµ∂̄ψµ + ψ̃µ∂ψ̃µ , (5.45)

where ψµ, ψ̃µ, are Majorana-Weyl spinors on the worldsheet. Lorentz invariance allows

the spinor fields to satisfy two different periodicity conditions, these are identified as

Ramond (R) and Neveu-Schwarz (NS) sectors. Specifically, considering the equation of

motion ∂̄ψµ = 0 , for closed strings we have

R : ψµ(σ1 + 2π) = ψµ(σ1) =⇒ ψµ ∼
∑
r∈Z

ψµr e
in(σ1+iσ2) ,

NS : ψµ(σ1 + 2π) = −ψµ(σ1) =⇒ ψµ ∼
∑
r∈Z+ 1

2

ψµr e
ir(σ1+iσ2) ,

(5.46)
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and for the anti-holomorphic fields ψ̃µ there hold analogous conditions and mode expan-

sions, thus on closed strings there live four independent spinor fields. For open strings the

holomorphic and anti-holomorphic fields are no longer independent, rather the possible

boundary conditions are ψµ(0) = ψ̃µ(0), ψµ(π) = ±ψ̃µ(π), and these are satisfied by one

set of independent integer (R) or half-integer (NS) mode expansions.

The RNS string has a richer symmetry than the bosonic string, the action (5.45) is

in fact invariant under superconformal transformations. It is clearly still invariant under

pure conformal transformations, the associated conserved currents given by the energy-

momentum tensor, i.e.

j(z) = v(z)T (z) , j̃(z̄) = v̄(z̄)T̃ (z̄) ,

T (z) = − 1

α′
∂Xµ∂Xµ −

1

2
ψµ∂ψµ , T̃ (z̄) = − 1

α′
∂̄Xµ∂̄Xµ −

1

2
ψ̃µ∂̄ψ̃µ ,

(5.47)

but in addition the super-currents

jη(z) = η(z)G(z) , j̃η(z̄) = η̄(z̄)G̃(z̄) ,

G(z) =

(
2

α′

)1
2

ψµ∂Xµ , G̃(z̄) =

(
2

α′

)1
2

ψ̃µ∂̄Xµ ,

(5.48)

for any η(z) (η(z̄)) Grassmannian and (anti-)holomorphic, are also conserved. As for the

bosonic string, it is convenient to Fourier expand the energy-momentum tensor and the

super-current components

T (w) =
∑
n∈Z

Tn e
in(σ1+iσ2) , T̃ (w̄) =

∑
n∈Z

T̃n e
in(σ1−iσ2) ,

G(w) =
∑
r

Gr e
ir(σ1+iσ2) , G̃(w̄) =

∑
r

G̃r e
ir(σ1−iσ2) ,

(5.49)

where r runs over all the integers for the R sector and half integers for the NS case.

The quantization techniques are the same as for the bosonic string, but now the

modes of the spinor fields anticommute {ψµr , ψνs} = ηµνδr,−s , {ψ̃µr , ψ̃νs} = ηµνδr,−s. The

constraints determining the physical spectrum are addressed by the superconformal gen-

40



Chapter 5. Perturbative Strings

erators, i.e.

Tn|ψ〉 =
(1

2

∑
n∈Z

αµn−mαµm +
1

4

∑
r

(2r − n)ψµn−rψµ r

)
|ψ〉 = 0 , n > 0 ,

Gr|ψ〉 =
∑
n∈Z

αµnψµ r−n|ψ〉 = 0 ,
R r ∈ N0

NS r ∈ N0 + 1
2

,

(5.50)

and the Hamiltonian constraint again needs to be renormalized, we can e.g. write

R : T0|ψ〉 ∼
(α2

0

2
+
∑
n∈N1

αµ−nαµ,n +
∑
r∈N1

r ψµ−rψµ r − aRcyl
)
|ψ〉 = 0 ,

NS : T0|ψ〉 ∼
(α2

0

2
+
∑
n∈N1

αµ−nαµ,n +
∑

r∈N0+ 1
2

r ψµ−rψµ r − aNScyl
)
|ψ〉 = 0 .

(5.51)

Conformal normal ordering of the spinor fields reads

: ψµ(z1)ψν(z2) := ψµ(z1)ψν(z2) +
ηµν

z12

, (5.52)

and conformal renormalization of the energy-momentum tensor

T (z) = : − 1

α′
∂Xµ∂Xµ −

1

2
ψµ∂ψµ : , (5.53)

leads to the OPE

T (z1)T (z2) =
3d

4z4
12

+
2

z2
12

T (z2) +
1

z12

∂T (z2) + . . . (5.54)

that is, the total central charge of the matter fields is c = 3d
2
. For the superstring, in

addition to the anti-commuting b c ghosts, there is another set of ghosts, usually denoted

by β γ. These are commuting fields and together with the b c ghosts form a superconformal

invariant system, with action

Sg = Sbc + Sβγ =
1

2π

∫
d2z b∂̄c+ β∂̄γ + b̃∂c̃+ β̃∂γ̃ (5.55)

and with conformal dimensions (hβ, h̃β̃) = (3
2
, 3

2
), (hγ, h̃γ̃) = (−1

2
,−1

2
). The central charge

of the β γ system is cβγ = 11, whereas the b c charge is cbc = −26, therefore the RNS

superstring is anomaly free in ten space-time dimensions, cf. eq. (5.54). The bc and β γ

ghosts cancel the unphysical timelike and longitudinal excitations of the embedding and
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spinor fields respectively. Similarly as for the bosonic string, the physical states can be

identified as the transverse excitations of the matter fields. The ordering constants for

the Hamiltonian constraints can again be conveniently determined by considering only

the transverse excitations and by use of zeta function regularization, we have

R : aRcyl = aXcyl + aψR
cyl = −8

2

∑
n∈N1

n+
8

2

∑
r∈N1

r = 0 ,

NS : aNScyl = aXcyl + aψNS
cyl = −8

2

∑
n∈N1

n+
8

2

∑
r∈N1+ 1

2

r =
1

2
.

(5.56)

In the Ramond sector the spinors have zero modes, and they satisfy the Clifford algebra

Cl1,9, i.e. {ψµ0 , ψν0} = ηµν . Hence the Ramond ground state has degeneracy 25 and spans

the Dirac representation of the Lorentz algebra SO(1, 9), it is often convenient to consider

the basis identified by the eigenvalues of the Lorentz generators [5.1]

|s0, s1, . . . , s5〉R , si ∈ {−1/2, 1/2} . (5.57)

The spectrum determined by the constraints (5.50) and (5.51) is not space-time super-

symmetric and does not lead to a fully consistent theory. Note for example that for open

strings, the NS sector ground state |0〉NS is a scalar tachyon of mass m2 = − 1
2α′

, whereas

the R ground state is a massless spinor. In the RNS formulation of the superstring, space-

time supersymmetry is achieved by a further projection on the Hilbert space, known as

Gliozzi, Scherk, Olive (GSO) projection. This can be defined as follows, consider the

projector

PGSO =


1

2

(
1 + (−1)F Γ

)
R

1

2

(
1 + (−1)F+1

)
NS

(5.58)

where F is the worldsheet fermion number and Γ is the ten-dimensional chiral matrix,

i.e. Γ = Γ0Γ1 . . .Γ9. Then, for open strings, a space-time supersymmetric spectrum is

obtained by just projecting the RNS physical spectrum with PGSO. The NS ground state

is now projected out and the first NS state in the spectrum is a space-time massless

vector ψµ− 1
2

|0〉NS, whereas the R ground state reduces to a chiral spinor with eight degrees

of freedom. For closed strings the GSO projection can be consistently implemented in

at least two different ways, that is either by projecting both the left and right R sectors
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into states of the same chirality, or by projecting the left and right R sectors into states

of different chirality. This leads to two different ten-dimensional closed string theories,

respectively known as type IIB and type IIA. The massless spectrum of type IIB is that

of d = 10 N = (2, 0) supergravity, whereas the massless spectrum of type IIA is left-right

symmetric, i.e. consists in d = 10 N = (1, 1) supergravity. Type IIB and type IIA are

closed oriented string theories, thus their one-loop vacuum amplitudes consist just of the

torus amplitude. Similarly as for the bosonic string, cf. eq. (5.44), we can then write the

vacuum amplitudes as

ZT 2 =

∫
F

d2τ

4τ2

ZT 2(τ) , (5.59)

where for ease of presentation we have introduced ZT 2(τ), and in the following we will

often refer to it as the “unintegrated” partition function. This can again be computed as

a trace over the physical Hilbert space, this time with the addition of the GSO projector.

For the type IIB theory, we have [5.2]

ZT 2(τ) = tr
{
PGSO q

T⊥0 q̄T̃
⊥
0
}

=
V10

2(4π2α′τ2)5

∣∣∣∣∣ ∑
α,β=0, 1

2

ηα,β
ϑ
[
α

β

]4

(0, τ)

η12(τ)

∣∣∣∣∣
2

(5.60)

where q = e2πiτ , the spin structure coefficients are η0,0 = −η0, 1
2

= −η 1
2
,0 = 1, and

ϑ
[
α

β

]
(z, τ) are Jacobi theta functions with characteristics [5.14]. The above partition

function vanishes by supersymmetry, in fact ϑ
[
1/2

1/2

]
(0, τ) = 0 and

∑
α,β=0, 1

2

ηα,β ϑ
[
α

β

]4

(0, τ) = 0 (5.61)

is essentially the Jacobi “abstruse identity” [5.14].

Even though the GSO projected open string spectrum is space-time supersymmetric,

it is not possible to define a consistent theory with only open oriented strings. Theories

with oriented open strings are in fact affected by tadpoles and thus in general unstable.

To build a consistent theory with unoriented open strings, two more concepts that we

have not presented so far are needed. First, to the end-points of open strings there can be

assigned extra degrees of freedom, known as Chan-Paton charges. For example an open

string state can in general be represented as

|N, k, ij〉 (5.62)
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where i, j, label the charges of the string end-points, and here N is schematic representing

the excitations. Note that, considering say n independent Chan-Paton factors at each end

of the string, the massless vector in the NS sector, ψµ− 1
2

|0, k, ij〉NS, has the same degrees

of freedom as a U(n) gauge boson. We mentioned several times unoriented strings, but

we have not presented how these are defined. We want a worldsheet theory that is

invariant under orientation reversal, e.g. we want open strings that are invariant under

σ1 −→ π − σ1. Now, say that the orientation reversal is implemented on the quantum

states by an operator Ω. Then looking at the mode expansions for NN open strings it

is easy to infer that Ωαµn Ω−1 = (−1)nαµn and Ωψµr Ω−1 = ±eiπrψµr ; but, the vertex

operators associated to physical NS string states are quadratic in the fermions, and also

in NS sector one can set Ωψµr Ω−1 = ∓ψµr [5.9]. Hence the action of the worldsheet parity

Ω on an open-string state can be written as

Ω|N, k, ij〉 = ωN |N, k, ji〉 , (5.63)

where ωN = ±1, the sign depending on the number of bosonic and fermionic excitations,

and the Chan-Paton factors are exchanged by the Ω action. With these information one

can further project the (GSO projected) open-string spectrum with

PΩ =
1 + Ω

2
. (5.64)

Note that the states surviving the above projection have either ωN = −1 and are anti-

symmetric in the Chan-Paton factors, or ωN = 1 and the end-point charges are the same.

In particular the gauge bosons ψµ− 1
2

|0, k, ij〉NS are antisymmetric in ij and thus span the

SO(n) Lie algebra 6. Analogously as we did for open strings, the Ω action can be defined

on closed string states, in term of modes we have Ωαµn Ω−1 = α̃µn and Ωψµr Ω−1 = ±ψ̃µr .
A fully consistent theory with open strings can be built starting with type IIB and

the addition of NN open strings with 32 Chan-Paton factors. Then by projecting with

the operator (5.64) one gets a theory of unoriented closed and open strings, this is known

as type I theory. In type I, the massless spectrum of closed strings is that of N = (1, 0)

supergravity and the massless spectrum of open strings is that of SO(32) super Yang-

Mills.

The fact that ten-dimensional superstring theory with open strings must be unoriented

and with precisely 32 Chan-Paton charges follows from the tadpole analysis. The one-loop
6 It is possible to generalize the above construction, and build different unoriented theories, e.g. leading

to symplectic gauge groups. We will not be concerned with these, for more information see [5.1,5.9,5.13].
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vacuum amplitude for oriented open strings consists of the cylinder amplitude, i.e.

ZC2 =

∫ ∞
0

dt

2t
ZC2(t) , (5.65)

where t represent the real modulus of the cylinder and the unintegrated partition function

reads

ZC2(t) = tr
{
PGSO q

T⊥0
}

=
V10 n

2

4(8π2α′t)5

∑
α,β=0, 1

2

ηα,β
ϑ
[
α

β

]4

(0, it)

η12(it)
, (5.66)

where here q = e−2πt and the trace is over the physical excitations and the degrees of

freedom captured by n Chan-Paton factors at the two ends. Analogously as for the torus

amplitude, the cylinder amplitude vanishes, cf. eq. (5.61) and (5.66). But the cylinder

amplitude does not only describe the one-loop vacuum amplitude for open strings, it

describes also the emission and absorption of closed strings from the vacuum, i.e. closed

string tadpoles. In the amplitude (5.66) the part involving ϑ
[
0

0

]
and ϑ

[
1/2

0

]
is due to

tadpoles of NS-NS states, whereas the ϑ
[

0

1/2

]
term represent an R-R tadpole [5.2, 5.9].

Therefore these terms should vanish independently. This can not be achieved in oriented

string theory, but with unoriented strings there are other diagrams contributing to the

one-loop vacuum amplitude and these can cancel closed string tadpoles. In unoriented

theory in fact, there are unoriented one-loop surfaces with vanishing Euler number that

contribute to the one-loop vacuum amplitudes, these are the Klein bottle for one-loop of

closed strings and the Möbius strip for open strings. The full one-loop amplitudes can be

computed by simple insertion of PΩ in the trace, for closed strings

Zχ=0,b=0(τ) = tr
{
PΩ PGSO q

T⊥0 q̄T̃
⊥
0
}
≡ 1

2

(
ZT 2(τ) + ZK2(τ)

)
(5.67)

where the term with the Ω insertion in the trace produces the Klein bottle amplitude

ZK2 . Similarly for open strings

Zχ=0,b 6=0(t) = tr
{
PΩ PGSO q

T⊥0
}
≡ 1

2

(
ZC2(t) + ZM2(t)

)
, (5.68)

where ZM2 is the contribution from the Möbius strip. Starting from the above expressions

it is possible to show that closed string tadpoles vanish iff the open strings have n = 32

Chan-Paton charges, that is only in this case the contribution to e.g. NS-NS tadpoles

from C2, M2 and K2 cancel [5.2, 5.13].
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6 Orbifold Compactifications

The number of possible semi-realistic string vacua is enormous, likely of the googol

order [6.1, 6.2]. The current understanding and mathematical knowledge do not allow

to fully predict the properties of the low energy effective theories associated to all these

vacua. But, among all the possible semi-realistic vacua, there are some particular Calabi-

Yau threefold (CY3) compactifications where many things can be said, these are the CY3

orbifold limits. For these compactifications the string spectra are known and at least in

principle it is possible to determine perturbative and non perturbative corrections to the

four-dimensional tree-level effective actions.

Calabi-Yau threefolds are compact and Ricci flat manifolds with less symmetries than

simple tori R6/Λ. The main feature of CY3 string compactifications consists in that the

reduced symmetries of the internal space imply a four-dimensional theory with reduced

supersymmetry. Orbifold compactifications are typically based on toroidal compactifica-

tions, and the symmetries of the tori are further reduced by quotienting them out by the

action of a finite group. Here we will consider factorized tori, i.e. T 6 = ⊗3
i=1T

2
i , projected

with finite subgroups of the rotation group that are compatible with the respective com-

plex structures. These groups are isomorphic to cyclic groups of small rank, for example

a single torus T 2 of complex structure U = 1
2

+ i
√

3
2

can be quotiented out by Z3, acting

on the torus complex coordinates as

z = e
2
3
πikz , z = e−

2
3
πikz , k ∈ {0, 1, 2} . (6.1)

More generally, factorized T 6 = ⊗3
i=1T

2
i can be quotiented by ZN , acting on the coordi-

nates as

zi = e2πikviZ
i , zi = e−2πikvizi , k ∈ {0, 1, . . . , N − 1} , (6.2)

provided that the frozen complex structures are compatible with the action, in this case

regulated by the twist vector ~v = (v1, v2, v3).

To implement the orbifold projection on superstring spectra, let us first recall that

the ten-dimensional RNS string spectra are in particular organized in terms of SO(1, 9)

modules, and the spectra of RNS strings compactified on factorized T 6 are very similar
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Chapter 6. Orbifold Compactifications

and can be organized in terms of SO(1, 3) ⊗ U(1)⊗
3 modules. Therefore it is natural to

define the orbifold action on closed string states as

θk|ψ〉 ≡ e2πik(v1J45+v2J67+v3J89)|ψ〉 (6.3)

where Jµν are the generators of the rotations relative to the µ , ν internal directions acting

in the representation of the corresponding string states. It would then be natural to

attempt to build a ZN orbifold model from a “parent” theory by just projecting the

parent spectrum with

Pθ =
1

N

N−1∑
k=0

θk , (6.4)

but, for closed strings, this would in general lead to a non modular invariant partition

function. In fact, in orbifold models there are more states to account for. Note that

the space-time identifications in eq. (6.2) naturally suggest that we should allow the

embedding fields to have more general periodicities than in flat space, i.e.

Zi(σ1) = e2πikviZi(σ1 + 2π) , Z̄i(σ1) = e−2πikviZ̄i(σ1 + 2π) , (6.5)

∀ k ∈ {0, 1, . . . , N − 1} . The corresponding mode expansions can be written as

Zi ∼
√
α′
∑
n∈Z

1

n+
i

αi
n+
i
ein

+
i (σ1+iσ2) +

1

n−i
α̃i
n−i
e−in

−
i (σ1−iσ2) ,

Z̄i ∼
√
α′
∑
n∈Z

1

n−i
αi
n−i
ein
−
i (σ1+iσ2) +

1

n+
i

α̃i
n+
i
e−in

+
i (σ1−iσ2) ,

(6.6)

where for ease of notation we have set n+
i ≡ n+kvi and n−i ≡ n−kvi. Similarly, there are

twisted spinor fields satisfying analogous boundary conditions as in (6.5), e.g. the mode

expansions for the complexified right movers read

ψi ∼
∑
r

ψi
r+i
eir

+
i (σ1+iσ2) , ψ̄i ∼

∑
r

ψi
r−i
eir
−
i (σ1+iσ2) , (6.7)

where r+
i ≡ r + kvi and r−i ≡ r − kvi, and as usual r runs over the integers in the R

sector and half integers in the NS. The models can be quantized by assigning proper

commutation relations, we define

α†in+ ≡ αi−n−kvi ψ†ir+ ≡ ψi−r−kvi ∀ n, r : n+ kvi > 0, r + kvi > 0 ,

α†in− ≡ αi−n+kvi
ψ†ir− ≡ ψi−r+kvi ∀ n, r : n− kvi > 0, r − kvi > 0 ,

(6.8)
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then the commutation relations for the modes associated to the holomorphic fields read[
αi
n+
i
, α†j

m+
j

]
= n+

i δ
i,jδn,m

{
ψi
n+
i
, ψ†j

m+
j

}
= δi,jδn,m ,

[
αi
n−i
, α†j

m−j

]
= n−i δ

i,jδn,m
{
ψi
n−i
, ψ†j

m−j

}
= δi,jδn,m ,

(6.9)

these are in agreement with e.g. [6.6,6.7], analogous expressions hold for the left movers.

Then the zero mode of the energy-momentum tensor associated to the holomorphic twisted

states is

R :

T
(i)
0 (k) =

∑
n∈N:
n±
i
>0

{
α†i
n−i
αi, n−i + α†i

n+
i

αi, n+
i

+ n−i ψ
†i
n−i
ψi, n−i + n+

i ψ
†i
n+
i

ψi, n+
i

}
(6.10)

NS :

T
(i)
0 (k) =

∑
n∈N:
n±
i
>0

{
αi
n−i
αi, n−i + αi

n+
i
αi, n+

i

}
+
∑

r∈N+ 1
2

:

r±
i
>0

{
r−i ψ

i
r−i
ψi, r−i + r+

i ψ
i
r+i
ψi, r+i

}
+
kvi
2
− 1

8
.

where we have determined the contribution to the vacuum energies by use of zeta function

regularization, in the R sector the vacuum energies of bosons and fermions cancel, similarly

as to the untwisted case in eq. (5.56). For each twisted sector, we can then define a total

worldsheet hamiltonian as H(k) = T⊥0 (k) + T̃⊥0 (k), with

T⊥0 (k) = T e0 +
3∑
i=1

T
(i)
0 (k) , (6.11)

where T e0 denotes the contribution from external momenta and excitations relative to two

of the external directions, the index i labels the three internal tori. Note that T⊥(0) = T e0 +∑
i T

(i)
0 (0) is the holomorphic component of the energy-momentum tensor for untwisted

states, this being given by eq. (5.51) and (5.56), but now the internal zero modes consist

of winding states and momenta quantized according to the geometry of the tori. In the

following we will assume that the orbifold action has no fixed directions, i.e. kvi /∈ Z
∀ k, vi, this is true for all T 6/ZN when N is prime. In this case, for all k the twisted

states are “truly twisted” and have no zero modes, i.e. no momenta. In particular the

twisted states are degenerate and stuck on the tori at all the points fixed under the orbifold

action. In a moment we will comment further on this aspect.
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The closed string partition function can be computed by summing over all states in

the model and inserting the orbifold projector (6.4) in the trace, we have

ZT 2(τ) =
1

N

N−1∑
k,k′=0

tr
{
θk PGSO q

T⊥0 (k′) q̄T̃
⊥
0 (k′)

}
≡

N−1∑
k,k′=0

Zk,k
′

T 2 (τ) , (6.12)

where Z0,0
T2

is the partition function for the untwisted theory compactified on T 6, e.g. for

type IIB models

Z0,0
T 2 (τ) =

V4 Γ(6,6)

2N(4π2α′τ2)2

∣∣∣∣∣∑
α,β

ηα,β
ϑ
[
α

β

]4

(0, τ)

η12(τ)

∣∣∣∣∣
2

, (6.13)

here Γ(6,6) represent the sum over internal momenta and windings states, cf. (5.60); for

the twisted and projected sectors we have

Zk,k
′

T2
(τ) =

V4 χk,k′

2N(4π2α′τ2)2

∣∣∣∣∣∑
α,β

ηα,β
ϑ
[
α

β

]
(0, τ)

η3(τ)

3∏
i=1

ϑ
[
α + k′vi
β + kvi

]
(0, τ)

ϑ
[
1/2 + k′vi
1/2 + kvi

]
(0, τ)

∣∣∣∣∣
2

, (6.14)

where χk,k′ encode the degeneracies of the twisted states and are given by the number

of simultaneous fixed points under the θk, θk′ orbifold action [6.7, 6.12]. It can be shown

that the complete partition function ZT 2(τ) is modular invariant iff the degeneracies of

the twisted states, given by the number of fixed points, are accounted for. Modular

transformations mix the various orbifold sectors and the explicit number of simultaneous

fixed points can be inferred also starting with e.g. Zk,0T2
(τ), where χk,0 = 64

∏3
i=1 sin2(πkvi)

is given by the Lefschetz fixed point formula, and imposing modular invariance for ZT 2(τ).

Simple and consistent orbifold models with open strings can be built by just quoti-

enting out type IIB and oriented strings by the group generated by {1, θ, Ω} : θN =

1 , Ω2 = 1, i.e. the abelian group Ω × ZN , this is commonly referred to as an orientifold

group 1. Unlike closed strings, for open strings there are no twisted states at the orbifold

fixed points. However, we will shortly see that when building semi-realistic models with

four-dimensional chiral matter there are also open strings with twisted boundary condi-

tions, even though these are not determined by the orbifold action. But, to start, let us
1 It is possible to build also different models, by projecting type IIB and oriented strings with more

general orientifold groups, for example the Ω action can be combined with the orbifold action in a non

trivial way. We will not be concerned with these constructions, for further information see e.g. the K3

ZB models in [6.8], and [6.9] for CY3 models.
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consider the simple type I set up with only NN boundary conditions and n Chan-Paton

charges, i.e. n D9-branes. The orbifold action on open strings can be defined similarly as

we did for closed strings, but in addition we should require the Chan-Paton space to span

a module of the orbifold group, or more precisely of the orientifold group. Specifically,

consider a projective matrix representation of the orientifold group, i.e.

γkγk′ = eiφγk+k′ , γkγΩ = eiψγkΩ , k, k′ ∈ {1, 2, . . . N − 1}, (6.15)

where the γ’s are n×n matrices and the first relation is valid modulo N , then the orbifold

action on open strings can be defined as

θk|ψ, i j〉 ≡ e2πik(v1J45+v2J67+v3J89) γi,i
′

k |ψ, i
′ j′〉 (γ−1

k )j
′,j , (6.16)

i.e. the orbifold group acts on Chan-Paton through the adjoint action. Similarly for the

worldsheet parity Ω, and it exchanges some Chan-Paton associated to the two ends, but,

unlike in flat space, in order to be consistent with the orientifold group representation, Ω

might need to act trivially on some Chan-Paton. As an example, for the Z3 orbifold, it is

possible to choose a basis in Chan-Paton space such that [6.11]

γ1 = (1n0 , θ
11n1 , θ

21n2) , γΩ =


1n0

1n1

1n2

 , (6.17)

where here θk = e2πik/3, similar choices can be made for other ZN orbifolds of type I.

These models are not tadpole free a priori. Similarly as in flat space, for an arbitrary

choice of Chan-Paton charges there are closed string tadpoles, now also from twisted

states. Again, from the one-loop vacuum amplitudes it is possible to deduce the necessary

consistency conditions. For the simple Z3 case, cancellation of the untwisted tadpoles

leads to n = 32, whereas cancellation of the twisted ones leads to n0 = 8, n1 = n2 = 12.

For orbifolds of even rank, the situation is more complicated and in some cases tadpole

cancellation can be achieved by the addition of D5-branes [6.8, 6.9, 6.11]. We will not

reproduce these computations here, but let us present the one-loop cylinder amplitude

as a sample ingredient and since this allows us to compactly summarize the open string

spectrum on D9-branes in ZN orbifold models. We have

ZC2(t) = tr
{
Pθ PGSO q

T⊥0
}

=
1

N

N−1∑
k=0

tr
{
θk PGSO q

T⊥0
}
≡

N−1∑
k=0

ZkC2
(t) , (6.18)
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where T⊥0 is the flat space energy-momentum tensor, with quantized internal momenta,

so that the unprojected partition function can be written as

Z0
C2

(t) =
V4 Γ(6)

4N(8π2α′t)2

∑
α,β

ηα,β
ϑ
[
α

β

]4

(0, it)

η12(it)
(tr γ0)2 , (6.19)

and for the projected case

ZkC2
(t) =

V4 χk
4N(8π2α′t)2

∑
α,β

ηα,β
ϑ
[
α

β

]
(0, it)

η3(it)

3∏
i=1

ϑ
[

α

β + kvi

]
(0, it)

ϑ
[

1/2

1/2 + kvi

]
(0, it)

(tr γk)2 , (6.20)

with χk = −8
∏3

i=1 sinπkvi. The above partition function is valid in the case that the

orbifold has no fixed directions, otherwise if some kvi ∈ Z the corresponding blocks in

(6.20) relative to the ith torus in the k sector reduce to the unprojected blocks of (6.19).

In the context of type II orientifold compactifications there exist also more phenomeno-

logically appealing models. These are usually built with D-branes of lower dimensionality

than D9, typically D6. Shortly we will comment on the reason for this. A basic setup

is to consider D6-branes extending through all the external four dimensions, and each of

the remaining three dimensions is respectively wrapped on one of the three internal tori.

The D6-branes are further grouped in stacks, these stacks wrap different closed cycles on

the tori and may intersect one or more times. This breaks the gauge groups further and

yields a four-dimensional theory with natural candidates for the observed chiral matter.

In fact, open strings stretching between intersecting stacks are in the bi-fundamental of

the corresponding gauge groups and the Ramond ground state of these sectors is a four-

dimensional Weyl spinor. This basic construction is often referred to as intersecting brane

world, the amount of literature on the topic is substantial, see for example [6.10–6.13]

for early papers and [6.14, 6.15] for reviews. We should not dwell on the details of these

models, but a few simple aspects can be summarized. The above information, and indeed

the entire open string spectrum of these models can be easily deduced. Open strings

starting and ending on the same stack have simple Neumann (NN) boundary conditions

along the stack, and Dirichlet (DD) boundary conditions for the directions orthogonal to

the stack; hence for these sectors the only difference from D9D9 states consists in the

absence of momenta along three directions. On the contrary, open strings stretching be-

tween stacks at given angles satisfy “mixed boundary conditions”. For example, say that

two stacks, denoted by a and b, intersect on the torus T 2
i forming a given angle φiab. Then,
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the boundary conditions for strings stretching between these two stacks can be written

as [6.10]

Re
[
∂σZ

i(σ1 = 0)
]

= 0 , Im
[
Zi(σ1 = 0)

]
= 0 ,

Re
[
eiπφ

i
ab∂σZ

i(σ1 = π)
]

= 0 , Im
[
eiπφ

i
abZi(σ1 = π)

]
= 0 ,

(6.21)

analogous conditions hold for the other embedding coordinate, Z̄i, and for the spinor fields.

These boundary conditions are satisfied by expansions with shifted modes, completely

analogous to the closed-string orbifold-charged fields in eq. (6.6); the role of the orbifold

twist kvi is now played by the angle φiab, the only difference is that now there is only one

set of independent modes. Then, upon quantization, the commutation relations for the

modes and the contribution of these states to the energy-momentum tensors are the same

as for the holomorphic side of the closed string twisted states, as in eq. (6.9) and (6.10).

As we already mentioned, the various stacks can intersect more than once on each

torus, spanning always the same angle at each intersection. This plays a crucial role

in model building, it is in fact assumed that at each intersection there live independent

sets of states, leading to family replication in the four-dimensional theory. The stacks

of D6-branes span closed cycles on the factorized T 6, and the cycles are a priori general

representatives of some class in the homology group H3(⊗3
i=1T

2
i ,Z). That is, say that a

stack is denoted by a, then it spans a cycle that is a representative of [Πa] = ⊗3
i=1(nia, m

i
a),

where nia and mi
a are usually referred to as “wrapping numbers”. The times two stacks

intersect is actually independent from the particular representative and can be given just

in terms of the wrapping numbers, i.e.

Iab = [Πa] · [Πb] =
3∏
i=1

I iab =
3∏
i=1

(niam
i
b −mi

an
i
b) . (6.22)

For model building, it is further assumed that the branes are at their minimum energy,

that is they span internal cycles of minimum length, under this assumption the stacks are

then fully identified by the corresponding homology classes and the angles spanned by

the intersections of two stacks are always the same. That is, the spectra at the various

intersections of the two stacks are the same.

With D6, the requirement that the Chan-Paton space span an orientifold representa-

tion can be fulfilled by configurations with a simple geometrical interpretation. That is,

for each stack of branes spanning a given homology cycle on ⊗3
i=1T

2
i there should exist
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“image” stacks spanning cycles that are mapped into each other by the geometric orien-

tifold action. Hence, in orbifold models with intersecting branes, there are orbits of stacks

that are invariant under the orientifold group. We can denote such an orbit for example

by [a], and the various representatives by a, θ1a, θ2a, . . . , and ΩRa, θ1ΩRa , . . . 2.

The cylinder amplitude for these models can be written as

ZC2(t) = tr
{
Pθ PGSO q

T⊥0
}
≡

∑
a∈[a],b∈[b]

ZabC2
(t) , (6.23)

that is, as a sum of the contributions of states stretching between all the stacks in the

model; in the above equation a and b have to be thought as indices labelling the stacks,

they can assume the same value. When they are different, in the case that the intersection

angles are non zero on all the three tori the contribution to the cylinder amplitude reads

ZabC2
(t) =

V4

4(8π2α′t)2

∑
α,β

ηα,β
ϑ
[
α

β

]
(0, it)

η3(it)

3∏
i=1

I iab

ϑ
[
α + φi

ab

β

]
(0, it)

ϑ
[
1/2 + φi

ab

1/2

]
(0, it)

(tr γa0 )(tr γb0) , (6.24)

note that there is no contribution to these terms from the θk insertions in the trace. This

is not a priori true when there is a Z2 action within the full orbifold group, as this leaves

the stacks invariant, i.e θN/2a = a. However, even in this case the contribution arising

from the θN/2 term in Pθ can be eliminated by suitable choices of Chan-Paton factors and

orbifold group representations, i.e. by setting trγaN/2 = 0, [6.16]. Tadpole cancellation is

achieved by various constraints on the number of stacks and their wrapping numbers. It

has been explicitly shown that, analogously as with D9 and O9 in type I, a total zero

charge of the D6 and O6 ensures tadpole cancellation, see e.g. [6.17].

Without the orbifold projection, the models with intersecting D6 branes are believed

to be T-dual to models with D9 and background fluxes on their internal world-volume. In

fact, various features of the intersecting brane models can be reproduced in the context

of D9 branes with constant background fluxes, these are often referred to as magnetized

branes. For the quantization of open strings in background fluxes, see for example [6.18,

6.19]. However, a fully complete approach to model building with magnetized branes

have been proven to be difficult. Even in the field theory limit there are aspects that
2With D6 branes, worldsheet parity has to be accompanied by a space-time action, that is, ΩR is

the proper operator to project the unoriented spectrum; here R = ⊗3
i=1Ri, with Ri representing the

reflection of a given direction on the torus T 2
i . It can be shown through T-duality that this is the correct

action, [6.10].
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have remained unclear for some time. In fact, over the last ten years magnetized brane

models have been extensively studied in the field theory limit, e.g. [6.22, 6.23]. In the

magnetized brane context, family replication arises from the degeneracy that the charged

open string end-points have in the magnetic background, that is from the degeneracy of

the first Landau levels. When considering orbifold compactifications, one complication

concerns the determination of these degeneracies. More to the point, when considering

charged particles in orbifolds with constant background flux, it is already non trivial to

determine the allowed quantum mechanical vacua. Progress in this direction has been

achieved recently [6.28,6.29].
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