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Abstract

Quasicrystal is the term used for a solid that possesses an essentially discrete diffraction
pattern without having translational symmetry. Compared to periodic crystals, this difference
in structure gives quasicrystals new properties that make them interesting to study – both from
a mathematical and from a physical point of view. In this thesis we review a mathematical
description of quasicrystals that aims at generalizing the well-established theory of periodic
crystals. We see how this theory can be connected to the cohomology of groups and how
we can use this connection to classify quasicrystals. We also review an experimental method,
NIXSW (Normal Incidence X-ray Standing Waves), that is ordinarily used for surface structure
determination of periodic crystals, and show how it can be used in the study of quasicrystal
surfaces. Finally, we define the reduced lattice and show a way to plot lattices in MATLAB.
We see that there is a connection between the diffraction pattern and the reduced lattice and
we suggest a way to describe this connection.
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1 Introduction

For a long time it was believed that the only ordered solids exhibiting diffraction patterns with
discrete Bragg peaks were periodic solids, and the generally accepted definition of a crystal structure
required both order and periodicity. Periodic crystals are usually described in terms of a unit
cell, which is the smallest unit of the crystal such that when repeated, it can cover the whole
space without overlapping and without leaving any holes. The periodicity makes these solids
straightforward to describe mathematically. We get clear limitations of how atoms can be arranged
in such a structure and on how the diffraction pattern can look. In particular we have a finite
number of possible crystal structures. Limiting ourselves to two dimensions, we have the well-
known fact that not all regular polygons can be used to construct a perfect tiling of the plane; for
example it is impossible to do with pentagons. In three dimensions we have similar restrictions
and thus we see that the unit cell of a periodic crystal cannot have any shape. This in turn limits
the symmetries of the lattice. The only possible rotational symmetries a periodic two-dimensional
crystal can have, are those of order 1, 2, 3, 4, or 6. These are also the only possible symmetries
the diffraction pattern of a periodic crystal can possess. It therefore came as a great surprise when
Dan Shechtman et al. in 1984 published results (see [18]) that showed a diffraction pattern with
well defined Bragg peaks and ten-fold rotational symmetry, meaning that there are solids with
long range order, but without translational symmetry. What Shechtman et al. had found was a
quasicrystal1. This discovery forced the crystallographers to redefine what we mean by a crystal
– today a crystal is defined as any solid having an essentially discrete diffraction diagram – and
opened up an entirely new area of solid state physics. For his discovery, Shechtman was awarded
the Nobel prize in chemistry in 2011.

Quasicrystalline phases typically form when a metal alloy is solidified through rapid cooling and
although not very difficult to create in a lab, naturally occurring quasicrystals seem to be relatively
rare, something that might explain why it took until 1982 to discover the first one. The first known
quasicrystal found in nature, Al63Cu24Fe13, had icosahedral symmetry and was found in 2009 in
eastern Russia. However, it turned out that the rock in which it was found was actually part of a
meteorite, the Khatyrka meteorite, that on its journey through space had been subjected to high
pressure and temperature, followed by rapid cooling. The second naturally occurring quasicrystal
that was found had decagonal symmetry, and was also discovered in this meteorite [3].

Since aperiodic quasicrystals have a different structure compared to periodic crystals, they are ex-
pected to also have different properties, properties that sometimes are closer to those of amorphous
materials. Quasicrystals are usually hard, brittle and wear resistant. Many quasicrystals consist
of metal alloys, but even so they have low electrical and thermal conductivity [22]. The surface
energy is usually low, something that leads to interesting surface properties like low coefficient of
friction and corrosion- and adhesion resistance [11]. The fact that quasicrystals are hard, relatively
inert and have a low coefficient of friction, make them interesting for use in surface coatings. The
brittleness makes them difficult to use as bulk material, and thus coatings are at present one of the
most important possible applications. To give an example, quasicrystal surface-coatings have been

1The term quasicrystal is not defined equivalently everywhere. Most physicists use it do denote an aperiodic
crystal. However from a mathematical point of view it is nice to think of quasicrystals as a generalization of periodic
crystals. Since this thesis contains both a mathematical and an experimental part, both of these meanings are used,
but is should be clear from the context what is meant.
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used in frying pans instead of teflon [15]. Aside from coatings, quasicrystalline phases in for exam-
ple steel are interesting. The Swedish company Sandvik, manufactures steel in which quasicrystals
form a secondary phase, giving the steel useful properties; among other things it is hard, has good
ductility and is resistant to overaging in heat treatments [16].

The new non-periodic structure together with all new properties make quasicrystals interesting to
study for many reasons and from different perspectives, both mathematically and experimentally.
In this thesis a way to describe quasicrystals mathematically will be reviewed along with an exper-
imental method to study quasicrystal surfaces. A common approach to a mathematical description
is to imagine a periodic crystal in a higher dimensional space that is projected into three dimen-
sions. While this approach is useful in calculations, it lacks a bit in mathematical beauty since we
have to leave the three-dimensional space and also since the dimension of the superspace we need
to enter depends on the symmetry of the quasicrystal. Although not arbitrary, this gives a some-
what unsatisfactory description of quasicrystals and to remedy this, we choose another approach.
(We will however give a brief introduction to the superspace approach in section 6.3, where we
use some results.) Instead of studying quasicrystals in real space, we notice that the description
of a quasicrystal in the reciprocal space is similar to the one of periodic crystals. Namely, using a
density function to describe the real-space structure of the crystal, we notice that also in the case
of quasicrystals the density function can be expressed as a Fourier series with the coefficients being
the structure factors. The generalization now lies in allowing non-discrete reciprocal lattices and
redefining symmetries and equivalence of quasicrystals in terms of indistinguishability instead of
identity. One way to do the classification is to use the theory of cohomology of groups. We see
that we can relate quasicrystals to the elements of cohomology groups and then use results from
this theory to calculate these groups and find out how many quasicrystals there are.

To study the structure of a periodic crystal, there are several experimental techniques one can use.
Unfortunately, many of these rely on the periodic structure or are in other ways ill-suited for the
study of aperiodic structures. The experimental method that will be described here is NIXSW
(Normal Incidence X-ray Standing Waves), a method used for surface structure determination.
This method is originally developed for periodic crystals and actually uses the periodicity of the
crystal, which gives rise to two problems as we try to use it on an aperiodic crystal. First of all
we need the structure factor to evaluate the results. Since an aperiodic structure lacks a finite unit
cell, we would in theory have to take into account all the atoms in the crystal in our calculations.
Secondly, to make sense of the measurements, we use a structural fitting parameter, D, called
the coherent position, that corresponds to the height above the surface. As we begin to consider
aperiodic structures, D loses this property and we have to find another way to make use of the
method.

As for the outline of this report, section 2 gives an introduction to cohomology of groups, and
contains information necessary to understand results in later sections. If one is prepared to accept
some of the results in section 5, however, this section can mostly be skipped, but it is recommended
to at least look at equation (2.1), just to get a feeling for what a cohomology group is. Section 3
will give a brief summary of the theory of periodic crystals. After that, section 4 gives definitions of
quasicrystals and symmetries together with a motivation for why we define them in this way. Section
5 relates the definitions of section 4 to cohomology groups, shows a way to classify quasicrystals,
and shows how part of this classification process can be carried out in two dimensions. In section
6, a way to plot generalized lattices in MATLAB is shown. To do this, we need to define a new
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concept, the n-reduced lattice that serves as an approximation of the non-discrete lattice. The
section also contains some results obtained from running this program, and we see an interesting
connection to the diffraction pattern obtained in diffraction experiments. Finally, section 7 explains
the basic theory of NIXSW and shows how this method can be modified to determine the structure
and location of Si-clusters on a Al72Co17Ni11 -quasicrystal surface.

2 Cohomology of groups

This section is an introduction to the subject of cohomology of groups and most of it can be skipped
if one is prepared to simply accept some of the results in section 5. However, for those who choose
to do this, just to give some idea of what cohomology of groups is we make the following (very)
short introduction:

For G a group and M a G-module, let Cn(G,M) be the group of all functions from the Cartesian
product of n copies of G to M and let (Cn(G,M))n∈Z be a sequence of those groups connected by
homomorphisms δn : Cn(G,M)→ Cn+1(G,M) such that δn ◦ δn−1 = 0. Then the nth cohomology
group is defined as

Hn(G,M) := Zn(G,M)/Bn(G,M), (2.1)

where Zn(G,M) := ker δn and Bn(G,M) := im δn−1.

The properties and more general aspects of cohomology groups will be discussed in the rest of this
section, but the results are mainly used to prove the statements in section 5. The theory in this
section is based on what can be found in [4], and interested readers are referred to [4] for proofs,
which mostly will be left out in this part. A short remark should be made regarding the approach
to group cohomology. Even though the approach here is purely algebraic, there is a connection
between topology and homology. Also, there is a way to describe the theory using functors, but
neither topology nor functors are needed to understand the classification process, so this is left out
here.

2.1 Chain complexes and some basic homology

Let R be a ring with multiplicative unit 1R. A left R-module is an abelian group (M,+) together
with an action R×M → R such that

r(x+ y) = rx+ ry, (2.2)

(r + s)x= rx+ rs, (2.3)

(rs)x= r(sx), (2.4)

1Rx=x, (2.5)

for all r, s ∈ R and for all x, y ∈M . A similar definition can be given for a right R-module.

A graded R-module is a sequence C = (Cn)n∈Z of R-modules. If x ∈ Cn, x is said to have degree n.
This is denoted by deg x=n. If C and C ′ are two graded R-modules, we say that a map of degree
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p from C to C ′ is a family (fn : Cn → C ′n+p)n∈Z of R-module homomorphisms. This means that
deg f(x) = deg f + deg x.

A chain complex over R is a pair (C, d), where C is a graded R-module and d is a map of degree
−1 such that d2 = 0, i.e. d is a family of maps dn : Cn → Cn−1. The map d is called a boundary
operator. Defining Z(C) := ker d and B(C) := im d we can now define the homology of a chain
complex.

Definition 2.1. Let (C, d) be a chain complex. The homology of (C, d) is the quotient

H(C) := Z(C)/B(C). (2.6)

H(C), Z(C) and B(C) are all graded modules, i.e. H(C) = (Hn(C))n∈Z with

Hn(C) =Zn(C)/Bn(C). (2.7)

Z(C) is referred to as the cycles of C and B(C) as the boundaries of C. If H(C) = 0, the chain
complex is called acyclic.

If we instead have a pair (C, d) of graded R-modules C together with a map of degree 1, we
call (C, d) a cochain. To distinguish this from the chain complex, we use superscripts instead of
subscripts to denote the grading, i.e. C = (Cn)n∈Z and d= (dn : Cn → Cn+1)n∈Z.

Similiarly to the case of chain complexes we can define cocycles, coboundaries and cohomology by

Hn(C) := Zn(C)/Bn(C). (2.8)

An interersting case of (co)chain complexes are the non-negative ones. A non-negative chain com-
plex is a chain complex (C, d) such that Cn = 0 for n < 0. This we can illustrate in the following
way:

· · · dn+1−−−→ Cn
dn−→ Cn−1

dn−1−−−→ · · · d2−→ C1
d1−→ C0 −→ 0. (2.9)

Similarily we have non-negative cochain complexes

0 −→ C0 d0−→ C1 d1−→ · · · d
n−1

−−−→ Cn
dn−→ Cn+1 dn+1

−−−→ · · · (2.10)

We can see that unless the (co)chain complex is assumed to be non-negative, there is really no
difference between chain- and cochain complexes, since we can always make the transformation
Cn 7→ C−n. Therefore, most of the theory concerning general (co)chain complexes, will be enough
to derive for one of them.

Now assume that there are two chain complexes, (C, d) and (C ′, d′). A chain map from C to C ′ is
a graded module homomorphism f : C → C ′ of degree 0 such that d′f = fd. This can be illustrated
in a commutative diagram:

Cn−1 C ′n−1

Cn C ′n

f

f

d d′
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This enables us to define the following:

Definition 2.2. Let (C, d) and (C ′, d′) be chain complexes over some ring R and let f be a chain
map f : C → C ′. The function complex (HOMR(C,C ′), D) consists of all sets HOMR(C,C ′)n
of graded module homomorphisms of degree n from C to C ′ together with a boundary operator
Dn : HOMR(C,C ′)n → HOMR(C,C ′)n−1 such that Dn(f) := d′f − (−1)nfd.

Further details can be found in [4], sec. I.0.

2.2 Resolutions

Let R be an associative ring with identity and let M be a left R-module. A resolution of M is an
exact sequence of R-modules

· · · → F2
∂2−→ F1

∂1−→ F0
ε−→M → 0. (2.11)

If each Fi is free, this is called a free resolution. We see that it is always possible to construct a free
resolution to a R-module M . Namely, starting with M , choose a surjection ε : F0 → M with F0

free, then choose a surjection ∂1 : F1 → ker ε with F1 free. This process can be repeated indefinitely.

Clearly a resolution can be interpreted as a chain complex. Aside from free resolutions, we also
have projective resolutions that consist of projective modules. A projective module, P , is a module
such that for every surjective module homomorphism ε : N →M and every module homomorphism
φ : P →M there exists a homomorphism ψ : P → N such that φ= εψ.

It can be shown that all free modules are projective and thus all free resolutions are also projective,
see [4], sec. I.1, I.7.

2.3 G-modules

So far the discussion of homology has been quite general. What we are interested in is (co)homology
of groups. To be able to define this, we need to introduce G-modules, see [4], sec. I.2-I.3, II.2.

Let G be a group. The Z-module ZG is the free Z-module generated by the elements of G. That
is, every element of ZG can be uniquely written as∑

g∈G
a(g).g, (2.12)

where a(g) ∈ Z is non-zero only for finitely many g ∈ G.

Definition 2.3. A G-module is a left ZG-module that consists of an abelian group A together with
a homomorphism from ZG to the ring of endomorphisms of A.

It can be shown that this ring homomorphism from ZG to the ring of endomorphisms of A, corre-
sponds to a group homomorphism from G to the group of automorphisms of A. This means that
a G-module is an abelian group, A, together with an action of G on A.
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Let G be a group and let M be a G-module. The group of invariants, MG is the largest submodule
of M on which G acts trivially, namely

MG := {m ∈M : g.m=m for all g ∈ G} . (2.13)

The group of co-invariants of M , MG, is defined as

MG := M/ 〈g.m−m〉 , (2.14)

for m ∈M and g ∈ G. This is the largest quotient of M on which G acts trivially.

2.4 Homology and cohomology with coefficients

Having defined the co-invariants, we can now define the homology of a group. For details, see [4],
sec. II.3, III.1, III.6.

Definition 2.4. Let G be a group and ε : F → Z a projective resolution of Z over ZG. The
homology groups of G, denoted by H∗G, are defined as

HiG := Hi(FG). (2.15)

Actually, it can be shown that the right hand side of equation (2.15) is independent of the choice
of resolution (up to canonical isomorphism), which means that we can choose whichever resolution
is the most convenient. Knowing what a homology group is, we can now define the (co)homology
groups that are of interest for the classification of quasicrystals.

Definition 2.5. Let F be a projective resolution of Z over ZG and let M be a G-module. The
homology of G with coefficients in M is defined as

H∗(G,M) := H∗(F ⊗GM). (2.16)

Similarly, we have the following:

Definition 2.6. Let F be a projective resolution of Z over ZG and let M be a G-module. The
cohomology of G with coefficients in M is defined as

H∗(G,M) := H∗(HOMG(F,M)). (2.17)

To give an important example, consider the case where G is a cyclic group of finite order with

generator g. Let N =
∑|G|−1

i= 0 gi, where |G| is the order of the group. It can be shown that one
possible resolution of G is

· · · N−→ ZG g−1−−→ ZG N−→ ZG g−1−−→ ZG→ Z→ 0. (2.18)

Using the definition of homology and cohomology with coefficients we get that H∗(G,M) is the
homology of

· · · N−→M
g−1−−→M

N−→M
g−1−−→M, (2.19)
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and that H∗(G,M) is the cohomology of

M
g−1−−→M

N−→M
g−1−−→M

N−→ · · · (2.20)

Now we see that for i even and i ≥ 2 we have

Hi(G,M) =H i−1(G,M) = ker(N)/im(g − 1) (2.21)

Similarly for i odd and i ≥ 1 we have that

Hi(G,M) =H i+1(G,M) = ker(g − 1)/im(N) =MG/im(N) (2.22)

where MG is the group of invariants defined in equation (2.13).

As already mentioned, we are free to choose the resolution when taking homology. A choice
suitable for the classification of quasicrystals, turns out to be the so called bar resolution. Here
the Fn is the free module generated by the (n + 1)-tuple (g0, g1, . . . , gn) where gi ∈ G. The
action of G on Fn is given by g(g0, g1, . . . , gn) = (gg0, gg1, . . . , ggn). A basis for Fn turns out to
be the (n+1)-tuples whose first element is 1. A convenient way to write a basis element of Fn
is [g1|g2| . . . |gn] := (1, g1, g1g2, . . . , g1g2 · · · gn), with [ ] = 1 for F0. To make a resolution of these
modules, we need a boundary operator, ∂ : Fn → Fn−1. Computing this in terms of the chosen
basis gives

∂=
n∑

i= 0

(−1)idi, (2.23)

where

di [g1| . . . |gn] =


g1 [g2| . . . |gn] i= 0,

[g1| . . . |gi−1|gigi+1|gi+2| . . . |gn] 0 < i < n,

[g1| . . . |gn−1] i=n.

(2.24)

Returning to (co)homology with coefficients, we define C∗(G,M) =F ⊗G M and C∗(G,M) =
HOMG(F,M) where F is the bar resolution of G. Using the definition of the bar resolution,
we can see that an element of C∗(G,M) is uniquely expressible as a finite sum of elements of the
form m⊗ [g1| . . . |gn] (i.e. as a formal linear combination with coefficients in M).

Using the above expression for the boundary operator, we can see that ∂ : Cn(G,M)→ Cn−1(G,M)
is given by

∂(m⊗ [g1| . . . |gn]) =mg1⊗ [g2| . . . |gn]−m⊗ [g1g2|g3| . . . |gn]+ · · ·+(−1)nm⊗ [g1| . . . |gn−1] . (2.25)

Similarly, an element of Cn(G,M) can be thought of as a function f : Gn → M , i.e. as a function
from the Cartesian product of n copies of G to M . If n= 0, then Gn is a set with one element
(by convention), which means that C0(G,M) ∼= M . The coboundary operator, δ : Cn−1(G,M) →
Cn(G,M) is given by

(δf)(g1, . . . , gn) = g1f(g2, . . . , gn)− f(g1g2, . . . , gn) + · · ·+ (−1)nf(g1, . . . , gn−1). (2.26)

In particular we have that

(δ1f)(g1, g2) = g1f(g2)− f(g1g2) + f(g1) (2.27)
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and
(δ0m)(g) = g.m−m. (2.28)

This shows that the group of cocycles Z1(G,M) consists of all functions, f : G→M that obey

f(g1g2) = f(g1) + g1f(g2), (2.29)

and that the group of coboundaries B1(G,M) consists of all functions fm : G→M such that

fm(g) = g.m−m. (2.30)

The first cohomology group is then given by

H1(G,M) =Z1(G,M)/B1(G,M). (2.31)

As we will see, short exact sequences are of importance in crystallography and we will need the
following result:

Proposition 2.1. Let 0→M ′ →M →M ′′ → 0 be a short exact sequence of G-modules. For any
integer n, there exists a map δ : Hn(G,M ′′)→ Hn+1(G,M ′) such that the sequence

0→ H0(G,M ′)→ H0(G,M)→ H0(G,M ′′)
δ−→ H1(G,M ′)→ · · · (2.32)

is exact.

A similar result holds for homology groups.

2.5 Cohomology and group extensions

An extension of a group Q by a group N is a short exact sequence of groups

1→ N → G→ Q→ 1. (2.33)

Given a second extension 1→ N → G′ → Q→ 1, it is said to be equivalent to (2.33) if there exists
a map φ : G→ G′ such that the following diagram is commutative:

1 N

G

G′

Q 1φ

Clearly, φ must be an isomorphism.

Now assume that N is an abelian group, A. Then we get the short exact sequence

0→ A→ G→ Q→ 1. (2.34)

Since A is embedded as a normal subgroup in G, G acts on A by conjugation. This gives us an
induced action of G/A=Q on A since the action of A on itself is trivial. Given a short exact
sequence, there might be more than one such action and it is possible to show that for an induced
action of Q on A, the equivalence classes of this kind of extension are in one-to-one correspondence
with the elements of H2(G,A) (see [4], sec. IV.1, IV.3, VII.6).
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Proposition 2.2. For any group extension 1 → H → G → Q → 0 and any G-module M there is
an exact sequence

H2(G,M)→ H2(Q,MH)→ H1(H,M)Q → H1(G,M)→ H1(Q,MH)→ 0. (2.35)

Remark. This is a consequence of the Hochschild-Serre spectral sequence, see [4] p. 171.

2.6 Tate cohomology

As mentioned before, unless we consider non-negative (co)chain complexes, homology is related to
cohomology in a straightforward way by changing placement and sign of an index. In the case of
non-negative (co)chains, they are instead connected by the so called Tate cohomology, which is a
nice way to relate homology and cohomology of finite groups. In this section G is assumed to be a
finite group.

It can be shown that the G-module Z admits a resolution

0→ Z→ Q0 → Q1 → · · · , (2.36)

where each Qi is finitely generated and projective. Setting Fi =Q−i−1, for i ≤ −1, and using the
fact that all Fi are projective, we see that it is possible to connect the resolution in equation (2.36)
with the usual projective one to obtain an acyclic complex

· · · → F2 → F1 → F0 → F−1 → F−2 → · · · (2.37)

This is called a complete resolution.

Definition 2.7. Let G be a finite group and M a G-module. Let F be a complete resolution for
G. The Tate cohomology of G with coefficients in M is defined by

Ĥ∗(G,M) := H i(HOM (F,M)). (2.38)

It can be shown that

Ĥ i(G,M) =



H i(G,M) i > 0,

MG/im(N) i= 0,

ker(N)/im(g − 1) i= − 1,

H−i−1(G,M) i < −1.

(2.39)

with N and im(g − 1) as in equations (2.21)-(2.22).

Similar to proposition 2.1, a short exact sequence 0 → M ′ → M → M ′′ → 0 of G-modules gives
rise to a long exact sequence of Tate cohomology, namely

· · · δ−→ Ĥ i(G,M ′)→ Ĥ i(G,M)→ Ĥ i(G,M ′′)
δ−→ Ĥ i+1(G,M ′)→ · · · (2.40)

where δ is a connecting homomorphism.

For further details, see [4], sec. VI.3-VI.5.
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2.7 Duality

Let A be an abelian group. The dual of A is the the group A′ := Hom(A,Q/Z). We have the
following ([4], sec. VI.7):

Proposition 2.3. Let A be a finite abelian group. Then A and A′ are isomorphic as groups.

It can be shown that a map ρ : A⊗B → Q/Z gives rise to a map ρ̄ : A→ B′. If ρ̄ is an isomorphism
we say that ρ is a duality pairing. It can be shown that there exists a duality pairing ρ : H i(G,M)⊗
Hi(G,M)→ Q/Z, thus we have the following:

Proposition 2.4. For G a group and M a G-module, H i(G,M ′)and Hi(G,M)′ are isomorphic as
groups.

Remark. Clearly, by proposition 2.3 we see that if Hi(G,M) is finite, then H i(G,M ′) ∼= Hi(G,M).

3 Periodic crystals

We would like the mathematical description of quasicrystals to be a generalization of the theory of
periodic crystals. This section provides an overview of how periodic crystals can be described and
also contains some results from the classification of two-dimensional periodic crystals.

3.1 Definition and classification

The original reference for this seems to be [17], but the material here can, with some modification,
be found in [10].

The defining property of a crystal structure is its translational symmetry, i.e. the repetition of the
unit cell. We define a crystal in terms of isometries (i.e. distance preserving maps) on a Euclidean
space.

Definition 3.1. Let W be a n-dimensional Euclidean space. A n-dimensional crystal structure
on W is a subset C ⊂ W such that the set of isometries, R, that preserve C contains n linearly
independent translations and such that there exists a D > 0 such that all translations in R have a
magnitude greater than D.

We can show that the set of isometries that preserve a crystal structure is a subgroup of Isom(Rn),
i.e. the group of all isometries on Rn. This subgroup we call the space group of the crystal structure
and denote it by G.

Now, it is reasonable to consider for example two crystal structures that differ only in size or by
a rotation, equivalent. This motivates defining two crystal structures as equivalent if they are
conjugate in the affine group, Aff(Rn) =Rn o GL(Rn). It can be shown that this condition of
equivalence is equivalent to the space groups being isomorphic.

To determine the number of distinct crystal structures we first need to make some observations.
First of all, all translations that preserve the crystal structure form a subgroup of G, this subgroup
we denote by T . T is a lattice and we see that T ∼= Zn and that T must be a normal subgroup of
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G. This means we can form the quotient group G=G/T , called the point group. This is a subgroup
of the orthogonal group, O(n). Thus we see that we are looking for groups G that are extensions
of G by T . That is, we are looking for groups G that fit into the short exact sequence

0→ T → G → G→ 1, (3.1)

where T ∼= Zn and G is a finite subgroup of O(n). Using the results from section 2.5, we see
that the number of extensions corresponding to some induced action of G on T is in one-to-one
correspondence with the elements of H2(G, T ).

However, not all of these extensions correspond to non-isomorphic space groups. Using the fact
that two crystals structures are considered equivalent if they are conjugated in the affine group,
and denoting by

N(G, T ) = {g ∈ Aut T : gG=Gg} , (3.2)

the normalizer of G in Aut T , we get the following result:

Theorem 3.1. There exists a one-to-one correspondence between space groups in the arithmetic
crystal class (G, T ) and the orbits of N(G, T ) acting on the cohomology group H2(G, T ).

Doing the classification in two dimensions, it turns out that we have in total 17 two-dimensional
space groups. The number of space groups corresponding to the different point groups is listed in
table 1. Observe that some point groups occur twice in the table. This is a consequence of the
point group giving rise to more than one unique group action on the lattice (see section 2.5).

Now we want to generalize this to the case where we do not have periodicity. This is not immediately
straightforward since the aperiodicity prevents us from having the subgroup of translations, which
is fundamental for this description. As we will see in section 4, there is a nice solution to this.

3.2 Diffraction

To study the structure of crystal, diffraction and related concepts are invaluable. A way to relate
the crystal structure to the diffraction pattern is through the Fourier transform. Instead of thinking
of the crystal as consisting of discrete points, we can describe it in terms of an electron density
function, ρ. Clearly, since the crystal is periodic, the density function must also be periodic.
Therefore we can express it in terms of a Fourier series

ρ(x) =
∑

Shkle
iGhkl•r, (3.3)

where Ghkl is a reciprocal lattice vector. The Fourier coefficients, Shkl are called structure factors
and they are given by the expression

Shkl =
1

V

∫
V

ρ(r)e−iGhkl•r dr, (3.4)

where V is the volume of the unit cell. Somewhat simplified the intensity I of the diffraction
pattern obeys I ∝ |Shkl|2 (the structure factor is not the only factor that determines the intensity,
but often it is the dominant factor). Knowing this, it would be convenient to do a diffraction
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Point group, G H2(G, T )
Number of

space groups

e 1 1

Z2 1 1

Z3 1 1

Z4 1 1

Z6 1 1

D1 Z2 2

D1 1 1

D2 Z2 × Z2 3

D2 1 1

D3 1 1

D3 1 1

D4 Z2 2

D6 1 1

Table 1: Result from the classification of two-dimensional space groups. The columns show the point groups
with corresponding cohomology groups and the total number of unique space groups. Some point groups occur
more than once since they admit more than one group action on the lattice.

experiment, obtain the structure factors and calculate the density function using Fourier analysis.
This, however, is not straightforward. We see that since the diffracted spot is proportional to the
square of the structure factor, we can only determine its amplitude and not its phase. Thus we
cannot immediately reconstruct the density function from the diffraction pattern, but are required
to use some other method in addition.

4 Definition of quasicrystals and symmetries

In this section the theory of periodic crystals will be generalized to quasicrystals. The theory of
periodic crystals, as shown in the last section, is straightforward to develop in real space. We
consider the position of atoms and find out in how many ways we can arrange them in a periodic
fashion. This is a nice way to think about it, since it is very clear what we are actually doing.
However, we could just as well have done the classification in the reciprocal space, since the real
space lattice and the reciprocal lattice are isomorphic. From section 1 we know that a common
approach to study quasicrystals in real space is to imagine a periodic crystal in a higher dimension
that is projected into three dimensions. While this description is useful for calculations, it would
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be nice to have a theory that allows us to describe the crystal structures in the dimension they
actually are in. It turns out that working in the reciprocal space allows us to do this.

4.1 Long range order and almost periodic functions

As mentioned in section 1, quasicrystals are solids that possess long range order so that they have
Bragg peaks in their diffraction pattern. To be able to use this, we have to know what exactly is
meant by long range order. Intuitively we can say that any pattern found at a certain place in the
solid, should be found again not too far from this place. Putting it this way, we can see that long
range order is closely related to the concept of almost periodic functions, as defined by Bohr [1].

Definition 4.1. Let f : R→ R be a continuous function. If for every ε > 0, there exists a l= l(ε) >
0 such that every interval [x, x+ l(ε)] contains at least one number τ such that |f(x+ τ)− f(x)| < ε,
f is called almost periodic.

A result from the theory of almost periodic functions [2], states that to any almost periodic function
corresponds a Fourier series, i.e.

f(x) ∼
∞∑
n= 1

Ane
i∆nx. (4.1)

This series need not converge to f(x), but as we will see this will not be a problem. Generalizing
this to three dimensions, we can define an almost periodic crystal [12] as a solid whose density
function, ρ, can be associated with a sum of a countable number of plane waves, namely

ρ(r) ∼
∑
k

ρ̂(k)e2πik•r. (4.2)

This, as we will see in more detail in section 4.2, is a more general expression than what we want
for a quasicrystal, since any values of k are allowed in the sum. What we want for a quasicrystal
is that all k present in the sum are expressible as linear combinations of some finite subset of the
set of ks (i.e. there is a finite number of k that span the rest).

We now see that we can relate quasicrystals and Fourier series just as is done with periodic crystals,
and we see more of a similarity between the periodic and the aperiodic case in the Fourier space
than in the real space.

4.2 Lattices, quasicrystals and indistinguishability

Because of the similarity between periodic and almost periodic crystals in reciprocal space, instead
of studying quasicrystals in real space, we will look at them in the reciprocal space and definitions
will be made accordingly. Since everything refers to the reciprocal space, for simplicity the word
reciprocal will be left out, even where it is commonly used. If anything is made in the direct space
this will be explicitly stated. The section is based on the article [9] with complements from [12].
Also proofs have been added to most statements, and the motivation for the definitions is done in
a slightly different way compared to [9].
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We begin by generalizing the notion of a lattice.

Definition 4.2. Let W be a Euclidean space. A lattice in W is a finitely generated additive sub-
group L ⊆W that spans W . The rank of the lattice is the smallest number of linearly independent
elements that span L.

Remark. The generalization lies in that the commonly used definition of a lattice that requires the
rank of the lattice to be the same as the dimension of W . If we let d denote the rank of the lattice
and D the dimension of W , it is clear that the lattice is discrete if and only if d=D. The discrete
case corresponds to the ordinary periodic crystals.

As shown by equation (4.2), we associate a Fourier series to the quasicrystal. Since we want a
description in the reciprocal space, it is more natural to associate the Fourier coefficients than the
real space density function to the quasicrystal. This motivates the following definition:

Definition 4.3. Let L be a lattice. A quasicrystal on L is a function ρ̂ : L → C such that L is
generated as an abelian group by the values of k ∈ L for which ρ̂(k) 6= 0.

As mentioned in section 4.1, the Fourier series associated to an almost periodic function need not
converge. However, using the definition of a quasicrystal, we see that if we have an absolutely
convergent sum

ρ(x) =
∑
k∈L

ρ̂(k)e2πikx, (4.3)

the density function in the direct space is precisely ρ(x). In case the series is not convergent, the
connection between the quasicrystal and the density function is more complicated, but since the
aim of this text is to classify all quasicrystals (i.e. all possible Fourier coefficients), we will ignore
this possible difficulty.

In order to be able to make a classification, we need a way to determine when two quasicrystals
are the same. Moving to the real space for a moment, we can define the nth order positionally
averaged autocorrelation functions for a real space quasicrystal. These functions provide a measure
of how the pattern at one point determines the pattern at another point and determines the order
and type of order. For two quasicrystals to be considered the same, we want these autocorrelation
functions to be the same.

Definition 4.4. Let ρ be a density function. The positionally averaged nth order autocorrelation
function for ρ is

ρn(x1, x2, . . . , xn) := lim
r→∞

1

rd

∫
rd
ρ(x− x1) ρ(x− x2) · · · ρ(x− xn)dx. (4.4)

Definition 4.5. Two density functions ρ1 and ρ2 are indistinguishable if all their n point correlation
functions are the same.

This means that

lim
r→∞

1

rd

∫
rd
ρ1(x− x1) ρ1(x− x2) · · · ρ1(x− xn)dx

= lim
r→∞

1

rd

∫
rd
ρ2(x− x1) ρ2(x− x2) · · · ρ2(x− xn)dx,

(4.5)
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for all n. Using an argument about the equality of the free energy of two indistinguishable struc-
tures, it is possible to show [12] that the equality (4.5) can be transformed to a corresponding
equality in Fourier space. Namely, we have that two quasicrystals ρ̂1 and ρ̂2 are indistinguishable
if and only if

ρ̂1(k1) ρ̂1(k2) · · · ρ̂1(kn) = ρ̂2(k1) ρ̂2(k2) · · · ρ̂2(kn), (4.6)

for k1 + k2 + · · ·+ kn = 0. This gives the following theorem:

Theorem 4.1. Two quasicrystals ρ̂1 and ρ̂2 with corresponding density functions ρ1 and ρ2, defined
by absolutely convergent series (4.3), are indistinguishable if and only if

ρ̂1(k) = ρ̂2(k) e2πiχ(k), (4.7)

where χ is a linear function χ : L→ R/Z.

Proof. Assume that ρ̂1 and ρ̂2 are indistinguishable. Then all their autocorrelation functions must
be the same and equality (4.6) must hold. Consider the equality of the 2-point autocorrelation
functions. This gives

ρ̂1(k1) ρ̂2(k2) = ρ̂2(k1) ρ̂2(k2). (4.8)

Since k1 + k2 = 0, we have that k1 = − k2. Thus we get

ρ̂1(k) ρ̂1(−k) = ρ̂2(k) ρ̂2(−k). (4.9)

Since the density function is real, we see that ρ̂(−k) = ρ̂∗(k) and thus

ρ̂1(k) ρ̂∗1(k) = ρ̂2(k) ρ̂∗2(k), (4.10)

or
|ρ̂1(k)|2 = |ρ̂2(k)|2 . (4.11)

Thus the quasicrystals have the same magnitude and only differ in phase, i.e.

ρ̂1(k) = ρ̂2(k) e2πiχ(k). (4.12)

where 0 ≤ χ(k) < 1. Now we also have to prove that χ is a linear function. Considering the
equality of the three-point correlation functions, we have that

ρ̂1(k1) ρ̂1(k2) ρ̂1(k3) = ρ̂2(k1) ρ̂2(k2) ρ̂2(k3). (4.13)

Using equation (4.12), we see that

ρ̂1(k1) ρ̂1(k2) ρ̂1(k3) = ρ̂1(k1) ρ̂1(k2) ρ̂1(k3) e2πiχ(k1) e2πiχ(k2) e2πiχ(k3). (4.14)

This is equivalent to
e2πiχ(k1) e2πiχ(k2) e2πiχ(k3) = 1, (4.15)

and thus
χ(k1) + χ(k2) + χ(k3) = 0. (4.16)

Again we know that k1 + k2 + k3 = 0 and thus

χ(k1) + χ(k2) + χ(−k1 − k2) = 0. (4.17)
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However, using the fact that the density function is real, we can show that χ(−k) = − χ(k). This
gives that

χ(k1) + χ(k2) =χ(k1 + k2), (4.18)

and thus χ is a linear function.

Conversely, let ρ̂1(k) = ρ̂2(k) e2πiχ(k) and assume that χ is a linear function. Then

ρ̂1(k1) · · · ρ̂1(k2) = ρ̂2(k1) · · · ρ̂2(k2) e2πi[χ(k1)+···+χ(kn)]. (4.19)

Since χ is assumed to be a linear function, we have that

χ(k1) + · · ·+ χ(kn) =χ(k1 + · · ·+ kn) =χ(0) = 0, (4.20)

and thus
ρ̂1(k1) · · · ρ̂1(kn) = ρ̂2(k1) · · · ρ̂2(kn), (4.21)

which means that ρ̂1 and ρ̂2 are indistinguishable.

Definition 4.6. Let L be a lattice. A gauge function on L is an element of the Pontrjagin dual

L̂ := Hom(L,R/Z). (4.22)

Remark. Clearly the function χ mentioned in theorem 4.1 is a gauge function.

An important consequence of the proof of 4.1 is equation (4.11). A we have seen, ρ̂ represents
the structure factors of ρ, and thus in the ideal case I(k) ∝ |ρ̂(k)|2. If two quasicrystals have
equal two-point correlation functions, and therefore satisfy equation (4.11), we see that they have
identical diffraction patterns [12]. This means that two indistinguishable quasicrystals have the
same diffraction pattern, but we see that the converse is not generally true. Two quasicrystals
with identical diffraction patterns are not necessarily indistinguishable since this is not sufficient
to guarantee equality of the rest of the correlation functions.

Now the result of theorem 4.1 can be used to define indistinguishability in the general case where
the series (4.3) is not necessarily convergent.

Definition 4.7. Two quasicrystals ρ̂1 and ρ̂2 are indistinguishable if

ρ̂1(k) = ρ̂2(k) e2πiχ(k), (4.23)

where χ is a gauge function.

Now that we have a condition that shows when two quasicrystals are the same, it is possible to
begin a sort of classification. In ordinary crystallography, when studying periodic crystals, one
considers space groups and classifies the crystal structures according to which group actions leave
them invariant. We would like to do something similar for quasicrystals, but since two quasicrystals
are considered equivalent when they are indistinguishable rather than identical, we have to change
this slightly.

The symmetry group of a quasicrystal (under which action the quasicrystal is indistinguishable, not
identical) in d-dimensional space, should be a subgroup of O(d). Thus we need to define a group
action of O(d) on the lattice. The direct space, Rd, is usually described by column vectors with a
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natural O(d)-action of left multiplication. This means the reciprocal space is naturally described
by Rd∗ of row vectors with a natural O(d)-action of right multiplication.

Having found an appropriate group action, it is now possible to give definitions of symmetries and
related concepts. Because of the definition of a quasicrystal, we see that the symmetry group of
the lattice is not necessarily the same as for a quasicrystal on the lattice. Therefore we describe
symmetry groups for the lattice and the quasicrystals separately. However, we see that a symmetry
of the quasicrystal must necessarily be a symmetry of the lattice as well. We define the holohedry
group, GL, of a lattice L in Rd∗as the subgroup of O(d) consisting of all g ∈ O(d) such that L.g=L.
Note that the lattice is identical under the action of GL.

Definition 4.8. Let L be a lattice in Rd∗and let ρ̂ be a quasicrystal on L. An element g ∈ GL is
a symmetry of ρ̂ if ρ̂ ◦ g is indistinguishable from ρ̂.

As usual, the set of symmetries of a quasicrystal forms a group, G, under composition of maps.
This group we call the point group of ρ̂. Using the definition of indistinguishability we see that a
symmetry is an element g ∈ G satisfying

ρ̂(k.g) = ρ̂(k) e2πiΦg(k). (4.24)

where Φg(k) is a gauge function. The map Φ: G→ L̂, Φ: g 7→ Φg, is called a phase function.

Using these definitions, we can derive some properties of the gauge functions. [9]

Proposition 4.2. Let k ∈ L, let G be the point group of a quasicrystal and let g, h ∈ G. Then

Φgh(k) = Φh(k.g) + Φg(k). (4.25)

Proof. Using equation (4.24) we have that

ρ̂(k.(gh)) = ρ̂(k) e2πiΦgh(k). (4.26)

Properties of the group action give that k.(gh) = (k.g).h, i.e.

ρ̂(k.(gh)) = ρ̂((k.g).h) = ρ̂(k.g) e2πiΦh(k.g)

= ρ̂(k) e2πiΦh(k.g)e2πiΦg(k).
(4.27)

This gives the desired equality.

Proposition 4.3. Let ρ̂1 and ρ̂2 be indistinguishable quasicrystals. Then ρ̂1 and ρ̂2 have the same
point group, G.

Proof. Let g ∈ G be a symmetry of ρ̂1. Then by equation (4.24)

ρ̂1(k.g) = ρ̂1(k) e2πiΦ
(1)
g (k). (4.28)

However, by definition 4.7, we have that

ρ̂2(k) = ρ̂1(k) e2πiχ(k). (4.29)
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Now, consider what happens to ρ̂2 under the action of g ∈ G. Using equations (4.23) and (4.24)
we have that

ρ̂2(k.g) = ρ̂1(k.g) e2πiχ(k.g) = ρ̂1(k) e2πiΦ
(1)
g (k)e2πiχ(k.g)

= ρ̂2(k) e2πiΦ
(1)
g (k)e2πiχ(k.g)e−2πiχ(k).

(4.30)

Letting
Φ(2)
g (k) = Φ(1)

g (k) + χ(k.g)− χ(k) = Φ(1)
g (k) + χ(k.g − k), (4.31)

we have that
ρ̂2(k.g) = ρ̂2(k) e2πiΦ

(2)
g (k). (4.32)

And thus g is a symmetry also of ρ̂2.

Corollary 4.4. Let ρ̂1 and ρ̂2 be indistinguishable quasicrystals. Then their phase functions are
related by

Φ(2)(g)− Φ(1)(g) =χ(k.g − k), (4.33)

where χ is a gauge function.

Returning to the discussion of diffraction patterns and indistinguishability, we now see from equa-
tion (4.24) that the diffraction pattern can have a higher symmetry than the quasicrystal itself.
Namely, as we have seen, the diffracted intensity is proportional to |ρ̂(k)|2. This means that if g is
a symmetry of ρ̂, then

|ρ̂(k.g)|2 = |ρ̂(k)|2, (4.34)

which implies equal intensity at k and k.g. However, this is equally true for any point k′ ∈ L
satisfying

ρ̂(k′) = ρ̂(k)eia, (4.35)

where a is some arbitrary number. This means that there is a risk that the diffraction pattern
overestimates the symmetry of the quasicrystal. As we will see in section 7, we can for example
have five-fold symmetric quasicrystals with ten-fold symmetric diffraction patterns.

5 Classification of quasicrystal symmetries

In this section the definitions and relations from section 4 will be used together with the cohomology
theory presented in section 2 to show a general method to classify quasicrystals. Parts of the process
will be carried out in the two-dimensional case.

5.1 Connection to the first cohomology group

As mentioned in section 3, periodic crystals are classified according to their space groups. To make
a nice generalization, we would like to do something similar here. On the basis of the description
in [9], we can do this. It turns out that the concept of space groups can be generalized in a
straightforward way:
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Definition 5.1. Let ρ̂ be a quasicrystal with point group G on a lattice L. The space group of ρ̂
is the extension of G by Hom(L,Z), i.e. the group G in the short exact sequence

0→ Hom(L,Z)→ G → G→ 1. (5.1)

Using the result from section 2.5 and the fact that Hom(L,Z) is an abelian group we see that given
a lattice L and a point group G, the number of unique extensions (5.1) is H2(G,Hom(L,Z)). It can
be shown that H2(G,Hom(L,Z)) ∼= H1(G, L̂). However, not all of these extensions correspond to
non-isomorphic space groups, so we need to find a way to determine which of these groups should
be considered equivalent. This we can do by observing the following:

Proposition 5.1. Let L be a lattice and let G < GL. Then there is a one-to-one correspondence
between equivalence classes under indistinguishability of quasicrystals on L with point group G and
the elements of H1(G, L̂).

Proof. In proposition 4.2 a property of gauge functions was determined. This can be rewritten in
terms of a left-action of G on the phase functions. Namely

Φ(gh) = g.Φ(h) + Φ(g). (5.2)

We know that Φ is a function Φ: G → L̂. Comparing this with equation (2.29) we see that
Φ ∈ Z1(G, L̂). Similarly using the result from corollary 4.4 we see that two indistinguishable
quasicrystals differ by a gauge function on the form χ(k.g − g). Using linearity and the left action
of G on gauge functions we see that this can be written as

Φ1(g)− Φ2(g) = g.χ− χ. (5.3)

Comparing this to equation (2.30) we see that the right hand side is a coboundary in B1(G, L̂).
This means that two quasicrystals whose phase functions differ by a coboundary are considered
equivalent. Thus the set of in-equivalent quasicrystals corresponds to the elements of the first
cohomology group H1(G, L̂).

Now we see that each unique group extension corresponds to an equivalence class of quasicrystals
and also that to each quasicrystal, ρ̂, we can associate a gauge function equivalence class {Φ} ∈
H1(G, L̂). This makes the following definition natural.

Definition 5.2. Let L be a lattice on Rd∗and let ρ̂ be a quasicrystal on L. The symmetry type of
ρ̂ is the triple (G,L, {Φ}), where G is the point group of ρ̂ and {Φ} ∈ H1(G, L̂) is the associated
equivalence class.

If the cohomology class is trivial, the space group is called symmorphic. An interesting result
concerning symmorphic quasicrystals is the following:

Proposition 5.2. If ρ̂1 is a symmorphic quasicrystal, then there exists a ρ̂2 indistinguishable from
ρ̂1 such that the phase function of ρ̂2 is 0.

Proof. By proposition 5.1 we have that all quasicrystals corresponding to the equivalence class {Φ}
are indistinguishable. Since ρ̂1 is symmorphic, by definition 0 ∈ {Φ}. This proves the statement.
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Corollary 5.3. If ρ̂1 is a symmorphic quasicrystal, then there exists a ρ̂2 indistinguishable from
ρ̂1 such that ρ̂2 ◦ g= ρ̂2

Now, we can define an equivalence of symmetry types such that equivalent symmetry types corre-
spond to isomorphic space groups. We make the following definitions:

Definition 5.3. Two pairs, (G1, L1) and (G2, L2) are in the same arithmetic crystal class if there
is a proper rotation r ∈ SO(d) and an isomorphism f : L1 → L2 as abelian groups such that
G2 = rG1r

−1 and f(k.g) = f(k)rgr−1 for all k ∈ L1 and g ∈ G1.

Since G1 is a subgroup of O(d), it follows that G2 is a subgroup of O(d), isomorphic to G1. Thus
quasicrystals in the same arithmetic crystal class have isomorphic point groups and lattices. We
see that since f is a map f : L1 → L2, we get an induced map f∗ : Hom(L1,R/Z)→ Hom(L2,R/Z),
i.e. f∗ is a map f∗ : L̂1 → L̂2. Using this, we can make the following definition:

Definition 5.4. Two symmetry types (G1, L1, {Φ1}) and (G2, L2, {Φ2}) are in the same space
group type if (G1, L1) and (G2, L2) are in the same arithmetic crystal class and it is possible to
choose r and f in such a way that {Φ2} = {f∗ ◦ Φ1 ◦ cr} ∈ H1(G2, L̂2) where cr : G2 → G1 is the
conjugation map cr(g) = r−1gr.

According to [9], although not proven there, equivalent space group types correspond to isomorphic
space groups (but they do not explicitly state the converse). This gives us the following algorithm
for classifying the space group types:

1. Find all finite subgroups, G, of O(d) up to conjugation in SO(d).

2. For each such subgroup, find all lattices, L, in Rd∗ stable under the action of G.

3. Compute the cohomology group H1(G, L̂).

4. Consider the action of automorphisms of the pair (G,L) on H1(G, L̂).

What the last step really means becomes clear if we look at definition 5.4. What we do, is simply
that we consider the case G1 =G2 =G and L1 =L2 =L and see which cohomology classes should
be considered the same.

In the next two sections, it is shown how this classification partly can be done for two-dimensional
quasicrystals.

5.2 Two-dimensional lattices

This section is concerned with finding all two-dimensional lattices. It can be shown that the only
finite subgroups of O(2) are the cyclic and the dihedral groups and therefore we need to find lattices
that are stable under these groups. In [13] a way to determine all rotationally symmetric lattices
in two dimensions is shown. Since all cyclic groups describe rotational symmetry and all dihedral
groups contain a cyclic subgroup, these are in fact the only lattices we need to find.

A N -lattice is a lattice with N -fold rotational symmetry. To find out how many N -lattices there
are, we need to know when to consider two lattices equivalent. This is given by the following
definition:
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Definition 5.5. Two N -lattices are equivalent if they differ only by a scale factor or a rotation.

This means, for example, that a lattice consisting of large squares is considered equivalent to a
lattice consisting of small squares. To simplify the discussion, we observe that we cannot have
lattices of any rotational symmetry.

Lemma 5.4. A two-dimensional lattice has even rotational symmetry.

Proof. Let L be a two-dimensional lattice. By definition, we know that L contains all integer linear
combinations of its generators. This in particular means that if k ∈ L, then we must also have
−k ∈ L. However, this means that the lattice is symmetric under a rotation of π, which proves the
statement.

This means that we only need to consider N -lattices with N an even number. We also see that the
largest cyclic subgroup of the holohedry group must be of even order.

A nice way to illustrate the properties of two-dimensional N -lattices is to imagine them as a set of
points in the complex plane. The standard lattice ZN is then isomorphic to the set generated by inte-
gral linear combinations of theN complex roots of unity, i.e. of the set

{
ζn : ζ = e2πi/N , n= 1, . . . , N

}
.

This set will from now on be denoted by {ζn}N . This means that any element, k, in the lattice can
be written as

k=

N∑
n= 1

anζ
n, (5.4)

where an ∈ Z. Naturally, we have to ask ourselves if there are other rotationally symmetric lattices
as well. It turns out that this is indeed the case. According to [13], a N -lattice must be isomorphic
to a free abelian subgroup of ZN . This leads to the following result:

Lemma 5.5. A lattice is a N -lattice if and only if it is an ideal in ZN .

Proof. Let LN be a subset of ZN such that LN is a N -lattice. Let k′ be an arbitrary element of
LN and consider the product of k′ and an element k ∈ ZN on the form (5.4). We get

k′k= k′
N∑

n= 1

anζ
n =

N∑
n= 1

ank
′ζn (5.5)

By definition LN is invariant under a rotation through 2π/N , i.e. LN = ζmLN for m= 1, . . . , N .
This means that all the terms in the sum (5.5) are again in LN . But since LN is a lattice we know
that every sum of elements in LN is again in LN . Thus k′k ∈ LN for all k′ ∈ LN and all k ∈ ZN ,
which means that LN is an ideal of ZN .

Conversley, suppose I is an ideal of ZN . Since ZN is a finitely generated free abelian group, and
since I is a subgroup of ZN , we know that I too must be finitely generated and free abelian. Also,
since it is an ideal, I is preserved under multiplication by the elements of {ζn}N . Thus I is a finitely
generated subgroup of R2∗ with N -fold rotational symmetry that spans R2∗ and we see that I is a
N -lattice.
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Not all ideals of ZN correspond to distinct lattices. We can define an equivalence relation (see [19]
sec. 9.1) ∼ on the set of ideals, by I1 ∼ I2 if and only if there are principal ideals 〈a〉 and 〈b〉 such
that 〈a〉 I1 = 〈b〉 I2. This is equivalent to saying that there exist α and β in ZN such that αI1 =βI2

and we arrive at the following theorem:

Theorem 5.6. The number of equivalence classes of N -lattices is the number of equivalence classes
of ideals of ZN .

Proof. Let L
(1)
N and L

(2)
N be equivalent N -lattices. By definition 5.5, we have that

L
(1)
N = zL

(2)
N , (5.6)

for some complex number z. Let α be an element in L
(2)
N . Then by equation (5.6), zα=β ∈ L(1)

N .
Multiplying equation (5.6) by α we get

αL
(1)
N =βL

(2)
N . (5.7)

Since all N -lattices are ideals of ZN , we see that equivalent N -lattices correspond to equivalent
ideals in ZN .

Conversely, let I1 and I2 be equivalent ideals of ZN . By definition they are related by

z1I1 = z2I2, (5.8)

where z1 and z2 are in ZN . Equation (5.8) can be rewritten as

I1 = z−1
1 z2I2 = zI2, (5.9)

where z is some complex number. Since all ideals of ZN are N -lattices, it follows that also equivalent
ideals of ZN correspond to equivalent N -lattices.

We see especially that if all ideals of ZN are principal ideals, ZN is the only N -lattice.

The consequence of theorem 5.6 is that we have to classify all ideals of ZN . Quoting the result
from [13], we see that for all N < 46, there is just one lattice for each N , the lattice isomorphic to
ZN . For N ≥ 46, the number of lattices is shown in table 2. We see that the number is quite small
for small N , but that there for larger N can be many. For example there are more than ten billion
distinct 178-lattices.

Even though there are many N -lattices for larger N , this should not be a problem in practice, since
this would require us to find a quasicrystal that can only be described by a lattice that has more
than 44-fold rotational symmetry. Although not impossible, this is unlikely. So in most practical
applications we can assume that the only lattice is ZN .
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N Number of lattices

2− 44 1

46 3

48 1

50 1

52 3

54 1

56 2

58 9

60 1

62 9

64 17

66 1

68 32

70 1

72 3

74 37

76 19

78 2

80 5

82 121

84 1

86 211

88 55

90 1

92 201

94 695

96 32

98 43

Table 2: Number of unique two-dimensional N -lattices for N < 100.
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5.3 Calculation of H1(G, L̂)

This section is concerned with calculating the first cohomology group for two-dimensional lattices.
It follows [9].

As in section 2.7 denote by L′ the dual Hom(L,Q/Z) of the lattice L. Then we have the following:

Proposition 5.7. There is a natural isomorphism of groups H1(G,L′) ∼= H1(G, L̂).

Proof. Consider the short exact sequence

0→ Q/Z→ R/Z→ R/Q→ 0. (5.10)

Since L is a finitely generated abelian group, this gives rise to the short exact sequence

0→ Hom(L,Q/Z)→ Hom(L,R/Z)→ Hom(L,R/Q)→ 0, (5.11)

which can be rewritten as
0→ L′ → L̂→ Hom(L,R/Q)→ 0. (5.12)

Using the fact that a short exact sequence gives rise to a long exact sequence in Tate cohomology
we get as in equation (2.40)

· · · δ−→ Ĥ0(G,L′)→ Ĥ0(G, L̂)→ Ĥ0(G,Hom(L,R/Q))

δ−→ Ĥ1(G,L′)
α−→ Ĥ1(G, L̂)

β−→ Ĥ1(G,Hom(L,R/Q))→ · · ·
(5.13)

It can be shown that Hom(L,R/Q) ∼= (R/Q)rank(L). Since R/Q is a uniquely divisible group, it can
also be shown that all groups Ĥ∗(G,Hom(L,R/Q)) vanish. This gives the exact sequence

· · · → 0
δ−→ Ĥ1(G, L̂)

α−→ Ĥ1(G,L′)
β−→ 0→ · · · (5.14)

Since this is an exact sequence we know that im δ= kerα and that imα= kerβ. But since α, β and
δ are homomorphisms, we know that im δ= 0, which means that α is injective. Further we also
notice that kerβ= Ĥ1(G, L̂) and thus α is also surjective, which means that α is an isomorphism.
From equation (2.39) we have that H1(G, L̂) = Ĥ1(G, L̂) thus the statement is proven.

This can now be used to calculate the cohomology group for cyclic groups.

Theorem 5.8. Let L ⊆ R2∗ be a lattice invariant under the non-trivial cyclic group G= 〈g〉. Then
H1(G, L̂) = 0.

Proof. The only element in L that is invariant under the action of G is 0. Thus, by equation (2.22)
we see that H1(G,L) = 0. Since H1(G,L) is finite, we see by proposition 2.4 that H1(G,L) ∼=
H1(G,L′). But from proposition 5.7 we know that H1(G,L′) ∼= H1(G, L̂) and thus H1(G, L̂) = 0.

Now we move on to dihedral groups. We begin by stating a useful lemma from the theory of
cyclotomic fields.
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Lemma 5.9. Let ζ = e2πi/N , with N > 1 and let NQ(ζ) denote the norm of an element in the field

Q(ζ). If N = pk with p a prime, then NQ(ζ)(1− ζ) = p, otherwise NQ(ζ)(1− ζ) = 1.

Theorem 5.10. Let G=DN be the dihedral group with 2N elements. If N is not a prime power,
then H1(G, L̂) = 0.

Proof. As in theorem 5.8 we first consider the group H1(G,L). Let H denote the largest cyclic
subgroup of G. H is a normal subgroup of G, which means that we can form the quotient G/H.
Using the result from proposition 2.2 we get an exact sequence

H1(H,L)G/L → H1(G,L)→ H1(G/H,LH)→ 0. (5.15)

By theorem 5.8 we have that H1(H,L) = 0 and thus that H1(H,L)G/L = 0. Then we see that the
exact sequence in equation (5.15) becomes

0→ H1(G,L)→ H1(G/H,LH)→ 0. (5.16)

Using the same reasoning as in proposition 5.7 we see that

H1(G,L) ∼= H1(G/H,LH). (5.17)

We can choose the generator of H to be ζ defined as in lemma 5.9. Then we have that LH =L/(1−
ζ).L. But according to lemma 5.9 NQ(ζ)(1 − ζ) = 1, which means that LH = 0. This means
that H1(G,L) ∼= H1(G/H,LH) = 0. Using the same reasoning as in theorem 5.8, we arrive at
H1(G, L̂) = 0.

Theorem 5.11. Let G=DN be the dihedral group with 2N elements and let N = pm where p is a
prime. If p= 2 then H1(G, L̂) is a F2-vector space. If p 6= 2 then H1(G, L̂) = 0.

Remark. The proof is left out here since it is irrelevant for the purposes of this report, but can be
found in [9]. There also the dimension of the vector space is determined.

We wanted the theory of quasicrystals to be a generalization of the theory of periodic crystals
described in section 3. To see that we get back the results from that section, we make the following
observations: A periodic d-dimensional crystal structure has the lattice T ∼= Zd. Since the crystal
is periodic, also its reciprocal lattice, L, must be periodic, and thus L ∼= Zd. Now consider the
group of homomorphisms, Hom(L,Z) ∼= Hom(Zd,Z) and let for a moment d= 2. An element of
this group is a function f : Z2 → Z such that (a1, a2) 7→ f((a1, a2)). Since f is a homomorphism,
we have that f((a1, a2)) = a1f((1, 0)) + a2f((0, 1)). But (1, 0) and (0, 1) are generators for Z2 and
thus Hom(Z2,Z) ∼= Z2. This is easily generalized to arbitrary d, which means that

Hom(Zd,Z) ∼= Zd. (5.18)

Then we see that T ∼= Hom(L,Z). This means that the short exact sequence which we use to define
the space group;

0→ Hom(L,Z)→ G → G→ 1, (5.19)

becomes
0→ T → G → G→ 1. (5.20)
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But this is exactly the short exact sequence we used to define the space group for a periodic crystal
in equation (3.1), and thus we get the periodic case back.

Theorems 5.8 and 5.11 show that almost all cohomology groups are trivial, and thus that in most
cases there is only one space group associated to each lattice. The classification of two-dimensional
periodic crystals was done in section 3. This corresponds to the case L ∼= Z2 and we immediately
see from table 1 that this is consistent with the results of the theorems in this section.

6 Two-dimensional quasicrystals in MATLAB

To illustrate some of the theory in the last sections, a MATLAB-program has been written that
creates images that give an idea of what a generalized lattice and quasicrystals in two dimensions
can look like. But to appreciate what the program does and to interpret the results, some new
terminology must be introduced.

6.1 The reduced lattice

We see from definition 4.2 that in general a lattice can be non-discrete and thus contain infinitely
many points in a finite area. Since MATLAB only handles finitely many points, this is clearly a
problem if we want to plot the lattice and therefore an approximation must be made. Although
some of the results in this section apply also to higher-dimensional lattices, it is assumed that all
lattices in this section are two-dimensional.

By definition, the lattice consists of all points k that can be written as

k=
∑

aiki, (6.1)

where ai ∈ Z and {ki} is a set of generators for the lattice. The easiest way to make the number of
points finite is to limit the ai to some finite subset of Z. The new set of points we get is of course
a subset of the whole lattice.

Consider the set Sn ⊂ Z such that Sn = {x ∈ Z : |x| ≤ n} for some convenient choice of n ∈ Z+.
We make the following definition:

Definition 6.1. Let {ki} be a set of generators for a lattice L. The n-reduced lattice with the
generators {ki} is the pair (Ln, {ki}) where Ln is the set of all linear combinations of {ki} with
coefficients in Sn.

Remark. The term reduced lattice is not to be confused with the term lattice reduction, that aims
at finding a basis with certain properties of a discrete lattice.

Now that we have made an approximation, we have to ask ourselves whether Ln has all properties
of L that we would like it to have. First of all we note that

L= lim
n→∞

Ln. (6.2)

This shows that if we choose n to be sufficiently large, we will get something very close to L. The
problem, however, is that the number of points in the lattice increases fast as n increases, meaning
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Figure 1: Plot of L2 with generators (1, 0) and (0.5,
√

3/2). Generators are indicated by circles.

that we would like to keep n small. We see for example that if the set of generators is a basis for L,
i.e. if the generators are linearly independent, the number of points in Ln is nN , where N denotes
the rank of L. If there are linearly dependent elements among the generators, this number will be
less, but anyhow we see that the number of points grows fast and even for quite small values of N
and n, the number of points will be large.

What we really want to investigate is the symmetry properties of L, so this is what we need Ln
to be able to show us. It is however immediately clear that Ln in general does not have the same
symmetry group as L. Consider for example the discrete lattice generated by the vectors (1, 0) and
(0.5,

√
3/2) (i.e. the hexagonal lattice). L has six-fold rotational symmetry and reflection symmetry

(and translational symmetry since it is discrete, but we are interested in quasicrystals so we only
consider the point group here). Plotting L2 with these generators, we immediately see from figure
1 that L2 is not preserved under rotations. So it is clear that we cannot choose an arbitrary set
of generators to generate Ln. However, if we choose to think of L in the complex plane, we also
know that the set

{
ζi
}

6
is a set of generators of L. Plotting L2 with these generators instead, we

see from figure 2 that this time it clearly has six-fold rotational symmetry. This observation leads
to the following proposition:

Proposition 6.1. Let m be an even number and let
{
ζi
}
m

be a set of generators for the lattice

L. Let Ln be the n-reduced lattice with generators
{
ζi
}
m

. Then the symmetry group of Ln is
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Figure 2: Plot of (L2,
{
ζi
}
6
). Generators are indicated by circles.

isomorphic to the holohedry group of L, GL.

Proof. The holohedry group of the lattice is Dm, i.e. the dihedral group with 2m elements. An
element k in Ln can be written on the form

k=
∑
ai∈Sn

aiζ
i. (6.3)

We know that Dm consists of a cyclic subgroup of order m and a reflection. Interpreting this
in terms of complex numbers, we see that the cyclic subgroup can be represented as the group
Cm =

{
ζi
}
m

and that the reflection is simply r= −1. Consider multiplication of k with an element
of Cm:

ζjk= ζj
∑
ai∈Sn

aiζ
i =

∑
ai∈Sn

aiζ
jζi. (6.4)

But ζjζi is again in
{
ζi
}
m

, so we still have an element in Ln. Similarly, taking the negative of k
we get

−k= −
∑
ai∈Sn

aiζ
i =

∑
ai∈Sn

ai(−ζi). (6.5)

But since m is even, we know that −ζi is again in
{
ζi
}
m

. Therefore any symmetry of L is also a
symmetry of Ln.
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We also need to show that Ln cannot have more symmetries than L. We know that any finite
subgroup of O(2) is either cyclic or dihedral. Since we have already shown that Ln is symmetric
under reflections, we know that any symmetry of Ln that is not a symmetry of L must be a rotation.
Since all generators lie on the unit circle, for Ln to have an additional rotational symmetry, there
must be points on the unit circle in between the generators. However, since m is even, we have the
result that if z=

∑
akζ

k and |z|= 1, then z is in
{
ζk
}
m

. Thus we have no other points on the unit
circle than the generators, and thus Ln cannot have more symmetries than L.

Remark. That this is true also for odd m can be realized by noticing that as we go from m= 2k to
m= k, we simply remove mirror images among the generators. These we get back in L1.

Knowing this, we can be sure that Ln with generators {ζm}N actually is a good representation of
L. From now on, when we talk about Ln, unless explicitly stated, it is assumed that the set of
generators of Ln is the set {ζn}N .

Actually, since Ln is a subset of L that contains a set of generators of L, we see by definition 4.3
that there is a close connection between Ln and quasicrystals. If we have a function f : Ln → C,
we can easily extend it to a function fL : L→ C by defining:

fL(k) :=

{
f(k) k ∈ Ln,

0 otherwise.
(6.6)

Using this we have the following result:

Proposition 6.2. Let L be a lattice and let f : Ln → C be a function on Ln such that f(k) 6= 0
for all k ∈ Ln. Then fL is a quasicrystal on L.

Proof. By definition of of the reduced lattice, Ln it contains a set of generators of L. Since f is
nonzero for all k ∈ Ln the proposition follows directly from definition 4.3.

Proposition 6.3. Let Ln be the n-reduced lattice of L and let f : Ln → C be a non-zero constant
function. Then fL is a symmorphic quasicrystal on L.

Proof. By proposition 6.1, Ln has symmetry group DN . Since ρ̂ is constant on all of Ln, we see
that ρ̂(k.g) = ρ̂(k) for g ∈ DN . This means that the phase function is zero, and thus by definition
ρ̂ is symmorphic on L.

We can actually generalize proposition 6.2 to the following:

Proposition 6.4. Let L be the lattice generated by the set {ki} and let Ln be the n-reduced lattice
with the generators {ki}. Let f : Ln → C be a function such that f(k) 6= 0 for all k ∈ Ln. Then fL
is a quasicrystal on L.

The proof is an immediate generalization of the proof of proposition 6.2.

Proposition 6.4 shows that given a lattice, L, we can use Ln with different sets of generators to
produce quasicrystals on L. Since we are free to choose the function f as we like, most (infinitely
many) of these quasicrystals will lack symmetry and probably be of limited physical interest. There
are however interesting cases, especially when the set of generators are the N roots of unity and as
we will see in section 6.3, there appears to be a connection between Ln and diffraction patterns.
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6.2 The MATLAB function lattice3

Using the results from section 6.1, we would like to plot (Ln,
{
ζi
}
N

) in MATLAB. The function
made to create the reduced lattice is called lattice3. The syntax is

[X,Y] = lattice3(N,n,s).

X and Y are two vectors containing the x- and y-coordinates for the lattice points, respectively.
N and n determines the pair (Ln,

{
ζi
}
N

) and s specifies the size of the plot to −s ≤ x ≤ s and
−s ≤ y ≤ s. The reason for specifying the size of the plot is that in most cases the number of points
is so large, that we are only interested in a small part of Ln. This can be used to our advantage,
since this means that we do not need the points outside the given range and thus do not need to
use and store all points in Ln.

The outline of the program is as follows:

• The generators are created and stored in a matrix, generators, in which each row contains
a generator.

• Using the specially created function gen meshgrid, the two first of these generators, call them
g1 and g2, are used to create the set consisting of all linear combinations of g1 and g2 with
coefficients in Sn. For the points in this set, the x-and y-coordinates are stored in the vectors
X and Y respectively.

• The rest of the generators are stepped through using a for-loop. For every generator,
g= (gx, gy), the old X and Y are replaced by a new X and a new Y consisting of X + jgx
and Y + jgy respectively, where j takes values j= − n, . . . , n. Considering the ith generator,
we know that since the size of the plot is specified by s, any point having an x-coordinate
larger than n(N − (i − 1)) + s or an x-coordinate smaller than −n(N − (i − 1)) − s cannot
affect the number of points in the desired plot. The same holds for the y-coordinates. So
before X and Y are updated, all these unnecessary points are removed. This speeds up the
process significantly, especially for large n.

• After the for-loop, any points lying outside the plot window is removed. Since the generators
are not necessarily linearly independent, it may be the case that some points are accounted
for more than once. Any double is therefore removed.

• The result is two vectors X and Y containing the x- and y-coordinates of Ln in the specified
window.

The MATLAB-code can be found in appendix A.

There are several improvements of the program that can be made. The reason for not making them
in this version was that the speed of the program was sufficient for the lattices plotted here, but
if one wants to examine lattices with higher rotational symmetry and with larger n, some changes
will probably be necessary. With the goal to keep the algorithm used, we have for example the
following two things that could be added or changed to improve the speed:

• The range of points that will not affect the points within the desired plot could be increased.
The expression n(N − (i − 1)) + s is derived using the fact that the upper limit of the x-
and y-coordinates of the generators is one, while in fact several of them may be significantly
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less than one. To use this, one would have to create an algorithm that goes through the
generators and takes into account the individual coordinates of the generators.

• As it is now, the doubles are removed after the for-loop. Every double generates a new double,
and by comparing the size of X (i.e. the number of points) before and after the removal of the
doubles, we see that the number is far from insignificant. For N = 7, n= 5 and s= 1, we get
9 869 519 points before the removal and 121 781 points after the removal. It would therefore
be good if one could add a step in the for-loop that removes these doubles immediately.

6.3 Results

In this section some plots created using lattice3 will be studied. The first interesting cases are the
ones where N = 5 and N = 7, since these are the first ones corresponding to non-discrete lattices.
In figures 3 and 4 the results of generating reduced lattices for N = 5 and N = 7 with n = 1, . . . , 5
and s = 1 and s = 0.2 respectively are shown.

(a) L1 (b) L2 (c) L3

(d) L4 (e) L5

Figure 3: Plots of (Ln,
{
ζi
}
5
) for n= 1, . . . , 5 with s= 1. The generators are indicated by circles.

34



(a) L1 (b) L2 (c) L3

(d) L4 (e) L5

Figure 4: Plots of (Ln,
{
ζi
}
7
) for n= 1, . . . , 5 with s= 0.2. Because of the scale of the plots, the generators

cannot be seen.

The first thing we note is the rapid increase of points as n increases, something that is especially
clear in figure 4. This explains the smaller value of s that was chosen; for s= 1 and n= 5 it would no
longer have been possible to distinguish between individual points or even see any kind of pattern
at all. Secondly, we see that while all Ln in figure 3 possess ten-fold symmetry as expected, there
is an increase of sites away from the origin that possess local five- or ten-fold symmetry when n
increases. The same holds for figure 4.

Although these reduced lattices, by proposition 6.2, can be used to illustrate quasicrystals by
assigning a complex number to each blue dot, a more interesting result arises if we compare these
reduced lattices to diffraction patterns. In the same way as we think of a quasicrystal to be a
function from the lattice to the complex numbers, we can think of the diffraction pattern to be a
function from the lattice to the real numbers, where the number associated to each lattice point
is the intensity. We then see that we can create a diffraction pattern from the reduced lattice,
simply by choosing different sizes of the points and letting the point size represent the intensity.
Comparing figure 3 to an experimentally obtained ten-fold symmetric diffraction pattern, we can
see a high similarity between the patterns. Figure 5 shows a ten-fold symmetric diffraction pattern
together with the pattern obtained if one plots the points of L1 to L5 with decreasing point size as
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n increases. We see that the correspondence is good, but not perfect.

(a) (b)

Figure 5: (a) Experimentally obtained electron diffraction pattern from an icosahedral Ho-Mg-Zn quasicrystal.
Reprinted from [20] under the Creative Commons Attribution/Share-Alike License. (b) Plot of the reduced
lattices Ln for n= 1, . . . , 5 where the point size decreases as n increases.

To understand this correspondence, we would somehow need to relate the particular linear combi-
nations given by

k=
N∑
i= 1

aiζ
i, (6.7)

where ai ∈ Z and ζ ∈
{
ζi
}
N

, to the diffracted intensity. Exactly how this should be done is not
clear yet, but in [7] and [8] we find some clues to a possible approach. Here diffraction is described
using the superspace approach, and we will now look at the most important results of these articles.
As mentioned, the basic principle of the superspace approach is to describe the quasicrystal as a
projection into three dimensions of a periodic crystal in higher dimensional space. More specifically,
considering an ordinary periodic two-dimensional square lattice, we can insert a new orthogonal
coordinate system, (g||, g⊥) rotated relative to the square lattice by an angle α, such that tanα
is irrational. Each point in the square lattice can now be written as g= (g||, g⊥). Using this new
coordinate system, we can obtain a one-dimensional quasicrystal by projecting the points in the
square lattice onto g||. Clearly, however, we can also choose to project the square lattice onto the
g⊥-axis. This is shown in figure 6. Moving the argument to three-dimensional quasicrystals, we
see that beginning with a periodic crystal in superspace described by vectors g in this space, we
obtain a three-dimensional quasicrystal described by projected vectors g||. To each one of these
points corresponds a point in orthogonal space, g⊥.

The diffraction pattern in figure 5 is a result of diffraction in an icosahedral quasicrystal. In
reality the diffraction pattern is three-dimensional, defined on a lattice of rank 6 and is obtained

36

http://creativecommons.org/licenses/by-sa/3.0/deed.en


Figure 6: Projection of a two-dimensional square lattice onto the g||-axis.

by projection of a six-dimensional periodic crystal. The two-dimensional pattern in figure 5 is a
slice of the three-dimensional pattern. Choosing the six unit vectors ei||, that span the reciprocal
lattice, along the five-fold symmetry axes of an icosahedron, oriented as in figure 7, we obtain
corresponding unit vectors ei⊥, also shown in figure 7. For i 6= j the unit vectors obey the following:

ei|| • e
j
||= − e

i
⊥ • e

j
⊥= ± 1√

5
. (6.8)

An arbitrary vector in reciprocal space can now be written as

g||=C
6∑

i= 1

nie
i
||, (6.9)

where C is a scale constant. This vector has a corresponding orthogonal space vector

g⊥=C
6∑

i= 1

nie
i
⊥. (6.10)

The diffraction pattern in figure 5 can now be realized [8] as the slice of the three-dimensional
diffraction pattern for which

g|| • e1
||= 0. (6.11)

Considering a primitive quasicrystal (roughly a quasicrystal consisting of only one kind of atom),
it is possible to show that the diffracted intensity is a function only of |g⊥|. In the case of more
complicated quasicrystals we get a dependence also on |g|||. This shows that we can describe the
intensity as a function of the coefficients ni and now we see a connection to the question asked.
Since the points in Ln are determined by the elements of the set Sn, they are determined by the
coefficients in equation (6.7), and thus we see that if we to each set of points Ln \ Ln−1 assign an
intensity interval, we can describe this as the intensity being a function of the coefficients of the
linear combination. If we could find a connection between the coefficients ai, i= 1, . . . , 5, and nj ,
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Figure 7: Basis vectors for the projected icosahedral quasicrystal (top) and for the corresponding orthogonal
space (bottom), shown from two directions.

j= 1, . . . , 6, we should therefore be able to express the intensity of the points in Ln as a function
of the coefficients ai and we would see how the intensity depends on the points in Ln.

To find this connection it is possible that one could use equation (6.11) together with the fact that
the lattice is self-similar and possesses inflation symmetry, (see [6]), such that the lattice can be
scaled with a power of τ = (1+

√
5)/2 and still look the same, but this has not yet been investigated

in detail and the question remains unanswered for now.

To illustrate what happens for larger N , the corresponding plots for N = 7 and N = 8 are shown in
figure 8.
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(a) (b)

Figure 8: Plot of Ln with n= 1, . . . , 5 for (a) N = 7 and s= 0.2 and (b) N = 8 and s= 1 with decreasing
point size as n increases.

7 Surface structure determination using NIXSW

As mentioned in section 1, quasicrystals have several interesting properties that are direct conse-
quences of the aperiodic structure. To understand why they have these properties and to be able
to use them in an efficient way, quantitative structure determination of quasicrystals is essential.

When analyzing ordinary periodic crystals, there are several methods to do measurements of the
structure. Unfortunately many of these methods rely on the crystal being periodic or are in other
ways ill-suited for the investigation of aperiodic structures. For example, LEED is common to use
in the investigation of periodic crystals, but requires an enormous amount of calculations in the
case of quasicrystals [22].

NIXSW (Normal Incindence X-ray Standing Waves) is an experimental method used for surface
structure determination of periodic crystals. This method circumvents the phase problem encoun-
tered in diffraction experiments, described in sections 3 and 4, by measuring both the amplitude
and the phase of the structure factors, thus allowing a more immediate reconstruction of the struc-
ture through the Fourier transform. We will see in the following sections how NIXSW is used in
the periodic case and how it can be modified to work also in the aperiodic case.

7.1 Short introduction to dynamical diffraction and XSW

In contrast to the usual kinematic diffraction theory whose basic assumption is that each photon
is scattered only once before it is detected, the theory of dynamical diffraction assumes multiple
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Figure 9: The Darwin curve. An interval of total reflection is obtained around the Bragg condition.

scattering. The theory of XSW (X-ray Standing Waves) relies heavily on the results of dynamical
diffraction, so some knowledge of basic results, described in e.g. [21], will be essential.

Suppose we have an X-ray wave incident on a non-absorbing crystal (i.e. suppose scattering is
elastic). In the kinematic diffraction theory, we describe this situation using a plane wave incident
on the crystal. To find out if the Bragg condition, where we have total reflection, is fulfilled, we sum
the scattered waves at each basis point for atomic scatterers at equivalent positions in the crystal.
If the waves are in phase we have reached the Bragg condition. This method tells us whether we
have diffraction or not, but it sometimes fails to predict other results. For example, it can be shown
that for a non-absorbing, semi-infinite crystal with an incident X-ray wave of unity amplitude, the
intensity of the reflected wave will be infinity at the Bragg condition and zero otherwise, and this
is clearly not realistic.

The reason for this inconsistency lies in the assumption that the incident wave is not attenuated
as it travels into the crystal. If we on the other hand assume multiple scattering, i.e. that some of
the incident X-rays are scattered out of the crystal at each layer, we get a finite penetration depth
for the X-rays. It can be shown that the consequence of this is that the reflected intensity, in the
above mentioned case, is unity, just like we want it to be. Another result of this is that we get a
range of incident angles around the Bragg condition for which we have total reflection, and thus
not only at the Bragg condition as the kinematic theory predicts. Measuring the reflectivity as a
function of the incident angle around the Bragg condition qualitatively gives a result as in figure
9. The curve is known as the Darwin curve and the range of angles for which total reflectivity is
obtained is called the Darwin width.

When the Bragg condition is reached and we get total reflection, the incident wave and the reflected
wave will form a standing wave since they have the same wavelength and a well defined phase
relationship. The wavelength of the standing wave is the same as the distance between the scattering
planes. In the theory of kinematic diffraction, this standing wave is obtained only when the Bragg
condition is fulfilled. In reality, as the theory of dynamical diffraction predicts, we get the standing
wave as long as we are within the Darwin width. What happens is that the standing wave changes
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Figure 10: Absorption curves for a bulk atom (left) and an interstitial atom (right). The difference in the
absorption curves is used to determine the position of the atom relative to the atomic planes in the bulk.

its phase relative to the atomic positions when we scan through the angles in the Darwin width.

This is what is used in XSW-experiments. Forgetting for a moment the fact that we have assumed
the crystal to be non-absorbing, we realize that as the standing wave changes phase, something
must happen to the absorption value at a specific atomic site. Considering an atom at a bulk atomic
site, we can measure the absorption there. As we scan through the range angles of the Darwin
width, we will notice the following: When we enter the range of total reflectivity, the standing wave
will have its nodes at the bulk atomic sites which means that we have no absorption at all. When
we sweep through the Darwin width, the wave changes its phase by π. This means that at the
other end of the range of total reflectivity we get anti-nodes at the bulk atomic sites. Since the
reflection coefficient is still 1, the absorption value must have increased to 4. This is qualitatively
shown in figure 10. This means that we get an absorption curve that is characteristic for the bulk
and the position of the atoms in it. If we on the other hand have an interstitial atom, the phase of
the standing wave is different at the interstitial site than at a bulk site. This means that we get a
different absorption curve. Comparing the interstitial absorption curve with that of the bulk, it is
possible to determine the position of the interstitial atom relative to the bulk atoms.

Since the standing wave extends also beyond the crystal, we can use this method for absorbed atoms
on the surface. This way a method for measuring the location of surface specimens is developed.

7.2 Basic principles of NIXSW

To be able to use XSW, we have to look at the mathematical details to see what we actually can
measure and calculate. The theory of this section follows the outline of [21].

Assuming that we have an incident X-ray wave on a crystal, we know that we also have a reflected
wave. Together these form a standing wave. Suppressing the time dependence, we can write the
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incident and the reflected wave at a point r in the following way:

E0(r) =E0 e
−2πiK0•r, (7.1)

and
EH(r) =EH e

−2πiKH•r, (7.2)

where E0 and EH are the incident and reflected X-ray amplitudes respectively, K0 and KH are the
corresponding wave vectors.

Computing the normalized intensity we get at the point r

I(r) =
|E0 −EH |2

|E0|2
=

∣∣∣∣1 +
EH

E0

∣∣∣∣2 =

∣∣∣∣1 +
EH
E0

e−2πi(KH•r−K0•r)

∣∣∣∣2 =

∣∣∣∣1 +
EH
E0

e−2πiH•r
∣∣∣∣2 , (7.3)

where H is a reciprocal lattice vector. This can be rewritten in terms of the distance from the
scattering planes, z, and the plane spacing, dH . This gives

I(r) =

∣∣∣∣1− EH
E0

e−2πiz/dH

∣∣∣∣2 . (7.4)

Using results from the dynamical diffraction theory we have that the ratio of the amplitudes can
be written as

EH
E0

= −
(
FH
FH̄

) 1
2

(η ± (η2 − 1)
1
2 ) (7.5)

where FH and FH̄ are the structure factors at H and −H, respectively, and η a measure of where
on the Darwin curve we are.

Depending on how we want to do measurements, we can express η as a function of either the
deviation from the Bragg angle or the Bragg energy. As mentioned in section 7.1, one way to
sweep through the Darwin curve is by changing the incident angle to the diffraction plane. This,
however, requires extremely high precision and is generally difficult to do. For example, in [21] it
is shown that for an incident angle of 45◦ relative to a set of (111)-planes in copper, the Darwin
width is of order one arcminute, see figure 9. To make measurements easier, the beam can be kept
perpendicular to the plane (normal incidence) while instead varying the photon energy (and thus
X-ray wavelength) in a range around the Bragg condition. For this, it is desirable to express η in
terms of the energy deviation from the Bragg condition. Then it can be shown that

η=
−2(∆E/E) sin2θB ΓF0

|P |Γ
√
FHFH̄

, (7.6)

where ∆E is the deviation from the Bragg energy E, θB is the Bragg angle and P is a polarization
factor that is 1 for σ-polarization and cos(2θB) for π-polarization.

To get a feeling for how large this energy range is, the energy range needed in measurements will
now be calculated. Assuming that the crystal is non-absorbing, all the structure factors are real.
Then we can show that the Darwin width corresponds to values of η lying between −1 and 1. This
gives us

∆Erange =
E |P |Γ

√
FHFH̄

sin2θB
. (7.7)
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In [21] the calculations are done for copper and it is shown that the energy range is 0.87eV, which
is a large enough energy span to get good measurements.

We know that the reflectivity can be written in terms of the incident and reflected X-ray amplitudes,
namely

R=

∣∣∣∣EHE0

∣∣∣∣2 . (7.8)

This we can rewrite as
EH
E0

=
√
R exp(iΦ), (7.9)

where Φ is a phase angle. Using equation (7.9) together with equations (7.5) and (7.6), we can
calculate Φ as a function of ∆E. This shows that when we scan through the range of unit reflectivity,
what we really observe is the shift in the phase angle. Inserting (7.9) into equation (7.4) we get:

I =

∣∣∣∣1 +
√
R exp

(
i Φ− 2πiz

dH

)∣∣∣∣2 = 1 +R+ 2
√
R cos

(
Φ− 2πz

dH

)
. (7.10)

Using this equation, in theory, we could obtain the z-value and thus determine the height of the
atom relative to the atomic planes. In reality, however, we do not have a well defined value of
the layer spacing, dH . This means that we cannot assume that we have a single value z occupied,
instead we have to assume that we have a distribution of values occupied. To take this into account,
we define a distribution function f(z) such that∫ dH

0
f(z) dz= 1. (7.11)

Inserting this into equation (7.10) instead of z we get:

I = 1 +R+ 2
√
R

∫ dH

0
f(z) cos

(
Φ− 2πz

dH

)
dz. (7.12)

Now we can rewrite the integral in the following way:∫ dH

0
f(z) cos

(
Φ− 2πz

dH

)
dz= fco cos

(
Φ− 2πD

dH

)
, (7.13)

where fco and D are two parameters called the coherent fraction and the coherent position, re-
spectively. Turning to Fourier analysis, we see that fco and D are the amplitude and the phase,
respectively, of one Fourier component of the distribution function.

Inserting (7.13) into (7.12) gives

I = 1 +R+ 2
√
Rfco cos

(
Φ− 2πD

dH

)
, (7.14)

or

I = fco

(
1 +R+ 2

√
R cos

(
Φ− 2πD

dH

))
− (1− fco)(1 +R). (7.15)

Now we see that if we have the ideal case with a well determined layer spacing dH , we have fco = 1
and D= z, thus giving us back equation (7.10). We see that roughly D can be interpreted as the
mean distance from the atomic planes and that fco is a measure of the distribution of the z-values
around this mean distance. Thus, we do measurements to obtain the coherent fraction and coherent
position and then we use these to determine positions of atoms.
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7.3 Surface investigation of periodic crystals

To be able to understand how to use the theory described in the last section to study quasicrystal
surfaces, we first need to understand how we can use it in the periodic case for which it was
developed.

The two important structural fitting parameters are the coherent fraction and the coherent position.
Although equation (7.14) shows that these parameters are obtained from the intensity expression,
what is being measured to obtain these values is the absorption profile. More specifically; the
absorption profile is measured over the Darwin width for the atoms we want to examine. Then
the absorption profile is used to determine the coherent fraction and position relative to the set of
atomic scatterer planes used in the measurements. This way we get information about how far from
these specific scatterer planes the atoms are, but we know nothing about their position in other
directions. Therefore the measurements have to be repeated for another set of scatterer planes. If
the underlying bulk material is of well known structure, say FCC, the points of low energy on the
surface are known. In this case, the first measurement might have narrowed the possible locations
down to just a few places, and it is often enough to make only one more measurement for a wisely
chosen set of scatterer planes to determine which of the few places it is. If the structure is more
complicated or unknown, at least three measurements for different scatterer planes must be made.

7.4 Surface investigation of quasicrystals

In the case of periodic crystals the NIXSW method was straightforward to use, but it gets more
complicated in the case of quasicrystals, since these are not periodic. This is clearly a problem since
the theory of NIXSW was developed assuming that we get a standing wave in the crystal whose
wavelength matches the periodicity of the crystal. Since a quasicrystal gives rise to a diffraction
pattern with well defined Bragg peaks, we actually do get a standing wave in the quasicrystal, but
since we do not have a periodic bulk structure, it is not immediately obvious how to relate the
results of the measurements to the distance from the scatterer planes as was done in the periodic
case.

The non-periodicity of a quasicrystal gives rise to two main difficulties. First of all, as we have seen,
the structure factors are needed to calculate the coherent fraction and position. In the periodic
case, if we know the structure of the bulk, the structure factors are easily calculated by taking into
account only the atoms in a unit cell. In the non-periodic case, the unit cell is infinitely large, so
in theory we would have to take into account infinitely many atoms. Secondly, the standing wave
that we obtain has its phase defined relative to the average distance between the scattering planes,
which means that we have really no way of knowing how the phase is related to the distance above
the surface of the crystal. This means that that the coherent position loses its interpretation as the
distance from the surface, which clearly shows that we have to use a different approach than in the
periodic case if we want to use this method. To illustrate how these problems may be solved, we
will now look at an experiment described in [22] and [5], where measurements of Si on decagonal
Al72Co17Ni11 were made. The Si was deposited on the surface of the quasicrystal and NIXSW
measurements were done to find the structure and position of the Si clusters.

Al72Co17Ni11 is a quasicrystal that is non-periodic in two of three dimensions. It consists of pe-
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Parameter Quasicrystal 200 Å model

dH (00004) 2.04 Å 2.037 Å
dH (01̄1̄01) 2.02 Å 2.032 Å
θ (01̄1̄01) 60.4◦ 60.078◦

Table 3: Difference between parameters in the real quasicrystal and the 200 Å model used.

riodically stacked aperiodic planes with five-fold symmetry perpendicular to the surface with an
interlayer spacing of 2.04 Å. The repeating unit consists of four layers of alternatingly flat and
buckled layers of atoms. Even though the crystal has five-fold symmetry, the diffraction pattern of
the crystal actually has ten-fold symmetry, but as shown in section 4, this is simply the consequence
of the structure factors having similar amplitude, but different phase.

Since the Al72Co17Ni11 is periodic perpendicular to the surface, the normal NIXSW-technique
was used to measure the height of the Si-clusters. However, as already mentioned, to be able to
interpret the data and calculate D and fco, the structure factor is needed. To calculate this, the
quasicrystal was modeled as a periodic crystal with a large unit cell. The unit cell had dimensions
200 Å×200 Å×8.147 Å and was constructed by fitting it to the diffraction pattern. Since Co and Ni
atoms have similar scattering properties, no distinction was made between those in the model, and
they are simply referred to as transition metal atoms (TM atoms). The model is shown in figure
11. Here we can also see elements of the long range order described in section 4, where a pattern
always repeats itself within some interval. Using this model, the structure factor was calculated as
usual for a periodic crystal. Of course, since the model is a periodic approximation of an aperiodic
structure, this model will have slightly different properties compared to the quasicrystal. In table
3 we see that the interplanar spacings and angles differ slightly from the real values. However, the
deviation is small, so the results are accurate; but as stated in [22] the deviation gives rise to a
small systematical error in the results that one has to be aware of.

The absorption curve was determined by measuring the Si 1s photo emission. Using absorption
measurements together with the calculated structure factor, the coherent fraction and coherent
position were determined, yielding the results D= 1.77 ± 0.05 Å and fco = 0.48 ± 0.05. The inter-
pretation of this result is that the Si atoms had an average height of 1.77 Å above the surface. The
value of fco is not very high, which indicates that there was in fact a distribution of heights among
the Si atoms. The obtained absorption curve is shown in figure 12.

To determine the lateral position of the Si atoms, just as in the periodic case, one has to consider
other sets of scattering planes, that are not parallel to the surface; but as mentioned, these planes
are not periodically distributed. The set of planes chosen consisted of the planes (01̄1̄01) tilted
60.4◦ relative to the (00004) planes (the planes perpendicular to the surface). These planes have an
average spacing of 2.02 Å. The fact that these planes are aperiodically distributed means that the
component of these planes parallel to the surface cannot give us any information about the lateral
distribution of the Si atoms relative to a unit cell. However, it is still possible to get meaningful
information from the experiment.

To get useful results from the absorption curve, the coherent fraction and coherent position must
be calculated. This can only be done if all symmetrically equivalent reflections have the same
structure factor. Since it was the set of (01̄1̄01) planes that was investigated, we would like to
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Figure 11: Image of the structural model used to evaluate the results. Al-atoms are indicated by green and
TM-atoms are indicated by yellow. The top left image shows the four atomic layers closest to the surface (i.e.
the four layers that make up one period). The top right image shows only the layer closest to the surface and
the bottom image shows the four layers that make up a unit, seen from the side, together with lines indicating
the (01̄1̄01)-planes. Reprinted with permission from [22]. Copyright 2015 by the American Physical Society,
DOI: 10.1103/PhysRevB.91.115418.

calculate the structure factor for each of the planes in this set. In [22] this was done by using the
200 Å model again. Relative to this unit cell, the (01̄1̄01) planes have Miller indices (0,±85.31,−2),
(±50.14,±69.02,−2) and (±81.13,±26.36,−2) (the non-integer indices arise because the 200 Å unit
cell does not take into account the real atomic spacings in the crystal). Calculating these, using a
point of five-fold symmetry as reference point for the coordinates, we get ten structure factors with
approximately equal amplitude, but with different phase. These structure factors can be divided
into two groups depending on their phase and the phase of the two groups differ by π/2. We call
these groups A and B. The structure factors are shown in figure 13, where we clearly see an element
of the real five-fold symmetry. The fact that all structure factors have similar amplitude explains
the ten-fold symmetric diffraction pattern.

We know that only one of these structure factors can be the right one to use in the calculations.
Unfortunately, we have no fast way to find out which one of them we should use, since diffraction
experiments give the same result and since, as is shown in [22], we do not get any useful information
from doing NIXSW-measurements on the bulk either. However, since we only have two choices of
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Figure 12: Absorption curves from measurements perpendicular to the surface. CP =D/dH , CF = fco.
Reprinted with permission from [22]. Copyright 2015 by the American Physical Society, DOI: 10.1103/Phys-
RevB.91.115418.

structure factors, it would be possible to find the coherent fraction and coherent position for both
of these structure factors and then compare these values to values obtained from other structural
models to find a consistent solution. The problem with this method is that, while it certainly may
work in this case, in a general quasicrystal we cannot find a reference site that gives a grouping
of structure factors. So it would be desirable to have a more generally applicable method. The
method considered in [22] is based on trial and error, not so different from ordinary methods used
in diffraction experiments in the case of periodic crystals. What the authors of [22] did was to
find possible Si structures by doing an STM-study of the surface. Then they simulated absorption
curves for these possible structures and compared them to the experimental results.

The STM-investigation of the surface showed that there were pentagonal clusters consisting of six Si
atoms (i.e. a ring of five Si-atoms with one in the middle). These pentagons were quasiperiodically
distributed and were observed to have two different azimuthal orientations, rotated by 36◦ to each
other. This together with the determination of an average height of 1.77 Å gave the foundation for
which simulations should be made. Namely, the model was made to consist of 1.77 Å high, six-atom
pentagonal clusters located at points of five-fold symmetry of the underlying bulk material. Some
of the five-fold symmetric places are shown in figure 11.
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Figure 13: Structure factors for the (01̄1̄01)-planes. They fall into two groups, A and B. This grouping shows
the true five-fold symmetry of the quasicrystal.

There are different possibilities for the pentagonal structure of the Si cluster. Some of them are
shown in figure 14. They are labeled by USD (up-side-down) and RSU (right-side-up), depending
on how they are rotated. By calculating atomic distances it is possible to show that the only
possible Si clusters, given the constraints, are the two smaller ones shown in figure 14, i.e. those
indicated by USD-RSU and RSU-USD.

Now, to find out if this structural model is accurate, an absorption curve was simulated and com-
pared to experimental results. Assuming equal occupancy of the two different five-fold symmetric
sites, the simulation of the absorption curve for the two different structure factors is compared to
experimental results in figure 15. We see that both curves fit quite nicely to the experimentally
obtained curve, but that the correspondence is slightly better to azimuthal group B. The conclusion
is therefore that the suggested structural model is a good description of the Si clusters and that
the experiment was done with incidence at one of the B-planes.
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Figure 14: Part of the top layer shown in figure 11. Two different five-fold symmetric sites that are unoccupied
(labeled RSU and USD) or occupied by pentagonal Si-clusters (labeled USD-RSU, RSU-USD and RSU-RSU)
can be seen. Si is indicated by red. Reprinted with permission from [22]. Copyright 2015 by the American
Physical Society, DOI: 10.1103/PhysRevB.91.115418.

Figure 15: Comparison of the theoretically obtained absorption curves for the two different structure fac-
tors, assuming equal occupancy of the RSU- and USD-sites, with the experimentally obtained result. The
correspondence is better when the structure factor of set B is used. Reprinted with permission from [22].
Copyright 2015 by the American Physical Society, DOI: 10.1103/PhysRevB.91.115418.
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8 Conclusion

In this thesis several aspects of quasicrystals have been examined. We have looked at a way to
describe quasicrystals in Fourier space and how to use cohomology of groups to classify them. We
have seen that this provides a nice generalization of the description of periodic crystals, since the
only real differences when going from the periodic to the aperiodic case is to allow for non-discrete
lattices and to redefine equivalence in terms of indistinguishability. Furthermore, a MATLAB
program, together with some new terminology, has been developed to illustrate two-dimensional
lattices, quasicrystals and diffraction patterns. Doing this, an interesting similarity between diffrac-
tion patterns and reduced lattices was noticed. The question of why this correspondence occurs
still lacks a complete answer, but a possible approach to find the answer is suggested in section 6.3,
where we look closer at some results obtained from the superspace approach. We see a possible
connection to the relation between linear combinations of the orthogonal space vectors and the
diffracted intensity. Finally, a way to study quasicrystal surfaces using NIXSW is described. We
look at an experiment in which the size and position of Si-clusters on a Al72Co17Ni11-quasicrystal
were determined.
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A MATLAB-code

Here follows the functions used to generate the reduced lattice. An overview of the algorithm is
presented in section 6.2.

A.1 lattice3

function [newX,newY] = lattice3(number_of_generators, upper_limit, size_of_plot)

generators = zeros(number_of_generators,2);

clear i

for k = 1:number_of_generators

generators(k,1) = real(exp(2*pi*1i*k/number_of_generators));

generators(k,2) = imag(exp(2*pi*1i*k/number_of_generators));

end

matrix = [generators(1,:);generators(2,:)]’;

[X,Y] = gen_meshgrid(matrix,upper_limit);

X = X(:);

Y = Y(:);

for i = 3:size(generators,1)

index = find((X >= -upper_limit*(size(generators,1) - (i-1)) - size_of_plot) & ...

(X <= upper_limit*(size(generators,1) - (i-1)) + size_of_plot));

X = X(index);

Y = Y(index);

index = find((Y >= -upper_limit*(size(generators,1) - (i-1)) - size_of_plot) & ...

(Y <= upper_limit*(size(generators,1) - (i-1)) + size_of_plot));

X = X(index);

Y = Y(index);

newX = zeros(length(X)*(2*upper_limit + 1),1);

newY = newX;

k = 0;

for j = -upper_limit:upper_limit

newX(k*length(X) + 1:(k+1)*length(X)) = (X + j*generators(i,1));

newY(k*length(X) + 1:(k+1)*length(X)) = (Y + j*generators(i,2));

k = k + 1;

end

X = newX;

Y = newY;
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clear newX newY

size(X)

end

indexX = find(abs(X)<(size_of_plot + 1e-5));

indexY = find(abs(Y)<(size_of_plot + 1e-5));

XYmatrix = [X(fast_intersect(indexX,indexY)) Y(fast_intersect(indexX,indexY))];

[~,index] = unique(round(XYmatrix*1e5),’rows’);

XYmatrix = XYmatrix(index,:);

newX = XYmatrix(:,1);

newY = XYmatrix(:,2);

end

A.2 gen meshgrid

function [newX,newY] = gen_meshgrid(generators,upper_limit)

[X,Y] = meshgrid(-upper_limit:1:upper_limit);

newX = zeros(size(X));

newY = zeros(size(Y));

for i = 1:size(X,1)

for j = 1:size(X,2)

newX(i,j) = generators(1,1)*X(i,j)+generators(1,2)*Y(i,j);

newY(i,j) = generators(2,1)*X(i,j)+generators(2,2)*Y(i,j);

end

end

end

A.3 fast intersect

fast intersect is a function created specifically for computing the intersection of two vectors
with unique positive integer elements. In contrast to MATLAB’s more general function intersect,
fast intersect does not sort the elements, which speeds up the process significantly (but which of
course limits its usefulness). It is not original to this thesis, but no convenient reference is known.

function C = fast_intersect(A,B)

V = zeros(1,max(max(A),max(B)));

V(A) = 1;

C = B(logical(V(B)));

end
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