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Abstract
This thesis is devoted to an investigation of boundedness of a general
convolution operator between certain weighted Lorentz-type spaces with the
aim of proving analogues of the Young convolution inequality for these spaces.
Necessary and suﬃcient conditions on the kernel function are given, for
which the convolution operator with the ﬁxed kernel is bounded between
a certain domain space and the weighted Lorentz space of type Gamma.
The considered domain spaces are the weighted Lorentz-type spaces deﬁned
in terms of the nondecreasing rearrangement of a function, the maximal
function or the diﬀerence of these two quantities.
In each case of the domain space, the corresponding Young-type convolution inequality is proved and the optimality of involved rearrangementinvariant spaces is shown.
Furthermore, covering of the previously existing results is also discussed
and some properties of the new rearrangement-invariant function spaces obtained during the process are studied.
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Introduction

The aim of the following introductory summary is to oﬀer a basic insight into
the topic of this thesis and place its results in a broader context.
At ﬁrst, the general framework of function spaces is introduced, since
all the research carried out here involves various types of function spaces
and the deﬁnitions and auxiliary results from the function spaces theory are
extensively used. The function spaces involved in the thesis are presented,
(e.g. the Lebesgue, Lorentz and weighted Lorentz-type spaces) together with
their basic properties and related observations.
When this framework is prepared, in the next step we introduce the convolution operator and related results and applications. The focus is laid on
describing the development of Young-type convolution inequalities, summarizing and commenting the existing results and their relations.
Further on, the research questions and results of the three papers making
the main part of this thesis are brieﬂy presented. Relation between the
contents of these papers and the existing results is also discussed, together
with possibilities of future development and applications to related problems.

2

Lorentz-type spaces

The spaces of interest in this thesis are almost exclusively those based on
certain “integral properties” of functions. A typical and in many senses
“model” example of such spaces is the Lebesgue Lp space. Let us recall its
deﬁnition:
Let (Ω, M, µ) be a measure space and let p ∈ (0, ∞]. For any real-valued
function f measurable on (Ω, M, µ) deﬁne
∞

1

⎛
⎞p
p
∥f ∥p ∶= ∫ ∣f (x)∣ dµ(x) ,
⎝
⎠

if 0 < p < ∞,

0

∥f ∥∞ ∶= inf {c > 0; ∣f ∣ ≤ c µ-a.e. on Ω} ,

if p = ∞.

Then the set Lp is deﬁned by
Lp (Ω, M, µ) ∶= {f measurable on (Ω, M, µ); ∥f ∥p < ∞} .
Usually we will consider the underlying measure space to be Rd with the
d-dimensional Lebesgue measure. We write only Lp when there is no risk of
confusion about the underlying measure space.
1

From now on we will also use the symbol M (Ω) to denote the cone of
Lebesgue-measurable functions on Ω, where the set Ω will be always speciﬁed,
usually as Rd or an interval on the real axis.
A special case of the Lp -spaces which is useful for our purposes is the
weighted Lebesgue space Lp (v) over (0, ∞). It consists of all such f ∈ M (0, ∞)
that
1

∞

⎛
⎞p
∥f ∥Λp (v) ∶= ∫ ∣f (x)∣p v(x) dx < ∞,
⎝
⎠

if 0 < p < ∞,

0

∥f ∥Λ∞ (v) ∶= ess sup ∣f (x)∣v(x) < ∞,
x>0

if p = ∞,

where v is a given nonnegative measurable function on (0, ∞).
Note that while Lp (v) is always a linear set, the functional ∥ ⋅ ∥Λp (v) is
a norm if and only if p ≥ 1 and v is positive a.e. If 0 < p < 1 and v is positive
a.e., then ∥ ⋅ ∥Λp (v) is a quasi-norm but not a norm, since the Minkowski inequality fails for p < 1.
The Lp spaces possess many “good” properties. This motivated the definition of the Banach function spaces 1 introduced by W.A.J. Luxemburg in
[62]. Roughly speaking, these spaces are a general class of function spaces
which possesses a set of properties, inspired by the properties of Lp spaces.
We shall now present the proper deﬁnition here. We are still considering Rd
to be the domain of the functions in the resulting space (for other variants
see [10] or [I]).
Let ϱ ∶ M (Rd ) → [0, ∞] be a mapping. We call ϱ a Banach function norm
if for all f, g, fn ∈ M (Rd ), (n ∈ N), for all constants a ≥ 0 and all measurable
sets E ⊂ Rd , the following properties hold:
(P1) ϱ(f + g) ≤ ϱ(f ) + ϱ(g),
(P2) ϱ(af ) = aϱ(f ),
(P3) ϱ(f ) = 0 ⇔ f = 0 a.e.,
(P4) 0 ≤ g ≤ f a.e. ⇒ ϱ(g) ≤ ϱ(f ),
(P5) 0 ≤ fn ↑ f a.e. ⇒ ϱ(fn ) ↑ ϱ(f ),
1
The name Banach function space may be slightly misleading. It does not mean that
the object is just an arbitrary Banach space consisting of functions.
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(P6) ∣E∣ < ∞ ⇒ ϱ(χE ) < ∞,
(P7) ∣E∣ < ∞ ⇒ ∫E f ≤ CE ϱ(f ) for some constant CE ∈ (0, ∞) depending
on E and ϱ but independent of f ,
If ϱ is a Banach function norm, the collection X = X(ϱ) of all functions
f ∈ M (Rd ) such that ϱ(∣f ∣) < ∞ is called a Banach function space.
For our purposes, the focus is laid on a particular type of Banach function
spaces, namely the rearrangement-invariant ones. In order to describe them,
we need the following deﬁnition.
Let f ∈ M (Rd ). The nonincreasing rearrangement of f , denoted by f ∗ ,
is deﬁned by
f ∗ (t) ∶= inf {s ≥ 0; ∣{x ∈ Rd , ∣f (x)∣ > s}∣ ≤ t} ,

t ∈ (0, ∞).

The notation ∣{x ∈ Rd , ∣f (x)∣ > s}∣ used here stands for the (d-dimensional)
Lebesgue measure of the set {x ∈ Rd , ∣f (x)∣ > s}.
Now, a Banach function norm ϱ is called a rearrangement-invariant (r.i.)
norm if, for all f, g ∈ M (Rd ), it satisﬁes
(P8) f ∗ = g ∗ on (0, ∞) ⇒ ϱ(f ) = ϱ(g).
Since being a norm is a rather strong property of a functional, let us
introduce some additional terms for the functionals and structures based on
weaker conditions.
We say that the mapping ϱ ∶ M (Rd ) → [0, ∞] is an r.i. quasi-norm if
for all f, g, fn ∈ M (Rd ), (n ∈ N), all a ≥ 0 and all measurable E ⊂ Rd , the
conditions (P2)-(P7) and
(P1*) ϱ(f + g) ≤ B(ϱ(f ) + ϱ(g)) for a constant B ∈ (1, ∞) independent of f, g,
are satisﬁed. In this case, X(ϱ) is called a quasi-Banach r.i. space.
Next, we call the collection of functions X(ϱ) an r.i. lattice if for all
f, g ∈ Rd , all a ≥ 0 and all measurable E ⊂ Rd , the conditions (P2), (P4), (P6)
and (P8) are satisﬁed. If X(ϱ) is an r.i. lattice, for every f ∈ Rd we denote
∥f ∥X ∶= ϱ(∣f ∣).

3

A simple and well-known example of an r.i. space is the Lorentz space
Lp,q generated by the following functional:
1

∞

∥f ∥p,q

q
⎛
⎞q
∶= ∫ (f ∗ (t))q t p −1 dt ,
⎝
⎠

0 < p, q < ∞,

0

1

∥f ∥p,∞ ∶= sup f ∗ (t)t p ,

0 < p < q = ∞.

t>0

The functional ∥⋅∥p,q is not necessarily a norm, but if p ∈ (1, ∞) and q ∈ (1, ∞],
then Lp,q is normable. To show this, one introduces the following functional:
1

∞

q
⎞q
⎛
∥f ∥(p,q) ∶= ∫ (f ∗∗ (t))q t p −1 dt ,
⎠
⎝

0 < p, q < ∞,

0

1

∥f ∥(p,∞) ∶= sup f ∗∗ (t)t p ,

0 < p < q = ∞.

t>0

The symbol f ∗∗ denotes the Hardy-Littlewood maximal function of f given
by
t
1
∗∗
f (t) ∶= ∫ f ∗ (s) ds, t > 0.
t
0

It can be proved (see e.g. [10]) that ∥ ⋅ ∥p,q is equivalent to ∥ ⋅ ∥(p,q) when
p ∈ (1, ∞) and q ∈ (1, ∞].
The Lp,q and L(p,q) spaces play a signiﬁcant role in interpolation theory
[10, 11]; the L(p,q) spaces are real interpolation spaces between L1 and L∞ .
These spaces also often appear in various reﬁnings of classical inequalities
(see e.g. the generalizations of the Young inequality in the next section).
Deﬁning and studying new types of function spaces is often motivated by
the fact that these are interpolation spaces between other previously known
ones. Among other reasons for a new function space’s emergence is, for
instance, the fact that such a space is the dual or associated space to a known
one, it is the optimal domain/range space for an operator etc.
The question of normability, quasi-normability and even linearity emerges
frequently when a new function “space” is deﬁned. As seen, this issue appears
already when we consider the Lp and Lp,q “spaces.” However, as a convention, we will call various structures “spaces”, as we did in the case Lp , Lp,q ,
even though these are not necessarily spaces in the exact sense of the word.

4

In [60, 61], G.G.Lorentz deﬁned a more general class of function spaces–
the Λ spaces. Before we present their deﬁnition, note that from now on,
a weight will mean a function v ∈ M+ (0, ∞) such that
t

0 < ∫ v(s) ds < ∞ for all t > 0.
0

Now let p ∈ (0, ∞] and let v be a weight. The weighted Lorentz space
is the set {f ∈ M (Rd ); ∥f ∥Λp (v) < ∞}, where

Λp (v)

1

∞

⎛
⎞p
∗
p
∥f ∥Λp (v) ∶= ∫ (f (t)) v(t) dt ,
⎝
⎠

if 0 < p < ∞,

0

∥f ∥Λ∞ (v) ∶= ess sup f ∗ (t)v(t),

if p = ∞.

t>0

The spaces Λp (v) with p < ∞, usually called classical weighted Lorentz spaces,
appeared ﬁrst in [60, 61]. The weak-type weighted Lorentz spaces, i.e., those
with p = ∞, were introduced in [24] and further treated e.g. in [25, 20, 26, 23].
The class of Λp (v)-spaces encompasses a variety of function spaces, which
are obtained as special cases of Λp (v) by a particular choice of the weight v.
These include the aforementioned Lp,q -spaces, Lorentz-Zygmund spaces [9]
and their generalizations [70], Lorentz-Karamata spaces [65] and others.
A Λ space is not necessarily a linear set. The main cause of this problem
is the fact that the “star-operator” (i.e., the rearrangement) is not sublinear, i.e., the inequality (f + g)∗ (t) ≤ Cf ∗ (t) + g ∗ (t) does not hold for any
C ∈ (0, ∞). The questions of linearity and (quasi-)normability of Λp (v) were
studied e.g. in [29].
E.Sawyer [81] ﬁrst described the associate space to Λp (v). This type of
a function space is called the Γ space and is deﬁned as follows. If p ∈ (0, ∞]
and v is a weight, the weighted Lorentz space Γp (v) is the set of all f ∈ M (Rd )
such that ∥f ∥Γp (v) < ∞, where
1

∞

⎞p
⎛
∗∗
p
∥f ∥Γp (v) ∶= ∫ (f (t)) v(t) dt ,
⎠
⎝

if 0 < p < ∞,

0

∥f ∥Γ∞ (v) ∶= ess sup f ∗∗ (t)v(t),
t>0
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if p = ∞.

The classical Γp (v) space with p < ∞ is the one introduced in [81], although
a space with a norm involving f ∗∗ was explicitly presented already in [18].
The weak-type spaces Γ∞ (v) appear in [24] and are, as well as their weak-Λ
counterparts, further studied e.g. in [25, 20, 26, 23, 39].
There is a strong relation between the Λ and Γ spaces. Besides the
associatedness property we may e.g. mention the following relation (see [81,
5]):
If p ∈ (1, ∞), then the functional ∥ ⋅ ∥Λp (v) is equivalent to a norm if and
only if v ∈ Bp , where
∞
t
⎧
⎫
⎪
⎪
v(s)
⎪
⎪
p
Bp ∶= ⎨v ∈ M+ (0, ∞) ∶ ∃C ∈ (0, ∞)∀t > 0 ∶ t ∫
ds
≤
C
v(s)
ds
⎬.
∫
p
⎪
⎪
s
⎪
⎪
t
⎩
⎭
0
p
p
Note that if v ∈ Bp , then Λ (v) = Γ (v) with equivalent norms. (For more
details see e.g. [25, 26, 84, 27, 37].)
The question of linearity and normability of Γp (v) is considerably simpler
than in the case of Λp (v). The reason is that the Hardy-Littlewood maximal
function does satisfy

(f + g)∗∗ (t) ≤ f ∗∗ (t) + g ∗∗ (t)

(1)

for all t > 0 and all locally integrable functions f, g (see e.g. [10]). Thanks
to (1), the functional ∥ ⋅ ∥Γp (v) is always at least a quasi-norm, for p ≥ 1 it
is a norm by Minkowski inequality. Functional properties of Γ were further
studied for example in [49].
There have been further generalizations of Γ-spaces [38, 33, 34, 41], based
on generalized versions of the Hardy-Littlewood maximal operator. In these
cases, normability and other functional properties of such spaces have not
yet been studied satisfactorily2 .
The last Lorentz-type “space” considered in here is the class S, introduced
in [21]. If p ∈ (0, ∞] and v is a weight, then the class S p (v) consists of all
f ∈ Rd such that lims→∞ f ∗ (s) = 0 and
1

∞

⎞p
⎛
∥f ∥S p (v) ∶= ∫ (f ∗∗ (t) − f ∗ (t))p v(t) dt ,
⎠
⎝

if 0 < p < ∞,

0

∥f ∥S ∞ (v) ∶= ess sup (f ∗∗ (t) − f ∗ (t))v(t),
t>0

2

if p = ∞.

There is, however, an ongoing research by F.Soudský into this topic.
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Unlike the Λ and Γ spaces, the class S p (v) is not even an r.i. lattice (for
a detailed study of this and related issues see [21]). The functional f ∗∗ − f ∗
is important in various parts of analysis [6, 7, 8, 10, 15, 21, 40, 51, 53, 54,
55, 57, 63, 64, 77] and represents a natural tool to measure oscillation of f
[8, 10].
One may compare the class S p (v) to the L∞,q spaces consisting of functions f ∈ M (Rd ) such that
1

∞

∥f ∥L∞,q

q
⎛
dt ⎞
∶= ∥f ∥1 + ∫ (f ∗∗ (t) − f ∗ (t))q
< ∞.
t ⎠
⎝

0

(Here we consider q < ∞.) The S p (v) spaces in a sense generalize the L∞,q
spaces. For details and applications of the L∞,q spaces see e.g. [8, 10].
An extensively studied feature of function spaces is the question of their
inclusion relations or embeddings. Recall that an r.i. lattice X is embedded
into an r.i. lattice Y , denoted X ↪ Y , if
∥f ∥Y ≤ C∥f ∥X ,

f ∈ X.

Note that this notation means that the inequality is satisﬁed for all f ∈ X with
C being a constant independent of f . Such notation will be used in the same
sense throughout the text. Notice also that the deﬁnition of an embedding
may be obviously extended to cover S p (v) as well (see [22] for some details),
although in general, S p (v) is not an r.i. lattice.
As for the weighted Lorentz-type spaces Λ, Γ and S, the existence of
an embedding between either two types of them is, in fact, always equivalent
to satisfaction of a certain Hardy-type inequality. The name Hardy inequality
in general refers to the inequality
X
t
X
X
1
X
X
X
t↦ ∫
X
X
X
t
X
X
0
X

X
X
X
X
X
fX
≤ C∥f ∥X ,
X
X
X
X
X
XY

f ∈ X,

where X, Y are some given spaces of functions on (0, ∞). The original Hardy
inequality involved the spaces X = Y = Lp (0, ∞), p > 1. By the term Hardytype inequality one refers to any analogous inequality involving the Hardy
t
operator 1t ∫0 f or similar integral operators. For a detailed treatment of
7

the history, various forms and applications of Hardy-type inequalities, see
[58, 59, 69].
The Hardy-type inequalities related to embeddings of weighted Lorentztype spaces were investigated e.g. in [5, 81, 85, 24, 25, 26, 20, 23, 38, 83,
21, 39, 22, 35, 42, 36]. Worth noticing is the article of A.Gogatishvili and
V.D.Stepanov [42], in which a universal reduction method is presented, applicable to characterizing boundedness of quasi-linear operators on the cones
of monotone functions, i.e., including the Hardy-type operators. Moreover,
in [36] linear positive operators on the cone of quasi-concave functions are
studied, providing results useful to describe embeddings of spaces with norms
involving the Hardy-Littlewood maximal operator.

3

Convolution inequalities

The central point of this thesis is the notion of convolution. Given two
functions f, g ∈ L1loc (Rd ), their convolution f ∗ g is deﬁned by
(f ∗ g)(x) ∶= ∫ f (y)g(x − y) dy,

x ∈ Rd .

(2)

Rd

We will usually consider this setting with Rd as the integration domain and
functions deﬁned on Rd , though deﬁnitions with diﬀerent underlying measure
spaces are of course possible.
Convolution has a very broad use both in the theory and practical applications. On the theoretical level, it is present above all in Fourier analysis
and the approximation theory (see e.g. [30, 88]). Results from these ﬁelds
of mathematics have direct practical applications, e.g. in signal and image
processing, electrical engineering, probability and statistics, etc.
The convolution may be naturally viewed as a bilinear operator. Another
approach is to ﬁx the function g ∈ L1loc (Rd ) and consider the linear operator
Tg f (x) ∶= (f ∗ g)(x),

f ∈ L1loc (Rd ), x ∈ Rd .

(3)

The function g in this case is called a kernel. A variety of important operators has exactly this form, when each one of them corresponds to Tg with
a particularly chosen kernel g. Examples of such operators include e.g. the
Riesz potential or Riemann-Liouville integral [44, 10], Bessel potential [44],
Newton potential [31], Hilbert and Riesz transforms [43, 10], Stieltjes transform [86], molliﬁers [31, 1], etc. In Fourier analysis, convolution with e.g. the
8

Dirichlet, Fejér and Jackson kernels is frequently used in substantial parts of
the theory (see [88, 30]).
A fundamental question in a study of any operator is whether it is bounded
on its domain. In our particular case of the operator Tg , the problem may be
stated as follows. Given the domain function space X and the range space
Z, ﬁnd conditions on the kernel g, under which it holds
∥f ∗ g∥Z ≤ C(g)∥f ∥X ,

f ∈ X,

(4)

i.e., under which Tg is bounded between X and Z. These conditions should
preferably characterize the boundedness, i.e., be both necessary and suﬃcient. Inequalities of the form of (4) may be in general called convolution
inequalities. Our main focus is laid here on a speciﬁc type of them, namely
those in which the term C(g) is equal or equivalent to a norm of the kernel
g in another function space Y . More precisely, the convolution inequalities
of our interest are those of the form
∥f ∗ g∥Z ≤ C∥f ∥X ∥g∥Y ,

f ∈ X, g ∈ Y,

(5)

where the constant C is independent of f and g.
The most well-known result of this type is the classical Young inequality.
It reads as follows. If 1 ≤ p, q, r ≤ ∞ and p1 + 1r = 1 + 1q , then
∥f ∗ g∥q ≤ ∥f ∥p ∥g∥r ,

f ∈ Lp , g ∈ Lr .

Note the assumption p ≤ q which may not be dropped (cf. [47] for the unboundedness of Tg between Lp and Lq when q < p).
The Young inequality is essential whenever convolution is used in connection with function spaces. Besides its classical applications in pure analysis
and theory of partial diﬀerential equations (see e.g. [43, 1, 88, 10, 11]), we
may, for example, mention its use within the kinetic theory of gases (see e.g.
[2, 3, 45] and the references therein). It might be considered a model result
for many further developments. Not surprisingly, convolution inequalities
having the form (5) are often called Young-type (convolution) inequalities.
There has been an extensive research into more Young-type inequalities
(5) with spaces X, Y, Z diﬀerent from Lp . In [67], R.O’Neil proved a theorem,
which is sometimes called the Young-O’Neil inequality. It states that, if
9

1 < p, q, r < ∞ and 1 ≤ a, b, c ≤ ∞ are such that p1 + 1r = 1 + 1q and
then
∥f ∗ g∥q,a ≤ C∥f ∥p,b ∥g∥r,c , f ∈ Lp,b , g ∈ Lr,c .

1
a

=

1
b

+ 1c ,
(6)

The article [67] includes a proof of a powerful pointwise inequality stating
that, for any f, g ∈ L1loc and any t > 0, it holds
∞
∗∗

∗∗

∗∗

(f ∗ g) (t) ≤ tf (t)g (t) + ∫ f ∗ (s)g ∗ (s) ds.

(7)

t

We call this result the O’Neil inequality. It is in fact a cornerstone of the proof
technique used in the articles constituting this thesis. (More information is
given in the description of the content of the main articles later on.) The
proof of the O’Neil inequality works correctly for the ordinary convolution
(as given by (2)) but contains some ﬂaws if used with O’Neil’s more general
deﬁnition of a convolution operator. This was observed and corrected by
L.Y.H.Yap in [87].
In [48, 87, 13], the inequality (6) was shown to hold even for an extended
range of parameters 0 < a, b, c ≤ ∞ (while the other conditions on a, b, c, p, q, r
remain the same as above). Furthermore, a limiting case of (6) with 1 < p <
∞, 1 ≤ b, c ≤ ∞, 1 = p1 + 1r and a1 = 1b + 1c < 1 was studied by H.Brézis and
S.Wainger in [16], leading to the following result:
∥f ∗ g∥BWa ≤ C∥f ∥p,b (∥g∥r,c + ∥g∥1 ) ,

f ∈ Lp,b , g ∈ Lr,c ∩ L1 ,

where
1

a

1
a

⎛
dt ⎞
∥f ∥BWa ∶= ∫ (
.
)
1 + ∣ log t∣
t ⎠
⎝
f ∗ (t)

0

A.P.Blozinski [14] considered another limiting case of the parameters,
namely such that p = q > 1, r = 1 and 0 < a, b ≤ ∞. He showed that, with
these parameters, if g ≥ 0 and Tg ∶ Lp,b → Lp,a , then necessarily g = 0 a.e.
It is important to recall here that Lp,a = Lp,a (Rd ) and Lp,b = Lp,b (Rd ). If
we consider an underlying measure space with a ﬁnite measure, then the
previous result does not have to be true, as we will see shortly.
E.Nursultanov and S.Tikhonov [66] investigated boundedness of convolution of 1-periodic functions in Lp,q -spaces. (The spaces are then of course
deﬁned over the interval [0, 1] instead of Rd .) In this case, it was shown that,
with the setting 1 ≤ p < ∞, 1 ≤ a, b, c ≤ ∞ and a1 = 1b + 1c , it holds
∥f ∗ g∥L(p,a) [0,1] ≤ C∥f ∥L(p,b) [0,1] ∥g∥L(1,c) [0,1] ,
10

f ∈ L(p,b) [0, 1], g ∈ L(1,c) [0, 1].

This contrasts with the aforementioned negative result of Blozinski (recall
that Lp,q = L(p,q) if 1 < p < ∞ and 1 ≤ q ≤ ∞). Among other results of
[66] is the Young-O’Neil inequality for spaces L∞,p [0, 1], which reads that if
0 < a1 = 1b + 1c , then
∥f ∗ g∥L∞,a [0,1] ≤ 4∥f ∥L∞,b [0,1] ∥g∥L(1,c) [0,1] ,

f ∈ L∞,b [0, 1], g ∈ L(1,c) [0, 1].

Boundedness of convolution and Young-type inequalities were further
studied in the weighted Lp -spaces with power weights [50, 17], Lp -spaces with
general Borel measures [4] and Wiener amalgam spaces [48]. In [12, 32, 52]
it was investigated, under which conditions the Lp (w) space is a convolution
algebra, i.e. when the inequality
∥f ∗ g∥Lp (w) ≤ ∥f ∥Lp (w) ∥g∥Lp (w) ,

f, g ∈ Lp (w),

is satisﬁed. The convolution algebra property of r.i. spaces and various general properties of the convolution operator acting on r.i. spaces were also
studied by E.A.Pavlov in [71]-[76].
Analogues of the Young inequality in the Lebesgue spaces with variable
exponent Lp(x) were obtained by S.Samko in [78, 79] (see also [80, 19] and
the references given therein).
Moreover, in [68] R.O’Neil examined the convolution operator in Orlicz spaces, providing a corresponding Young-type convolution inequality for
these spaces.

4

Summary of the main papers’ contents

The three papers which build the main body of this thesis contribute to the
research into the topic described in the previous section. Their aim is to study
boundedness of the convolution operator and related Young-type convolution
inequalities in the weighted Lorentz-type spaces Γ, Λ and S. These problems
were not investigated before, except for some special cases of weights, e.g.
those establishing the Lp,q spaces (see the survey of the existing results in the
previous section). Here we work with considerably more generality, making
little or no assumptions on the weights, and implementing a method which
is diﬀerent from those used in the existing works.
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4.1

Paper [I]

The research questions of paper [I] read as follows: Let two weighted Lorentz
spaces Λp (v) and Γq (w) be given.
(i) Characterize the conditions on the kernel g, the weights and exponents,
under which the convolution operator Tg (see (3)) is bounded between
Λp (v) and Γq (w).
(ii) Find the optimal r.i. (quasi-)space Y such that the Young-type inequality
∥f ∗ g∥Γq (w) ≤ C∥f ∥Λp (v) ∥g∥Y , f ∈ Λp (v), g ∈ Y,
(8)
holds with C independent of f, g.
By optimality of Y it is meant that if we replace the space Y by another r.i.
space Ỹ , then necessarily Y = Ỹ with equivalent norms. Or, in other words,
Y is the largest r.i. (quasi-)space for which (8) holds.
In order to solve the problem, the following method is implemented: At
ﬁrst, O’Neil’s inequality (7) is used, which gives
X
X
∞
X
X
X
X
X
∗∗
∗∗
∗ ∗X
X
X
X
X
∥f ∗ g∥Γq (w) ≤ X
t
↦
tf
(t)g
(t)
+
f
g
.
X
∫
X
X
X
X
X
X
X
X
q
t
X
XL (w)

(9)

Now, if the right-hand side can be estimated by the term ∥f ∥Λp (v) , then
Tg ∶ Λp (v) → Γq (w). Such estimates correspond with the inequalities
∥t ↦ tf ∗∗ (t)g ∗∗ (t)∥Lq (w) ≤ A1 ∥f ∥Λp (v) ,
and

X
X
∞
X
X
X
X
X
X
∗
∗
X
X
X
X
t
↦
f
g
≤ A2 ∥f ∥Λp (v) ,
X
X
∫
X
X
X
X
X
X
X
X
q
t
X
XL (w)

f ∈ Λp (v),

f ∈ Λp (v).

(10)

(11)

Both (10) and (11) are Hardy-type inequalities for nonincreasing functions.
These inequalities have been systematically studied and the least possible
constants Ai = Ai (q, v, w, p, q), i = 1, 2, such that these inequalities hold, were
found [23, 21, 42]. Using these results, one obtains that a suﬃcient condition
for boundedness Tg ∶ Λp (v) → Γq (w) is
Ai = Ai (q, v, w, p, q) < ∞,
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i = 1, 2.

(12)

To deal with the necessity question, the following inverse to the O’Neil
inequality is used: If both f and g are nonnegative and radially decreasing,
then
∞
tf ∗∗ (t)g ∗∗ (t) + ∫ f ∗ g ∗ ≤ Cd (f ∗ g)∗∗ (t),

t > 0,

t

with Cd depending only on the dimension d.3 Thanks to this inequality and
the fact that the condition (12) characterizes the validity of (10) and (11),
we obtain this result: If g is nonnegative and radially decreasing, then (12)
is a necessary condition for boundedness Tg ∶ Λp (v) → Γq (w).
In the next step it is observed that the sum of the obtained conditions A1
and A2 is equivalent to an r.i. norm (or quasi-norm) of g, denoted by ∥g∥Y . It
gives directly the Young-type inequality (8). The optimality of Y is granted
thanks to the necessity part of the previous result (for nonnegative radially
decreasing g’s) and thanks to Y being r.i.
The range of exponents covered in [I] is 0 < p ≤ q ≤ ∞, 1 ≤ q < p < ∞ and
0 < q < p = ∞. The article is written in such way that the results cover both
the convolution on Rd and on a compact interval for periodic functions. It
is shown that the “classical” results [67, 48, 87, 66] follow as special cases
of the presented theorems. In particular, it is pointed out that both the
result of [14], stating that Tg with a nonnegative nontrivial g is not bounded
between Lp,b (Rd ) and Lp,a (Rd ), p > 1, and the result of [66], stating that the
same boundedness is possible in case of 1-periodic functions on [0, 1], are
consequences of a single theorem of [I]. The proved optimality of the domain
space Y is a key point for the possibility to draw such conclusions.
Furthermore, the last part of [I] deals with the r.i. spaces which appear
as the optimal domain space Y . Some basic functional properties of these
spaces are shown there.
The next two papers [II] and [III] further exploit the technique introduced
in [I]. The description of their content can therefore be made slightly shorter.
3

This reverse inequality is usually labeled as “well-known”. O’Neil [67] mentions its
one-dimensional version without proof. In paper [I], an elementary one-dimensional proof
is shown (cf. also [82]). The proof for a general dimension may be found e.g. in [56].
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4.2

Paper [II]

The following question is asked: If the spaces S p (v) and Γq (w) are given,
when is Tg bounded between S p (v)(R) ∩ L1 (R) and Γq (w)(R)? Again, the
main goal is to give the result the shape of a Young-type inequality, in this
case having the following form:
∥f ∗ g∥Γq (w) ≤ C∥f ∥S p (v) ∥g∥Y ,

f ∈ S p (v), g ∈ Y ∩ L1 .

The method from [I] is used, supplemented with an additional observation.
Namely, the right-hand side of O’Neil’s inequality (7) is equal to
∞
∗∗

∗∗

lim sf (s)g (s) + ∫ (f ∗∗ − f ∗ )(g ∗∗ − g ∗ )

s→∞

t

for any t > 0. Since f ∈ S p (v) and g ∈ L1 , the ﬁrst term disappears and
the whole problem is transformed into the problem of characterization of the
inequality
X
X
∞
X
X
X
X
X
X
∗∗
∗
∗∗
∗
X
X
X
X
t
↦
(f
−
f
)(g
−
g
)
≤ C∥f ∥S p (v) ,
X
X
∫
X
X
X
X
X
X
X
X
q
t
X
XL (w)

f ∈ S p (v).

This is just another example of a Hardy-type inequality, here on the cone of
nondecreasing functions, since the function
t ↦ t(f ∗∗ (t) − f ∗ (t))
is nondecreasing on (0, ∞). Using the known characterizations of that Hardytype inequality, the initial question of the paper is answered and the desired
Young-type inequalities are given. The range of parameters covered in [II] is
0 < p, q ≤ ∞.

4.3

Paper [III]

This paper focuses on the problem of boundedness of Tg between spaces Γp (v)
and Γq (w). The ﬁnal result is the Young-type inequality
∥f ∗ g∥Γq (w) ≤ C∥f ∥Γp (v) ∥g∥Y ,
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f ∈ Γq (w), g ∈ Y,

with the r.i. space Y being optimal for the given pair Γp (v) and Γq (w).
The method applied in [I] and [II] proves useful in this case as well. The
problem reduces to characterizing the validity of the inequality
X
X
∞
X
X
X
X
X
∗∗
∗∗
∗ ∗X
X
X
X
X
t
↦
tf
(t)g
(t)
+
f
g
≤ C∥f ∥Γq (w) ,
X
X
∫
X
X
X
X
X
X
X
X
q
t
X
XL (w)

f ∈ Γq (w).

(13)

Since this inequality involves the Hardy operator on the right-hand side and
∞
the adjoint-Hardy-type operator ∫t f ∗ g ∗ on the left-hand one, a characterization of (13) may seem to be a more diﬃcult task (cf. [22]). However,
similarly as in [II], it is observed that the right-hand side of (7) may be
rewritten by diﬀerent terms. Namely, it is equivalent to the term S(f ∗∗ )(t)
with S being a certain positive linear operator (see [III, Lemma 3.1]). Then
the inequality (13) takes the form
∥S(f ∗∗ )∥Lp (w) ≤ C∥f ∥Γp (v) ,

f ∈ Γp (v).

Such inequality is then handled using the results of [36] regarding the boundedness of positive linear operator on the cone of quasi-concave functions. This
approach is adopted in the case 1 < p, q < ∞. In the other cases presented in
the paper, there are diﬀerent methods used, involving other known results
about Hardy-type inequalities.
The range of exponents covered by [III] is 1 ≤ p, q ≤ ∞, 0 < p < 1 &
q ∈ {1, ∞} and p = ∞ & 0 < q < 1.

5

Remarks and further comments

As observed before, one of the main advantages of the technique applied in
the main papers is the generality of the produced results. If any assumptions
on the weights are made, they are only those assuring a certain kind of nontriviality of the corresponding weighted space. Thus, such conditions are
usually natural and non-restrictive. There are many technical features in the
proofs but the used method is rather straightforward.
An important feature of the presented results is their optimality. In
the previous research articles about Young-type inequalities, there has often
been no attention paid to the optimality issues. Although the results very
often are optimal, this fact is not explicitly proved in there. In contrast
with that, the optimality of the domain space Y is proved in this thesis, as
15

connected to the fact that g ∈ Y is a both necessary and suﬃcient condition
for boundedness of Tg between the given spaces, provided that the kernel g is
radially decreasing and nonnegative. This fact allows, for example, applying
these general theorems to various known operators of convolution type, and
getting both the “positive” results (i.e., the operator is bounded between
the spaces) and the “negative” ones (i.e., it is not bounded). If we knew
only that the related Young-type inequality held or, equivalently, that g ∈ Y
was a suﬃcient condition for boundedness, only the “positive” part could be
obtained.
There are some cases of the exponents p and q which are not covered in
the thesis’ main papers. Often it is the case 0 < q < p < 1, which usually exhibits the ﬁercest resistance to established proof techniques. In the “missing
cases”, the needed Hardy-type inequalities are either not yet characterized or
their characterizations involve e.g. discrete conditions which are not directly
applicable. In these cases, more research will be required into these topics
themselves before the secondary questions can be answered.
In all the papers [I]-[III], the spaces appearing as the optimal space Y
have the same form (although they involve diﬀerent weights). The type of
r.i. spaces having this form are denoted as “K” in [I]. They are generated by
the functional
q

1
q

⎛ ∞⎛ ∞
⎞
⎞p
∗∗
p
∥f ∥K p,q (u,v) ∶= ⎜∫ ∫ (f (t)) u(t) dt v(x) dx⎟ ,
⎠
⎝0 ⎝x
⎠
with standard modiﬁcations in the “weak” variants. A space of this type
with a special choice of weights appeared e.g. in [28]. As said, the “K”
spaces play a signiﬁcant role in the study of convolution operators in [I]-[III],
but recently [41] the same type of r.i. spaces appeared in the role of the
associate space to a generalized Γ space. Yet, aside from the short survey of
their functional properties in [I], these spaces have not been studied yet (up
to the author’s knowledge). In particular, the embeddings of “K” spaces and
the other weighted Lorentz-type spaces have not been characterized yet. The
inequalities corresponding to such embeddings seem to have quite promising
applications in various problems within the function spaces theory. Studying
of such problems is therefore one of the considered directions of research
during the author’s continued Ph.D. studies.
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[47] L. Hörmander, Estimates for translation invariant operators in Lp
spaces, Acta Math. 104 (1960), 93–140.
[48] R.A. Hunt, On L(p, q) spaces, Enseign. Math. 12 (1966), 249–276.

20
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Convolution plays an important role in both pure mathematics and practical
applications. Many important operators in mathematical analysis have a form
of a convolution with a fixed kernel, which gives numerous applications to
the general theoretical results about convolution. One of the most important
theorems involving convolution is the Young inequality, estimating the norm of
the convolution in the Lebesgue spaces.
In this licentiate thesis, convolution is investigated in the framework of weighted
Lorentz-type spaces. Boundedness of a general convolution operator in these
function spaces is characterized in terms of the kernel. Consequently, new
Young-type inequalities for the weighted Lorentz-type spaces are proved and
their optimality is studied.
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