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Abstract 

This thesis presents new methods for finding optimal and near-optimal constant weight 
binary codes with distance d and weight w such that 2( 1)d w= − . These methods have 
led to the discovery of a number of new codes which are being submitted for 
publication. Improvements in methods for generating lexicographic codes are also 
discussed, with suggestions for further research in this area. 
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1 Introduction 

     This thesis discusses methods used to establish new lower bounds on some binary 
constant weight codes, most of which match their upper bounds, making them optimal 
codes. I deal almost exclusively with codes with Hamming distance d and Hamming 
weight w such that: 

  2( 1)d w= −

     The idea for this thesis was provided by my advisor, Igor Gachkov, who developed 
several of the methods used to find new codes. This thesis also expands upon the one 
written by Joakim Ekberg in February 2006 (also with Igor Gachkov as advisor) which 
presented similar but alternative methods for finding new lower bounds (see [5]). 
     This thesis was written in MS Word using MathType for all equations. I have also 
written several useful utilities (discussed in more detail later) in Java (using NetBeans 
5.5) and C++ (using Visual C++ Express) to assist my research. 
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2 Background 

2.1 Terminology 

codeword 
     A binary codeword of length n (or just a codeword) is a sequence of n 1’s and 0’s. 
For example: 

 0011100 

block code 
     A binary block code (hereafter simply called a code) is a collection of codewords all 
with the same length. 

weight 
     The Hamming weight (or just weight) of a codeword,  wt(a), is the number of 1’s in 
the codeword. So our example above would have weight three. 

distance 
     The Hamming distance (or just distance), d(a,b) between two code words is the 
number of positions where they differ. For example, given two code words a and b: 

  110   100= =a b

     Then d(a,b) = 1 since they only differ in the second position. Note that the distance 
is also equal to the weight of the sum of the two words (using  arithmetic): 2

  ( , ) ( )d wt= +a b a b

     The minimum distance for a code, referred to hereafter as just the distance (there 
should be no confusion between the two different uses of this word) is the smallest 
distance between any two codewords in a given code. 
     When a code is used to transmit information, the distance is the measure of how 
good the code is at detecting and correcting transmission errors: the larger the distance 
the more errors it can detect and correct. Any introductory book on coding theory can 
explain these relationships in great detail, however the exact formulas are not relevant 
for this paper. 

constant weight code 

     A constant weight code is a code where all the codewords have the same weight. 
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A(n,d,w) 
     All constant weight codes can be described by three parameters: 

1. the length of each codeword n 
2. the code’s distance d 
3. the weight of each codeword w 

     ( , , )A n d w  is used to denote the maximum number of codewords that can be found 
for a code with the given parameters. 
     The main focus of this thesis is the pursuit of optimal values for ( , , )A n d w  when 

.  2( 1)d w= −

optimal code 
     An optimal code is a code that contains the largest number of codewords possible 
with the given parameters. Most of the work with constant weight codes involves the 
search for optimal codes. 

2.2 Johnson Bounds 

     Currently, there is no useful mathematical model for calculating the optimal size of 
an arbitrary constant weight code. Nor is there a useful general method for finding the 
codewords in an arbitrary constant weight code. 
     Many individual such codes lend themselves to specific techniques that can produce 
both an optimal size as well as a method for generating the actual codewords, including 
using Steiner systems, permutation groups and other algebraic structures, and many 
general techniques from the large body of work on general coding theory (see [1] and 
[3] especially). 
     The problem is all of these techniques are “hit or miss”; without a general method we 
are reduced to looking for a large number of specialized solutions tailored to specific 
codes. The purpose of this paper is to introduce new tailored methods and the optimal 
codes they helped to find, as well as an idea for a more generally useful method. 
     In the absence of a direct method for finding the optimal size of an arbitrary code, 
the best we can do is to find generalized bounding formulas. There are a large number 
of formulas that can be used to set an upper bound on ( , , )A n d w , the two most common 
being the first Johnson bound, , and the second Johnson bound, . 
Lower bounds are always determined by the size of explicit codes. Obviously, if the 
lower bound equals the upper bound then we have an optimal code. 

1( , , )J n d w 2 ( , , )J n d w

     The first Johnson bound is the consequence of two theorems, neither of which are 
proved here (although the first is entirely trivial, see [1]). 
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Theorem  1 Trivial Values 

1. ( , , ) ( , , )A n d w A n d n w= −  
2.  if ( , , ) 1A n d w = 2w d<  

3. If 2d w=  then ( , , ) n
wA n d w = ⎢ ⎥⎣ ⎦  

4.  ( , 2, ) n
wA n w ⎛ ⎞= ⎜ ⎟
⎝ ⎠

Theorem  2 Johnson Inequalities 

1. ( , , ) ( 1, , 1)nA n d w A n d ww
⎢ ⎥≤ − −⎢ ⎥⎣ ⎦

 

2. ( , , ) ( 1, , )nA n d w A n d wn w
⎢ ⎥≤ −⎢ ⎥−⎣ ⎦

 

     The first Johnson bound is then found by repeatedly applying the inequalities from 
Theorem 1 until arriving at one of the trivial values from Theorem 2. It is worth noting a 
consequence of Theorem 2 is the ability to derive new lower bounds from known larger 
codes by noting that if there exists a code such that : ( , , )A n d w M≥  then: 

                ( 1, , 1) wMA n d w
n

⎡− − ≥ ⎢⎢ ⎥
⎤
⎥   and  ( 1, , ) n wA n d w M

n
−⎡ ⎤− ≥ ⎢ ⎥⎢ ⎥

 

     The first Johnson bound tends to be a fairly good bound when n is large compared to 
d and w, and is one of the most common bounds used for constant weight codes. 
However, for the codes this thesis is concerned with, the second Johnson bound proves 
to be much more accurate, and almost always gives a tight bound (meaning there exists 
a code where ). 2( , , ) ( , , )A n d w J n d w=

     Before presenting the second Johnson bound it is worth noting that when dealing 
with constant weight codes the distance between any two codewords is always even 
(which should be obvious). This allows us to ignore cases where d is odd. With that in 
mind, the second Johnson bound is derived from the following theorem: 

Theorem  3 Second Johnson Bound 

Let ( , , )A n d w M= and 2d δ=  and let a and b be the unique integers such 
that wM an b= +  and 0 b n≤ < , then: 

                           ( 1)( ) ( 1) ( 1)( )a a n b ab a M M w δ− − + + ≤ − −  

      is then defined to be the largest value of M such that the above inequality 
holds (note that in some cases this value may be infinity, in which case the bound is 
obviously useless). 

2 ( , , )J n d w

     It is important to keep in mind that even when there is good reason to believe a code 
of a certain size exists, finding that code is another matter entirely. 
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2.3 Motivation 

     This paper deals exclusively with constant weight codes. These codes have proven 
useful in the generation of frequency hopping lists for use in assignment problems with 
radio networks. Finding optimal codes with large distances between words makes for 
smaller overlap between frequency hopping lists. See [4] for more information. 
     Constant weight codes have also been useful for work with turbo codes, a major 
recent advance in coding theory. Discussion of turbo codes is beyond the scope of this 
paper, and the interested reader is referred to any of the many references available, both 
in print and online. 
     In addition, many interesting mathematical structures, such as designs and Steiner 
systems, overlap the theory of constant weight codes. Detailed explanations of these 
structures is also widely available in the literature. 
     The interested reader may find it rewarding to read through the articles listed at the 
end of this paper for more information on many of these topics. 

2.4 History 

     In 1990, Brouwer et. al. (see [1]) published a major paper on constant weight codes, 
providing tables of new codes and the methods used to find them. 
     In 2006, Smith et. al. (see [2]) published a paper providing major updates to much of 
the table. However, in his thesis, Ekberg (see [5]) showed that many of the new values 
found in this paper could be further improved upon. 
     The most comprehensive source of constant weight codes is a table maintained 
online (see [3]). A quick glance at his table shows that there is much work to be done in 
finding new codes. This thesis presents methods used to find a number of previously 
unknown codes. 
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3 Geometric Methods 

3.1 Straight Lines 

     There are a number of different ways geometry can be used to model constant weight 
codes. Geometric methods become even more useful when we restrict the codes of 
interest to those where , as we do in this thesis. The key point to note about 
such codes is that any two codewords can only intersect at one point (i.e., there can only 
be at most one position where both codewords have a 1). 

2( 1)d w= −

     This naturally leads to the idea of using curves in a plane. Each curve can represent a 
codeword, with points (or nodes) on the curve representing 1’s in the codewords. Then 
each curve needs to have exactly w nodes and any two curves can only intersect at one 
node at most. 
     Since any two distinct lines in a plane can’t intersect at more than one point, it seem 
a good first try to model codewords as lines in the plane. This is precisely what Ekberg 
did in his thesis (see [5]) where he presented a system of adding lines to an existing 
shape to generate new larger codes from smaller ones. 
     Using these techniques, Ekberg was able to find several new optimal codes, but, 
unfortunately, this method is inherently limited in its usefulness. A good way to 
illustrate this limitation is to look at the code (7, 4,3) 7A =  (a well-known result). 
     If we attempt to model this code using straight lines, we quickly find ourselves stuck 
at six codewords: 

Figure 1:   A failed attempt to model the code (7, 4, 3) 7A = using only 
straight lines. Each line is a codeword and each small circle 
is a node. 
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     Try as we might, we just can’t add that seventh line. To get the seventh code word 
we need to add a triangle to our construction (and not let all intersection be nodes): 

 
Figure 2:   A geometric representation of the code (7, 4, 3) 7A = using 

straight lines and a triangle (shown with a dotted line). 

     So it would seem that straight lines may be a good starting point, but a more useful 
method would need to augment those lines with additional curves or other methods. 

3.2 Improving on Lines 

     A useful method developed by Igor Gachkov is to start with some straight lines, 
possibly add some curves, and then try and connect them to a smaller known optimal 
code. When using this technique (as well as other similar techniques) it is helpful to 
have a target number to aim for. For all of the cases we look at here, the second Johnson 
bound provides not only a good upper bound, but an achievable lower bound as well. 
     For example, in [2] the lower bound (41,14,8) 10A =  was presented and an upper 
bound of 25 was given. A simple calculation (using a C++ program that automates this 
task) shows that , so we immediately have a much better upper bound, 
and experience tells us that this is a bound we should be able to achieve. So we set out 
to find 

2 (41,14,8) 11J =

(41,14,8) 11A = . 
     We start with four straight lines intersecting at a point: 

Figure 3:   Four straight lines intersecting at a node. 
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     We can then add seven parallel lines intersecting each of these lines: 

 
Figure 4:   Seven lines intersection four gives 29 nodes 

     We can now start counting nodes and lines to see where we stand. 7 lines intersect 4, 
plus the one where the first 4 intersect gives 29 nodes out of the 41 we need. 7 plus 4 
lines gives 11 words, which is what we are looking for. The 4 original lines have 8 
nodes each, which means those 4 words have weight 8, which is our limit. The 
remaining 7 words have weight 4. 
     This means we need to add 4 nodes to each of the 7 parallel lines, but only add 12 
more nodes in total (since 29 + 12 = 41). The way we do this is to look at existing codes 
with length 12, weight 4 and distance 6 2(4 1)= − . Looking at the tables in [3] we see 
that , so we can take any 7 of these words and connect them to the 7 
parallel lines to get our 

(12,6, 4) 9A =
(41,14,8) 11A =  code. 

(12,6, 4) 7A ≥  

 
Figure 5:   The completed optimal (41,14, 8) 11A =  code. 

     Similar techniques were used by Igor Gachkov to find a number of new optimal 
codes improving on values presented in [2]. 
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4 New Optimal Codes 

     Using ideas based on work by Igor Gachkov, along with my own ideas, I was able to 
find a total of 18 new optimal codes and develop a method I believe capable of 
producing many more. The methods used for each code are explained here. A list of the 
actual codes are provided in Section 5 List of New Codes on page 18. 

4.1 Lexicographic Codes in Brief 

     The main issue with using a computer to find all the codes we are interested is the 
size of the problem. While a brute force approach is possible for small parameters, it 
rapidly becomes impossible even on the fastest modern computers. 
     To give an example of the scope of the problem, we can look at one of the codes I 
was able to find, . A brute force approach would first have to look at all 
60 bit words of weight 9 and then compare every set of 21 of all these words to find a 
code with the right minimum distance. This is: 

(60,16,9) 21A =

                
10

1060 1.5 10
1.5 10       an absurdly large number

9 21
⎛ ⎞×⎛ ⎞

= × ⇒ =⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

     Since brute force fails, we could ask if there is a logical way to build up a code from 
scratch. The most obvious and commonly used technique is to build what is called a 
lexicographic code, or just lexicode. There are several similar ways of building a 
lexicode, but they all work under a similar principle which is just setting the first 
“available” bit in each new word. 
     They are simple to program, and very fast to execute, and almost totally worthless. 
Although a “dumb” lexicode is capable of finding a few special optimal codes, it is 
generally only useful as rough starting point when looking for a new code, and rarely 
even comes close to finding an optimal code. 
     That being said, it is possible to make small improvements on the basic lexicode in 
order to achieve good results. This is discussed in more detail in a later section. 
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4.2 Matrices and Tables 

     It is often useful to think of a code as a matrix. If your code length is n and you have 
M codewords, then you can arrange the codewords in an M n×  matrix. For example, 
looking at the simple code (7, 4,3) 7A = : 

  

1110000
0011100
0010011
0101010
0100101
1001001
1000110

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎝ ⎠

     This can lead to new insights into the patterns in codes, most importantly the number 
of 1’s appearing in each column (this is discussed in more detail below). The matrix 
format also led to the idea of creating a code designing utility in Java based around a 
large table. 
     The following is a screen shot from this utility: 
     

 
 
     The program allows the user to create a table of the appropriate dimensions and then 
specify the weight of the code. Each check in the table corresponds to a 1 in the 
codeword and as soon as checks are added or removed the table is automatically 
updated showing where placing a new 1 would violate the minimum distance (in fact, 
the user is prevented from checking an illegal spot). The program can print out any code 

 12 



designed in the table, as well as check the weight of each code word (the user is 
prevented from entering more checks in a row than the weight, but it can be hard to 
count by hand to know when you have reached the maximum number). The program 
also allows the user to upload code fragments which can be useful when building a 
larger code from a smaller one. The program will even display the number of checks in 
each column in case that information is of interest. 
     Using this utility I was able to abstract the geometric method used by Gachkov and 
proceeded to find eight new optimal codes fairly quickly. 

Eight new optimal codes 
     The following are the eight new optimal codes I was able to find using my Java 
utility: 

•  built from a known (48,16,9) 11A = (10,6, 4) 5A =  code. 
•  built by adding a 0 to end of each codeword in the previous code. (49,16,9) 11A =

•  built from a known (50,16,9) 12A = (10,6, 4) 5A =  code. 
•  built by adding a 0 to end of each codeword in the previous code. (51,16,9) 12A =

•  built from a known (52,16,9) 13A = (10,6, 4) 5A =  code. 
•  built by adding a 0 to end of each codeword in the previous code. (53,16,9) 13A =

•  built from a known (54,16,9) 14A = (10,6, 4) 5A =  code. 
•  built from a known (55,16,9) 15A = (45,16,9) 10A =  and a  code. (10,6, 4) 5A =

     All of these codes were found in essentially the same way. For example, the 
code  was found by starting with a simple lexicode in the upper left 
corner of the table, and a known 

(48,16,9) 11A =
(10,6, 4) 5A =  code in the lower right: 
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     I then just needed to fill in five extra checks in each of the last five rows, which was 
fairly easy given the visual nature of the utility which allowed me to quickly see the 
effect of each added 1 in any given position. I was also able to directly see how many 
other rows I would intersect with each new check by looking at the number of checks in 
a given column; it was obvious that intersecting fewer other rows where possible would 
have less impact on the rest of the table. 
     Once the code was found using the table it could be printed and saved for future 
reference. 

4.3 Improved Lexicodes 

     Although basic lexicodes are usually useless, it occurred to me that it might be 
possible to make some modifications to the concept to improve their utility. 
     The most important realization for the improvement of a lexicode is the pattern of 
1’s in the columns of a given code. Two simple equations jump out immediately. If we 
let  the number of columns containing exactly c 1’s, ca = w = the weight of our code, 

the length of the code, and n = M = the number of code words, we get (trivially): 

     and   c cca wM a n= =∑ ∑
     As general equations, these aren’t directly useful, but they do show that there are 
constraints on exactly how many 1’s can appear in each column (i.e., not just any 
combination is allowed). 
     This idea let to my first improvement in the basic lexicode: I allowed the user to 
determine the maximum number of columns containing a specified number of 1’s. For 
example, you could limit the lexicode to allowing only two columns to have three 1’s, 
then rest would be forced to have two or fewer. 
     This simple modification immediately resulted in far better results and near optimal 
codes could be found in a number of cases. However, the program was still inadequate 
for finding optimal codes. More changes were needed. 

Ten new optimal codes 
     The following are the ten new optimal codes I was able to find using my C++ 
program after suitable changes: 

• (60,16,9) 21A =  
• (61,16,9) 22A =  
•  (56,18,10) 11A =
•  (57,18,10) 11A =
• (58,18,10) 12A =  
•  (59,18,10) 12A =
• (60,18,10) 12A =  
• (61,18,10) 13A =  
•  (62,18,10) 13A =
• (63,18,10) 14A =  
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     To find these codes I needed to first realize that I could limit the previous equation 
even more in specific cases. By looking at known codes around the one I was looking 
for, in the first case , I was able to make the educated guess that this 
code only had columns with three 1’s or four 1’s. We now have two equations and two 
variables and can find exact values: 

(60,16,9) 21A =

3 51a =  and 4 9a = . 
     Although limiting the lexicode to these values would have likely been helpful, I 
wanted a more general method that still took these values into consideration when they 
were known. 
     The main problem with a lexicode is that earlier choices often force the program 
down a “bad tree” resulting in a dead end before the desired number of codewords is 
found. The deterministic nature of the lexicode makes it difficult to get past this 
limitation. 
     So I changed the deterministic nature of my lexicode. Using a random number 
generator based on a Mersenne Twister (written by the talented programmer Roland 
Vilett), I introduced an element of randomness into the lexicode. 
     My program allowed the user to set the percent chance the computer would add a 1 
in a new column based on the number of 1’s already in the column. In the example 
being discussed, I set the chance of columns having 5 or more 1’s to zero, and then a 
high but not definite chance for adding a second and third 1 in a column, and a smaller 
chance for adding the fourth 1 in a column (to reflect the much smaller number of 
columns with four 1’s). 

     The program spit out an optimal code very quickly with these settings. I was then 
able to use the same techniques to fairly quickly find all but two of the remaining codes: 

 and (61,16,9) 22A = (63,18,10) 14A = . 
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     Here is a screen shot of this utility (written in C++): 

 
     This utility can also find a variety of bounds and check an entered code to see if it is 
indeed a valid code. 
     The major drawback with this method was the manual setting of the percentages. 
The advantage of doing it manually was the ability to take into account knowledge of 
the relative column sizes, but I still wanted something more general. Also, the exact 
values needed required a lot of “lucky guessing” on the user’s part. 
     The right combination of percentages seemed too hard to find for last two codes. I 
needed a way for the percentages themselves to be generated by the computer. 
     A genetic algorithm seemed the perfect solution. I modified the program to create 20 
random “creatures” each with a set of randomly determined starting percentages. Each 
creature was then assigned a value based on the average size of the codes it generated 
after 50 attempts with its numbers. 
     The creature with the worst performance was killed off, while the two best ones were 
“mated” - a new creature was created by averaging their values and then making small 
random adjustments in each value. 
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     The program was allowed to run for several hours after which it converged on good 
percentages and produced the optimal code (61,16,9) 22A = . After making a some 
modifications to improve efficiency, I was able to find the last code  in 
under five minutes of running time. 

(63,18,10) 14A =

     I believe with more modifications to enhance performance and convergence, this 
program could be used to find a large number of optimal codes. 
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5 List of New Codes 

This section explicitly lists the ten new optimal codes I found. 

5.1 Optimal A(48,16,9)=11 built from A(10,6,4)=5 

111111111000000000000000000000000000000000000000 
100000000111111110000000000000000000000000000000 
010000000100000001111111000000000000000000000000 
001000000010000001000000111111000000000000000000 
000100000001000000100000100000111110000000000000 
000010000000100000010000010000100001110100000000 
000001000000010000001000001000010000001111000000 
000000100000001000000100000100001000000100111000 
100000000000000000000010000010000001000010100110 
000000010000000100000000000001000100100001010101 
000000001000000010000001000000000010011000001011 

5.2 Optimal A(49,16,9)=11 built from A(48,16,9)=11 

1111111110000000000000000000000000000000000000000 
1000000001111111100000000000000000000000000000000 
0100000001000000011111110000000000000000000000000 
0010000000100000010000001111110000000000000000000 
0001000000010000001000001000001111100000000000000 
0000100000001000000100000100001000011101000000000 
0000010000000100000010000010000100000011110000000 
0000001000000010000001000001000010000001001110000 
1000000000000000000000100000100000010000101001100 
0000000100000001000000000000010001001000010101010 
0000000010000000100000010000000000100110000010110 

5.3 Optimal A(50,16,9)=12 built from A(10,6,4)=5 

11111111100000000000000000000000000000000000000000 
10000000011111111000000000000000000000000000000000 
01000000010000000111111100000000000000000000000000 
00100000001000000100000011111100000000000000000000 
00010000000100000010000010000011111000000000000000 
00001000000010000001000001000010000111100000000000 
00000100000001000000100000100001000100010000100001 
00000010000000100100000000000010000000011111000000 
00000001000000010000010010000000000010000100111000 
00001000000000001000001000001000100000000010100110 
10000000000000000000000100010000010001000001010101 
00000000110000000000000000000100001000101000001011 
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5.4 Optimal A(51,16,9)=12 built from A(50,16,9)=12 

111111111000000000000000000000000000000000000000000 
100000000111111110000000000000000000000000000000000 
010000000100000001111111000000000000000000000000000 
001000000010000001000000111111000000000000000000000 
000100000001000000100000100000111110000000000000000 
000010000000100000010000010000100001111000000000000 
000001000000010000001000001000010001000100001000010 
000000100000001001000000000000100000000111110000000 
000000010000000100000100100000000000100001001110000 
000010000000000010000010000010001000000000101001100 
100000000000000000000001000100000100010000010101010 
000000001100000000000000000001000010001010000010110 

5.5 Optimal A(52,16,9)=13 built from A(10,6,4)=5 

1111111110000000000000000000000000000000000000000000 
1000000001111111100000000000000000000000000000000000 
0100000001000000011111110000000000000000000000000000 
0010000000100000010000001111110000000000000000000000 
0001000000010000001000001000001111100000000000000000 
0000100000001000000100000100001000011110000000000000 
0000010000000100000010000010000100010001110000000000 
0000001000000010000001000001000010001001000000100001 
0000000100000001010000000000001000000001001111000000 
0000000010000000100000101000000000010000000100111000 
1000000000000000000000010100000001000000100010100110 
0100000000000100000000000000100000100100000001010101 
0001000001000000000000000000010000000010011000001011 

5.6 Optimal A(53,16,9)=13 built from A(52,16,9)=13 

11111111100000000000000000000000000000000000000000000 
10000000011111111000000000000000000000000000000000000 
01000000010000000111111100000000000000000000000000000 
00100000001000000100000011111100000000000000000000000 
00010000000100000010000010000011111000000000000000000 
00001000000010000001000001000010000111100000000000000 
00000100000001000000100000100001000100011100000000000 
00000010000000100000010000010000100010010000001000010 
00000001000000010100000000000010000000010011110000000 
00000000100000001000001010000000000100000001001110000 
10000000000000000000000101000000010000001000101001100 
01000000000001000000000000001000001001000000010101010 
00010000010000000000000000000100000000100110000010110 
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5.7 Optimal A(54,16,9)=14 built from A(10,6,4)=5 

111111111000000000000000000000000000000000000000000000 
100000000111111110000000000000000000000000000000000000 
010000000100000001111111000000000000000000000000000000 
001000000010000001000000111111000000000000000000000000 
000100000001000000100000100000111110000000000000000000 
000010000000100000010000010000100001111000000000000000 
000001000000010000001000001000010001000111000000000000 
000000100000001000000100000100001000100100110000000000 
000000010000000100000010000010000100010010100100000000 
100000000000000001000000000000100000000001011111000000 
000000001000000010100000010000000000000100000100111000 
001000000000100000000001000000010000000000100010100110 
010000000000001000000000100000000000001010000001010101 
000000100100000000000000001000000010010000001000001011 

5.8 Optimal A(55,16,9)=15 built from A(45,16,9)=10 and A(10,6,4)=5 

1111111110000000000000000000000000000000000000000000000 
1000000001111111100000000000000000000000000000000000000 
0100000001000000011111110000000000000000000000000000000 
0010000000100000010000001111110000000000000000000000000 
0001000000010000001000001000001111100000000000000000000 
0000100000001000000100000100001000011110000000000000000 
0000010000000100000010000010000100010001110000000000000 
0000001000000010000001000001000010001001001100000000000 
0000000100000001000000100000100001000100101010000000000 
0000000010000000100000010000010000100010010110000000000 
1000000000000000010000000000001000000001000011111000000 
0100000000100000000000000000000100000100000100100111000 
0010000001000000000000000000000000110000001000010100110 
0001000000000001000001000100000000000000010000001010101 
0000010000010000000000100001000000000010000001000001011 

5.9 Optimal A(60,16,9)=21 found by my modified lexicode program 

111111111000000000000000000000000000000000000000000000000000 
100000000111111110000000000000000000000000000000000000000000 
010000000010000001111111000000000000000000000000000000000000 
010000000100000000000000111111100000000000000000000000000000 
001000000100000001000000000000011111100000000000000000000000 
100000000000000001000000100000000000011111100000000000000000 
000100000010000000000000100000001000000000011111000000000000 
010000000000100000000000000000010000001000010000111100000000 
001000000001000000100000010000000000010000010000000011100000 
001000000010000000000000000010000000001000000000000000011111 
000010000000010000000100001000010000000100000100000010010000 
000010000001000000001000000100000100000010000010010000001000 
000000001001000000010000001000000001000001001000100000000100 
000001000000010000010000010000000100000000100001001000000010 
000001000000001000000100000100001000000001000000000101000001 
000000010000100000000001000100000010000100001000000000100010 
000000001000000100100000000001000010000010000100001000000001 
000100000000000010001000000001000001000000100000000100110000 
000000100000000100000001001000000000110000000001000100001000 
000000100000001000000010000010000010000000100010100010000000 
000000010000000010000010000000100000100000000100010001000100 
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5.10 Optimal A(61,16,9)=22 found by my genetic algorithm program 

1111111110000000000000000000000000000000000000000000000000000 
1000000001111111100000000000000000000000000000000000000000000 
0100000001000000011111110000000000000000000000000000000000000 
1000000000000000000100001111111000000000000000000000000000000 
1000000000000000010000000000000111111100000000000000000000000 
0100000000010000000000001000000100000011111000000000000000000 
0001000000100000010000000100000000000010000111100000000000000 
0000100001000000000000000100000001000001000000011110000000000 
0010000001000000000000001000000010000000000001000001111000000 
0100000000100000000000000001000010000000000000010000000111100 
0010000000001000001000000010000001000010000000000000000100011 
0000000010010000001000000000100000010000000010001001000010000 
0000100000000010000001000010000000100000100100000001000000100 
0000000010001000000100000000000000100000010000100010100001000 
0000000000000000100001000001000000000100010010000100010000001 
0000000100010000000010000000010000001000000100010000100000010 
0000001000000000100000100000100100000000000100000010001100000 
0001000000000100000100000000000000010000001000000100001000110 
0000000100000100000000100000001010000000100000101000000000001 
0000010000000001000010000010000000000100001001000010000010000 
0000010000000010000000010000010000010001000000100000010100000 
0000001000000001000000010000001000001010000000000101000001000 

5.11 Optimal A(56,18,10)=11 found by my modified lexicode program 

11111111110000000000000000000000000000000000000000000000 
00100000001111111110000000000000000000000000000000000000 
00001000000100000001111111100000000000000000000000000000 
00010000000010000001000000011111110000000000000000000000 
00000010000001000000100000000010001111110000000000000000 
00000100001000000000010000010000001000001111100000000000 
00000000100000100000000100000100000010000010011110000000 
00000001000001000000001000001000000000001000001001111000 
00000000010000001000000000100000100100000100010001000110 
01000000000000010000000010000001000001000001000100100101 
10000000000000000100000001000000010000100000100010010011 

5.12 Optimal A(57,18,10)=11 from A(56,18,10)=11 

111111111100000000000000000000000000000000000000000000000 
001000000011111111100000000000000000000000000000000000000 
000010000001000000011111111000000000000000000000000000000 
000100000000100000010000000111111100000000000000000000000 
000000100000010000001000000000100011111100000000000000000 
000001000010000000000100000100000010000011111000000000000 
000000001000001000000001000001000000100000100111100000000 
000000010000010000000010000010000000000010000010011110000 
000000000100000010000000001000001001000001000100010001100 
010000000000000100000000100000010000010000010001001001010 
100000000000000001000000010000000100001000001000100100110 
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5.13 Optimal A(58,18,10)=12 found by my modified lexicode program 

1111111111000000000000000000000000000000000000000000000000 
0100000000111111111000000000000000000000000000000000000000 
0010000000100000000111111110000000000000000000000000000000 
0001000000010000000100000001111111000000000000000000000000 
0000010000001000000001000001000000111111000000000000000000 
0000010000000100000010000000100000000000111111000000000000 
0000001000000010000000010000000100001000100000111100000000 
0000000100000000100000100000001000100000001000100011100000 
0000000010000001000000000100000010010000010000100000011100 
0000000001000000010100000000000000000100000100010010010011 
1000000000000000001000001000000001000010000010001001000110 
0000100000000000001000000010010000000001000001000100101001 

5.14 Optimal A(59,18,10)=12 found from A(58,18,10)=12 

11111111110000000000000000000000000000000000000000000000000 
01000000001111111110000000000000000000000000000000000000000 
00100000001000000001111111100000000000000000000000000000000 
00010000000100000001000000011111110000000000000000000000000 
00000100000010000000010000010000001111110000000000000000000 
00000100000001000000100000001000000000001111110000000000000 
00000010000000100000000100000001000010001000001111000000000 
00000001000000001000001000000010001000000010001000111000000 
00000000100000010000000001000000100100000100001000000111000 
00000000010000000101000000000000000001000001000100100100110 
10000000000000000010000010000000010000100000100010010001100 
00001000000000000010000000100100000000010000010001001010010 

5.15 Optimal A(60,18,10)=12 found from A(58,18,10)=12 

111111111100000000000000000000000000000000000000000000000000 
010000000011111111100000000000000000000000000000000000000000 
001000000010000000011111111000000000000000000000000000000000 
000100000001000000010000000111111100000000000000000000000000 
000001000000100000000100000100000011111100000000000000000000 
000001000000010000001000000010000000000011111100000000000000 
000000100000001000000001000000010000100010000011110000000000 
000000010000000010000010000000100010000000100010001110000000 
000000001000000100000000010000001001000001000010000001110000 
000000000100000001010000000000000000010000010001001001001100 
100000000000000000100000100000000100001000001000100100011000 
000010000000000000100000001001000000000100000100010010100100 
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5.16 Optimal A(61,18,10)=13 from by my modified lexicode program 

1111111111000000000000000000000000000000000000000000000000000 
0010000000111111111000000000000000000000000000000000000000000 
0000100000000010000111111110000000000000000000000000000000000 
0001000000010000000010000001111111000000000000000000000000000 
0000010000100000000100000001000000111111000000000000000000000 
0000001000100000000001000000001000000000111111000000000000000 
0000001000001000000000100000100000100000000000111110000000000 
0000000010000100000000100000010000001000100000000001111000000 
0000000010000001000000001000000100010000010000000100000111000 
0000000001000010000000000000010000000100000100100000000100111 
0100000000000000100000010000000010000010001000010001000010010 
0000000100000000010000000100000010000001000010001000100001100 
1000000000000000001000000010000001000010000001000010010001001 

5.17 Optimal A(62,18,10)=13 found from A(61,18,10)=13 

11111111110000000000000000000000000000000000000000000000000000 
00100000001111111110000000000000000000000000000000000000000000 
00001000000000100001111111100000000000000000000000000000000000 
00010000000100000000100000011111110000000000000000000000000000 
00000100001000000001000000010000001111110000000000000000000000 
00000010001000000000010000000010000000001111110000000000000000 
00000010000010000000001000001000001000000000001111100000000000 
00000000100001000000001000000100000010001000000000011110000000 
00000000100000010000000010000001000100000100000001000001110000 
00000000010000100000000000000100000001000001001000000001001110 
01000000000000001000000100000000100000100010000100010000100100 
00000001000000000100000001000000100000010000100010001000011000 
10000000000000000010000000100000010000100000010000100100010010 

5.18 Optimal A(63,18,10)=14 found by my genetic algorithm program 

111111111100000000000000000000000000000000000000000000000000000 
100000000011111111100000000000000000000000000000000000000000000 
010000000010000000011111111000000000000000000000000000000000000 
001000000001000000010000000111111100000000000000000000000000000 
000100000000100000001000000010000011111100000000000000000000000 
000010000000001000000010000100000010000011111000000000000000000 
000001000000010000000100000001000010000000000111110000000000000 
100000000000000000000001000000100001000010000100001111000000000 
000000100000100000000100000000010000000001000000001000111100000 
000000100000000100000001000100000000100000000010000000000011110 
000000010001000000000000010000000000010000010000100100100010001 
000000010000000010000000100000001000001000100001000010010001000 
000000001000000001000000001000100000000100001001000000000100101 
000000000100000000100000010000000100001000001000010001001000010 
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