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Abstract

In this thesis we consider the Einstein-Vlasov system, which models a system of
particles within the framework of general relativity, and where collisions between the
particles are assumed to be sufficiently rare to be neglected. Here the particles are stars,
galaxies or even clusters of galaxies, which interact by the gravitational field generated
collectively by the particles.

The thesis consists of three papers, and the first two are devoted to cylindrically
symmetric spacetimes and the third treats the spherically symmetric case.

In the first paper the time-dependent Einstein-Vlasov system with cylindrical sym-
metry is considered. We prove global existence in the so called polarized case under the
assumption that the particles never reach a neighborhood of the axis of symmetry. In
the more general case of a non-polarized metric we need the additional assumption that
the derivatives of certain metric components are bounded in a vicinity of the axis of
symmetry to obtain global existence.

The second paper of the thesis considers static cylindrical spacetimes. In this case we
prove global existence in space and also that the solutions have finite extension in two of
the three spatial dimensions. It then follows that it is possible to extend the spacetime
by gluing it with a Levi-Civita spacetime, i.e. the most general vacuum solution of the
static cylindrically symmetric Einstein equations.

In the third and last paper, which is a joint work with C. Uggla and M. Heinzle,
the static spherically symmetric Einstein-Vlasov system is studied. We introduce a new
method by rewriting the system as an autonomous dynamical system on a state space
with compact closure. In this way we are able to improve earlier results and enlarge the
class of distribution functions which give rise to steady states with finite mass and finite
extension.
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This thesis consists of:

Introduction We introduce some of the most important issues in general relativity
associated to our work, and give a short introduction to kinetic theory in a general
relativistic context.

Paper I: On the cylindrically symmetric Einstein-Vlasov system We prove
a conditional global existence result for the cylindrically symmetric Einstein-Vlasov sys-
tem. Accepted for publication in Communication in Partial Differential Equations.

Paper II: Static cylindrically symmetric spacetimes We prove existence of
solutions and finiteness of extension for the solutions of the static cylindrically symmetric
Einstein equations coupled both to Vlasov matter and perfect fluids. Submitted to
Classical and Quantum Gravity.

Paper III: Theory of relativistic self-gravitating stationary spherically
symmetric systems We prove existence of solutions and derive theorems on finiteness
of extension for a large class of distribution functions, and also study the asymptotic
properties of the matter terms. To be submitted to Mathematical Proceedings of the
Cambridge Philosophical Society.





1 Introduction

1.1 General relativity

In 1915 Albert Einstein formulated the general theory of relativity, where he declared
that spacetime is a four-dimensional manifold M on which there is defined a Lorentz
metric gab, i.e. a metric with signature − + ++. Moreover, he proposed that the
curvature of spacetime and its matter distribution are related by

Rab −
1
2
Rgab = 8πTab, (1)

which are the Einstein equations. Here Rab is the Ricci curvature and R is the scalar
curvature which both contain second- and lower order derivatives of the metric, and Tab
is the energy-momentum tensor. The form of the energy-momentum tensor depends on
the choice of matter model, which is an important issue and will be discussed later. The
gravitational constant G and the speed of light c have been normalized to one. The
system (1) constitutes a system of partial differential equations where gab and Tab are
the unknowns. Since the right hand side of system (1) depends on the matter model and
evolution equations for the matter is usually supplemented as we will see below for the
Einstein-Vlasov system. The tensors Rab, gab and Tab are symmetric, so the system (1)
contains ten equations. However, only six of them are independent and there are thus
four degrees of freedom in the Einstein equations. This is due to the so called Bianchi
identities which implies that

∇a(Rab −
1
2
Rgab) = 0. (2)

Let us illustrate this coordinate freedom in the Einstein equations by the following
example.

Example Let M = R1+3 and take

ds2 = −dt2 + dx2 + dy2 + dz2. (3)

Then (M,ds2) is a solution of equation (1) with Tab = 0. This solution models a flat
spacetime and is called the Minkowski spacetime. Now take M = R1+3 again, and let

ds̃2 = −dt̃2 + dx̃2 − 6ỹ2dx̃dỹ + (1 + 9ỹ4)dỹ2 + dz̃2. (4)

Then (M,ds̃2) also solves (1) with Tab = 0. However, (M,ds̃2) is simply the Minkowski
spacetime expressed in different coordinates, since (4) follows from (3) by the coordinate
transformation

t̃ = t, x̃ = x+ y3, ỹ = y, z̃ = z. (5)

In connection with this discussion we point out another consequence of (2), namely
the energy-momentum tensor must be divergence free, i.e.
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Here ρ is the energy density, P is the isotropic pressure and ua = gabu
b, where ub is

the so called four-velocity of the fluid. The Einstein equations then read

3a′

a2
= 8πρ, (10)

3a′′

a
= −4π(ρ+ 3P ), (11)

where ′ denotes differentiation with respect to t. From our symmetry assumptions it
follows that ρ and P only depend on time, and if we also assume that the energy density
ρ > 0, which is a standard assumption and is believed to be satisfied for most types of
matter, we observe that a′ > 0. Hence, spacetime is expanding when t increases, which
we refer to as the future time direction. We also note from (11) that a′′ < 0 which
yields that spacetime was expanding at a faster rate in the past. Hence, we can conclude
that a(t) = 0 for a finite t in the past. Thus general relativity predicts that a spatially
homogeneous and isotropic universe was in a singular state a finite time ago, which is
called the big bang.

We have given two examples of solutions of the Einstein equations which contain
singularities, and it seems relevant to ask if these singularities are merely a result of the
strong symmetry assumptions, and if they will disappear if the symmetry assumptions
are relaxed?

If one considers Newtonian gravity and take a spherical shell of dust, i.e. a perfect
fluid with zero pressure, released from rest, then a singularity will occur at r = 0 when
all the dust simultaneously reaches the origin. However, if one perturbs the shell from
spherical symmetry, or if the shell is permitted to rotate, no such singularity will occur.
It is thus natural to expect a similar behavior of the solutions to the Einstein equations.
This turns out to be incorrect and was first proved by Penrose in 1965 [25]. It was the
first of several so called singularity theorems, cf. [37], which state under some rather
mild assumptions that spacetime will be singular, in the sense that it is geodesically
incomplete. We point out that a geodesic is called incomplete if it ends at a finite
value of the affine parameter. This is the standard definition of a singularity in general
relativity, although it is quite unsatisfactory since it tells us almost nothing about the
nature of the singularity. As an example take the Minkowski spacetime and remove one
point. The geodesics of the Minkowski spacetime are the straight lines. Since one point
is removed there are geodesics which terminate at the removed point for a finite value
of the affine parameter. Thus there are incomplete geodesics. However, this spacetime
should not be considered singular since it is isometric to a proper subset of the Minkowski
spacetime, i.e. there exists a symmetry transformation between the two manifolds which
preserve the metric.

Hence, the singularity theorems do not give any detailed information on the nature
of the singularities, e.g. there is no information whether some curvature invariant blows
up or not, which would mean that the gravitational field becomes infinitely strong. This
was the reason that Penrose formulated the cosmic censorship conjecture in 1969, cf.
[23, 24, 9, 37], which still is the most important issue in general relativity. To give a

3



mathematical formulation of this conjecture we point out that the Einstein equations
can be formulated as an initial value problem where data is specified on a 3-dimensional
spatial hypersurface. We then have that for given initial data there is one part of the
spacetime, the so called maximal globally hyperbolic development, which is uniquely
determined up to isometry. There are indeed two versions, the weak- and the strong
cosmic censorship conjecture. Let us here for simplicity state the strong formulation in
the vacuum case.

The Strong Cosmic Censorship Conjecture Generic initial data have a maximal
globally hyperbolic development which is C1-inextendible.

Going back to the Kruskal solution it turns out that all geodesics are complete except
those terminating at r = 0. For these geodesics the curvature invariants blow up and
the spacetime can thus not be extended to include r = 0. Note however that this is a
particular solution whereas the conjecture is stated for generic initial data.

In general very little is known about cosmic censorship, in particular for spacetimes
with matter. For matter described by a scalar field, Christodoulou [10] proved that
cosmic censorship holds in the spherically symmetric case. A scalar field, which is a
field theoretic matter model, must however be considered as a toy model since it is not
known to correspond to any known matter. In addition, Christodoulou has also shown
that for dust, i.e. a pressureless perfect fluid, cosmic censorship does not hold, cf. [11].
It is thus clear that the choice of matter model is crucial for the cosmic censorship
conjecture and it is important to investigate this conjecture in the framework of other
matter models. One interesting model is Vlasov matter which has shown to have nice
mathematical properties and which is the topic of this thesis. A short introduction to
the Einstein-Vlasov system will be given below. One possible way to attack the strong
cosmic censorship conjecture is to choose some particular time coordinate, believed to
be singularity avoiding, and then try to obtain global existence in this time coordinate.
If it then is possible to extract sufficient information on the asymptotic behavior of the
solutions, cosmic censorship would follow. We point out that Christodoulou did not use
this approach and as a matter of fact there are very few results on global existence for
the Einstein matter equations with arbitrary (in size) initial data, cf. [2] for a review. In
the first paper of this thesis [14], henceforth called paper I (while papers [15] and [16] are
referred to as paper II and III respectively), we establish global existence in time for the
cylindrically symmetric Einstein-Vlasov system under specific assumptions on the metric
and the matter, where the former assumption can be removed in a particular case. This
can thus be seen as a partial step towards an understanding of the cosmic censorship
conjecture in this special case. We remark that strong cosmic censorship holds for
the cylindrically symmetric vacuum spacetimes, cf. [6], which will be discussed below.
In fact, it is shown that the cylindrically symmetric, “asymptotically flat”, vacuum
spacetimes are geodesically complete, where “asymptotically flat” here means that the
spacetime is flat far away from the axis of symmetry.

Above we have tried to give a motivation for paper I in the thesis. Papers II and
III are concerned with the static Einstein-Vlasov system and in order to motivate these
works we first give a short introduction to kinetic theory.
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1.2 Kinetic theory

In kinetic theory a collection of particles is studied. The particles can for example be
neutral molecules, charged ions, stars or galaxies. Depending on the physical situation of
interest the kinetic equations are very different, but in common they have a distribution
function f = f(t, x, p) on phase space, i.e. a function that describes the distribution
of particles in time, space and momentum. Knowing f it is then easy to establish
macroscopic quantities, e.g. the density of a neutral gas is given by

ρ :=
∫

R3

f(t, x, p)dp, (12)

and its mean velocity reads

u :=
∫

R3

pf(t, x, p)dp. (13)

A classical example from Newtonian gravity is the Vlasov-Poisson system. It treats
a system of particles which interact by the gravitational field created by the particles
themselves, and where collisions are sufficiently rare to be neglected. It reads

4U = 4πρ,

∂tf + p · ∇xf −∇xU · ∇pf = 0,

ρ(t, x) :=
∫

R3

f(t, x, p)dp,

where U is the gravitational potential. This system should of course be supplemented
by some initial- and boundary conditions. Global existence for the Vlasov-Poisson system
with arbitrary (in size) initial data was achieved independently by Lions and Perthame
[21] and Pfaffelmoser [26] by two different methods. In the approach by Pfaffelmoser the
support of the momentum

Q(t) := sup{|v| : (x, v) ∈ suppf(s, x, v), 0 ≤ s < t}, (14)

is a crucial quantity to control. A previous result by Batt [4] shows that as long
as Q(t) is bounded the solution can be extended, and Pfaffelmoser did indeed establish
a bound on Q for the Vlasov-Poisson system. The boundedness of Q(t) implies global
existence for other systems in kinetic theory as well, e.g. the Vlasov-Maxwell system
which models a collisionless plasma [17] or the spherically symmetric, asymptotically
flat Einstein-Vlasov system which models a collisionless system of particles in general
relativity [29, 30].

The global existence of the Vlasov-Poisson system is one of the main reasons for
mathematically investigating Vlasov matter in general relativity. The resulting system
is the Einstein-Vlasov system

Rab −
1
2
Rgab = 8πTab, (15)
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∂tf +
pα

p0
∂αf − Γαab

papb

p0
∂αf = 0, (16)

Tab := −
∫

R3

f(t, xα, pα)
papb
p0

|g|1/2dp1dp2dp3, (17)

where Γαab are the Christoffel symbols associated to the metric and pa are the canon-
ical momentum, i.e. pa := dxa

ds . Moreover, the index a = 0, 1, 2, 3, α = 1, 2, 3 and x0 = t.
In general relativity there are several so called energy conditions that a matter model
should satisfy such as the dominant- and the strong energy conditions, cf. [37]. A very
nice feature of Vlasov matter is that (17) implies that all these energy conditions are
satisfied, which also is a reason that Vlasov matter is a nice matter model in general
relativity. For further reference we point out that the solution to the Vlasov equation
(16) can be written as

f(t, xα, vα) = f0(Xα(0, t, xα, vα), V α(0, t, xα, vα)), (18)

where Xα and V α are solutions to characteristic system associated to the Vlasov
equation such that Xα(t, t, xα, vα) = xα and V α(t, t, xα, vα) = vα.

While the Vlasov-Poisson system is mathematically quite well understood, cf. [28],
the situation is different for the Einstein-Vlasov system. One reason is that the Einstein
equations also in the absence of matter are highly non-trivial, compared to the Poisson
equation which in vacuum reduces to the Laplace equation. Local existence of solutions
to the Einstein-Vlasov system has been proved by Choquet-Bruhat [8]. The global exis-
tence results achieved this far are for spacetimes with symmetry. In the asymptotically
flat case, Rein and Rendall have shown global existence of solutions to the spherically
symmetric Einstein-Vlasov system in the case with small initial data [29, 30]. In the
asymptotically flat case there are no global existence results for arbitrary initial data,
except the conditional results in [33, 3], while in the cosmological setting there are global
results for arbitrary initial data, cf. [2] for a review. We point out that for other phe-
nomenological matter models, there are no analogous global existence results, which
again show that Vlasov matter is a very relevant matter model in general relativity.
The time independent case is rather different in nature compared to the time dependent
case and will be considered in the next section where we also give a short motivation of
papers II and III in this thesis.

1.3 Static spacetimes

If spacetime possesses a time translational symmetry and there exists a spacelike hyper-
surface that is orthogonal to the orbits of the time translation, then the spacetime is
said to be static. The Schwarzschild solution can be considered as the model example
of a static solution. Static spacetimes model stars, galaxies, or cluster of galaxies and
here we will consider models with Vlasov matter, i.e. the Einstein-Vlasov system. The
general case is again quite hard and solutions with symmetry are often considered. It
is known that solutions of the spherically symmetric, static Vlasov-Poisson system have
to be of the form
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f(x, v) = ψ(E,L), (19)

where E is the particle energy and L is the particle angular momentum, cf. [5],
and where ψ is an arbitrary function. To consider the static spherically symmetric
Einstein-Vlasov system we write the metric as

ds2 = −e2µ(r)dt2 + e2ν(r)dr2 + r2(dθ2 + sin2 θdφ2) , (20)

where t ∈ (−∞,∞), r ∈ [0,∞), θ ∈ [0, π) and φ ∈ [0, 2π) and where µ and ν are
functions of r. The distributions functions for the static spherically symmetric Einstein-
Vlasov system must not necessarily be of the form (19), cf. [34], but such functions do
solve the Vlasov equation, and we will only consider distribution functions of the form

f(x, v) = φ(E)L2l, l > −1. (21)

The Einstein-Vlasov system then becomes a nonlinear system of equations where
the unknowns are the metric coefficients. In the spherically symmetric case the main
equations read

e−2ν

(
2r
dν

dr
− 1

)
+ 1 = 8πr2ρ,

e−2ν

(
2r
dµ

dr
− 1

)
− 1 = 8πr2prad, (22)

where ρ is the mass-energy density and prad is the radial pressure given by

ρ := 2πcl,−1/2r
2l(e−(2l+4)µhl+3/2(e

µ) + e−(2+2l)µhl+1/2(e
µ)), (23)

prad := 2πcl,1/2r
2le−(2l+4)µhl+3/2(e

µ), (24)

where

ca,b :=
Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
, (25)

hm(u) :=
∫ ∞

u
φ(E)(E2 − u2)mdE. (26)

The system (22) has been studied quite extensively, cf. [27, 31, 32], and global
existence of solutions has been established, and that the solutions for a large class of
distribution functions have finite mass and finite radius of extension. In paper III we use
a different method in which we rewrite the system as an autonomous dynamical system
on a state space with compact closure, and are able to extend the class of distribution
functions that leads to finite mass and finite radius.

Previously only the spherically symmetric Einstein-Vlasov system have been consid-
ered in the static case. In paper II we consider static cylindrically symmetric spacetimes
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and prove global existence and that the solutions have finite extension in two of three
spatial directions.

In paper II we consider distribution functions of the same type as in the spherically
symmetric case, cf. (21). We however point out that distribution functions with enough
regularity of the more general form

f(r, v) = Φ(E,L,Z), (27)

where E and L are as above and Z corresponds to the translational symmetry of
the cylindrical spacetimes, solves the cylindrically symmetric Vlasov equation. We also
consider perfect fluids and generalize a result in [7], for a larger class of equations of
state.

2 A brief summary of the papers

2.1 Time dependent cylindrically symmetric spacetimes

If a star or a galaxy is studied it is often assumed that interaction of matter sufficiently
far away from the object is negligible. Hence, it is natural to consider an isolated body,
and in general relativity this case is called the asymptotically flat case, since the metric is
approaching the flat metric far away from the body. Asymptotically flat spacetimes are
only compatible with a few symmetry groups where spherical- and axial symmetry are the
most important ones. Many studies have been devoted to spherically symmetric matter
spacetimes, although the most central questions are still open, whereas axially symmetric
matter spacetimes have been much less investigated. One important difference between
spherical- and axial symmetric spacetimes is that the latter admits gravitational waves.
The equations of an axially symmetric spacetime are more involved than the equations of
a cylindrically symmetric spacetime. Although the latter spacetimes are not physically
relevant, they do admit gravitational waves and thus, from a mathematical point of
view, a study of cylindrical spacetimes can be viewed as a partial step towards an
understanding of axially symmetric spacetimes.

Cylindrical symmetry is not compatible with asymptotic flatness due to the trans-
lational symmetry. However, it is possible to define asymptotic flatness for cylindrical
spacetimes by stating that the spacetimes are asymptotically flat in two of the three
spatial dimensions, cf. [6]. Now consider the cylindrically symmetric metrics of the form

ds2 = −αe2(η−γ)dt2 + e2(η−γ)dr2 + e2γ (dz +Adθ)2 + r2e−2γdθ2, (28)

with t ∈ (−∞,∞), r ∈ [0,∞), z ∈ (−∞,∞) and θ ∈ [0, 2π) and where α, η, γ and
A depend on t and r, and α > 0.

The full Einstein-Vlasov system is given in equations (5)-(11) in paper I. Here we
only state the equations relevant for this discussion. The two most important evolution
equations are
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γtt − αγrr =
αtγt
2α

+
αγr
r

+
αrγr

2
+
e4γ

2r2
(
A2
t − αA2

r

)
+

+
αe2(η−γ)

2
(ρ− P1 + P2 − P3) , (29)

Att − αArr =
Atαt
2α

+
Arαr

2
− 4Atγt + 4αArγr+

−αAr
r

+ 2αre2η−4γS23. (30)

We also include the constraint equation for α which reads

αr = 2rαe2(η−γ)(P1 − ρ), (31)

where ρ, S23 and Pi, i = 1, 2, 3 are matter terms defined in terms of the distribution
function f . We point out that the metric functions α and η can be obtained from the
constraint equations as soon as we know γ, A and f .

In [6], Berger et al. prove global existence for cylindrically symmetric, asymptotically
flat, vacuum spacetimes and show that these spacetimes are geodesically complete, thus
strong cosmic censorship holds. In the vacuum setting the right hand side of equation
(31) vanishes and it follows that α is constant. The crucial step in [6] is then to rewrite
equations (29)-(30) as a so called wavemap equation. The deep results of Christodoulou
and Tahvildar-Zadeh [12, 13] then apply. They also treat spacetimes containing an
electromagnetic field obeying the Einstein matter equations. For such matter it again
holds that the right hand side of (31) is zero, since ρ = P1 in this case, and α is constant.
Unfortunately, for Vlasov matter the right hand side of (31) is not identically zero and
α is not constant and hence the results of [12, 13] do not apply. It is as a matter of
fact possible to write the evolution part of the Einstein equations as a wavemap from
a curved domain with an additional term corresponding to the matter. However, we
have not been able to generalize the results in [12, 13] even by assuming control of the
matter terms. Instead we rely on techniques developed by Andreasson [1] for the so
called Gowdy symmetric Einstein-Vlasov system. The drawback with this approach is
that we are not able to handle the difficulties at the axis of symmetry, which do not
occur in [1] since these spacetimes do not have an axis of symmetry. In paper I we prove
a conditional global existence result of solutions to the cylindrically symmetric Einstein-
Vlasov system, i.e. we show that global existence follows under the assumptions that the
partial derivatives of γ and A are bounded in a neighborhood of the axis of symmetry,
and that the matter stays away from the axis of symmetry. We are in fact able to
remove the former assumption assumption in the special case when A ≡ 0, the so called
polarized case.

Let us first consider the non-polarized case and describe the strategy of the proof.
Given ε > 0, we assume that there exists a constant Cε such that for r < ε

∣∣∣∂βγ∣∣∣ ≤ Cε, and
∣∣∣∂βA∣∣∣ ≤ Cεr, ∀β = (β1, β2) ∈ N× N, β1 + β2 ≥ 1,∀t ∈ [0, T ), (32)
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f(t, r, v) ≡ 0,∀t ∈ [0, T ), ∀v ∈ R3. (33)

Here T is the maximal time of existence and since local existence is established, cf.
[8], T > 0. By obtaining uniform bounds on all the derivatives of the metric functions
and the matter the solution can then be extended to t = T , and by applying the local
existence theorem again we obtain a contradiction. To obtain these bounds we split the
proof into several steps. The metric functions will be bounded by an energy estimate
and by using the assumption (32). To obtain bounds on the first order derivatives we
proceed as follows. Define two quadratic forms G and H by

G :=
1
2
(
γ2
t

α
+ γ2

r ) +
e4γ

8r2
(
A2
t

α
+A2

r),

H :=
γtγr√
α

+
e4γ

4
√
αr2

AtAr,

and define two vector fields by

ξ :=
1√
2
(∂t −

√
α∂r),

ζ :=
1√
2
(∂t +

√
α∂r).

The vectorfields are null vectorfields, i.e. gab(ξ)a(ξ)b = 0 and gab(ζ)a(ζ)b = 0. We
then integrate

ξ(G+H), (34)

and

ζ(G−H), (35)

along the corresponding null directions and use equations (29)-(30). It eventually
leads to a Grönvall type of inequality which contains the matter terms. To bound the
matter terms we use techniques from kinetic theory. Indeed, cylindrical symmetry leads
to two conserved quantities which together with the assumption (33) implies that we in
fact only have to control one component of Q(t), namely

Q1(t) := sup{
∣∣v1

∣∣ : ∃
(
s, r, v2, v3

)
∈ [0, t]× [0,∞)× R2, f(s, r, v) 6= 0}. (36)

To control Q1(t) we study the characteristic equation for V 1(t) associated to the
Vlasov equation

dV 1

ds
= −

[(√
α (ηr − γr) +

αr
2
√
α

)
V 0

]
(37)

+

[
√
αγr

(
V 2

)2

V 0
−
√
α

(
γr −

1
R

) (
V 3

)2

V 0
+
√
αAre

2γ

R

V 2V 3

V 0

]
− (ηt − γt)V 1.
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At this point the method in [1] does not apply, and neither does the idea in [33] in
the spherically symmetric case. However, inspired by an idea in [38] we instead consider
the quantity

Ṽ 1(t) := eη−γV 1(t). (38)

When differentiating this quantity along the characteristics, the terms which are
products of V 1 and first order derivatives of η and γ, e.g. the term (ηt − γt)V 1 in
equation (37), are canceled. In this way a Grönvall type inequality is obtained for Q1

since η and γ already are controlled. A combination of the Grönvall inequalities for G
and Q1 together then yields a bound on the matter terms and the first order derivatives.

To bound the first order partial derivatives of the matter terms we use the represen-
tation formula (18) for the Vlasov equation that which yields

f(t, r, v) = f0(R(0, t, r, v), V (0, t, r, v)), (39)

where R and V := (V 1, V 2, V 3) are the solutions of the characteristic system cor-
responding to the Vlasov equation, and such that R(t, t, r, v) = r and V (t, t, r, v) = v.
Taking partial derivatives we obtain

∂f =
∂f0

∂r
∂R+

∂f0

∂v
∂V, (40)

where ∂ denotes a partial derivative with respect to t, r or v. Hence, to control the
partial derivatives of f it is sufficient to control the partial derivatives of the solutions to
the characteristic system. By taking derivatives of ∂Z, where Z denotesR or V , along the
characteristics we obtain a differential equation containing second order derivatives of the
metric functions which are not under control at this point of the proof. Nevertheless, by
taking linear combinations of ∂Z, and using the evolution equations (29)-(30), together
with the evolution equation for η, the second order derivatives cancel and only terms
which are controlled are left in the system. In this way we obtain a system of linear
ordinary differential equations with bounded coefficients for ∂Z and thus a bound on ∂Z
is obtained. As a matter of fact, this argument is a consequence of the Jacobi equation
which is a fundamental equation in differential geometry. The second- and higher order
derivatives of the metric and the second- and higher order derivatives of the matter
terms are bounded by similar techniques as for the lower order terms.

In the second result in paper I we are able to remove assumption (32) in the case when
the metric function A ≡ 0, which is called the polarized case. In the polarized vacuum
case, equation (29) reduces to a rotationally symmetric wave equation on R1+2 which
can be solved explicitly. An alternative method to show that solutions exist globally is
to use Sobolev inequalities. Unfortunately it seems hard to use this method when matter
is present since then we need to control derivatives of the matter terms at a point where
we do not have any control of the matter terms themselves. From assumption (33) we
have a vacuum neighborhood of the axis of symmetry. By considering our system in
this neighborhood we observe that the matter terms vanish, but that α is not identically
constant since we have matter in the exterior of this neighborhood, cf. equation (31).
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Nevertheless we are able to use a local Sobolev inequality since we can estimate α and its
first order derivatives in terms of Q1 and in this way obtain a Grönvall type inequality
which contains Q1. This estimate can then be combined with the procedure outlined
above for the exterior region. Hence, the matter terms and the first order derivatives
of the metric are bounded. The higher order derivatives of the metric and the matter
terms are controlled in a similar way as above.

2.2 Static cylindrically symmetric spacetimes

Since an understanding of general static spacetimes with Vlasov matter is out of reach at
present, it is natural to consider static spacetimes with symmetry. Spherically symmetric
spacetimes have been studied extensively and are relatively well understood whereas
static axially symmetric spacetimes are much less investigated. However, the axially
symmetric Einstein equations are very involved, and in paper II of the thesis we have
instead focused on static cylindrically symmetric spacetimes, which previously have not
been studied in the case of Vlasov matter. An understanding of these spacetimes might
be a step towards an understanding of axially symmetric spacetimes.

In the absence of matter, Levi-Civita derived the general solution of static, cylindri-
cally symmetric, vacuum Einstein equations in 1917. It reads

ds2 = −r2mdt2 + r2m(m−1)(dr2 + dz2) + r2(1−m)dθ2. (41)

where t ∈ (−∞,∞), r ∈ [0,∞), z ∈ (−∞,∞), θ ∈ [0, 2π) and m ∈ R. If m = 0, this
is precisely the Minkowski metric in cylindrical coordinates. For m 6= 0, 1 the metric is
singular at r = 0. The case m = 1, also yields a flat metric, see [36].

Naturally, our interest is in cylindrical spacetimes which contain matter and the
inspiration for our work was paper [7] on static cylindrically symmetric perfect fluids,
where they prove global existence of solutions. It is also proved that the fluid cylinder
has finite extension in two of the three spatial directions where the energy density is
positive at the boundary of the fluid cylinder. An examination of the proof of finite
extension in [7] reveals that it relies heavily on this assumption. Since Vlasov matter
does not obey this condition it is thus not straightforward to generalize their result to
our case.

In our study we use the metric

ds2 = −e2νdt2 + e2(γ−ψ)dr2 + e2ψdz2 + r2e−2ψdθ2,

introduced in [35], where t ∈ (−∞,∞), r ∈ [0,∞), z ∈ (−∞,∞) and θ ∈ [0, 2π),
and where ν, γ and ψ only depend on r. The Einstein matter equations then become a
system of second order ordinary differential equations. Defining M := 1

8(1− e2(ν+ψ−γ)),
the Einstein-Vlasov system reads

dM

dr
= 2πre2ν(ρ− P1), (42)
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dψ

dr
=

4π
r
√

1− 8M

∫ r

0
r̃e2ν

1√
1− 8M

(P3 − ρ)dr̃, (43)

dν

dr
=

4π
r
√

1− 8M

∫ r

0
r̃e2ν

1√
1− 8M

(P3 + 2P1 + ρ)dr̃, (44)

where ρ =
∫

R3 f(r, v)
√

1 + v2dv, Pi =
∫

R3 f(r, v) (vi)2√
1+v2

dv, i = 1, 2, 3. Here we have
introduced new momentum variables va which are related to the canonical momentum
variables, cf. section 1.2, by

v0 := eνp0, v1 := eγ−ψp1, v2 := eψp2, v3 := re−ψp3. (45)

As pointed put in section 1.3 a sufficiently regular function Φ = Φ(E,L,Z) solves the
static cylindrically symmetric Vlasov equation since E, L and Z are conserved along the
characteristics corresponding to the Vlasov equation. Here E := eν

√
1 + v2 is interpreted

as the particle energy, L2 := r2e−2ψ|v3|2 as the particle angular momentum squared and
Z := eψv2 does not have any physical interpretation but arises from the translational
invariance in space. In paper II, we restrict our attention to distribution functions of
the form f(r, v) = φ(E)L2l, l > −1 where φ(E) ≤ C(E0 − E)k+, k > −1, as E → E0,
with E0 > 0. This implies that the matter terms take the form

ρ(r) =
4πrle−(l+4)ν−lψ

l + 1
[H l+3

2
(eν) + e2νH l+1

2
(eν)], (46)

Pi(r) = 4πAirle−(l+4)ν−lψH l+3
2

(eν), i = 1, 2, 3, (47)

where

Hm(u) :=
∫ E0

u
φ(E)(E2 − u2)mdE. (48)

We establish local existence of solutions by a contraction argument, where some
care is needed since the system is singular at r = 0. The monotonicity of ν, ψ, γ, M
and Pi, i = 1, 2, 3 which is rather straightforward from the equations then leads to the
conclusion that dM

dr ∈ C1([0, R]), where R := inf{r : ρ(r̃) = 0, r̃ ≥ r}. The assumption
φ(E) ≤ C(E0 − E)k+, k > −1, E → E0, with E0 > 0, is then crucial for showing that
the solution cannot blow up when r ∈ [0, R]. If R <∞ we then show that it is possible
to glue the matter cylinder with a Levi-Civita vacuum solution and thereby obtaining
global existence. To ensure that R < ∞ we use a method developed by Makino [22].
The idea is to derive a differential inequality for the quantity

ξ :=
M

η
, (49)

where η := (logE0 − ν)+. Then by showing that ξ blows up at a finite radius and
by using equations (46)-(48) we can conclude that the matter has to vanish at a finite
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radius, i.e. R <∞. In addition we also extend the results in [7] for perfect fluids and also
prove finiteness of extension for the cylindrically symmetric Vlasov-Poisson system. The
equations (42)-(44) are simplified in the case of a perfect fluid since it corresponds to our
system with l = 0, which implies that P1 = P2 = P3, i.e. the pressure is isotropic. By
using this it is possible to compute the integrals in equations (43)-(44) and in this way
obtain a simplified system. The results for the Vlasov-Poisson system is easily obtained
by the same strategy.

2.3 Static spherically symmetric spacetimes

In paper III of the thesis, a new method of establishing static solutions of the spherically
symmetric Einstein-Vlasov system is given. Rein and Rendall proved in [32] existence
and finite extension for a certain class of distribution functions. The goal by using a
different method is to enlarge this class. This work was initiated by Uggla and Heinzle,
and inspired by their previous works with different coauthors, cf. [18, 19, 20]. These
papers treat the Vlasov-Poisson system, relativistic perfect fluids and Newtonian perfect
fluids respectively, and all of them in the spherically symmetric case. The idea is to
rewrite the system as a dynamical system on a state space with compact closure and then
using dynamical system tools, e.g. monotone functions and semi permeable membranes
(see below) to obtain finiteness of mass and radius for a larger class of distribution
functions than was previously known. A static spherically symmetric metric can be
written as

ds2 = −e2µ(r)dt2 + e2ν(r)dr2 + r2(dθ2 + sin2 θdφ2) , (50)

where t ∈ (−∞,∞), r ∈ [0,∞), θ ∈ [0, π), φ ∈ [0, 2π) and µ and ν only depend on
r. As mentioned before a sufficiently regular distribution function that only depends on
the particle energy E and the particle angular momentum L is a solution to the Vlasov
equation, where E := eµ(r)

√
1 + v2 and L2 := |x × v|2 and v is defined similarly as in

(45), cf. [16] for the exact form of v. We will assume that the distribution functions
have the form f(r, v) := φ(E)L2l, l > −1, as in paper II. The key remaining equations
of the Einstein-Vlasov system are given by

e−2ν

(
2
dν

dξ
− 1

)
+ 1 = 8π r2 ρ, (51)

e−2ν

(
2
dµ

dξ
− 1

)
− 1 = 8π r2 prad , (52)

where ρ is the mass-energy density and prad is the radial pressure defined by

ρ := 2πcl,−1/2r
2l(e−(2l+4)µhl+3/2(e

µ) + e−(2+2l)µhl+1/2(e
µ)), (53)

prad := 2πcl,1/2r
2le−(2l+4)µhl+3/2(e

µ), (54)

where
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ca,b :=
Γ(a+ 1)Γ(b+ 1)

Γ(a+ b+ 2)
, (55)

hm(u) :=
∫ ∞

u
φ(E)(E2 − u2)mdE, (56)

and ξ := ln(r). We define the mass, m(r), according to

e−2ν := 1− 2m(r)
r

, (57)

which together with (51) yields
dm

dξ
= 4π r3ρ . (58)

Define
σ :=

prad

ρ
, η := ln(E0)− µ = µR − µ , (59)

u =
4π r3ρ
m

, v =
m
r

σ(1− 2m
r )

. (60)

Then the Einstein-Vlasov system transforms to

du

dξ
= u

[
3 + 2`− u−

(
1 + σ − σ′

)
h
]
, (61)

dv

dξ
= v

[
(u− 1)(1 + 2σv) + σ′ h

]
, (62)

dη

dξ
= −σ h , (63)

where
h := (1 + σu)v . (64)

This is an autonomous dynamical system. We now introduce ω(η) instead of η, which
leads to

dω

dξ
= −σ dω

dη
h = −ωFh , (65)

where F := σ d logω
dη , and where specific choices of ω depend on the features of the

distribution function φ one is considering, but general features are that ω(η) is such that
limη→0 ω = 0, and F > 0. In many cases it is advantageous to choose ω to be of the
form

ω = k(ϕ(η)− 1) , (66)

where the constant k > 0 and the function ϕ(η) satisfies ϕ ≥ 1, dϕ/dη > 0, and ϕ(0) = 1,
which implies that limr→R ω = 0.
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Define
U :=

u

1 + u
V :=

v

1 + v
, Ω :=

ω

1 + ω
, (67)

and let us further define a new independent variable λ by

dλ

dξ
= (1− U)−1 (1− V )−1 . (68)

This leads to the following dynamical system:

dU

dλ
= U(1− U)

[
[3 + 2`− (4 + 2`)U ](1− V )−

(
1 + σ − σ′

)
H

]
, (69a)

dV

dλ
= V (1− V )

[
(2U − 1)(1− V + 2σV ) + σ′H

]
, (69b)

dΩ
dλ

= −Ω(1− Ω)F H , (69c)

where
H := (1− U + σU)V . (70)

This dynamical system is defined on [0, 1]2 × (0, 1).
As mentioned above the main goal is to establish finiteness of mass and radius for

the class of distribution functions considered. To do this we analyze the solution orbits
and establish where they end. Then it can be proved that these points corresponds to
solutions with finite mass and finite radius. Let us sketch the main steps in the proof.

Paper III contain two main results. We first outline the strategy of proof for the first
result which states that all distribution functions such that l > −1 and

σ′(η) ≥ 1 + (7 + 4l)σ(η)
4 + 2l

, (71)

for η small enough yield solutions with finite- radius and mass. First of all to obtain
this we need to define the ω-limit of a solution orbit. Given a solution orbit γ(λ) we say
that an ω-limit of an interior orbit is a point p such that there exists a sequence λn with
γ(λn) → p as n → ∞. The variable Ω is a monotone function along the solution orbits
and it can be concluded that the ω-limits must reside on the set {Ω = 0}. Defining

Z :=
U

1− U
(

V

1− V
)3+2l, (72)

we can conclude that the ω-limit lie on the set {Ω = 0} ∩ {V = 1} for distribution
functions that satisfies equation (71) for some η small enough. It can then be proved
that orbits with ω-limits on this set correspond to solutions with finite mass.

The second main result states that all distribution functions such that l > −1 and

σ′(η) ≥ 1
6 + 4l

+ kσ(η), (73)

for all η, where k = 3+2l+ 1
2 if l ≥ −3

4 and k = 2 if −1 < l < −3
4 , yield solutions with

finite- radius and mass. To prove this result we need the definition of a semi permeable
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membrane. It is a surface in state space such that if a solution orbit leaves the membrane
it can never intersect it again. Defining

P := 2u+ v − (6 + 4l), (74)

and considering the surface P = 0, we can conclude that it is a semi permeable membrane
for the class of distribution functions that satisfies (73) for all η ≤ ηc, where ηc is a
constant. We remark that it is actually {P = 0} ∩ {η ≤ ηc} which is studied. Again it
can be concluded that the ω-limits resides on {Ω = 0} ∩ {V = 1}, and proved that the
corresponding solutions possess finite mass and finite radius.

Let us compare the results with previous results. The solutions of the first result have
finite radius but the class of distribution functions is enlarged compared to Theorem 3.1
in [32] by allowing for l > −1 instead of l > −1/2 and by allowing for equality in (71)
instead of strict inequality. The solutions of the second result also have finite radius but
this is a new class compared to previous results for the Einstein-Vlasov system. However
there are corresponding results for the Vlasov-Poisson system, cf. Proposition 4.4 [18],
and for the perfect fluid case, cf. Theorem 5.2 [19]. It should be pointed out that the
second result allow for a much wider class of functions φ than the first with respect to
the so called polytropic behavior, cf. [32], but has instead global restrictions. This is
not the case in the first result, where only the asymptotic behavior of φ(E) as E → E0

is important.
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d’Einstein-Liouville. Ann. Inst. Fourier, 21, 181-201, (1971).

17



[9] D. Christodoulou. On the global initial value problem and the issue of singularities.
Class. Quantum. Grav., 16, A23-35, (1999).

[10] D. Christodoulou. The instability of naked singularities in the gravitational collapse
of a scalar field. Ann. Math., 149, 183-217, (1999).

[11] D. Christodoulou. Violation of cosmic censorship in the gravitational collapse of a
dust cloud. Comm. Math. Phys., 93, 171-195, (1984).

[12] D. Christodoulou and S. Tahvildar-Zadeh. On the regularity of spherically symmet-
ric wave maps. Comm. Pure Appl. Math., 46, 1041-1091, (1993).

[13] D. Christodoulou and S. Tahvildar-Zadeh. On the asymptotic behavior of spherically
symmetric wave maps. Duke Math. J., 71, 31-69, (1993).

[14] M. Fjällborg. On the cylindrically symmetric Einstein-Vlasov system. Comm. Part.
Diff. Eq., accepted Aug. (2005).

[15] M. Fjällborg. Static cylindrically symmetric spacetimes. Submitted Class. Quant.
Grav., (2006).

[16] M. Fjällborg, M. Heinzle and C. Uggla. Self-gravitating stationary spherically sym-
metric systems in relativistic galactic dynamics. To be submitted, June (2006).

[17] R. Glassey and W. Strauss. Singularity formation in a collisionless plasma could
occur only at high velocities. Arch. Rat. Mech. Anal., 92, 59-90, (1986).

[18] M. Heinzle, A. Rendall and C. Uggla. Theory of Newtonian self-gravitating station-
ary spherically symmetric systems. Math. Proc. Camb. Phil. Soc., 140, 177-192,
(2006).
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∇aTab = 0, (6)

which thus imposes restrictions on the matter models in general relativity.
Since the Einstein equations constitute a complicated nonlinear system of partial

differential equations it is in general impossible to solve (1) analytically. However, by
making strong assumptions on the symmetry of spacetime, the Einstein equations can
be solved as will be seen in the following two examples. These examples will also show
two remarkable consequences of the Einstein equations, namely that spacetime might
contain black holes and that spacetime has a beginning, the big bang.

In the first example the effect of a static, spherically symmetric isolated body on
spacetime is illustrated.

Example The following solution of the Einstein equations which models a static,
spherically symmetric spacetime was found in 1916 by Karl Schwarzschild. Let M =
{(t, r, θ, φ) : (t, r, θ, φ) ∈ (−∞,∞)× (2M,∞)× [0, π)× [0, 2π)} and take

ds2 = −(1− 2M
r

)dt2 + (1− 2M
r

)−1dr2 + r2(dθ2 + sin2 θdφ2), (7)

We see that the metric is singular at r = 2M . However, the curvature tensor is as a
matter of fact well behaved and bounded at r = 2M , and it turns out that spacetime can
be extended beyond r = 2M by a so called Kruskal transformation, cf. [37]. Hence, the
apparent singularity at r = 2M is thus merely a coordinate singularity. The resulting
spacetime, the Kruskal spacetime, is now defined for any r > 0. At r = 0 there is
however a true singularity and spacetime cannot be extended beyond it. In fact it is a
curvature singularity, i.e. curvature invariants such as RabRab tend to infinity when r
tends to zero. The surface r = 2M is called an event horizon and the region 0 < r < 2M
is called a black hole since not even light can escape from this region. In fact the Kruskal
solution is the model example of a black hole.

In the previous example an isolated body assumed to be static and spherically sym-
metric was considered. Let us now instead consider the whole universe, i.e. a cosmo-
logical model. On a large scale it is believed that wherever in the universe you are, or
whatever direction you turn your telescope, the sky will look the same. Mathematically
this is expressed as if the universe is spatially homogeneous and isotropic, i.e. the uni-
verse is assumed to possess a high degree of symmetry, and again the Einstein equations
will be drastically simplified and possible to solve.

Example The flat Robertson-Walker metric

ds2 = −dt2 + a(t)(dx2 + dy2 + dz2), (8)

where a is a positive function is an example of a spatially homogeneous and isotropic
metric. If we take perfect fluid as our matter model, i.e. a fluid where viscosity and heat
conduction have been neglected, then the energy-momentum tensor is given by

Tab = ρuaub + P (gab + uaub). (9)
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