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Abstract

This thesis deals with relativistic membranes and, in particular, a limit called stret-

ched membranes. The thesis also considers the relation of membranes to the con-

jectured M-theory and string theory. The thesis is divided into two parts. One

introductory part where I introduce areas which are of relevance for the second part.

The second part consists of the scientific papers.

In the first part I make a general introduction to string theory. Furthermore,

I discuss different limits of membrane theory. Then, I make a short review of the

different conjectures of M-theory and briefly mention different consistency checks of

these conjectures. The last subject in the first part concerns an area, which is not

in direct connection to the other chapters in the thesis. This is a short introduction

to the general treatment of theories with constraints.

The second part of the thesis consists of the included articles. The common topic

of these is that they give a new approach to the treatment of membranes. We here

make a partial gauge-fixing of the constraints which, by choosing an appropriate

limit, will yield a perturbation theory around a free string-like theory. The string-

like theory is the usual string theory with an extra parameter dependence. This

perturbation theory we solve by infinitesimal canonical transformations.

The corresponding quantum theory is also discussed. We show that a particu-

lar ordering gives critical dimensions 27 and 11 for the bosonic and fermionic case

respectively.
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Chapter 1

Introduction

One of the cornerstones in physics is finding mathematically consistent models which

explain more and more known phenomena in the universe. It is within this context

of physics this thesis should be considered. To date there exist two fundamental the-

ories which has been successful and tested to great accuracy. These are the standard

model of particles, which is formulated as a quantum field theory of particles1, and

the general theory of relativity [2]. These two theories arose in different ways. The

first has its roots in quantum theory, which begun with the discoveries of phenom-

ena dating back to the late nineteenth century and onwards. The standard model

was more or less completed in the mid 1970’s and was the result of many different

scientists who made contributions to its formulation. The other theory is, more or

less, the work of one man, Albert Einstein, who in a series of papers formulated the

theory of general relativity. One of the motivations behind his research is compelling

for scientists who believe in string theory. He saw that there existed an inconsistency

between the gravitational law of Newton [3] and the theory of special relativity [4],

1See eg. [1].

1



2 CHAPTER 1. INTRODUCTION

which was first formulated by himself. One of the results of Einstein’s work was that

one viewed space-time as something dynamic, instead of static, which depends on

the energy and matter present.

One knows that the two theories mentioned above do not give a complete picture.

The standard model of particles cannot describe phenomena when the gravitational

forces are not negligible and the general theory of relativity cannot descibe the mi-

croscopic physics as it is not a quantum theory. Unifying them naively to produce a

quantum theory of gravity, yields an inconsistent theory. Thus, one has to formulate

a unifying theory differently to produce a consistent quantum theory which involves

gravity. It is within this context string theory is interesting as it is a candidate for

such a unifying theory.

String theory arose first as a model of the strong nuclear force, which holds the

nucleus of the atom together. The first who proposed a model, which later could be

interpreted as a string model, of the strong nuclear force was Veneziano [5] in 1968.

It was later found that this theory not only was a model for the strong nuclear force,

but rather an unifying theory for all known forces. The fundamental object in string

theory, as it was formulated until the mid 1990’s, are strings, geometric objects with

an extension in one direction. When strings evolve in space-time they produce a

two-dimensional surface. String theory has many peculiar properties. One is that

it puts constraints on the space it is formulated in. For instance, in flat space it

constrains the number of space-time dimensions to D = 26 or D = 10. The former is

for the bosonic string and the latter is for the supersymmetric string. One also finds

that there exists, as far as we know, five different consistent perturbatively defined

string theories in ten dimensions. These are type I, IIA, IIB, heterotic so(32) and

E8 ⊕ E8.

The free and perturbative formulations around the flat background of these string
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theories we know rather well. One also knows, in principle, how to formulate the

different theories around classical solutions of the corresponding particle limit of

string theory; the supergravity limit. But, the non-perturbative formulation of string

theory is not so well understood. A few things that are established are that there

arises other objects than strings in this formulation, for instance D-branes, and also

that there exists dualities between the different string theories. It is through this web

of dualities that the conjectured M-theory arose. In 1995 Townsend [6] and Witten [7]

argued that there exists a theory in eleven dimensions which, compactified on a circle,

yields type IIA string theory.

A conjecture for a formulation of M-theory was proposed a year later [8]. This was

formulated as a matrix theory where, in the limit of large matrices, the theory would

capture all degrees of freedom of M-theory. In addition, this theory also involves

membranes. It is within this context my thesis should be considered. A main result

of this thesis is to formulate a theory for stretched membranes. Such membranes

has one direction which covers a large part of one space-like direction in space-time.

These stretched membranes can be formulated as a free string-like theory with a

perturbation. This string-like theory is a string theory with one extra parameter

dependence.

The thesis is divided into two parts. The first is an introductory part and the

second consists of the articles. The second chapter of the first part is a general

introduction to string theory. The third is about different limits of membrane theory.

The fourth chapter deals with the different conjectures of M-theory and the different

consistency checks of these conjectures. The last chapter concerns a different area,

not in direct connection to the other chapters in the thesis. It is a short introduction

to the general treatment of theories with constraints.

The second part of the thesis consists of the articles. The first paper deals with
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the general setup of the theory of stretched membranes. Here we also set up a

general scheme of how one can, by canonical transformations, solve the theory within

the perturbative regime. The second paper shows that, in lightcone gauge, the

perturbed theory is canonically equivalent to the unperturbed one. This result is

also generalized to the supermembrane. We show, furthermore, define a quantum

theory yielding the critical dimensions D = 27 and D = 11 for the bosonic membrane

and the supermembrane, respectively.

In the third paper we study the equivalence in a more covariant formulation,

namely we use a BRST approach to show that the BRST charge for the perturbed

theory is canonically equivalent to the unperturbed one. To show this equivalence, we

derive a correspondence between the cohomology of the unperturbed BRST charge

and the existence of infinitesimal canonical transformations.



Chapter 2

Strings, Membranes and M-theory

In this chapter I will give an introduction to string theory and other theories related

to my research, namely membrane theory and the conjectured M-theory. I will begin

with the simplest, the string model. After this discussion, I will introduce the theory

of main interest, membrane theory. Even though membranes are formulated in a

similar way as strings we will find that they are quite different. In the last section

I will make a connection between strings and membranes by discussing briefly the

conjectured M-theory, as it was proposed by Witten [7].

2.1 Strings

This section is in part based on a few of the books on the subject; Polchinski [9, 10]

and Green, Schwarz and Witten [11].

The action for a propagating string is proportional to the area which the string

traces out in space-time

S1 = −Ts

∫
d2ξ
√
− det(∂iXµ∂jXµ), (2.1)

5



6 CHAPTER 2. STRINGS, MEMBRANES AND M-THEORY

where Ts is the string tension, µ = 0, . . . , D − 1; i, j = 0, 1; ∂i ≡ ∂
∂ξi and where

ξ0 is the time-like parameter on the world-sheet. For historical reasons, one defines

the Regge slope α′, by T−1
s = 2πα′. An action of this kind was first proposed by

Dirac [12] when he introduced an extended model for the electron (this was a charged

membrane). This action was reinvented independently by Nambu [13] and Goto [14]

to give an action for the string. A classically equivalent action was later proposed

by Brink, De Vecchia and Howe [15] and, independently, by Deser and Zumino [16]

Sp = −Ts

2

∫
d2ξ
√
−γγij∂iX

µ∂jXµ, (2.2)

where a metric on the world-sheet, γij with lorentzian signature, has been intro-

duced. Due to the important work of Polyakov [17, 18], where he discovered the

importance of γij in the perturbative formulation of interacting strings, this action

is commonly referred to as the Polyakov action. The fact that the two actions are

classically equivalent is easy to see by studying the equations of motion for γij. The

actions in eqs. (2.1) and (2.2) both possess global space-time Poincaré invariance and

local reparametrization invariance of the world-sheet. The action in eq. (2.2) is also

invariant under local Weyl rescaling of the world-sheet metric, γij → e2σγij.

The local invariances of the action in eq. (2.2) make it possible to choose the met-

ric of the world-sheet to be conformally flat, γij = e2σηij, where ηij = diag{−1, 1}.

If one Wick rotates time, ξ2 = iξ0, such that the world-sheet is Euclidean and intro-

duces z = exp[2π(iξ1 + ξ2)] the action can be written as

S = Ts

∫
d2z∂Xµ∂̄X

µ, (2.3)

where d2z = dzdz̄, ∂ = ∂z and ∂̄ = ∂z̄. In this action one can, in a simple way,

introduce world-sheet supersymmetry. Under the assumption that the fermions are
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Majorana, thus only have real degrees of freedom, the supersymmetric action is

S =

∫
d2z
[
Ts∂Xµ∂̄X

µ + ψ∂̄ψ + ψ̃∂ψ̃
]
. (2.4)

This is also called the ‘spinning string’. The equations of motion for this action is

∂(∂̄Xµ) = ∂̄(∂Xµ) = 0

∂̄ψµ = 0

∂ψ̃µ = 0. (2.5)

For the bosonic fields the solution can be expanded as1

Xµ = qµ − i
α′

2
pµ ln(|z|2) + i

(
α′

2

)1/2∑
m6=0

1

m

(
αµ

m

zm
+
α̃µ

m

z̄m

)
, (2.6)

where pµ is the center of mass momentum, which is conserved. For the fermions, on

the other hand, one has two different possibilities for the boundary conditions. If

we classify them on the cylinder, the Ramond sector (R) has anti-periodic boundary

conditions and the Neveu-Schwarz sector (NS) has periodic. Transforming this to

the annulus, and Laurent expanding the solution, we find

ψµ =
∑
n∈Z

dµ
n

zn+1/2
R-sector (2.7)

ψµ =
∑

n∈1/2+Z

bµn
zn+1/2

, NS-sector (2.8)

and similar expressions for the left-moving field. Thus, the R-sector is anti-periodic

on the annulus and the NS-sector is periodic.

To construct the physical states of the theory we need to know the constraints

of the theory. These follow from the vanishing of the energy-momentum tensor and

1This is for the closed case; for the open one will get relations between the two different families

of modes.
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the supercurrent,

T (z) = − 1

α′
∂Xµ∂Xµ −

1

2
ψµ∂ψµ (2.9)

G(z) = i

(
2

α′

)1/2

ψµ∂Xµ, (2.10)

etc. for the left-moving sector. These constraints generate a superconformal algebra.

To get the expressions for the bosonic string, one puts the fermions to zero, and the

algebra is then a conformal algebra. As we are dealing with a quantum theory, these

operators have to be normalized such that they have finite eigenvalue on the physical

states.

One can define a quantum theory in different ways: Either one gauge-fixes the

action completely using, for example, the lightcone gauge, where only physical fields

are left, or one imposes the constraints on the state space. The third, and most

general, way is by exchanging the local symmetry by a rigid nilpotent symmetry and

construct a state space in which the physical states are those in the cohomology of

the corresponding conserved charge. This is the BRST approach where the BRST

charge is constructed using the constraints2. I will here present the second way,

namely the old covariant quantization (OCQ) approach, to quantize the string.

Define a vacuum for the string by

αµ
m |0〉 = 0 for m > 0

αµ
m |0, β, R〉 = 0 for m > 0

dµ
m |0, β, R〉 = 0 for m > 0

αµ
m |0, NS〉 = 0 for m > 0

bµm |0, NS〉 = 0 for m > 0. (2.11)

2See chapter 5 for a brief introduction to the classical BRST formalism for finite degrees of

freedom.
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If we also expand the constraints

T (z) =
∑
m∈Z

Lm

zm+2

G(z) =
∑
m∈Z

GR
m

zm+3/2
R-sector

G(z) =
∑

m∈1/2+Z

GNS
m

zm+3/2
NS-sector, (2.12)

one can determine the zero-mode of the Virasoro algebra

L0 =
α′

4
p2 +

∞∑
m>0

αµ
−mαm,µ Bosonic string (2.13)

L0 =
α′

4
p2 +

∞∑
m>0

αµ
−mαm,µ +

∞∑
m>0

mdµ
−mdm,µ R-sector (2.14)

L0 =
α′

4
p2 +

∞∑
m>0

αµ
−mαm,µ +

∑
r∈1/2+Z

rbµ−rbr,µ NS-sector. (2.15)

The OCQ procedure prescribes that the physical states satisfy

(L0 − a) |φ〉 = 0

Lm |φ〉 = Gm |φ〉 = 0 for m > 0.
(2.16)

One will find a = D−2
24

, a = 0 and a = D−2
16

for the bosonic string, R-sector and NS-

sector respectively, using [9]. Here one uses the fact that each on-shell bosonic field

contributes to a with −1/24, R-fermions with 1/24 and NS-fermions with −1/48.

The conditions on the physical states yield that the ground-state for the bosonic

string is tachyonic, that the first excited state is a gauge boson for the open sting,

and that there exists a gravition in the massless part of the spectrum for the closed

string. Furthermore, one finds a constraint on the number of space-time dimensions,

which is 26.
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For the superstring, on the other hand, the constraints on the NS-sector imply

that the critical dimension is D = 10. Also, all states in the NS-sector are bosonic.

The ground-state is tachyonic and the first excited level is massless and describes,

for the open case, a gauge boson. This state is created by bµ−1/2.

Let us now discuss the R-sector. The ground-state is massless because a = 0 in

this sector. However, it is not a singlet, but rather invariant under dµ
0 , which generate

a ten-dimensional Clifford algebra in the spinor representation of Spin(1, 9). Thus,

all states in this sector are fermionic because the ground-state is fermionic. As

the dimension is even, one can decompose the spinor representation into two Weyl

representations which have different values of the Γ10 matrix. The representation of

the ground-state is 16 ⊕ 16′. Using the constraints, one will get a Dirac equation

of the state, which reduces the number of degrees of freedom by a factor of one

half. Thus, the physical ground-state reduces to 8 ⊕ 8′ on-shell degrees of freedom.

Therefore, we have a difference between the NS-sector and the R-sector. One can get

rid of this by introducing the GSO-projection [19] on each of the modes. This will

project out, in the NS-sector, the states with an even number of bµ−r excitations and,

in the R-sector, one of the chiralities (thus, one of the Weyl representations). This

produces an equal number of bosonic and fermionic states at all mass levels. Also, it

projects out the tachyon in the bosonic sector. Thus, the theory has the possibility

to be space-time supersymmetric.

We have only discussed the spectrum for the open superstring, or to be more

precise, one of the sectors of the closed superstring. The open string is a part of the

type I string, which consists of unoriented closed strings and open strings with SO(32)

gauge freedom at the ends of the string. There also exist two other string theories

which are constructed in the same way: The type IIA and type IIB string theories.
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These theories consist only of closed strings3 where one projects out fermions such

that the ones left have the opposite chirality (type IIA) or the same chirality (type

IIB).

In this section we have discussed three consistent string theories with worldsheet

supersymmetry as well as space-time supersymmetry. In addition to these, there also

exist, two heterotic string theories, the so(32) and E8 ⊕ E8, which are constructed

by having bosonic left-moving modes and worldsheet supersymmetric right-moving

modes (or the other way around). These are the known consistent string theories

in ten-dimensions. But, if any of them would describe our universe, which one is

it? A conjecture which, if true, would answer this question was presented in the

mid 1990’s when Witten [7], see also [6], argued that there exists a theory in eleven

dimensions called M-theory. This theory would, in different limits, yield the different

string theories. This conjecture was based on many results of non-perturbative string

theory. As this theory would involve the supermembrane, it is important to study

membranes in more detail. In the next section I will introduce this theory.

2.2 Membranes

This section is in part based on reviews by Duff [20], Nicolai and Helling [21], Taylor

[22] and de Wit [23].

Membrane theory is formulated in the same way as string theory. It is a geometric

theory and, therefore, its dynamics is encoded in an action proportional to the world-

volume, which the membrane traces out in space-time. But, there exist differences

as well; the membrane is a self-interacting theory from the start and there does

not exist a natural parameter that can work as a perturbation parameter. This

3From a perturbative perspective
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is in contrast to the case of the string, where the vacuum expectation value of the

dilaton field acts as a perturbation parameter. One may, however, introduce different

types of perturbation parameters. One example is our work in Paper I, where we

have gauge-fixed the action partially and letting the tension of the membrane act

as a perturbation parameter. Another example is the work of Witten [7] where

he argues for the existence of an M-theory. There one introduces a perturbation

parameter through compactification, where the size of the compact dimension acts

as a perturbation parameter. This, we will see, is connected to the vacuum expection

value of the dilaton field of type IIA string theory.

One additional difference between the string and the membrane, is that one can-

not introduce worldsheet supersymmetry in a simple way [24–27]. The action that

exists [28,29] does not have an obvious connection to the space-time supersymmetric

formulation of the membrane action. One can also formulate a string action which is

space-time supersymmetric, the Green-Schwarz superstring [30–32] (GS-superstring).

Let us begin by introducing the Dirac action [12] for the bosonic membrane

S2 = −T2

∫
d3ξ
√
− dethij, (2.17)

where T2 is the tension of the membrane, i, j = 0, 1, 2 and hij = ∂iX
µ∂jXµ is the

induced metric of the world-volume. This action is of the same kind as the free string

action. It has rigid Poincaré invariance in target space and local reparametrization in-

variance of the world-volume. The constraints corresponding to local reparametriza-

tion invariance are

φ0 =
1

2

{
P2 + T 2

2 det [hab]
}

φa = Pµ∂aX
µ, (2.18)
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where a, b = 1, 2 and where we have defined the canonical momentum

Pµ =
δL

δ(∂0Xµ)
. (2.19)

If we Legendre transform to the Hamiltonian formulation of the theory, we will find

that the Hamiltonian is weakly zero4. The constraints satisfy a closed algebra, but

the structure functions depend on the phase-space coordinates.

One can also introduce a metric on the world-volume to get the action

S ′2 = −T2

2

∫
d3ξ
√
−γ
[
γij∂iX

µ∂jXµ − 1
]
. (2.20)

Here we see a difference between the string and the membrane. One has an extra

term corresponding to a cosmological constant which is not there for the string. A

consequence of this is that the action does not possess Weyl invariance5. Since we

only have three constraints, and the metric has five independent components, we

cannot fix the metric to be conformally flat.

The equations of motion are those of an interacting theory, as can be shown as

follows. Choose the Hamiltonian to be proportional to φ0. The equations of motion

which follow from this Hamiltonian are

Ẍµ = ∂1(∂1X
µ(∂2X)2)− ∂2(∂1X

µ(∂1X∂2X))

+ ∂2(∂2X
µ(∂1X)2)− ∂1(∂2X

µ(∂1X∂2X)), (2.21)

which are non-linear and, therefore, not equations of motion for a free theory. Thus,

the three-dimensional theory on the world-volume, contrary to the string world-sheet

theory, is an interacting theory.

4“Weakly zero” means that it can be proportional to the constraints.
5One can formulate an action which possesses Weyl invariance [33]. For this action, one of the

solutions of the equations, which arise from the variation of γij , yields the action in eq. (2.17). For

this action, one can introduce linearized world-volume supersymmetry [28,29].
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To introduce world-sheet supersymmetry in this action is, as stated above, diffi-

cult. Therefore, one usually introduces space-time supersymmetry instead. Assume

that we can introduce N = 1 supersymmetry in space-time and that the fermions can

be taken to be Majorana. The basic fields in this action are Xµ, which form a vector

representation of SO(1, D), and the fermionic fields θα, which form the spinor repre-

sentation of Spin(1,D). Under the assumption that the fermions are Majorana, the

fermionic field will have 2[D/2] real degrees of freedom. The way the supersymmetry

transformations act on the fields are

δQθ
α = εα

δQθ̄
α = ε̄α

δQX
µ = iε̄Γµθ, (2.22)

where δQ is a supersymmetry transformation and εα is a spinor. One can construct

a field, Πµ
i ≡ ∂iX

µ − iθ̄Γµ∂iθ, which is invariant under these space-time transfor-

mations. This can be used to construct an action for the supermembrane based on

the Dirac action by exchanging ∂iX
µ by Πµ

i . But, if one does this one discovers a

problem. This is because the number of degrees of freedom do not match. One has

D − 3 on-shell bosonic and 2[D/2]−1 on-shell fermionic degrees of freedom. Because

M-theory is a theory in eleven dimensions and supermembranes would be a part

of it, the interesting number of space-time dimensions to formulate this theory in

is eleven. In this number of dimension we find twice as many fermions as bosons.

The way out of this is to postulate that the action also has to be invariant under

kappa symmetry. This symmetry is a link between the space-time and world-sheet

supersymmetry. This acts on the fermions as

δθα = κ(1 + Γ)α (2.23)
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where6

Γ ≡ 1

3!
√
− dethij

Πµ
i Πν

j Π
λ
kΓµνλ. (2.24)

In this equation εijk is a totally anti-symmetric pseudo-tensor defined by ε012 = −1

and

Γµνλ = Γ[µΓνΓλ] (2.25)

where square bracket indicate anti-symmetrization of the indices with unit weight.

As Γ2 = 1, eq. (2.23) reduces the number of fermions by a factor of one half. Thus, in

eleven dimensions, there exist 8 bosonic and 8 fermionic degrees of freedom. There-

fore, the degrees of freedom match and the theory has the possibility to have unbro-

ken supersymmetry. The action which possesses this symmetry7 is the Dirac action

formulated as a pullback of the space-time metric plus a three-form [34,35]

Ss
2 = −

∫
d3ξ
√
−h+

∫
C3. (2.26)

Here I have put T2 = 1 and h ≡ det [hij]. This action is of the same principal form

as the covariant action for the Green-Schwarz string [36]. It was thought that one

could not formulate such actions for other models than particles and strings. This

was proved wrong by the construction in [37], where an action was presented for a

three-brane in six dimensions. In flat space the three-form is∫
C3 =

i

2

∫
d3ξεijkΓµν∂iθ

[
Πµ

j ∂kX
ν − 1

3
θ̄Γµ∂jθθ̄Γ

ν∂kθ

]
, (2.27)

where Γµν ≡ Γ[µΓν]. To analyze this action one has to choose a gauge. A suitable

gauge is to fix it partially to the lightcone gauge8 [38]. To do this, we first choose

6Here I have written down the expression for a membrane in flat background.
7Provided that the background fields satisy the on-shell constraints of eleven-dimensional super-

gravity.
8This is not exactly the same kind of lightcone gauge that we use in Paper II.
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lightcone coordinates

A+ =
1√
2

(
AD−1 + A0

)
A− =

1√
2

(
AD−1 − A0

)
. (2.28)

Then we fix the kappa-invariance by imposing Γ+θ = 0 where

Γ+ = 116 ⊗

(
0 0√
2i 0

)
. (2.29)

116 is the unit matrix. Fixing two out of the three reparametrization invariances by9

χ1 = X+ − ξ1 ≈ 0

χ2,a = ∂aX
− + iψ∂aψ + ∂aXI∂0XI ≈ 0. (2.30)

Here we have redefined the non-zero fermions by ψα = (2)1/4θ2α. In this gauge one

can choose P+ = P+
√
w(ξ1, ξ2) where P+ is a constant and∫

d2ξ
√
w = 1. (2.31)

Thus, P+ is the center of momentum. This will, in the end, yield the Hamiltonian [38]

H =
1

2P+

∫
d2ξ

[
P2 + det (∂aX∂aX)

2
√
w

+ P+εabψγI∂aψ∂bX
I

]
, (2.32)

where εab is a totally anti-symmetric pseudo-tensor defined by ε12 = 1 and γI is

defined by

ΓI = γI ⊗

(
1 0

0 −1

)
. (2.33)

The constraints that are still left are

φ = εab [∂aP∂bX + ∂aS∂bψ] ≈ 0 (2.34)

Gα = Sα − i
√
wP+ψα ≈ 0, (2.35)

9The second of these equations is only one gauge fixing condition.
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where the first constraint is due to the single-valuedness of the X− 10 and the second

is the Dirac constraint for the fermions. Regularization of this Hamitonian and other

limits of the membrane action will be discussed in the next chapter. But, before this,

we present the arguments by Witten [7] for why there should exist an M-theory.

2.3 M-theory

In this section I will recall one of the arguments presented by Witten [7] for why

there should exist a theory in eleven dimensions which, in different limits, should

describe the five known consistent superstring theories.

Let us first begin with the type IIA supergravity limit, for which the bosonic

action is IIIA = INS + IR, where INS is the NS-NS part of the massless bosonic fields

and IR is the part which is quadratic in the R-R-sector fields. The massless fields

in NS-NS-sector is the metric gµ̂ν̂ , the anti-symmetric field bµ̂ν̂ , which we write as

a two-form B2 = 1
2
bµ̂ν̂dx

µ̂ ∧ dxν̂ , and the dilaton φ. The massless fields in the R-R

sector are a one-form A1, and a three-form A3. From these, one can construct the

corresponding field strengths H3 = dB2, F2 = dA1 and F4 = dA3. We also need

F4 = dA3 +A1 ∧H3. After defining these fields the bosonic part of the supergravity

action is

INS =
1

2

∫
d10x

√
ge−2γ

{
R + 4 (∇φ)2 − 1

12
|H3|2

}
IR = −1

2

∫
d10x

{
1

2!
|F2|2 +

1

4!
|F ′

4|
2

}
− 1

4

∫
F4 ∧ F4 ∧B2, (2.36)

This action was derived from the N=1 supergravity in D = 11 [39] by dimensional

10The first of these constraints is a local condition on the field X−, but there also exist global

constraints on the field, namely, that the line integral over a closed curve of P∂aX + S∂aφ should

vanish.
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reduction. The N=1 supergravity in D = 11 [39] is simpler and the bosonic part is

I11 =

∫
d11x

√
G
{
R + |dA3|2

}
+

∫
A3 ∧ dA3 ∧ dA3, (2.37)

where Gµν is the metric in 11 dimensions.

For the type IIA theory we have two chiralities. Thus, we will have a separation

between two different supersymmetry charges, Qα and Q′
α̇. From the point of view of

fundamental string theory, these are independent. Let us now focus on the gauge field

A1. There is a possibility to add a central term in the anti-commutator between the

two different supersymmetry charges, which has a non-zero charge Z, with respect

of the gauge field A1:

{Qα, Q
′
α̇} ∼ δα,α̇Z. (2.38)

There exists a Bogomol’nyi bound [40] for states which relates the mass to the charge.

If we assume that the allowed values of Z are discrete, what mass would such a states

have? First of all, they should decouple when the string coupling λ = eφ0 , where φ0

is the vacuum expection value of the dilaton field, goes to zero. Thus, M ∼ λ−m

where n is a positive number. One can also argue, under the assumption that the

kinetic energy is independent of φ, that m = 1. Thus, the Bogomol’nyi bound for

such a state is

M ≥ c1
|n|
λ
, n ∈ Z (2.39)

where c1 is a constant. Using arguments by Hull and Townsend [41] and Townsend [6]

one can show that these states are quantized black holes. The BPS black holes are

the states where one has an equality as in eq. (2.39). The BPS-states are completely

determined by the charges carried by the states and remain BPS as the coupling

constants vary. These states, therefore, survive in the non-perturbative sector of the
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theory and decouple when λ→ 0. These states will not appear as elementary string

states and, therefore, will be new sectors of the theory. Furthermore, these states

will be parts of a non-perturbative formulation of string theory.

One has shown that these BPS-states indeed exist, at least for n = 1, as they

correspond to a single D0-brane of type IIA string theory [42]. The existence of

BPS-states for n 6= 1, which correspond to n bounded D0-branes, is different. For

this case there exists a rigorous argument for the case n = 2 [43].

We will now argue that these states arise because an extra dimension in the type

IIA string theory appears when the coupling constant differs from zero. Consider

the N=1 supergravity in D = 11 and make a Kaluza-Klein ansatz by

ds2 = e−γgµ̂ν̂dx
µ̂dxν̂ + e2γ(dx11 − Aµ̂dx

µ̂)2

Bµ̂ν̂ = Aµ̂ν̂10. (2.40)

This yields that the action in eq. (2.37) has a similar form as IIIA if one makes the

identification γ = 2φ0/3. Thus, the radius, r(λ) = eγ, is related to the perturbation

parameter of the type IIA theory; in the strong coupling limit, λ → ∞, of type

IIA an extra dimension appears, in which the field theory is weakly coupled11. The

masses of the Kaluza-Klein modes are proportional to

e−γ/2/r(λ) = c′
|n|
λ
, (2.41)

which is of the same form as eq. (2.39). Thus, the central charges of the supersym-

metry algebra appear as Kaluza-Klein modes of the compactified dimension.

What I have described here is one of the dualities in a web of dualities which

relate different string theories in different dimensions.

11Consider the simplest interacting model,
∫

d5x
{
(∂Φ)2 + Φ3

}
. Compactifing φ = R1/2Φ, yields∫

d4x
{

(∂φ)2 + R−1/2φ3
}

and the theory is weakly coupled when R gets large.





Chapter 3

Limits of Membrane theory

In this chapter I will discuss a few of the different limits one can make for membrane

theories. One of the most interesting is the matrix model approximation, which one

can use for membranes in the lightcone gauge [38, 44, 45]. This will, in the super-

symmetric case, yield a quantum-mechanical model of a maximally supersymmetric

su(N) matrix model [46–48]. These models are quantizible and it is argued that in

the limit, N → ∞, they will describe the quantum membrane. This limit, which I

will mention in the next chapter, is not thought to be a simple one. For instance, if

one chooses different N →∞ limits, one can prove that the algebras one obtain are

in pairs non-isomorphic [49].

There exist limits of the membrane where string theory arises naturally. One

example is the double dimensional reduction [50, 51]. One can find other limits,

where one keeps some of the dependence of the ξ2-direction. In the limit, when the

radius of the compact dimension goes to zero, one will get the rigid string [59]. Also

in the context of D-branes, string-like theories arises. This is a specific tensionless

limit of the D-brane [52,53].

21
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3.1 Matrix approximation

This section is in part based on [23], which is a review of supermembranes and super

matrix models. Let us consider the bosonic part of the Hamiltonian in eq. (2.32)

H =
1

2P+

∫
d2ξ

{
P2 + det (∂aX∂aX)

2
√
w

}
. (3.1)

Let us define a bracket

{A,B} ≡ εab

√
w
∂aA∂bB. (3.2)

This bracket satisfies the Jacobi identity,

{A, {B,C}}+ {B, {C,A}}+ {C, {A,B}} = 0. (3.3)

Therefore, if one has a complete set of functions which is closed under the bracket,

the functions satisfy an algebra.

Using the bracket, the Hamiltonian and the corresponding constraint can be

written as

H =
1

2P+

∫
d2ξ
√
w

{
P2

2w
+

1

2
{XI , XJ}2

}
φ = {PI , X

I} ≈ 0. (3.4)

This action is invariant under area-preserving diffeomorphisms

ξa → ξa + ϕa, (3.5)

with

∂a

(√
wϕa

)
= 0, (3.6)

such that the bracket is invariant in eq. (3.2). This condition can be simplified by

defining

ϕa =
εab

√
w
ϕb. (3.7)
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Thus, eq. (3.6) shows that ϕa may be used to construct a closed one-form. Under

the assumption that we have a simply connected membrane, closed one-forms also

are exact,

ϕa = ∂aϕ. (3.8)

The infintesimal transformations act as

δXI =
εab

√
w
ϕa∂bX

I . (3.9)

If we consider the commutation of two such transformations, parametrized by ϕ(1)

and ϕ(2), one will get a resulting transformation parametrized by

ϕ(3)
a = ∂a

(
εbc√
w
ϕ

(2)
b ϕ(1)

c

)
, (3.10)

which shows that ϕ(3) is exact even if ϕ(1) and ϕ(2) are not exact. If we use the

bracket defined in eq. (3.2) one can see that

{ϕ(2), ϕ(1)} = ϕ(3). (3.11)

We can expand the fields in terms of a complete set of functions {YA} of the two-

dimensional surface

∂aX
I =

∑
A

XI
A∂aY

A(ξ)

P I =
∑

A

√
wP I

AY
A(ξ), (3.12)

The closed one-forms are then dYA. As they constitute a complete set, they satisfy

{Y A, Y B} = fAB
CY

C . (3.13)

From eq. (3.11) we find that fAB
C are the structure constants of the area-preserving

diffeomorphisms in the basis {Y A}. Since these functions constitute a complete set,
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one can define an invariant metric∫
d2ξ
√
wY AY B = ηAB, (3.14)

which can be used to raise indices. In the compact case, ηAB is changed to δAB. One

can show that the diffeomorphism group of the membrane can be approximated by

a finite group [44,45,54–57], (for closed membranes, su(N) if we subtract the center

of momentum) which in a particular limit describes the membranes. Let us consider

the simplest example, namely the toroidal membrane, to see how this works.

A basis for these membranes is

Y~m =
1

2π
ei~m·~ξ, (3.15)

where ~m = [m1,m2], ~ξ = [ξ1, ξ2] and 0 < ξ1, ξ2 < 2π. If one computes the bracket

one will get

{Y~m, Y~n} = − 1

2π
(~m× ~n)Y~m+~n, (3.16)

where (~m × ~n) denotes m1n2 −m2n1. To see that this indeed can be reconstructed

by approximating to u(N) matrices1 and take N →∞, we use the t’Hooft clock and

shift matrices

U =


0 1 0 . . . 0
...

. . . . . . . . .
...

...
. . . . . . 0

0 · · · · · · 0 1

1 0 · · · · · · 0

 V =


1 0 · · · 0

0 ω
. . .

...
...

. . . . . . 0

0 · · · 0 ωN+1

 , (3.17)

where ω = e2πik/N . Products of these matrices form a basis of hermitian N × N

matrices and satisfy the matrix commutation relations

[V m1Um2 , V n1Un2 ] = (ωm2n1 − ωm1n2)Um1+n1V m1+n1 , (3.18)

1u(N) ∼= su(N)⊕ u(1) and the u(1) corresponds to the center of momentum.
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as can be shown by using UV = ωV U . If we define the generators of u(N) as

T~m = − iN

(2π)2k
V m1Um2 (3.19)

we see that in the limit

lim
N→∞

[T~m, T~n] = − 1

2π
(~m× ~n)T~m+~n, (3.20)

which has the same form as eq. (3.16).

The Hamiltonian for this matrix theory is

H =
1

P+
Tr

[
1

2
P 2 +

1

4

[
XI , XJ

]2]
, (3.21)

where I have made the following identifications∫
d2ξ(.) ⇐⇒ Tr(.)∫

d2ξ
√
wYA = 0 ⇐⇒ Tr(TA) = 0

{Y A, Y B} = fAB
CY

C ⇐⇒ [TA, TB] = fAB
CT

C .

(3.22)

TA are the generators of the u(N) group and [., .] is the usual commutation of ma-

trices. One can also do the same for the supersymmetric matrix model to get [38]

H =
1

P+
Tr

[
1

2
P 2 +

1

4

[
XI , XJ

]2
+ P+θTγI [θ,X

I ]

]
. (3.23)

3.1.1 The spectrum of the matrix model

In this subsection I will discuss the results for the spectrum of the matrix Hamiltoni-

ans in eqs. (3.21) and (3.23). It was thought that the latter of these models possesses

discrete mass spectrum due to the work of [60]. But it was found by de Wit, Lüscher

and Nicolai [61] that this was not the case. To describe this proof in detail is beyond

the scope of this thesis. Instead I will describe a simpler toy model which captures
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the essential features of the matrix model for the supermembrane. Consider the two

dimensional quantum mechanical model defined by the self-adjoint supercharge

Q =

(
−xy i∂x + ∂y

i∂x − ∂y xy

)
. (3.24)

This charge can be used to construct a Hamiltonian

H =
1

2

{
Q,Q†}

=

(
−4+ x2y2 x+ iy

x− iy −4+ x2y2

)
. (3.25)

The associated bosonic operator to this Hamiltonian is the diagonal part of the ma-

trix. One can see that the potential V (x, y) = x2y2 has flat directions. The particle

is, therefore, not confined in the potential. This non-confinement does not survive

quantization. This can be seen as a zero-point effect for the harmonic oscillator at

fixed value of x (or y). The zero-point effect is proportional to |x| and the Hamil-

tonian is, therefore, bounded from below by the potential Vq = |x| + |y|. For the

supersymmetric model, this is not the case. Because of supersymmetry, the fermionic

degrees of freedom cancel the zero-point effects of the bosonic degrees of freedom.

This implies that there does not exist a potential barrier which confines the particle

to the center of the potential. Consequently, all energies of the particle are possible

except negative ones since the Hamiltonian is bounded from below.

The membrane has the same features as this toy model. Thus, the mass spectrum

for the supermembrane is continuous and the allowed masses in the spectrum are

M ∈ [0,∞). (3.26)

This result does not rule out the possibility that there may exist a discrete subspec-

trum. Furthermore, this result is for finite N , which one assumes to hold also in
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the limit N → ∞. The continuos spectrum is interpreted as the membranes not

having a fixed topology. Membranes can form spikes with zero area and, therefore,

of zero energy. These spikes can reattach to another part of the surface to create

a membrane with another genus. Furthermore, the number of membranes are not

fixed because the membranes can attach themselves to each other by spikes.

3.2 The type IIA superstring from the superme-

mbrane

This section is a review of the arguments in [50]. Assume that D = 11. As we will

see, this is related to the arguments of M-theory presented in the previous chapter.

We start from the bosonic part of the action in eq. (2.26),

S2 = −
∫
d3ξ

{√
− det ∂iXµ∂jXνgµν −

1

3!
εijk∂iX

µ∂jX
ν∂kX

λCµνλ

}
.

(3.27)

Let us then perform a double-dimensional reduction by gauging

XD−1 = ξ2, (3.28)

and choosing the other fields to be independent of the ξ2-variable. Furthermore,

compactify the theory on a circle by the Kaluza-Klein ansatz:

gµν = Φ−2/3

 ĝµ̂ν̂ + Φ2Aµ̂Aν̂ Φ2Aµ̂

Φ2Aν̂ Φ2

 , (3.29)

where the hatted indices are in D − 1. Then, split the anti-symmetric field as

Cµνλ = (Ĉµ̂ν̂λ̂, Ĉµ̂ν̂10)

= (Ĉµ̂ν̂λ̂, bµ̂ν̂). (3.30)
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Inserting this into the action in eq. (3.27) and integrating out the ξ2-dependence

yields

S ′ = −
∫
d2ξ

{√
− det ∂ı̂X µ̂∂̂X ν̂ ĝµ̂ν̂ −

1

2
εîĵ∂îX

µ̂∂ĵX
ν̂bµ̂ν̂

}
, (3.31)

where ı̂, ̂ = 0, 1. This is the Dirac–Nambu–Goto action for the string in curved

background with a Wess-Zumino interaction term corresponding to the anti-sym-

metric field bµ̂ν̂ . What we have done is to wrap the membrane around the compact

dimension, choosing the radius of this tenth dimension to be small, or to be more

precise, zero. This procedure truncates the fields to the zero modes of the Kaluza-

Klein excitations. One can generalize the results to hold for the supermembrane as

well by introducing supervielbeins, EM
A, and the pullback of them to the world-

volume, Ei
A = ∂iZ

MEM
A, where ZM = (Xm, θᾱ). We gauge partially by setting

Ei
D−1 = δi,2 and letting the other fields be independent of ξ2. We also make the

Kaluza-Klein reduction

EM
A =

 EM̂
µ̂ EM̂

10 EM̂
α

E10
µ̂ E10

10 E10
α


= Φ−1/3

 Êµ̂

M̂
ΦAM̂ EM̂

α + AM̂χ
α

0 Φ χα

 , (3.32)

where AM is the U(1) charged superfield, χα and Φ is the superfields whose leading

components are the dilatino and dilation, respectively. Moreover, we split the Wess-

Zumino term as

CABC = (ĈÂB̂Ĉ , ĈÂB̂10)

= (ĈÂB̂Ĉ , BÂB̂) (3.33)

Inserting this ansatz into the action eq. (2.26) written in terms of supervielbeins,

S2 = −
∫
d3ξ

{√
− detEA

i E
B
j δAB −

1

3!
εijkEA

i E
B
j E

C
k CABC

}
, (3.34)
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and integrating out the ξ2-dependence yields

S ′1 = −
∫
d2ξ

{√
− det(ÊÂ

ı̂ Ê
B̂
̂ δÂB̂)− 1

2!
εîĵÊÂ

ı̂ Ê
B̂
̂ BÂB̂

}
, (3.35)

This is the GS-action of the superstring in a curved background [58]. If one studies

the kappa-invariance of the reduced action, one finds that it is invariant if the back-

ground fields satisfy the on-shell field constraints of type IIA supergravity in D = 10.

Thus, the theory we have found is the type IIA string theory.

Let us connect these considerations to the perturbation theory defined in Paper

I, which we solved in Paper II using the lightcone gauge, and generalized to hold

also for covariant2 approach using BRST charge for the bosonic membrane in Paper

III. In these articles we consider the opposite limit, where the ξ2-direction of the

membrane covers a large part of the XD−1-direction of space-time. In this limit we

also need the membrane tension to be small which, if one analyses the arguments

above, is the opposite limit.

Let me also a make comment about another limit in the double dimensional re-

duction of the bosonic membrane in flat background. We choose the parametrization

of the compact dimension as XD−1 = ξ2 ∈ [0, 2πR]. Expand up to linear order in

the fields

X µ̂(ξ2) = xµ̂ + yµ̂Rξ2, (3.36)

where xµ̂ and yµ̂ are independent of ξ2. If we expand the determinant of the induced

metric to order two in R and linear in ξ2, inserte the ansatz into eq. (2.17) and

integrate out the ξ2-dependence one finds

Srs = T1

∫
d2ξ
√
− dethı̂̂

{
1 + hı̂̂∂ı̂x

µ̂∂̂Bµ̂ +
1

2
αT1

[
Bµ̂Bµ̂

− Bµ̂∂ı̂x
µ̂hı̂̂Bν̂∂̂x

ν̂
]}

(3.37)

2This is covariant in D − 1 directions because one has partially reduced the system.
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where hı̂̂ ≡ ∂ı̂x
µ̂∂̂x

µ̂, Bµ̂ ≡ πR2yµ̂, T1 ≡ 2πRT2 and α ≡ (2π3R3T2)
−1

. This is the

rigid string proposed by Polyakov [59], written in the setting of [62]. This limit was

discovered in [63].

3.3 Arguments for a critical dimension

I will here discuss the results of [64, 65], which, prior to our work, claimed critical

dimensions for the bosonic membrane and the supermembrane. We will here only

consider the bosonic membrane and mention the general features of the computa-

tions. First one gauge fixes the membrane action in eq. (2.17) completely using the

lightcone gauge and a static gauge for ξ2,

XD−2 = ξ2. (3.38)

When quantizing the theory, phase-space functions turns into operators. One

then needs a prescription of how to order the operators. The prescription which was

outlined in [64,65] is to make a Weyl ordering between the phase-space operators

W (XIPJ) =
1

2

[
XIPJ + PJX

I
]
. (3.39)

For the other products of fields one uses the concept of point splitting

A(ξ)B(ξ) → A(ξ + 1/2ε)B(ξ − 1/2ε). (3.40)

The most general expansion of the XIXJ and PIPJ operators, which is SO(D − 3)

invariant, is

XIXJ(ξ, ε) = Zx(ε)[X
IXJ ]R(ξ, ε) + δIJsx(ε) +Rx(ε, ξ)

PIPJ(ξ, ε) = Zp(ε)[PIPJ ]R(ξ, ε) + δIJsp(ε) +Rp(ε, ξ), (3.41)
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where the regularization functions are symmetric in ε. In [64] one required the

operators to satisfy

lim
ε→0

s(ε)

Z(ε)
= ∞

lim
ε→0

Z(ε) 6= 0

lim
ε→0

R(ε) = 0. (3.42)

By these expansions one can define normalized operators. For example

[XIXJ ]R(ξ) = lim
ε→0

1

Zx(ε)

(
XIXJ(ξ, ε)− δIJsx(ε)

)
. (3.43)

The function Zx can be seen as a field renormalization of XI

XI
R = Z−1/2

x XI , (3.44)

and the same way for PI . Since one has reduced the system, one of the problems to

have a consistent quantum theory is the closure of the Lorentz algebra. In [64] one

studied a reduced part of the Lorentz algebra. Thus, one only checked the closure of

the operators which where truncated to products of only three fields. The interesting

one is

M̃−I = − 1

P+

∫
d2ξ

{
1

2
[XIPJPJ ]R +

1

2
[XI∂1XJ∂1X

J ]R

+ [KIPJ∂1X
J ]R
}
. (3.45)

where M̃−I is the truncated Lorentz generator and KI is defined by P I = ∂1K
I .

Computing the commutator between M̃−I and M̃−J yields that it is zero only if

D = 27. This is only a nessessary condition for an anomaly free Lorentz algebra for

the quantum membrane.

Let us make some general comments on these calculations. First, and foremost,

the ordering and regularization of operators might not be consistent with a choice
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of a physical ground-state having finite energy. Only if one can show that such a

ground-state exists does the ordering prescribed here make sense. The calculations

of the critical dimension in Paper II and Paper III, yielding D = 27 for the bosonic

membrane, prescribes an ordering for which there exist physical ground-states with

finite energy. The particular ordering is defined perturbatively and is highly non-

trivial in terms of the original fields.



Chapter 4

M(atrix)-theory

What does one know about M-theory? One knows that the field theory limit is

the N=1 supergravity action in D=11 dimensions. The massless particles in this

supergravity limit are the graviton gµν , an anti-symmetric three form Cµνλ, and a

Majorana gravitino ψα. Thus, have to exist for the microscopic theory as well. All in

all, there are 44+84 bosonic and 128 fermionic degrees of freedom. Furthermore, one

knows which objects exist in the theory, there is a supermembrane and a M5-brane

which couples electrically and magnetically to a three-form potential. In addition to

these there also exists a KK11 monopole, which is a six dimensional brane with an

extra isometry in one space direction.

M-theory also has to yield perturbatively formulated type IIA string theory when

compactified on a circle with small radius. Furthermore, one needs to match the

different objects which exist in the type IIA theory. A few of these one can find by

looking at wrapped or unwrapped objects in M-theory. The wrapped supermembrane

yields the fundamental string, while the unwrapped supermembrane is the D2-brane.

The wrapped M5-brane is the D4-brane and the unwrapped M5-brane is the NS5-

33
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brane of the type IIA theory. Other objects in the theory, for instance the D0-brane

and D6-brane and the Aµ-field, are constructed in a different way. First, the D0-

brane is the supergraviton with a momentum 1/R in the compact direction. This

state couples to the Aµ-field, which is a part of the Kaluza-Klein reduction of the

metric, see eqs. (3.29) and (3.32). The D6-brane arises from the KK11 monopole

solution of the D = 11 supergravity action. The D6-brane is the brane where the

extra isometry direction of the Kaluza-Klein monopole is compactified. This brane

couples magnetically to the Aµ Kaluza-Klein field. For a description of the relation

between different M-branes in M-theory and D-branes in type IIA string theory, see

for example [10]. It should also yield the heterotic E8⊕E8-theory when compactified

on S1/Z2 [66].

4.1 BFSS-conjecture

In 1996 Banks, Fischler, Shenker and Susskind presented a conjecture [8], later called

the BFSS-conjecture or simply the matrix conjecture. This conjecture is based on the

following facts about M-theory compactified on a space-like circle, X10 = X10 +2πR.

If we let the momentum around the compactified direction, p10 = N/R, be non-zero

then the states are N bounded D0-branes in the type IIA picture. If we go to the

infinite momentum frame [67,68] such that p10, R,N →∞, the conjecture states that

this will capture all the degrees of freedom of M-theory in this frame. As one can,

by Lorentz invariance, transform any state in M-theory to this frame the conjecture

should capture all degrees of freedom of M-theory. In this limit fundamental string

excitations decouple except the open massless strings which end on these D0-branes.

Thus, M-theory would be described by sets of infinite stacks of D0-branes which

interact by open strings ending on them. In the limit when p10 goes to infinity the



4.1. BFSS-CONJECTURE 35

D0-brane dynamics would be non-relativistic. A matrix model for N D0-branes for

low energies, thus non-relativistic, is [69]

H =
R

2
Tr

[
P IP I +

1

2
[XI , XJ ][XI , XJ ] + 2θTγI [θ,X

I ]

]
, (4.1)

which is the same matrix model previously studied for the membrane action [38].

Here R is the radius of the extra dimension and, in addition, this Hamiltonian is

written in string units, ls ≡ λ−1/3lp, where lp is the ten-dimensional Planck length.

The Lagrangian corresponding to this Hamiltonian is

L =
1

2
Tr

[
1

R
DtX

IDtX
I − 1

2
[XI , XJ ][XI , XJ ]− 2θTDtθ − 2RθTγI [θ,X

I ]

]
,

(4.2)

where Dt = ∂t + iA. This action one can use to compute interactions for D0-

branes. The claim that this action will capture the microscopic degrees of freedom

of uncompactified M-theory is based on the following facts. First, it captures the

known long-range interactions between two supergravitons [70]. Also, one can find

that there exist classical membrane states in the spectrum.

This conjecture also puts the results of the continuos spectrum on a different

footing. Since M-theory should be described as a multi-particle and an interacting

theory, it is a second quantized theory from the outset. Therefore, the continuos

mass-spectrum is a consequence of the masses of the intermediate states of the theory.

Furthermore, the discrete spectrum found for the bosonic membrane shows that this

membrane is not consistent with this picture.

This conjecture also has a few difficulties. One of them is to show that one has

11-dimensional Lorentz invariance in the limit N → ∞. This has been shown to

be true for the classical theory in [56], where the deviation from the closure of the

algebra, at finite N , is shown to vanish in the limit.
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4.2 DLCQ-conjecture, finite N-conjecture

The discrete lightcone quantization conjecture (DLCQ-conjecture) arose shortly after

the BFSS-conjecture. Susskind [71] initiated the work that the conjecture, described

in the previous section, would by reformulating it, also describe M-theory for finite

N . This work was continued, and strengthened, by Sen [72] and Seiberg [73].

This conjectured is based on a matrix model compactified on a light-like circle

instead of a space-like one

X+ = X+ + 2πR, (4.3)

which quantized yields that the allowed values of P− are discrete, P− = N/R. That

this model would describe M-theory even at finite N is argued in [71] using the follow-

ing arguments. The first is that if one compactifies the theory on a small space-like

circle, with radius R′, one will get the type IIA string theory compactified on a

time-like circle, the DLCQ of the string. This argument is supported by the iden-

tification of the Super Yang-Mills theory at infinite coupling to the superconformal

fixed point theory [74, 75]. The latter yields a free theory which can be indentified

as the DLCQ-string. Another argument is that if one compactifies the theory on T n,

n ≤ 6, T- and S-dualities exist even for finite N [72, 73].

4.3 Consistency checks of the conjecture

In this last section I will discuss the problems one has found in the matrix conjecture.

One of the tests of the conjecture is to compute the interactions between D0-branes

separated by a large distance and compare the results which one has for supergravity

in D = 11. In doing these computations one finds an interesting feature of the
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matrix model. In computing the leading non-trivial interactions between two D0-

branes one has to make a one-loop quantum mechanical computation. This is quite

surprising because the leading supergravity computation is a classical computation

for the linearized theory.

What one has found is that these computations match at one-loop, for an early

computation see [70, 76] and for a review see [22]. They also match at two-loops,

[77,78]. To these orders one has proved non-renormalisation theorems which protect

the results [79, 80]. But, one has also found disparities between the supergravity

computations and matrix model computations. These are the computations made

by Dine et al [81] which, for a three-loop computation for N = 4, yield differences

between the two. This suggests that the matrix conjecture might not be correct, or

at least, that the N →∞ limit might be more problematic than expected. Another

critical issue is the Lorentz invariance of the theory. The theory is only invariant in

this limit and checking if this is true or not is difficult. One has, at least classically,

shown that one recovers the full Lorentz algebra [56], but doing this quantum me-

chanically seems to be a difficult task. The results of [81] may also indicate that one

has to add terms to this matrix model for it to be Lorentz invariant. This would

prove the conjecture wrong.

These considerations all yield that one needs to formulate M-theory in the con-

tinuum. To do this one needs a non-perturbative formulation of string theory. This

is a difficult task and only a few ingredients are known for such a formulation.





Chapter 5

Treatment of theories with

constraints

Most of the theories which are interesting in our context contain constraints. For

example, the theories which describe the fundamental forces, are all formulated as

theories with constraints. The one who first discussed constraints in detail was

Dirac who in a series of papers and lecture notes gave a general formulation of

constrained systems [85, 86]. I will here give a brief review of how to treat theories

with constraints. This will be limited to theories that have finite degrees of freedom

and we will use the Hamiltonian approach. Some good references about constraint

theories are the book by Henneaux and Teitelboim [82] and lecture notes by Marnelius

[83,84].
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5.1 The Dirac procedure

Consider a general theory described by an action

S =

∫
dtL(qi, q̇i), (5.1)

where qi are the coordinates of the theory. The equations of motion which follow

from this action are

q̈iMij =
δL

δqj
− q̇iNij (5.2)

where

Mij =
δ2L

δq̇iδq̇j

Nij =
δ2L

δqiδq̇j
. (5.3)

For eq. (5.2) to yield solutions for all variables, the matrix Mij has to be invertible.

If we define the canonical momentum of the theory,

pi =
δL

δq̇i
, (5.4)

we find

δpi

δq̇j
= Mij. (5.5)

Thus, if the determinant of this matrix is zero, there will exist relations between the

momentas and coordinates. This means that not all coordinates and momentas are

independent. If this is the case, one can construct non-trivial phase-space functions

which are weakly zero1

φa′(qi, pi) ≈ 0. a = 1, . . . , (5.6)

1The symbol ≈ is used to show that the constraints can have non-zero Poisson brackets with

phase-space functions.
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The Hamiltonian of the theory is defined as

H0(q
i, pi) = q̇ipi − L(qi, q̇i). (5.7)

But, because there exist constraints, there is a redundancy in the definition. One

can use the constraints to define a total Hamiltonian as

Htot = H0 + λa′
φa′ . (5.8)

For the theory to be consistent, the time evolution of the constraints has to be zero.

This will lead to the following consistency conditions2

φ̇a′ = {φa′ , H0}+ λb′{φa′ , φb′} ≈ 0. (5.9)

This will either yield that the theory is inconsistent, create new constraints, deter-

mine a few of the functions λa′
or be identically satisfied. Assume that the theory is

consistent. In the end, one will get a set of constraints all satisfying eq. (5.9). These

are classified in two separate classes. The first-class constraints, ψa, satisfy

{ψa, φb′} = Uab′
c′
φc′ , (5.10)

and second-class constraints do not. As a consequence, the second-class constraints3,

Φu, satisfy

det [{Φu,Φv}|M ] 6= 0, (5.11)

where M is the reduction to the physical phase-space. This subspace is defined as

the space where all constraints are strongly set to zero. To eliminate the second-class

2We have here assumed that φa′ does not have any explicit time dependence.
3We have here implicitly assumed that one can split the first- and second-class constraints into

two separate parts.
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constraints one puts them to zero and uses them to reduce the number of independent

degrees of freedom. One then needs a new bracket for the theory since the constraints

cannot be set to zero within the usual Poisson brackets. The bracket that fulfills this

is the Dirac bracket defined as

{A,B}∗ = {A,B}|M ′ − {A,Ψu}|M ′ [{Ψu,Ψv}|M ′ ]
−1 {Ψv, B}|M ′ , (5.12)

where M ′ is the subspace where all second-class constraints have been put to zero.

This bracket satisfies {A,Ψu}∗ = 0, and thus, projects out the second-class con-

straints. Assume now that all second-class constraints have been eliminated. Due to

eq. (5.11) first-class constraints satisfy a closed algebra

{ψa, ψb} = Uab
cψc. (5.13)

To treat theories with first-class constraints one can either reduce the constraints or

use the more powerful BRST formalism.

Let me first, briefly, discuss the former. In order to reduce the constraints one

has to specify gauge conditions, χa ≈ 0, which should make the matrix of Poisson

brackets of all constraints and gauge conditions invertible,

det [{χa, ψb}|M ] 6= 0. (5.14)

One now defines a bracket which projects out the constraints and gauge fixing func-

tions

{A,B}∗ = {A,B}|M − {A,ψa}|M
[
{ψa, χ

b}
∣∣
M

]−1 {χb, B}
∣∣
M

− {A,χa}|M [{χa, ψb}|M ]−1 {ψb, B}|M

+ {A,ψa}|M [{ψa, χ
c}|M ]−1 {χc, χd}

∣∣
M

[
{χd, ψb}

∣∣
M

]−1 {ψb, B}|M .

(5.15)
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Since this is not the most powerful way of treating theories with first-class constraints,

especially when quantizing them, I will in the next section discuss the more general

treatment using the BRST symmetry, where one does not need to gauge fix the

theory.

5.2 BRST-formalism

In this section I will discuss the more powerful formalism, which is the BRST for-

malism. Here, one introduces extra degrees of freedom with the opposite Grassmann

parity to the constraints. These extra degrees of freedom are needed to construct

a theory invariant under the BRST symmetry. This symmetry will project out the

unphysical degrees of freedom.

The first who realized that one could add extra degrees of freedom to cancel the

effect of the unphysical degrees of freedom was Feynman [87] and DeWitt [88]. The

more general treatment was given by Faddeev and Popov [89], where they used it for

the path integral quantization of Yang-Mills theories. They found that the determi-

nant which arose in the path integral could be described by an action involving ghost

fields. Later it was found that the resulting action possessed, in certain gauges, a

rigid symmetry. This symmetry was first discovered by Becchi, Rouet and Stora [90]

and, independently, by Tyutin [91]. It was further developed so that the BRST-

formalism worked even where one could not use the Fadeev-Popov formalism [92].

The symmetry is nilpotent, so that performing two such transformations yields zero.

This is reflected in the BRST charge by

{Q,Q} = 0. (5.16)

The existence and form of the BRST charge was elaborated upon a series of papers by
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Fradkin and Vilkovisky [93], Batalin and Vilkovisky [94] and Fradkin and Fradkina

[95]. The form of it is

Q = Φac
a +

N∑
r=1

Ca1,...,arba1 · . . . · bar , (5.17)

where ca are the additional coordinates of the extended phase-space called ghosts.

The fields ba are the corresponding momenta for these ghosts. These fields can be

choosen in such a way that

{ca, bb} = δa
b . (5.18)

The coefficients Ca1,...,ai are determined by the nilpolency condition and the algebra of

the constraints. These coefficients involve i + 1 ghost fields. If the constraints have

even Grassmann parity then the corresponding ghost fields have odd Grassmann

parity, or the other way around, which yields that the corresponding BRST charge

has odd Grassmann parity, as expected. The BRST charge also admits a conserved

charge, the ghost number charge, which has the form

N =
1

2
(caba − bac

a) . (5.19)

The fundamental fields in the extended phase-space and the BRST charge has the

following values w.r.t. the charge

{N, qi} = 0

{N, pi} = 0

{N, ca} = ca

{N, ba} = −ba

{N,Q} = Q. (5.20)
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The ghost number charge will induce a grading of the phase-space functions

F =
⊕

i

F i. (5.21)

The BRST charge now acts as

Q : F i → F i+1. (5.22)

The nilpotency condition on Q implies that it is analogous to as the differential form,

d, in differential geometry and the grading as the form degree4. The physical phase-

space functions are now defined as the non-trivial functions invariant under Q. They

are, therefore, classified by the cohomology group defined by

Hr =
Zr

Br
(5.23)

where the subspaces Zr and Br are defined as

Zr = {∀Xr ∈ F r : {Q,Xr} = 0}

Br =
{
∀Xr ∈ F r ∃Y r−1 ∈ F r−1 : Xr = {Q, Y r−1}

}
(5.24)

Here I have only applied the BRST formalism to the classical theory. Its true ad-

vantages arise when one quantizes the theory. The gauge symmetry anomalies arise

through the nilpotency condition of the BRST charge. For example, the BRST

charge for the string is only nilpolent for D = 26 for the bosonic string and D = 10

for the superstring.

4ca is a basis of the cotanget space and ba a basis of the tanget space.
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