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ABSTRACT. We consider the discrete Boltzmann equation for binary gas mix-
tures. Some known results for half-space problems and shock profile solutions
of the discrete Boltzmann for single-component gases are extended to the case
of two-component gases. These results include well-posedness results for half-
space problems for the linearized discrete Boltzmann equation, existence results
for half-space problems for the weakly non-linear discrete Boltzmann equa-
tion, and existence results for shock profile solutions of the discrete Boltzmann
equation. A characteristic number, corresponding to the speed of sound in
the continuous case, is calculated for axially symmetric models. Some explicit
calculations are also made for a simplified 6 + 4 -velocity model.

1. Introduction. We consider the discrete Boltzmann equation (DBE) for two-
component gases and extend some known results for single-component gases to this
case. In the planar stationary case systems of ODEs with the same structure as
the systems obtained for single species, cf. [10],[4],[5], and [6], are obtained. It is
then possible to extend the well-posedness results for the half-space problems for
the linearized DBE in [4], the existence results for the half-space problems for the
weakly non-linear DBE in [5], and the existence results for shock profile solutions
of the DBE in [9], to the case of binary mixtures. We exemplify some of our results,
by explicit calculations for a simplified plane 6 + 4 -velocity model. However, we
want to stress that our general results are valid for any finite number of velocities.

We give below a brief review of related publications. Half-space problems for
the Boltzmann equation are of great importance in the study of the asymptotic
behavior of the solutions of boundary value problems of the Boltzmann equation
for small Knudsen numbers [28],[29]. Mathematical results for half-space problems
for the Boltzmann equation for a single-component gas is reviewed in [3]. The
Kyoto group of Y. Sone, K. Aoki, and coworkers, has under a long time considered
problems related to these questions, both from a theoretical and numerical point of
view [28],[29]. Some of these results have also been extended to the case of mixtures
[31].
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In the planar stationary case, the DBE reduces to a system of ODEs. It is well-
known that the Boltzmann equation can be approximated up to any order by the
DBE [13],[22],[27].

Half-space problems for the linearized Boltzmann equation are well investigated
[2], and in the case of binary mixtures by Aoki, Bardos and Takata in [1]. For the
linearized DBE a classification of well-posed half-space problems has been made in
[4], based on results in [10] on the dimensions of the corresponding stable, unstable
and center manifolds for singular points (Maxwellians for the DBE) to general
systems of ODEs of the same type.

In [33] Ukai, Yang and Yu studied the non-linear case with inflow boundary
conditions, assuming that the solutions tend to an assigned Maxwellian at infinity.
The conditions on the data at the boundary needed for the existence of a unique (in a
neighborhood of the assigned Maxwellian) solution of the problem are investigated.
Similar problems have also been studied for the DBE in [32],[23],[24], and [5]. The
quite general results in [5] include (for DVMs) the results obtained by Ukai, Yang
and Yu in [33] for the continuous Boltzmann equation. In this connection, we also
mention the recent paper by Yang [34], and the recent work by Liu and Yu in [26]
on the center manifold theory of the half-space problem for the full Boltzmann
equation, where also more references for the continuous case can be found.

The existence of shock profile solutions, c.f. [18] and [25], have been studied for
the DBE in [16] and [9]. For the shock wave problem the DBE also becomes a
system of ODEs. In [9] existence of shock profile solutions for the DBE is proved.
The results concern weak shocks, i.e., when the shock speeds are close to a typical
speed, corresponding to the sound speed in the continuous case. The shock-wave
problem have also been studied for several explicit discrete velocity models for
mixtures, see e.g. [19].

The case when one of the gases is a non-condensable gas (cf. [30]) is not included
in this paper, but will be treated in a future paper [7].

The paper is organized as follows. In Section 2 we present the DBE for mixtures
and some of its properties. We make an expansion around a bi-Maxwellian and
obtain the linearized collision operator and the quadratic part and conclude that
we actually obtain a system with the same structure as in the case of one species.
We also remind a result in [10] on the dimensions of the corresponding stable,
unstable and center manifolds for singular points (bi-Maxwellians for DVMs for
binary mixtures) to general systems of ODEs of the same type. Then we present
the extension of our results for boundary layers in [4] and [5], in Section 3, and for
shock profiles in [9], in Section 4, to the case of binary mixtures. In Section 5, we
calculate a number, corresponding to the speed of sound in the continuous case,
for axially symmetric models. Finally, in Sections 6 and 7 we exemplify our theory
for an explicit simplified model. We find exact shock profile solutions in Section 6
and consider non-linear boundary layers in the case of a moving wall with constant
speed in Section 7, for a plane 6 4+ 4 -velocity model, where we have assumed that
our flow is symmetric with respect to the z -axis.

2. Discrete velocity models for binary mixtures. The general discrete veloc-
ity model (DVM), or the discrete Boltzmann equation, for a binary mixture of the
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gases A and B reads

A
0L €0 Vg = QMU ) 4 QPG ), i = 1, 0
1

B

L €P VafP = QPSP + QPP ), =1,
where V,, = {5%,...,530} C RY, o, € {A, B} are finite sets of velocities, f* =
fo(x,t) = fo(x,t,&F) for i = 1,...,nq, and f* = f*(x,1,&) represents the micro-

scopic density of particles (of the gas a) with velocity £ at time ¢ € R, and position
x € R?. We denote by m, the mass of a molecule of the gas . Here and below,
a, 8,7 € {A, B}.

For a function g* = g*(§) (possibly depending on more variables than ), we will
identify g* with its restriction to the set V,,, but also when suitable consider it like
a vector function

g% = (g7, ..., gna), with g = g® (£).

Then f* = (ff, ..., &%) in Eq.(1).
The collision operators Q-ﬁa(fﬁ f%) in (1) are given by

AN EDY Z THE (B, 0) (fEf] = [0 £0) fori=1,...n

k=1j,l=1

where it is assumed that the collision coefficients Ffjl (B, ), with 1 <4,k < n, and
1 < j,1 < ng, satisfy the relations

Ifj (a,0) =I5 (a,0) and Ti(8,0) =T (4, 0) =T (0, ) 20, (2)
with equality unless the conservation laws
Mg+ mpg) = magf + mgf and m 1€+ mg |€f] = ma leg P 4+ ms ¢
are satisfied. We denote
F=UAT1P) = (1€, 7€), 9= (9".9") = (4" ()97 (9)) .
and Q(f, f) = (Q(f4, f) + QAU 1, QAP (£, f7) + QPP (7, 7)) .

Then the collision operator Q(f, f) can be obtained from the bilinear expressions

1 &

Qi(fag)zi Z UH(AA) (fgl + gi 1 = fa5' — g £7)
k=1
na npg
+= ZZFMBA g2 + g B — A Zgj —g; f]), 1,...,n4, and
k 14,l=1
np na
Qnati(f:9) Z > OTH(AB) (Pl + gl 1 — 1Pg — 9P 1)
k: 14,l=1
JF Z U5 (B,B) (filgl + 9l 1 — P97 — gl 17) i=1,...,np,
]kl 1

Denoting Q(f,g9) = (Q1(f,9),-, Qn (f,9)), with n = ns + np, we see that, for
arbitrary f and g
Q(f.9)=Q(g, /),
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and by the relations (2), with h = (hA, hB),

(h,Q(f.9)) =
Z TH(A,A) (B + b2 = hit = b)) (e + gt 17 = 19 — o 1)
i,7,k,l=1
+ Z ZF“BA ) (h + 1P —ht — nP) (fitaP + 9 1P — 9P — g fP)
i,k=17,l=1
1 &
+3 > TGB.B) (W + 7 —hi = hi') (F29F + ol 15 = £F97 — ol 17)
W4,k l=1
(3)
A vector ¢ = (gbA, ¢B ) is a collision invariant if and only if
O+ ) = o + 9, (4)

for all indices 1 <4,k <ng, 1 < 4,1 <ng and o, 3 € {A, B}, such that T'* (B, a) #
0. By the relation (3)

1 &
(6.QUM =7 D THAA) @ +e — ol — o) (1 - 141
i,7,k,0l=1
+ Z TH(B,A) (o1 + 67 — o1 — oF) (f 17 — 11 1F)
i,k=17,l=1
Z 7B, B) (of + o7 — o — o) (FEFP = £P1F)- (5)
i,7,k,l=1

which is zero, independently of our choice of non-negative vector f (f& > 0 for all
1 <i < ng), if and only if ¢ is a collision invariant.

We consider below (even if this restriction is not necessary in our general reason-
ing) only DVMSs, such that any collision invariant is of the form

¢ = (9", "), with ¢ = ¢%(€) = aa + mab- &+ cma €], (6)
for some constant a4,ap,c € R and b € R%. In this case the equation

(0,Q(f. 1)) =0

has the general solution (6). Discussions on constructions of DVMs for binary
mixtures can be found in e.g. [11],[12],[20],[21],[14] and [15].

A binary Maxwellian distribution (or just a bi-Maxwellian) is a function M =
(MA,MB), such that

Q(M,M)=0and M{* >0 forall 1 <i<n,.
All bi-Maxwellians are of the form
M = 64)7 ie. M = (MA,MB) , with M = €¢a _ ea,a—‘,-mab{-i-cma|£|27 (7)

where ¢ = (¢A,¢B) is given by Eq.(6). Assuming that f is non-negative, we let
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¢ = log f in Eq.(5) and obtain that

RN st
(log £,Q (f.1)) = § ZZWMANﬁﬁfﬁﬁﬂ%ﬂﬁ
i,4,k,l=1 kJi
AP
+ Z Zrkl (B, A) (Fi £ = f17) log 375
zk 15,l=1 fk fl
1 - kl B ¢B B B foB
+7 Z TH(B, B) (il 17 = [P ) log 2525 <0,
4 i,k 0=1 fk fl

with equality if and only if

Rl = re87
for all indices 1 < ¢,k <nq, 1 <j,l <ngand «, € {A, B}, such that Ffjl (8,a) #
0, or equivalently, if and only if f is a bi-Maxwellian. Hence, f is a bi-Maxwellian

if and only if log f is a collision invariant.
For a bi-Maxwellian M = (MA7 MB), we obtain, by denoting

f=M+VMh, (8)

in Eq.(1), the system

Oh

s +&-Vyh=—Lh+S(h),
where £-Vyxh = (&1 Vih, .. & - Vxhiy, &8 -Vxh?, ..., &8 -V«hB ). Furthermore,
L is the linearized collision operator (n X n matrix, with n = ny4 —|— np) given by

2 —
and the quadratic part S is given by
1 — —
By Eq.(3) and the relations M{‘Mf = M,?Mlﬂ # 0, we obtain the equality
@Jﬁ>=—2<j%JQMﬂ¢Mh»
1 &
=3 Z (4, 4) <\/MAgk + Mgl =\ Mg~ M{“gf‘>
i3,k 1=

( M+t = Jain - faiing
+ Z ZFMBA <\/M7Fg,§‘+\/M7,;“gF\/MTB£4\@%B>
zlc 14,0=1
(vt g — it )
od 55 ) (\fPal 4 JaBof - NF [
i,5,k, =1

x( MPR + | MPhP — \/MPhP — thf).
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Hence, the matrix L is symmetric, i.e.
{9, Lh) = (Lg,h)
for all g and A, and semi-positive, i.e.
(h,Lh) >0
for all h. Also (h, Lh) = 0 if and only if

VATERY +\ MPhg = RIS [ MPng (11)
for all indices 1 < i,k <ng, 1 <j,l <ng,and o, 8 € {A, B}, satisfying Ffj(ﬂ, a) #
0. We let h = v/M¢ in Eq.(11), and obtain Eq.(4), by the relations MlaMf =
Mg MJ # 0. Hence,

Lh =0 if and only if h = vV M¢,

where ¢ is a collision invariant. In consequence,
(S (hi1) VMY = (Q (S f),8) + (1, LVM6) =0

for all collision invariants ¢.
In the planar stationary case our system for mixtures reads

dh
D— + Lh=S(h,h), z € R,
dx
_ DA O . T a,l .l
where D = 0 D , with Do, = diag(&;"", ...,&;>"), and the operators L and
B

S are given by Eqs.(9)-(10).

We consider below the case when D is non-singular, i.e. when all &' & # 0 are
non-zero. For the case of singular matrices D, see Remark 5 below.

We denote by n*, where nT +n~ = n, and m*, with m™ + m~ = ¢, the
numbers of positive and negative eigenvalues (counted with multiplicity) of the
matrices D and DL respectively, and by m® the number of zero eigenvalues of
D~'L. Moreover, we denote by k*, k~, and [, with kT + k=~ = k, where k + 1 = p,
the numbers of positive, negative, and zero eigenvalues of the p X p matrix K
(p = d + 3 for normal DVMs for binary mixtures), with entries ki; = (yi, ;) p =
(ys, Dy;), such that {y1,...,yp} is a basis of the null-space of L, N(L). In our case,
span(y1, .. p) = N(L) =span(RaM/2, RpMY2 M€, M1, 21/2 |,
where Rah = (h1,...,hn,,0,...,0) and Rgh = (1 — Ra)h for h € R™. Here and
below, we denote by (-,-) the Euclidean scalar product on R™ and denote (-,-), =

In applications, the number p of collision invariants is usually relatively small
compared to n (note that formally n = oo for the continuous Boltzmann equation
whenas p < 6). Also, the matrix D is diagonal and therefore all its eigenvalues

are known. This explains the importance of the following result by Bobylev and
Bernhoff [10] (see also [4]).

Theorem 2.1. The numbers of positive, negative and zero eigenvalues of DL
are given by

mT=nT -kt —1

m-=n"—k~ —1

m® =p+1.
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In the proof of Theorem 2.1 a basis

Uy, ...,uq,yl, s Yky By veey B, W1y -ooy WY
of R™, such that
Yi,zr € N(L), D™ 'Lw, = 2, and D' Lu, = A\ u,,

and

(Urs ) p = Ar8rp, With A, .., A >0 and A+ g, .., A <0,

(Wi Y5) p = Viiz, With y1, ., v+ > 0 and Y441, .00 Ve <0,
(uryzr)p = (Ur, Wr) p = (Ur,¥i) p = (Wr, Yi) p = (zr, Yi)p = 0,
<w7'7 ws>D = <Z7'7 Zs>D =0 and <w7'7 ZS>D = 57‘37

is constructed.
3. Applications to boundary layers. The main results for half-space problems
for single species in [4] and [5] can now be applied in the case of binary mixtures.
For the sake of completeness we present the results here. All proofs are similar to

the ones for single species found in [4] and [5].
We consider the inhomogeneous (or homogeneous if g = 0) linearized problem

df B
D——+Lf=yg, (12)

where g = g(r) € L*(R,,R"), with one of the boundary conditions
(O) the solution tends to zero at infinity, i.e.
f(z) = 0as x — oo;
(P) the solution is bounded, i.e.
|f(z)] < oo for all z € Ry;
(Q) the solution can be slowly increasing, i.e.
|f(z)] e — 0 as © — oo, for all € > 0;

at infinity.
In the case of boundary condition (O) at infinity we additionally assume that

g(z) € N(L)* for all z € R. (13)

Remark 1. The boundary condition (O) corresponds to the case when we have
made the expansion (8) around a Maxwellian M, such that F — M as ¢ — oo.
The boundary conditions (P) and (Q) are the boundary conditions in the Milne and
Kramers problem respectively.

We can (without loss of generality) assume that
Df 0

D} = diag (gf“l, ...,ng) and DT = —diag (ngﬂ, ...,5;3;;}) with

et ---7%1 > 0 and 5:’;1“7 L€ <0. (15)

where
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We also define the projections R4 : R® — R" and R_ : R" — R™ ,n~ =n—-nt,
by

ot
Ris = s —(51,...7sn:,snA+1,...7snA+nE> and

R_.s = s = (S”XH’ s nas Sy gnt 41 ...,sn)

for s = (81, ..., $n)-
At z = 0 we assume the general boundary condition

F1(0) = Cf(0) + ho, (16)

where C' is a given nt x n~ matrix and hg € R*". In applications,

[ Ca O
(T )

+ x n; matrices.

where C, are given n_,

We introduce the operator C : R* — R’ﬁ, given by
C = R+ - CRf

In order to be able to obtain existence and uniqueness of solutions of the linearized
half-space problems we will assume that the matrix C' fulfills the condition

dimCUy = m™, with Uy = span (ug, ..., Up,+ ) , (17)
as we consider boundary condition (O) at infinity, the condition
dimCX, = n™, with X = span (U1, «.., Upyt s Y1y ooy Ybt > 215 o 21) 5 (18)

as we consider boundary condition (P) at infinity, and the condition (18) or the
condition

dimC)?+ =nT, with )?+ = SPAN (UL, vey Ugnt y Y1y ooy Yt s 21 + W1, ey 21 + W7 )
(19)
as we consider boundary condition (Q) at infinity.

Theorem 3.1. (i) Assume that the conditions (13) and (17) are fulfilled and that
ho,Ce“”D_lLDflf(x) € CU4 forallz € Ry. (20)

Then the system (12) with the boundary conditions (O) and (16) has a unique so-
lution.

(ii) Assume that the condition (18) is fulfilled. Then the system (12) with the
boundary conditions (P) and (16) has a unique solution with the asymptotic flow

k !
fas = Zuz‘yi + anzj,
i=1 j=1
if the k= parameters pi+11, ..., i, are prescribed.

(iti) Assume that the condition (18) is fulfilled. Then the system (12) with the
boundary conditions (@) and (16) has a unique solution with the asymptotic flow

k l
fas(z) = ZM%‘"’Z((W — x0y) 25 + ow;) (21)
i=1 J=1

if the k= 4+ 1 parameters pig+y1, ..., pr, and o1, ..., 0q are prescribed.
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(iv) Assume that the condition (19) is fulfilled. Then the system (12) with the
boundary conditions (@) and (16) has a unique solution with the asymptotic flow
(21) if the k= +1 parameters fig+ 1, ..., i and 91, ..., 9, ¥; = n;+ay, are prescribed.

Especially, for the homogeneous system (12) with g = 0, the condition (20) is
reduced to
ho € CU+

+ —
Lemma 3.2. Let Dt = D 0+ and D~ = Dy 0 , of. Eq.(15).
0 Dj 0
Then
i) the condition (18) is fulfilled, if
CTDYC <D™ on R_Xy;
i) the conditions (17) and (19) are fulfilled, if
CTDYC < D™ on R_U, and R_X_, respectively.

Corollary 1. If C' =0, then the conditions (17)-(19) are fulfilled.
In particular, {uf, ...,u;+,yfr, ...7y,j+,zf, ,zfr} 18 a basis ofR’ﬁ.

We consider the non-linear system
df

T
where the solution tends to zero at infinity. Furthermore, we fix a number o, such
that

0 < o <min{|A| #0; det(A\D — L) =0}
and introduce the norm
|h|, = supe® |h(z)],
x>0
on X = {h € B°0,00) ||h|, < o0}.
We have the following existence result.

Theorem 3.3. Let condition (18) be fulfilled and suppose that

(S (f(x), f(x)),wj) =0 for j = 1,...,1, and that (ho, ho) p+ s sufficiently small.
Then with k™ + 1 conditions on hg, the system (22) with the boundary conditions
(0),(16), has a locally unique solution (with respect to the norm |-, ).

Remark 2. It was recently proved that one can get rid of the restrictive assump-
tions (S (f(z), f(x)),w;) = 0for j =1, ...,1, on the quadratic part in the degenerate
cases, in Theorem 3.3, for one-component as well as two-component gases [8], by
a slight modification of the proof of Theorem 3.3, if one instead of condition (18)
assume that

dimC)?} =n', with )?Jr = SPAN (UL, +eey Uppt y Y1y weey Yht s Wy evey WY (23)
Furthermore, the condition (23) is fulfilled, if
CTD*C <D™ on R_X,,
and, especially, {uf, ...,u;+,yf, ...,y,‘cﬂ,wf, 7w;“} is a basis of R*" 8]

In the following theorem we present explicit conditions on hg, but then with
restrictive conditions on the quadratic part.
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Theorem 3.4. Let condition (17) be fulfilled and assume that
ho,CemelLD_ls(f(m),f(ac)) € CUy for all x € Ry,
with Uy = span(u : Lu = ADu, A > 0) = span (U1, ..., U+ ) -
Then there is a positive number 0y, such that if
|ho| < do,

then the system (22) with the boundary conditions (0),(16), has a locally unique
solution (with respect to the norm || ).

Remark 3. If condition (17) is fulfilled, then the condition
hg € CU+
implies that we have k™ + [ conditions on hq.

Remark 4. If the conditions
CU_ C CUy, (24)

with U_ = span ({u| Lu= ADu, with A < 0} U {z1,...,21})

= Span(um++13"'auqula"'azl)7

and (13) are fulfilled, then
Ce"P 'LD71S(f, f) € CU, for all z € R,

Remark 5. All our results for half-space problems can be extended in a natural
way, to yield also for singular matrices D, if

N(L)N N(D) = {0}

4. Applications to shock profiles. We are interested in solutions to the problem

dF;
(chl)d =Q;(FF),i=1,...,n,c€R, (25)
Y
such that
F— My asy — too,
where My are two bi-Maxwellians and D = %A l;) , with D,, from Eqs.(14)-
B

(15). Here F = (F1,..., Fy), with F; = F; (y) = F (y,&),i=1,...,n.

Note that shifting the velocity variable in the continuous Boltzmann equation
doesn’t change the velocity set, while for a finite set of velocities a shift in the
velocity variable changes the set of velocities. However, if we want to end up with
a specific set of velocities after a given shift in the velocity variable, we can always
start with a suitably shifted set of velocities. Note also that changing ¢ in the
discrete case can change the number of positive (and negative) eigenvalues of the
matrix D — ¢l, and thereby the number of positive (and negative) eigenvalues of
the matrix (D — ¢I)~!L can change also away from the degenerate values of c.

We denote by {¢1,....,6,} (p = d + 3 for normal DVMs for binary mixtures) a
basis for the vector space of collision invariants. If we multiply Eq.(25) scalarly by
¢i, 1 < i < p, and integrate over R, then we obtain that the bi-Maxwellians M_
and M must fulfill the Rankine-Hugoniot conditions

<M+a¢i>chI = <M—7¢i>D7617 1= 17"'7p'

We make the following assumptions on our DVMs.
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1. There is a number ¢ ("speed of sound”), with the following properties:
[i] rank(K) = p — 1, where K is the p x p matrix with the elements

kij = <M+¢i7¢j>D700['

The rank of K is independent of the choice of the basis {¢1, ..., ¢,}. In other
words, there is a unique (up to its sign) vector ¢, in span(¢s,...,¢,), such
that <M+¢L7¢L> =1 and
(Myo,, ¢>D—c01 =0 for all ¢ € span(¢n, ..., dp). (26)
[ii] co # 5?’1 for i =1,...,n4, or, equivalently, det(D — col) # 0.
2. The vector(s) ¢, fulfilling Eqs.(26), also satisfy <M+¢J_, ¢2l>D—(:OI # 0. We
choose the sign of the vector ¢ , such that <M+d>1_, ¢i>D—c01 > 0.
We assume that assumptions 1 and 2 are fulfilled and denote

121l = lIn(y)ll = sup h(y)

for any bounded (vector or scalar) function h(y) : R — R*, where k is a positive
integer.

Theorem 4.1. For any given positive Mazwellian M, there exists a family of
Mazwellians M_ = M_ () and shock speeds ¢ = ¢ () = ¢ + €, such that the shock
wave problem (25) has a non-negative locally unique (with respect to the norm |||
and up to a shift in the independent variable) non-trivial bounded solution for each
sufficiently small € > 0. Furthermore, M_ is determined by My and c.

Remark 6. We can interchange M_ and M, in Theorem 4.1 (with € < 0).

The proof of Theorem 4.1 is similar to the proof in [9] for the case of one species.

5. ”Speed of sound” for axially symmetric DVMs for mixtures. We assume
that (i) we have two axially symmetric sets of velocities (i.e. if {ff‘, cey gga} € Va,
then also {:l:ff, ...,i{f{a} € V, for all possible combinations of sound); (ii) all
collision invariants are of the form (6); and (iii) we have made an expansion (cf.
Eq.(8)) around a non-drifting bi-Maxwellian M (i.e. with b = 0 in Eqgs.(6)-(7)).
Let

Dy 0 . ) al a1 al ol
D= ( 0 Dp ), with D, = diag(&7", ., x5 =81 o =EN0 )

and assume that ¢ ¢ {i{f"l, ...,:tfﬁj,igf’l, ...,:tff,)’;}. The null-space of L is
given by
N(L) = span (¢07 ceey ¢d+2) 5

where
o =MY?.(1,...,1,0,...,0)
S~
2Nz 2Np
¢ =MY?.(0,...,0,1,...,1)
S——

2N 4 2NpB
¢y = M2 (¢4, ¢F), with ¢ = (&, .., &x ), =601 =&y
b3 = M2 (¢, 08), with ¢§ = (&7, . |&x. | &0 |68 1)
Gori = M2 (98, 68, ,), with 3, = (67, ..., &8 )i =2,....d
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Then,
—exit 0 Xy —exd
0 - ¥ -of
xé“A X% I CI
K = —CX3 —CX3 X4 —CX5

—CXe6

—CXd+4

where K = (<¢i+17¢j+1>D_c])a le4 = <¢)07¢)0>7 Xﬁl = <¢0a¢2>D3 X? = <¢07¢3>7
XlB = <¢11¢1>a XZB = <¢17¢2>D7 XSB = <¢17¢3>7 X2 = X124 +XZB = <¢27¢2>7 X4 =
<¢2,¢3>D and Xit+2 = <¢i7¢i>; 1 =3, ,d-i— 2. Hence,

det(K)
= "6 Xara (PP xaxs — Xt x2 ()2 — xPxa(x5)?) + (o xd — xExd)?

+ 200X XS FxPxdxg) — A ()2 +xP (0d)?)xs — xixtxd),

and the degenerate values of ¢ (the values of ¢ for which [ > 1) are

X
co=0and cx =+
\/XQ(x{‘x?Xs —xi 0?2 = xF (x3)?)
X =xixtxd + (A ) +xP () — 2 xe xd + xPxdxg)
— (x5 xE —xBx3)%

, Where

X

Herecy = corresponds to the speed of sound
\/Xz(x‘f‘x?m = X1 0?2 = xf (x3)?)

in the continuous case.

6. Exact shock profiles for a plane 6+44-velocity model. We now consider
the shock wave problem for a mixture, in which gas A is described by a 6-velocity
model with velocities (£1,0) and (£1,+2m), and the gas B is described by the
classical Broadwell model [17] in plane with velocities (+m, +m).

m .
Here m = —A, where we assume that m > 1. The case m < 1 can be studied
m

in a similar way].s If m = 1, then for this simplified model, the degenerate values
would be ¢y = 0 and ¢ = +1. Especially, "the speed of sound” is 1, contradicting
assumption 1[ii] in Section 4. However, in general we don’t have to exclude the case
m = 1.

Note that for the Broadwell model we have only two linearly independent collision
invariants, as the mass vector and the energy vector are linearly dependent, even
if mass, momentum, and energy all are preserved. However, the DVMs for gas
A and the mixture will have the correct number of linearly independent collision
invariants.
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For a flow symmetric around the z'-axis we obtain the reduced system

d
(1-¢) diyl =01q1 + 02Q2

— (140 % = —01q1 — 02G2

(I-o¢) % = —01q1 + 0343
-1 ‘*‘C)% = 01q1 — 0343 ’

(m —c) di = —02¢2 — 0343

—(m+ c) d—y = 02q2 + 03q3
where g1 = fofs — f1f1, @2 = fofs — fi1fe, and g3 = fafs — f3f6, or equivalently
T Q..

WhereD:diag(l, 1 1 1 m, m) f (flaf27f3af47f5af6)7and
Q(f7f) :Ulql(17_1 17170 O)+02q2( 1 O O 171)+U3q3(050717_17_171)'
We assume that D — ¢l is non-singular, i.e. that ¢ ¢ {£1,+m}, and make the
natural assumption oy = o3.
The set of collision invariants are generated by the collision invariants

¢o =(1,1,1,1,0,0)

¢1 ( 70’0’ )

¢ =(1,-1,1,— 11 -1)

¢3 = (1,1,1 + 4m?, 1—|—4m 2m, 2m)

(D —eI)

The Maxwellians are of the form
M = s(1,a,b,ab,d,ad), with a,b,d, s > 0.

The density, momentum density, and energy density per unit volume are obtained
by

p=pt+pP, with p* = ma(fi + fo +2fs +2f1) and p® = 2mp(fs + fo)
pu=ma(fr — fo+2f3—2fs+2f5 —2f5)
pe =ma(f1+ f2 4 2(1 4 4m?)(f3 + fa) +4m(fs + fe))

‘We consider

(D—cf)%:Q(f,f),wherefﬁM+ as y — 0o,

and denote
F =M+ M}?h, with My = s, (1,1,by,by,dy,dy) = s(1,1,b,b,d,d), (27)

where we have assumed that M, is a non-drifting Maxwellian. We obtain

D—CI@-i-Lh S(h,h), where h — 0 as y — oo, 28
dy
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with
L -1 —0'1\/5 0’1\/5 —02\/g 02\/a
-l Iy 01\/5 —01\/5 02\/8 —02\/3
I —s —o1Vb o1V lo —l2 —o2v/bd o9v/bd

01\/5 —01\/6 —ls ly 02\/@ —02\/@ ’
—O’2\/g 02\/& —Uz\/@ 02\/@ g9 (1+b) —02 (1+b)
ooVd —o9Vd  oaVbd  —09Vbd —oo (14+D) o2 (1+D)

where I = 010+ 02d and Iy = 01 + 02d, and
S(h,h) = Vs(o1qi(Vb,—Vb,—1,1,0,0) + 02q2(Vd, —V/d, 0,0, —1,1)
+02¢3(0,0, Vd, —Vd, —Vb, Vb)).
The linearized operator L is symmetric and semi-positive and has the null-space
N(L) = span(y1, y2, Y3, Ya), with
vy = (1,1,0,0,0,0),y2 = (0,0,1,1,0,0),
ys = (0,0,0,0,1,1), and gy = (1, =1, Vb, —vb, Vd, —Vd)
where we for ¢ # 0 can replace 3, with

Yg = (1+c,1—c,\/5(1+c),\/l;(1—c)7\/g(m+c)7\/g(m—c)).

Then we obtain

—2c¢ 0 0 0
0 —2c 0 0
E=1 09 o —2 0 ’
0 0 0 2c((1=¢c*)(1+0b)+d(m?-c?))

where K = <<yiyyj>chl>%

i,7=1

We remind that if n¥, jwith nt +n~ = n, and m*, denote the numbers of
the positive and negative eigenvalues of the matrices D — ¢l and (D — ¢l )_1 L
respectively, and k¥, £, and [ denote the numbers of positive, negative, and zero
eigenvalues of the 4 x 4 matrix K, then m* = n* — k* — 1. We obtain the following
table

c -m c_ -1 0 1
n-‘r

Iz
3

n
kT
=

l
mT

m

[1+ b+ dm?
where c4 = £ %

Explicitly, the non-zero eigenvalues of the matrix (D — ¢l )71 L are

(=]} V] Nl el TN Nen) Nop)
== O O | =] Ot
O = = O] W | Ut
O N O | W[ | Ut
N OO | W w| W
O N O W =] w| w
N OO W oy =
= Ol =W OOt =
= O | OO =
N O| OO O

2
AL = %22(01(1 +b) + 02d)

1
1+0 d )
)\2 = 2800’2 <m2 —62 1 —CQ>
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with the corresponding eigenvectors

vbo Vb 1L
1—¢c¢’'14¢ 1—-¢ 14c¢ 7
Vd Vd Vbd Vbd  14b 14D

l1—c’'14c¢’'1l—c'14+4¢ m—-—¢ m+ec

uy = (

)

Plugging h = vuy + nus in Eq.(28) and multiplying scalarly by (D — cl)u;, we
obtain the two equations

UQ:(

d
—V—l—/\luzk‘ny
dy

d
J+)\277=k172
dy

)

20%/@0(1 +b)(m—1)

with £ = A= me— ) The solutions are
— )\2
T k¥ Crere n=0
Che MY Cze(&_}‘l)y or v = Che MY

o ke”‘w —+ 01 o k —+ Cle>‘2y

The parameter C7 # 0 reflects the invariance of our equation under shifts in the
invariant variable y. The sign of C; is, however, defined uniquely. It must be the

same as the sign of k.
1+b+dm

1+b+d -
A1 < 0, and hence, lim v = 0 implies that C5> =0. If c_ < ¢ < —
Yy—00

Let cp <c<morc_ <c< — If cy < c < m,then Ay > 0 and

1+b+dm

th
1+b+d "
A1 > A2 > 0, and hence, lim v < oo implies that Co = 0. Therefore, if n # 0,

Yy——00

Ao
h(y) = —————ua.
(y) kT Cle/\zyuz
Moreover,
Ao 1/2
f@):AL=+Eif§§gNﬁ uz
and the other Maxwellian is

o A2 1/2 S
M_fM++?M+ uzim—l
d (m2 — 02) n d (m2 — 02)
— gy =m-—¢c+ ——
(1+b)(1—c) 2 (14+b)(1+c)

(alv az, alb—; aQb—a ald—v a2d—)a

where a1 = m + ¢ +

(02 — 1) (1+0b)

m2 — c2
1+0+4d
Ifeo <ec< —u, then A\ > Ay > 0, and hence, lim v < oo implies
1+b+d Yy——00
that CQ =0.

, b_ = b, and

d7:

Remark 7. We can instead of Eq.(6) consider

(D—cl)%:Q(f,f),wherefﬁM, as y — —o0,
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o 14+b+dm? . .
with ————— < ¢ < ¢y or —m < ¢ < c¢_, and in a similar way as above, we
1+b+d
obtain .
— M 2 M2
f(y) + k; + Clekzy UQ
and \
M, =M_+ fMi/Quz.

7. Boundary layers for the 6+4-velocity model with a moving wall. Let
¢ be a real number such that ¢ ¢ {—m,—1,0,1,m}. We assume that m > 1. The
cases m < 1 and m = 1 can be studied in a similar way. We define the projections
R, :R6 R pt =n}i+np and R_:RS - R" . n~ =6—nt, by

Ris = s"and R_s= s, where
ssifl<e<m
st = (s1,83,85) if —1<e<1 and
(s1,82,83,84,85) if —m<c<—1
sifc< —m

sife>m
(s1,82,83,84,56) if Ll <c<m
s = (s2,84,806) If —1<e<1

sgif —m<e<-—1

for s = (81782, 53,84, 85, 56)-
We now consider the problem
of of _

E D%:Q(f7f)7$>0tat>oa

er(Cta t) = Cf7(0t7 t) + EO
f(2,0) = fo(x)
folx) = M as ¢ — 0
where D = (1,—1,1,—1,m, —m), M = s(1,1,b,b,d, d), C is a given n™ x n~ matrix,
and hy € R,
After the change of variables y = x — ¢t and the transformation (27) we obtain

of of _
Gr (D=l S+ Lf = S(F.1). 0.t >0,
f1(0,8) = Cf=(0,) + ho ;

foly) = 0 asy — oo

where D = Dy — cl, C is an n* x n~ matrix, and hg € R,

We assume that % = 0 and consider the non-linear system
df
(DiCI)diy+Lf:S(faf)a f: f(y)7 y,t > Oa

fH0) =Cf(0) + ho
fly) = 0asy — oo
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If hg = 0, then we always have the trivial solution f = 0, and if —1 < ¢ < 0,
1 <c¢< ey, orm < c, then we have no other solutions, since we have non-positive
eigenvalues, \; < 0 and Ay < 0. If =1 < ¢ < 0, then hyg € R?, and if 1 < ¢ < ¢,
then hg € R. Hence, we have 3, 1, or 0 conditions on hg, if -1 < ¢ < 0,1 <¢<cy,
or m < ¢, respectively.

If ¢y < ¢ < m, then C = (0,0,0,0,cp), ho € R, and f5(0) = ¢pfs(0) + ho.

Furthermore, A\; < 0 and Ay > 0. Therefore, v = 0. Hence, if hg # 0 and cp #

m+c . . .
———, then we obtain the unique solution

m—c
Ao Vd Vd Vbd Vbd  1+b  1+b
f(y):k—&—C’16>‘2y(1—c’1—i—c’l—c’1—|—c7_m—c’_m—|—c)7
with
Cr = Sl (mlfslim;_) (;2)0(1 - CB))AQ —k.
ci ¢ O
Ifo<c<1l,thenC=| ¢c3 ¢4 O and hg € R3. Furthermore, A; > 0 and
0 0 ¢p

Ao > 0. Assume that

cg #

m+c

and dim(span(vy,v2)) = 2, where

1+ 1+
U1 (1 C\/l;*cl\/5+027*172*63\/5+64)

U2:(

—c
1+c¢ 1+c¢
1_6—01—02\/5,1_0\/5—03—04\/5)

Then we have a unique solution if and only if

m(cg —1) —c(l+cp)

ho € span((v1,0), (va, (1 +¢) (1 + b) ),

Vi (m? - ¢2)
which implies 1 condition on hg.
0
0
If —-m <c¢< —1, then C = 0 |, ho € R%, and we must have
0
CB
ho = (f1(0), f2(0), f3(0), f2(0), f5 (0) — cB fs (0)).
Assume that cp # Zi_z If c. <e¢< =1, then A\; > 0 and Ao > 0, which gives us

3 conditions on hg. On the other hand, if —m < ¢ < c_, then Ay > 0 and Ay < 0,
and hence we must have

Vb Vb 1 1
hO:C2(1 - ’71+C7O)’

—c'l14+¢ 1-c¢c
which implies 4 conditions on hg. Then, with hg = (ho1, hoz2, hos, hos, 0), the unique
solution is

1-c 1-c
f(y) h03€ ( \/l;a 1+C\/B7 71+C7O70)~

If ¢ < —m, then hy € RS and we must have hg = f(0). Furthermore, A\; > 0
and Ay > 0. Hence, hg € span(uy,us), which implies 4 conditions on hg.
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We see that the number of conditions on hg, in fact, equals k™ +1, where k™ and
I can be found in table 29.
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