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Abstract
This thesis consists of four papers. The first is devoted to discrete velocity

models, the second to hydrodynamic equations beyond Navier-Stokes level,
the third to a multi-linear Maxwell model for economic or social dynamics
and the fourth is devoted to a function related to the Riemann zeta-function.

In Paper 1, we consider the general problem of construction and classi-
fication of normal, i.e. without spurious invariants, discrete velocity models
(DVM) of the classical Boltzmann equation. We explain in detail how this
problem can be solved and present a complete classification of normal plane
DVMs with relatively small number n of velocities (n ≤ 10). Some results
for models with larger number of velocities are also presented.

In Paper 2, we discuss hydrodynamics at the Burnett level. Since the
Burnett equations are ill-posed, we describe how to make a regularization of
these. We derive the well-posed generalized Burnett equations (GBEs) and
discuss briefly an optimal choice of free parameters and consider a specific
version of these equations. Finally we prove linear stability for GBE and
present some numerical result on the sound propagation based on GBEs.

In Paper 3, we study a Maxwell kinetic model of socio-economic behav-
ior. The model can predict a time dependent distribution of wealth among
the participants in economic games with an arbitrary, but sufficiently large,
number of players. The model depends on three different positive parame-
ters {γ, q, s} where s and q are fixed by market conditions and γ is a control
parameter. In particular, we investigate the efficiency of control. Some exact
solutions and numerical examples are presented.

In Paper 4, we study a special function u(s, x), closely connected to the
Riemann zeta-function ζ(s), where s is a complex number. We study in
detail the properties of u(s, x) and in particular the location of its zeros s(x),
for various x ≥ 0. For x = 0 the zeros s(0) coincide with non-trivial zeros of
ζ(s). We perform a detailed numerical study of trajectories of various zeros
s(x) of u(s, x).
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1 Introduction
In the first paper “Discrete velocity models of the Boltzmann equation and
conservation laws” we discuss conservation laws for discrete velocity models
(DVM) of the classical Boltzmann equation. The paper is based on previous
publications on that subject by Bobylev and Vinerean [5],[6]. The main result
of Paper 1 is the complete classification of normal DVMs for small number
of velocities n ≤ 10 in the plane case d = 2.

For brevity I describe here only some new results of the paper, directly
related to my participation in it. My task was to solve numerically the case
n = 10 (the cases with n ≤ 9 were already solved). First I did it (jointly with
M. Vinerean) by existing methods. The problem was solved, but it took an
enormous amount of computational time. Therefore it became clear that the
numerical realization of the algorithm needed some serious improvements.
The main idea was to find a numerical inductive way to solve the case n = N
by using known results for n ≤ N − 1. Finally I found such way and this
led to improvement roughly in 15 times in computational time. Some other
improvements in the numerical scheme helped also to obtain the final results
of Paper 1 for n ≤ 9.

In the second paper “Boltzmann equation and hydrodynamics at the Bur-
nett level” we study equations of hydrodynamics beyond Navier-Stokes level.
A problem at the Burnett level is that these equations are ill-posed [2]. We
explain how to make a regularization of Burnett equations and derive the
generalized Burnett equations (GBEs), which are well-posed. This approach
was first proposed in [4], the GBEs were introduced in [7]. We discuss the
properties of the Burnett coefficients and then the regularization of Burnett
equations. The regularization leads to a family of well-posed equations and
to the problem of “optimal” choice of free parameters, c1, c2. In this paper we
choose {c1 = 1, c2 = 0} since it was shown in [1] that this choice is, in some
sence, the best for description of the half-space stationary problems. In the
last section we prove a linear stability for GBEs and we present numerical
results on the sound propagation based on GBEs. Calculations of the speed
of sound and the damping coefficients are made for Maxwell molecules and
hard spheres. These results are compared with results based on the Navier-
Stokes equations and with experimental data. My main contribution to this
paper was (a) the verification of values and properties of Burnett coefficients
(see Propositions 1-2 from Sections 3,4) and (b) all numerical work, including
comparison with other models and experiments, from Section 6. I also did
the numerical part of Bobylev’s paper [7], see Appendix B to the thesis.

In the third paper “Kinetic modeling of economic games with large num-
ber of participants”, we study a multi-linear Maxwell model for economic
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or social dynamics. This model can predict a time dependent distribution
of wealth among the participants in economic games with simple rules and
with an arbitrary number of players, provided that this number is sufficiently
large. In the paper, we first explain the kinetic model and the equations of
the model. The model was first introduced in [8], but in this paper we
study the equations in more detail. We explain why it is sufficient to study
self-similar solutions, and we study moments and possible power-like tails of
such solutions. We also prove existence and uniqueness of the solutions. The
model depends on three different positive parameters {γ, q, s} where s and q
are defined by market conditions and γ is a control parameter. At the end
of the paper, we use numerical methods to find the distribution function and
show some numerical solutions for different values of the control parameter.
I did the numerical part of the paper and also participated in its analytical
part.

In the fourth paper “On a special function related to the Riemann zeta-
function” we study a function u(s, x), s = σ + it, closely connected with the
Riemann zeta-function. First, in Section 2, the function u(s, x) is defined.
Then, in following sections, properties of u(s, x) and locations of zeros etc.
are studied. My contribution to this paper is the material of Section 10
“Numerical calculations”. There we present a way to find the roots s(x) to the
equation u(s, x) = 0 numerically, for various values of x ≥ 0. The roots s(0)
are most interesting since they also are roots to the Riemann-zeta function.
A detailed numerical study of trajectories of roots s(x), x ∈ [0,∞), in the
complex plane is presented in Section 10 of Paper 4.

2 Paper 1: Discrete velocity models of the Boltz-
mann equation and conservation laws

The Boltzmann equation (BE) is the fundamental mathematical model of
kinetic theory of gases. The general discrete version of BE reads [11],[14]

(
∂

∂t
+ vi · ∂

∂x

)
fi(x, t) = Qi(f) = Qi(f1, ..., fn), vi ∈ V, i = 1, ...n, (2.1)

where x ∈ Rd denotes the position, t ∈ R+ denotes the time and where
V = {v1, ...,vn} ⊂ Rd, d = 2, 3, ..., denotes a set of n distinct velocities of
the models. The functions fi(x, t) are spatial densities of particles having
velocities vi, Qi(f1, ..., fn) denote the collision term, i = 1, ..., n. The dis-
cretization of the velocity can lead to equations with spurious conservation
laws [11],[14]. Cercignani introduced the word “normal” in 1985 to denote the
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models that have only physical conservation laws. In 1999 Vedenyapin and
Orlov found a practical criterion for normal models [18], which helps to reject
bad models but it does not help to find good normal models. Also in 1999
Bobylev and Cercignani introduced the so called inductive method [3]. With
this method one can find all 1-extension normal models, i.e. such normal
models which are obtained by adding one extra velocity to another normal
model. Here and below the word “model” means only a set of velocities
V = {v1, ...,vn} ⊂ Rd. A systematic study of the problem of construction
and classification of normal discrete kinetic models was started in the begin-
ning of 2000s by Bobylev and Vinerean. Their main results can be found in
[5]. For brevity we mention only the result for Eq. (2.1) in R2.
All normal models up to 8 velocities are 1-extension models and can be found
by the inductive method, without any help from computers. But from n = 9
there are not only 1-extension models. This was first discovered in [5]. From
n = 9 there is no longer possible to find all normal models without computer.
A general algorithm to find all normal models is first described in [5], where
all models with n = 6, 7, 8 and almost all models for n = 9 were found.

In this paper we first describe a general algorithm for the construction
of normal DVMs, in any dimension d and for any number of velocities, n.
Then we use this algorithm to find all models for d = 2 and n = 9, 10. Some
models with n = 11 are also found, but we only give a complete classification
for the cases n ≤ 10. In order to explain our approach we mention that the
minimal number n of velocities for a nontrivial (non-degenerate) plane DVM
of BE is n = 6. Degenerate models in R2 are models with all velocities lying
on a circle, we exclude them from our consideration (only one of them, the
famous Broadwell model with n = 4, has no spurious conservation laws; see
Appendix to Paper 1). The 6-velocity normal models can be of one of the
two kinds shown in Fig.1. It was proved in [5] that all normal models with
7 ≤ n ≤ 10 contain a normal 6-velocity model (the corrected proof is given
in Paper 1). This fact is a basis of our approach in this paper.

There are basically two steps that must be performed in order to find
all normal models with n ≥ 7 velocities in R2. The first step is to find all
possible matrices Λj, j = 1, ..., N with (n−4) rows and n columns, satisfying
the conditions 1-8 listed below:

1. Each row must contain only four non-zero entries: two minus ones, two
ones.

2. All (n− 4) rows must be linearly independent

3. In two different rows, one can not have three non-zeros in the same
column.
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Figure 1: left: 6-velocity model of type (a), right: 6-velocity model of type
(b)

4. Multiplying one row with (−1), makes no difference.

5. Interchanging rows and columns makes no difference (it leads to equiv-
alent models).

6. The matrix must be admissible in certain sense, see e.g. [Paper1].
To check this, any such row that contains one element 1, one element
(−1), and the rest zero, is added to the (n− 4)× n-matrix . The new
(n− 3)× n-matrix should have a rank equal to (n− 3).

7. All columns should have at least two non-zeros (it means that we ex-
clude 1-extension models from our consideration).

8. det A′ 6= 0, where A′ is the part of Λ in the lower right corner with size
(n − 6) × (n − 6). This condition is proved for n ≤ 10, it is assumed
that the two first rows correspond to a normal 6-velocity model.

The second step is to verify if a given matrix Λj, satisfying above condi-
tions, corresponds to a normal model. We check if the system of equations
(2.2) below is solvable for that particular Λj. The system of equations is a
bit different if the matrix Λj contains a 6-velocity model of type (a) or if
it contains a 6-velocity model of type (b). We call these cases (i) and (ii)
respectively.
Case (i): to find models containing a model of type (a)(the left model in

4



Figure 1) :




x1 = (0, 0)
x2 = (1, 0)
x3 = (1, θ)
x4 = (0, θ) , θ ∈ R+

x5 = (µ, θ)
x6 = (µ, 0) , µ ∈ R\ {0, 1}
xk = (a

′
k, b

′
k) , k = 7, . . . , n

ΛX = 0, X = (x1, . . . ,xn) ,xk ∈ R2, k = 1, . . . , n

ΛX̃ = 0, X̃ = (|x1|2 , . . . , |xn|2)

(2.2)

Case (ii): to find models containing a model of type (b) (the right model in
Figure 1): system (2.2) with modified x5 = (1− µθ, θ + µ) , x6 = (−µθ, µ) , µ ∈
R\{0}. If the system has a solution, we have a normal model, otherwise this
Λj do not correspond to a normal model. Since, for n ∈ {7, 8, 9, 10}, all
normal models have a corresponding ((n− 4)× n) matrix Λ which contains
a 6-velocity model (of type (a) or type (b)), and since interchanging of rows
or columns leads to equivalent DVMs, we can state that all matrices corre-
sponding to normal models of order n have one of the following two forms

Λ =




1 −1 1 −1 0 0 . . . 0
1 0 0 −1 1 −1 0 . . 0
∗ ∗ . . . . . . . ∗
∗ ∗ . . . . . . . ∗


 (2.3)

or

Λ =




1 −1 1 −1 0 0 . . . 0
1 0 −1 0 1 −1 0 . . 0
∗ ∗ . . . . . . . ∗
∗ ∗ . . . . . . . ∗


 , (2.4)

where ∗ ∈ {0,±1} and the matricecs must fulfill the above properties 1.-8.
All 9 and 10-velocity models that are not 1-extension models are shown

in figure 2.
Theoretically there is no problem finding models with n = 10, the per-

formance is the same as for smaller n, but in practice the computing time
increases so fast that it is very time consuming to find all models, with our
limited computer power and programs. Therefore we came up with a faster
way to generate matrices, and that also give us a lower number of matrices to
check. This is briefly described in the paper and in more detail in Appendix
A to the thesis. The idea in the new approach of generating matrices is that
we do not only use a 6-velocity model as a start in the (n − 4) × n-matrix.
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Figure 2: All 9 and 10-velocity normal DVMs: not 1-extensions

We use all 8-velocity models to find all 2-extensions of them, which gives us
10-velocity models. Then we use all 7-velocity models to find all 3-extensions
of them. Finally we use the two 6-velocity models to find all 4-extensions of
them. Because of this, we can say more about what the matrices should look
like, and we can in advance reject a large number of matrices. For example,
when we want to find all 2-extensions of an 8-velocity model, we have the
following situation. We add two new columns with zeros. Then we add two
new rows. Since condition 8 must be fullfilled, we know that there is only
one possible configuration for the 2× 2 lower right corner. This situation is
shown in (2.5):




1 −1 1 −1 0 0 0 0 0 0
1 0 0 −1 1 −1 0 0 0 0
1 0 −1 0 0 1 −1 0 0 0
0 1 0 −1 −1 0 0 1 0 0
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 1 1
∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ 1 −1




, (2.5)

where ∗ ∈ {0,±1}. Because of this, there is a huge number of matrices that
we can exclude from our consideration. When performing the new way to
generate matrices, all 10-velocity normal models are found. In the previous
way to generate matrices, we got 7515893 matrices to check. With the new
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approach we have to check only 499278 matrices, and the computation time
decreases a lot.

3 Paper 2: Boltzmann equation and hydrody-
namics at the Burnett level

We study in this paper the equations of hydrodynamics, derived from the
Boltzmann equation. The sequence: {Euler equations, Navier-Stokes equa-
tions, Burnett equations, etc.} breaks down at the Burnett level since these
equations are ill-posed [2]. First, we explain the shortest way of derivation
of the classical Burnett equations from the Boltzmann equation. We also
discuss the properties of the so-called Burnett coefficients. We give all the
general formulas for the coefficients in Proposition 1 since it is hard to find
these formulas in literature. In particular, they are absent in the original
papers by Burnett [9][10] and in the classical book [13] by Chapman and
Cowling, which contains a chapter devoted to the Burnett equations. The
only book that contains such formulas is the book [17] by Truesdell and
Muncaster. Our formulas are equivalent to the formulas from [17], though
written in different notation. Since the Burnett equations are ill-posed, we
explain how to make a regularization of these equations and derive the gen-
eralized Burnett equations that are well-posed. Let us consider a general
evolution equation for an abstract vector y(t)

yt = T (y; ε) = A(y) + εB(y) + ε2C(y) + ...,

where A,B, C, ... are time-independent differentiable nonlinear operators,
ε > 0 is a small parameter. In our case y(t) is the vector of hydrodynamic
variables, say y = {ρ, u, T}, whereas A(y), B(y) and C(y) are Euler, Navier-
Stokes and Burnett terms respectively; ε is the usual Knudsen number. The
difficulty is that we cannot simply neglect all terms of order n ≥ 3 in ε, since
the resulting “Burnett equations” are ill-posed. On the other hand, we can
admit formally invertible for ε → 0 changes of variables

z = y + ε2R(y) ⇒ y = z − ε2R(z) + ...,

where R is an arbitrary time-independent differentiable operator. Then the
equation for z(t) reads

zt = TR(z; ε) = A(z) + εB(z) + ε2CR(z) + ...,

CR(z) = C(z) + [R, A] (z), [R, A] (z) = R′
zA(z)− A′

zR(z),
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where R′
z and A′

z are Fréchet derivatives (linear operators). Note that [R,A]
is the usual commutator in case of linear operators R and A.

This is the main idea of regularization [4]. The resulting equations are
not unique, they depend on the choice of R. In order to choose a reasonable
operator R we want to satisfy the following conditions [7]:
(A) The resulting equations must have a general form of equations of hydro-
dynamics with some new fluxes.
(B) The equations must also preserve the structure and main properties of
the classical Burnett equations.

It was shown in [7] that the transformation

ρtr = ρ, utr = u, T tr = T − ε2

ρ
div

Ω

ρ
,

Ω = a(T )∇ log ρ + b(T )∇ log T,

(3.1)

where (ρtr, utr, T tr) are true hydrodynamic variables (ρ-density, u ∈ R3-bulk
velocity, T-temperature), leads to the following equations for auxiliary vari-
ables (ρ, u, T ) :

ρt + divρu = 0, ρ(∂t + u · ∂x)uα +
∂p

∂xα

+ ε
∂Παβ

∂xβ

= ρXα,

3

2
ρ(Tt + u · Tx) + pdivu + εΠαβ

∂uα

∂xβ

+ εdivQ = 0

(3.2)

where

p = ρT, Παβ = πNS
αβ + ε

(
πB

αβ − δαβdiv
Ω

ρ

)
,

Qα= qNS
α + εqB

α +
ε

ρ

{
3Ωβ

∂uα

∂xβ

+

(
3a

2
+ b

)
∂

∂xα

divu+

+(divu)

[
(a′T − 2a)

∂

∂xα

log ρ + (b′T − 2b)
∂

∂xα

log T

]}
,

(3.3)

in the notation of Eqs. (24), (25), (63), (64) in Paper 2.
The unknown functions a(T ) and b(T ) are replaced by dimensionless pa-

rameters c1 and c2 such that

a =
2

3
µ2(c1g − ω2), b =

2

3
µ2

[
3

2
c2g + ω3 − ω2

]
, (3.4)
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where
g =

1

3
(5ω2 − 4ω3 + 2θ2) (3.5)

where ω2, ω3 and θ2 are Burnett coefficients given in Eqs. (65) in Paper 2
and µ is the viscosity coefficient given in Eqs. (26) in Paper 2.

An analysis of linear stability of Eqs. (3.2) and (3.3) was performed in
[7]. The domain of stability in the plane of the parameters c1, c2was studied
in detail for the case of Maxwell molecules. In particular, it was shown that
the closed triangle region

c1,2 ≥ 0, c1 + c2 ≤ 1

belongs to this domain. The domain of stability is also included in this thesis,
see Appendix B. There we use θ1, θ2 in notation of [7] instead of c1, c2.

One can note that the classical Burnett equations can be considered as
a special case of Eqs. (3.2) and (3.3) with a = b = 0. The corresponding
c1 and c2 will then lie outside the domain of stability, and this makes the
regularization necessary.

Eqs. (3.2) and (3.3) are not more complicated then the original Bur-
nett equations. They contain the same terms but with other coefficients.
The modified equations can even be simler than the original ones depend-
ing on our choice of c1, c2. For example the choice {c1 = 1, c2 = 0} reduces
the number of third derivatives in the modified equations. The problem of
“optimal” choice of parameters was studied in [1] where it was shown that
{c1 = 1, c2 = 0} is, in some sence, the best for description of the half-space
stationary problems. We use this choice of parameters in this paper.

To investigate stability we linearize GBEs near an equilibrium state
{ρ = ρ0 > 0, T = T0 > 0, u = 0}, assuming that

ρ = ρ0(1 + ρ̃), T = T0(1 + T̃ ), u = T
1/2
0 ũ

x = lx̃, t = τ t̃; τ =
εµ(T0)

ρ0T0

, l = τT
1/2
0 , (3.6)

and neglecting nonlinear terms. The resulting equations are

ρt + divu = 0, ut +∇ρ +∇T = ∆u +
1

3
∇divu +

2

3
g∆(∇ρ),

Tt +
2

3
divu =

5

2
κ∆T, (3.7)

where tildes are omitted and where

κ =
4λ(T0)

15µ(T0)
, g =

1

3
[5ω2(T0)− 4ω3(T0) + 2θ2(T0)] . (3.8)
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µ and λ are respectively the coefficients of viscosity and heat conductivity
(see Eqs. (26) in Paper 2), g = gM = 37

12
for Maxwell molecules and g =

gHS ≈ 4.0372 for hard spheres, κ = 1 for Maxwell molecules.We consider
Eqs. (3.7) and make the usual substitution

ρ = ρ′E(x, t), u = u′E(x, t), T = T ′E(x, t), E(x, t) = exp [ik · x + λ(k)t] .

Then we obtain, omitting primes,

λρ + i(k · u) = 0, λT +
2

3
i(k · u) = −5

2
κ|k|2T,

λu + ik(ρ + T ) = −|k|2u− 1

3
k(k · u)− 2

3
gik|k|2ρ, u ∈ R, k ∈ R.

The equation for u ∈ R can be split in the following way:

λ(k · u) + i|k|2(ρ + T ) +
4

3
|k|2(k · u) +

2

3
gi|k|4ρ = 0,

λu⊥ + |k|2u⊥ = 0, k · u⊥ = 0.

If u⊥ 6= 0 then obviously λ(k) = −|k|2 (since u⊥ ∈ R2). Hence, we have two
stable perpendicular modes, exactly the same as for Navier-Stokes equations.
If u⊥ = 0 then we obtain three equations for {ρ, T, (k · u)}. The standard
solvability condition leads to the following cubic equation for λ(|k|2) :

λ3 + a1(z)λ2 + a2(z)λ + a3(z) = 0, z = |k|2, (3.9)

where

a1 =

(
5κ

2
+

4

3

)
z, a2 =

z

3
[5 + 2z(5κ + g)] , a3 =

5

2
κz2

(
1 +

2

3
gz

)
.

The stability condition Reλ < 0 is equivalent to the following conditions on
coefficients [15]

{ai > 0, i = 1, 2, 3; a1a2 − a3 > 0} for all z > 0.

Since κ > 0 for all molecular models, the necessary and sufficient condition
on stability is g(T0), or equivalently,

5ω2(T0)− 4ω3(T0)− 2θ2(T0) ≥ 0. (3.10)

Finally we consider periodic in time complex valued solutions of Eqs.
(3.7)

u = (ux, 0, 0), {ρ, ux, T} ∼ exp [i(ωt− kx)] ,

10



where ω > 0 is given and k(ω) = k1(ω) + ik2(ω) is unknown. This problem
is related to propagation of sound in the half-space x > 0 (see the book [12]
pp. 334-338 for details). Note that k1(ω) > 0 and k1(ω) < 0 correspond to
the waves, propagating respectively in positive and negative directions. The
function k(ω) is a root of Eq. (3.9) with λ = iω and z = k2(ω). We obtain

A0(ω)z3 + A1(ω)z2 + A2(ω)z + A3(ω) = 0, z = k2,

A0(ω) =
5

3
κg, A1(ω) =

5

2
κ +

2

3
(5κ + g)iω,

A2(ω) = −
(

4

3
+

5

2
κ

)
ω2 +

5

3
iω, A3(ω) = −iω3.

Hence, for any fixed ω > 0, we have three roots z1,2,3(ω). Each of them
corresponds to two values k±(ω) = ±

√
z(ω). Hence, we have six symmetric

branches in the complex plane k(ω) = k1(ω) + ik2(ω). The numerical results
are shown in Fig 1.

−5 −4 −3 −2 −1 0 1 2 3 4 5
−5

−4

−3

−2

−1

0

1

2

3

4

5

c
1
 = 1, c

2
 = 0

k
1

k 2

Figure 3:

We can choose z1,2(ω) in such a way that

z1(ω) ≈ 3

5
ω2, z2(ω) ≈ − 2

3κ
iω, ω → 0.

Then the unique root

k(ω) = k1(ω) + ik2(ω) =
√

z1(ω), k1(ω) > 0,

11



represents the sonic branch. We denote

ν(ω) =
ω

k1(ω)
, α(ω) = −k2(ω),

then ν(ω) and α(ω) can be considered as the speed of sound and the damping
coefficient respectively. We use the data from the book [12] and show on Fig.
2 the graphs of the functions

y1(x) =

√
5

3

1

ν(ω)
, x =

1

ω
; y2(x) =

√
5

3

α(ω)

ω
, x =

1

ω
,

respectively. The comparison with experimental data and with Navier-Stokes
approximation show certain improvement for relatively low frequencies.
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4 Paper 3: Kinetic modeling of economic games
with large number of participants

Let N denote the number of individuals in a community and y ∈ R+ denote
the amount of money (wealth) one individual in that community has at time
t > 0. The life in this community consists of events, which we call “games”,
i.e. collisions in terms of gas molecules. The games happen with given
frequency O( 1

N
) in random order in the community and each game includes

a number n = 2, 3, ... of randomly chosen players. The rules of the game are

the following. All n players form a sum of their total capital S =
n∑

i=1

yi. The

sum S is multiplied by a random number θ, where θ ≥ 0 is distributed with

some given probability density g(θ). The resulting sum S ′ = θS =
n∑

i=1

y′i is

given back to the players according to the following rule: (1 − γ)S ′, where
γ ∈ (0, 1) is a fixed number, is divided among the players proportionally to
their initial contributions, while the rest is divided equally among all the
players.

We choose the simplest function g(θ) = qδ(θ) + (1 − q)δ(θ − s), with
some parameters 0 ≤ q ≤ 1, s > 0. The game is equivalent to the linear
transformation of the vector (y1, ..., yn) to the vector (y′1, ..., y

′
n), where

y′k = 0 with probability q and

y′k = anyk + bn

n∑

j=1,j 6=k

yj with propability (1− q); k = 1, ..., n (4.1)

and an, bn are constant coefficients expressed through parameters {γ, q, s}.
The parameters s and q are defined by market conditions and γ is a control
parameter. The meaning of γ is to prevent too large differences in personal
wealth among the players. It can be compared with taxes which are paid
not to the whole community, but are paid to all the players that participate
in the same game. What will happen when this control parameter changes?
How will it effect the distribution of wealth in the community? These and
similar questions are considered in Paper 3.

In this paper, we study the following Laplace transformed kinetic equation
of the model:

13



u(x, t) =

∫ ∞

0

dyf(y, t)e−xy, u(0, t) = 1,

ut(x) + u(x) =
nmax∑

n=nmin

pnQ̂n(u),
nmax∑

n=nmin

pn = 1,

Q̂n(u) = qun(0) + (1− q)u(anx)un−1(bnx), x ≥ 0.

(4.2)

The equation were first introduced in [8] where it was also shown that large
time asymptotics is described by the self-similar solution. If nmin → ∞ in
(4.2), i.e. any game has a large number of participants, the equation for
self-similar solution u(x, t) = ũ(xeλt) reads [8]

λxu′(x) + u(x) = q + (1− q)u(ax)e−bx, (4.3)

u(0) = 1, u′(0) = −1, λ = (1− q)s− 1, a = (1− γ)s, b = γs, (4.4)

where tildes are omitted and where u(x) is the Laplace transform

u(x) = L(f) =

∫ ∞

0

dyf(y)e−xy (4.5)

of the distribution of wealth f(y), y ≥ 0. We denote

f(y) = qδ(y) +
1− q

b

(y

b

)1/λ−1

g
(y

b

)
, y > 0, (4.6)

and consider two different cases: one case (denoted by A) is for λ > 0, i.e.
the increase of the total wealth, and the other case (denoted by B) for λ < 0,
i.e. the decrease of the total wealth (the case λ = 0 is solved exactly in Paper
3). Then we obtain,

(A) g(y) = β

[
q + (1− q)

∫ ∞

0

dtg(t)Kβ(t)

]
= const if 0 ≤ y < 1;

g(y) = β(1− q)

∫ ∞

(y−1)/a

dtg(t)Kβ(t) if y ≥ 1,

(4.7)
where

Kβ(t) =
tβ−1

(1 + at)β
, β =

1

λ
> 0; (4.8)
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(B) g(y) = 0 if 0 ≤ y < 1;

g(y) = αq if 1 ≤ y < 1 + a;

g(y) = α

[
q + (1− q)

∫ y−1
a

1

dtg(t)Qα(t)

]
if y ≥ 1 + a,

(4.9)

where

Qα(t) = K−α(t) =
(1 + at)α

tα+1
, α = −1

λ
> 1. (4.10)

The integral equation, g(y), can be expressed in the form g = g0+K̂gn, g0 ≥ 0
and then be solved numerically by using the iterative scheme

gn+1 = g0 + K̂gn, n = 0, 1, ... (4.11)

The operator K̂, which is an integral operator with positive kernel, and the
function g0 are different in the cases A and B:

(A) g0 = βqη(1− y), g = g0 + K̂g (4.12)

[
K̂g

]
(y) = β(1− q)

∫ ∞

(y−1)+
a

dtg(t)Kβ(t), y ≥ 0; (4.13)

(B) g0 = αqη(y − 1), g = g0 + K̂g, (4.14)

[
K̂g

]
(y) = α(1− q)η[y − (1 + a)]

∫ (y−1)
a

1

dtg(t)Qα(t), y ≥ 0. (4.15)

We proved the existence and uniqueness of the distribution function f(y)
satisfying Eqs. (4.3)-(4.5). We have also found g(y) numerically for four
different cases,

1. λ = 0.5, γ = 0.5 (a = 5
6

< 1),

2. λ = 0.5, γ = 0.34 (a = 1.1 > 1),

3. λ = −0.5, γ = 0.1 (a = 0.5 < 1),

4. λ = −0.009 γ = 0.09 (a = 1.002 > 1),

15



and obtained the results shown in Figs. 5 and 6. As it can be seen, three of
the cases have so called power-like tails, which correspond to a quite unequal
distribution of wealth. The control parameter γ is intended to remove, or at
least to reduce such tails. This is also discussed in the paper. Our analysis
shows that no value of γ can remove power-like tails when λ < 0, but when
λ > 0 these tails can be removed if γ is chosen in such way that a = s(1−γ) ≤
1. Our numerical calculations confirm this result. Exact solutions of Eqs.
(4.3)-(4.5) for two special cases λ = 0 and γ = 1 are also constructed in
Paper 3.
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Figure 5: (A) λ = 0.5
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5 Paper 4: On a special function related to the
Riemann-zeta function

The Riemann zeta-function is defined as an analytic continuation of the
Dirichlet series

ζ(s) =
∞∑

n=1

1

ns
, Re s > 1, (5.1)

to all complex s, except s = 1, where ζ(s) has a pole. There are several other
Dirichlet series related to ζ(s). One of them is

η(s) = (1− 21−s)ζ(s) =
∞∑

n=1

(−1)n−1 1

ns
, Re s > 0. (5.2)

It is clear that η(s) has the same zeros as ζ(s) plus a set of trivial zeros,
s = 1 + 2kπi

log 2
, k = ±1,±2, ....

We introduce a generating function for η(s) in the form

u(s, x) =
∞∑

k=0

(−1)k

k!
xkη(s + k), x ≥ 0. (5.3)

It is clear that this series converges for all complex x, but for simplicity
we shall always assume below that x is a non-negative real number. An
equivalent form of u(x, s)

u(s, x) =
∞∑

n=1

(−1)n−1 e−x/n

ns
, Re s > 0, (5.4)

can be obtained by substituting (5.2) into (5.3) and evaluating the sum over
k. In this paper we study various properties of u(s, x), in particular the
roots of equation u(s, x) = 0. Multiplying this equation by (−1)m−1msex/m,
for some fixed m = 1, 2, ..., we obtain

1− exp

[
x

m(m + 1)
− s log

m + 1

m

]
+ Sm(x, s) = 0, (5.5)

where
Sm(x, s) =

∑
n∈Im

(−1)n+m exp

[
−x(

1

n
− 1

m
)− s log

n

m

]
,

and Im is the set of all natural numbers n = 1, 2, . . ., except for n = m and
n = m + 1. We denote




z = s log
m + 1

m
− x

m(m + 1)

λ =
x

rm

, rm = m(m + 1) log

(
1 +

1

m

) . (5.6)
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Now, we can rewrite Eq. (5.5) in (z, λ)-variables, and the equation reads

e−z − f(z, λ) = 0

f(z, λ) = 1 +
∑
n∈Im

anm(λ) exp

[
−z

log(n/m)

log(1 + 1/m)

]
(5.7)

where

anm(λ) = (−1)n+m exp[−λΨ(n,m)], Ψ(n,m) = rm

(
1

n
− 1

m

)
+ log

n

m
.

(5.8)
Our aim is to solve equation (5.7) for various λ > 0. We solve (5.7) for
λ >> 1 and then gradually decrease λ until λ = 0. Now, in every step we
can use previous z(λ) as an initial guess. We fix k = 1, 2, . . . and denote
z = 2πki + z̃. For every pair (m, k) equation (5.7) reads

e−z̃ − f(2πki + z̃, λ) = 0. (5.9)

First, we solve equation (5.9) with λ = λ0 ≥ 2m2. Then, we solve the
equation with λ = λj = λ0 − jh for j = 1, 2, . . . and where h is a small
enough step size. We use Newton’s method and have the following iterative
scheme

z̃n+1 = z̃n +
e−z̃n − f(2kπi + z̃n, λ)

e−z̃n + f ′(2kπi + z̃n, λ)

z0 =

{
0 when λ = λ0

z(λj−1) otherwise. (5.10)

For m ≥ 2, it is expected that

σ(0) =
1

2
, t(0) = tm,k = t∗m,k

And these are the roots of Riemann’s zeta-function ζ(s). A rough approxi-
mation for t∗m,k is

t∗m,k ≈ tm,k(∞) =
2kπi

log(1 + 1/m)
.

The six first roots , σ(0) + itm,k(0), m ≥ 2, are shown in figure 7. For λ = 0
they are the same roots that are given in the book [16] by Titchmarsh.
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Figure 7: Graphic representation for the roots s(λ) = σ(λ) + itm,k(λ) to
u(λrm, s(λ)) = 0. The dashed lines corresponds to tm,k(∞) = 2πk/ log(1 +
1/m).

For brevity we just mention here that all numerical results for trajectories
of roots smk(x), 0 ≤ x < ∞, in the complex plane are shown on Figs. 3-13
of Paper 4. Roughly speaking, the trajectories are similar to horizontal lines
(except for a part close to x = 0).

It is important in our algorithm to have small enough step size, h. Re-
member that Eqs. 5.9 are solved for λj = λ0 − jh, j = 1, 2, ... until λ = 0.
In most cases h = 0.5 is small enough, but as can be seen on Figures 8-10,
h = 0.5 is too large. The solid lines in these figures shows the limit at λ = 0
for h = 0.5, and the dashed for h = 0.1. The dashed line on Figure 8 corre-
sponds to both h = 0.1 and h = 0.05. On Figures 8 and 9, the roots don’t
even are at σ = 0.5 when h = 0.5, so a smaller h is needed here. Note that
the dashed line on Figure 9, which corresponds to h = 0.1 and h = 0.05, is
not monotone when σ ∈ (1.531, 1.571). Since the path doesn’t change when
h is decreased from h = 0.1 to h = 0.05, this must be the true path. On
Figure 10, the true root is found for the larger step size, h = 0.5, but the
limit at λ = 0 is not monotone, which it is when h = 0.1.
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Some Problems in Kinetic Theory 
and Applications

This thesis consists of four papers, the first is devoted to discrete velocity models, the 
second to hydrodynamic equations beyond Navier-Stokes level, the third to a multi-linear 
Maxwell model for economic or social dynamics and the fourth is devoted to a function 
related to the Riemann zeta-function.

In Paper 1, we consider the general problem of construction and classification of normal, 
i.e. without spurious invariants, discrete velocity models (DVM) of the classical Boltzman 
equation. We explain in detail how this problem can be solved and present a complete 
classification of normal plane DVMs with relatively small number n of velocities (n≤10). 
Some results for models with larger number of velocities are also presented.

In Paper 2, we discuss hydrodynamics at the Burnett level. Since the Burnett equations 
are ill-posed, we describe how to make a regularization of these. We derive the well-posed 
generalized Burnett equations (GBEs) and discuss briefly an optimal choice of free parameters 
and consider a specific version of these equations. Finally we prove linear stability for GBE 
and present some numerical result on the sound propagation based on GBEs.

In Paper 3, we study a Maxwell kinetic model of socio-economic behavior. The model 
can predict a time dependent distribution of wealth among the participants in economic 
games with an arbitrary, but sufficiently large, number of players. The model depends on 
three different positive parameters {γ,q,s} where s and q are fixed by market conditions and 
γ is a control parameter. In particular, we investigate the efficiency of control. Some exact 
solutions and numerical examples are presented.

In Paper 4, we study a special function u(s,x), closely connected to the Riemann zeta-
function ζ(s), where s is a complex number. We study in detail the properties of u(s,x) and 
in particular the location of its zeros s(x), for various x≥0. For x=0 the zeros s(0) coincide 
with non-trivial zeros of ζ(s). We perform a detailed numerical study of trajectories of 
various zeros s(x) of u(s,x).
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