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Abstract

In this thesis, after a general introduction, we first review some differential geom-
etry to provide the mathematical background needed to derive the key equations
in cosmology. Then we consider the Robertson-Walker geometry and its relation-
ship to cosmography, i.e., how one makes measurements in cosmology. We finally
connect the Robertson-Walker geometry to Einstein’s field equation to obtain so-
called cosmological Friedmann-Lemâıtre models. These models are subsequently
studied by means of potential diagrams.
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1 INTRODUCTION

1 Introduction

Cosmology comes from the Greek word kosmos, ‘universe’ and logia, ‘study’, and
is the study of the large-scale structure, origin, and evolution of the universe,
that is, of the universe taken as a whole [1]. Even though the word cosmology is
relatively recent (first used in 1730 in Christian Wolff’s Cosmologia Generalis),
the study of the universe has a long history involving science, philosophy, eso-
tericism, and religion. Cosmologies in their earliest form were concerned with,
what is now known as celestial mechanics (the study of the heavens). The Greek
philosophers Aristarchus of Samos, Aristotle, and Ptolemy proposed different cos-
mological theories. However the geocentric Ptolemaic system (where the Earth
is the center of the universe with ‘everything’ orbiting around it) became the
generally accepted theory to explain the motion of the heavens, until Nicolaus
Copernicus, and subsequently Johannes Kepler and Galileo Galilei, proposed a
heliocentric system (where the Sun is in the center of our solar system with the
planets orbiting it) in the 16th century, one of the most famous examples of epis-
temological overturn in cosmology. It is important to note that all cosmological
models described a static finite universe, and that this gives rise to problems.

Why is the sky dark at night? Astronomers pictured a static universe of
stars scattered more or less randomly throughout space. But gravitational forces
between any finite number of stars would in time cause them all to fall together,
and the universe would soon be a compact dense concentration of matter. This
has not happened, obviously, and hence Newton concluded that we must be living
in a static, infinite expanse of stars. In this model, the universe is infinitely old,
and it will exist forever without any major changes in its structure. But if space
goes on forever, with stars scattered throughout it, then any line of sight must
eventually hit a star. No matter where you look in the night sky, you should see
a star, so even at night, the entire sky should blaze like the surface of the Sun.
Olbers’s paradox, first pointed out by Kepler, is that the night sky is actually
dark (credited to Wilhelm Olbers in 1823) [2]. Moreover, an infinite universe is
unstable, if Newton’s law of gravitation is valid everywhere.

Thanks to Einstein’s theory of general relativity it was possible to create
mathematical models of different hypothetical universes. It turned out that it
was impossible to produce an infinite static model by means of Einstein’s original
equations with matter satisfying expected matter properties. This caused Ein-
stein to introduce the so called cosmological constant in order to create a static
model that was thought to fit with Mach’s principle, i.e. that the ‘inertia’ of
matter is determined by all other matter in universe. However, Willem de Sitter
pointed out that light from distant celestial bodies could be shifted toward the
red spectrum, a so-called redshift, as if they where moving away from us, wether
the universe was static or not. This redshift, z, is defined as

z =
λ0 − λe
λe

, (1)
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1 INTRODUCTION

where λe is the wavelength of the emitted radiation and λ0 is the wavelength of
the radiation when received and observed. In all the cosmological models that
were explored the solar systems and galaxies were evenly distributed in space,
in agreement with the Cosmological Principle, which means that the universe is
the same for different observers, independent of where they are and in all direc-
tions. In other words, the universe was assumed to be spatially homogeneous and
isotropic on sufficiently large scales. During the 1920’s Aleksander Friedmann
and Geroges Lemâıtre found models that expanded as well as contracted; these
models led to the conclusion that there should be a connection between distance
and redshift or blueshift (if the light-source is moving toward the observer). Mea-
surements were made on spiral nebulas and one noticed that they seemed to be
moving with large velocities and, in most cases, away from us. In 1929 Hubble
found that the velocities of galaxies are directed away from us in direct proportion
to their distance. The most plauisble interpretation, that later has been gener-
ally accepted, was that the universe is expanding - that galaxies and clusters of
galaxies are all moving away from each other on sufficiently large scales.

Though the galaxy distribution is uneven, e.g. between large accumulations
there are big voids, the Cosmological Principle is accepted to be a good approxi-
mation for the observable universe on very large scales. The fact that the universe
is expanding soon led to the suspicion that it has evolved from a highly condensed
state, Big Bang [3].

Cosmological models really began to attract interest when quasars were found.
Quasars are galaxies with an active core whose luminosity sometimes is up to a 100
times greater than that of all the stars in our galaxy [4]. In 1965 Arno Penzias and
Robert Wilson found a background of isotropic microwave radiation, the cosmic
background radiation, which most likely has its origin in the early hot universe.
Furthermore, the abundancies of light elements (hydrogen, deuterium, helium,
and lithium) coincides with predictions that can be made from the theory about
the Big Bang. In addition, Stephen Hawking and Roger Penrose have shown that
a ‘singularity’ must have existed and that the universe thus has a beginning, if
the theory of general relativity is valid on the scale of the whole universe, and if
certain reasonable matter assumptions hold in the very early universe [3].

Let us assume a spatially homogeneous and isotropic model and denote any
two galaxies, which are taking part in the general motion of expansion of the
universe, by A and B. We write the distance between the two galaxies A and B as
a rAB, where a is a function of time and rAB is independent of time but depending
on the position of the galaxies A and B. Similarly choose two other galaxies C
and D which have a distance a rCD between each other, where the constant rCD
depends on the position of the galaxies C and D. If the distance a rAB changes by
a certain factor in a definite period of time then the distance a rCD also changes by
the same factor in that period of time. One can thus describe the large structure
and behavior of the universe by the single function a of time, which is called the
scale factor or the radius of the universe. The ‘radius’ term is misleading, because
the universe may be infinite in its spatial extent in which case it will not have a
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1 INTRODUCTION

finite radius. But in some models the universe has finite spatial extent, in which
case the function a is related to the maximum distance between two points in the
universe. To determine a(t) is one of the major problems of cosmology.

It can be helpful to imagine a spherical balloon uniformly covered with dots,
that represent galaxies, which is expanding. Then, all dots move away from each
other with a speed that is proportional to the distance between the dots at a
given moment (along the surface of the balloon). But the dots themselves have
not moved on the balloon, it is the space between them that has expanded. Let
the radius of the balloon at time t be denoted by a(t). Any two dots, A and B,
subtend an angle θAB at the center. The distance dAB between the dots on a
great circle is

dAB = a(t) θAB. (2)

The speed that the dots A and B are moving relative to each other is

vAB = ḋAB = ȧ θAB = (ȧ/a)dAB, (3)

where ȧ ≡ da
dt

. Thus the relative velocity between A and B around a great circle
is proportional to the distance on the great circle. The proportionality factor is
ȧ/a and is the same for any pair of dots. Consider another pair of dots, C and
D, that subtend an angle θCD. This angle and the angle θAB will be the same
for all t because the expansion of the balloon is uniform. We thus have a close
analogy between an expanding universe and the surface of an expanding balloon
with dots uniformly scattered over the surface.

From the rate at which the galaxies are receding from each other it is clear
that all galaxies would have been very close together at some time in the past.
If we use our balloon analogy again, it is like saying that the balloon has a zero
radius at the beginning. This origin of the universe is called Big Bang. But Big
Bang is not an explosion because the particles never moved, it was the space
between them that increased. A finite part of the universe will be increasingly
dense and hot as one goes back to the initial moment, the space-time singularity.
Nevertheless, the universe could be infinite in its spatial extent all the way back to
the initial moment. The universe is expanding because of the initial ‘explosion’,
and the ‘motion’ of galaxies can be explained as a remnant of the initial impetus.

An important evidence that the universe must have been in a highly com-
pressed form in the past is the cosmic background radiation, which we have
mentioned before. If we trace the history of the universe backwards to higher
densities, at some point the galaxies could not have had a separate existence,
but must have merged together to form a continuous mass distribution. Because
of this compression the temperature of the matter must have been very high.
There was also a great deal of electromagnetic radiation present which was in
equilibrium with the matter at some stage, and accordingly the radiation would
thus correspond to a black body of high temperature. In fact, there should be
a remnant of this radiation, still with black-body spectrum, but with a much
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1 INTRODUCTION

lower temperature. The cosmic background radiation that was discovered has a
black-body spectrum and a temperature of about 2.7 K today.

Close to the initial moment of the universe, about 13,7-billion years ago, it is
commonly believed that for space to have increased extremely rapidly as it did
an inflation had to have occurred. Inflation is a short period during which space
increased exponentially. The universe may continue to expand forever, as in the
‘open’ models, or it may cease to expand at some point in time and contract
to a space-time singularity with infinite, or near infinite, density again as in the
‘closed’ models. Thus, the universe either expands forever or it re-collapses, but
it is not known at present which case is actually realized. According to general
relativity one could determine this by measuring the present average density of
the universe and compare it to a certain critical density. If the average density is
higher than the critical density, then, according to general relativity, and if certain
conditions about the matter are fulfilled, gravity will be strong enough to halt
the expansion and pull the galaxies together, but if the average density is lower
than the critical density, then the gravity will not suffice to halt the recession so
the universe will continue to expand forever. The critical density ρc at any time
is given by

ρc = 3H2/8πG, H = ȧ/a, (4)

where G is Newton’s gravitational constant, a = a(t) is the scale factor, and H
is the Hubble parameter. If we denote the present time as t0, then the present
value of the Hubble parameter is denoted by H0, where H0 = H(t0). The Hubble
velocity v is related to the distance d by the Hubble parameter for galaxies that
are not too near nor too far, according to

v = H0d. (5)

The present value of the critical density is thus 3H2
0/8πG, and is hence depen-

dent on the current value of Hubble’s parameter H0, for which there are still
some uncertainties. Whether the universe will expand forever or not is one of
the most important unresolved problems in cosmology, both theoretically and
observationally, but all methods of determining this contain many uncertainties.
In particular, the fate of the universe depends on the properties of ‘dark matter’
and ‘dark energy’ which at the moment are not known well enough.

The standard Big Bang model of the universe has had three major successes:

(i) It predicts that a law like Hubble’s law for the expansion must hold for the
universe.

(ii) It predicts the existence of the microwave background radiation.

(iii) It successfully predicts the formation of light atomic nuclei from protons
and neutrons a few minutes after the Big Bang.
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This latter prediction gives the correct abundance ratios for D, He3, He4 and
Li7, while the heavier elements are thought to have been formed much later in
the interior of stars [5].

The outline of the thesis is as follows. In the next chapter we turn to differen-
tial geometry, which is needed later in order to derive and understand cosmological
models.

In the cosmography chapter we concentrate on the Robertson-Walker geome-
try and different possible measurements in such a geometry. This is the part of
cosmology that proceeds by making minimal dynamic assumptions, i.e. one keeps
the geometry and symmetries of the Robertson-Walker geometry but does not
assume that the geometry necessarily obeys Einstein’s equations.

In the last chapter we describe the Friedmann-Lemâıtre dynamics and intro-
duces the Friedmann equation from which we can derive models. Firstly we study
one matter universe to later extend to several matter components, to be able to
easier study the models we make diagrams. From these diagrams it is easier to
interpret the different solutions.
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2 DIFFERENTIAL GEOMETRY PREREQUISITES

2 Differential geometry prerequisites

The Robertson-Walker metric is fundamental in standard cosmology. The mathe-
matical framework in which the Robertson-Walker metric occurs is that of differ-
ential geometry, which also serves as the mathematical foundation for Einstein’s
theory of relativity.

General relativity is formulated in a four-dimensional pseudo-Riemannian
space where points are labeled by a general coordinate system (x0, x1, x2, x3),
often written as xµ (µ = 0, 1, 2, 3), although several coordinate patches may be
necessary to describe the whole space-time, which has three spatial and one tem-
poral dimension. There are two important aspects that have to be kept in mind.
Firstly, most people think of curvature as a two-dimensional surface that is bent
within a three-dimensional Euclidean space in which it lies. But this extrinsic
notion of curvature must be distinguished from the purely intrinsic notion of cur-
vature that concerns, e.g., the failure of initially parallel geodesics (straight lines)
within the surface itself to remain parallel. It is the intrinsic notion of curvature
that is the relevant one in our context. Secondly, in contrast to the ‘usual’ Eu-
clidean geometry, we are going to be concerned with non-positive-definite metrics
as mentioned above [5].

The word metric comes from ‘to measure’, as in meter, i.e. it is a way to
measure for example space-time distances. A metric, or distance function, is
a function that defines a distance between elements of a set, and a set with a
metric is called a metric space. A metric induces a topology on a set, but not all
topologies can be generated by a metric. When a topological space has a topology
that can be described by a metric, we say that topological space is metrizable. A
metric gives the distance between two points as

ds2 = gijdx
idxj, (6)

where the left side is a scalar, dxi and dxj are vectors, and gij is a tensor. To
obtain an uncluttered notation, one sums over repeated upper and lower indices,
a convention that was introduced by Einstein, and hence called Einstein’s sum-
mation convention. In flat Riemannian or pseudo-Riemannian space one can
describe a metric as follows; consider an infinitesimal orthogonal triangle in two-
dimensional space with Cartesian coordinates; Pythagoras theorem is then given
by

ds2 = dx2 + dy2 = (dx1)2 + (dx2)2 = δijdx
idxj, (i, j = 1, 2) (7)

where δij is the Kronecker delta, which is a metric in two-dimensional Riemannian
flat space.

This can be generalized to higher dimensions, four-dimensions in our case,
and to curved space-times. From now on we will set the speed of light, c, equal
to one for simplicity. In special relativity we have a four-dimensional pseudo-
Riemannian flat space-time. The square of the space-time interval ds2 between
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the event (i.e. space-time point) xµ and an event xµ + dxµ can be written as

ds2 = −dt2+dx2+dy2+dz2 = −(dx0)2+(dx1)2+(dx2)2+(dx3)2 = ηµνdx
µdxν . (8)

where (x0, x1, x2, x3) = (t, x, y, z). The symbol ηµν is reserved for diag[−1, 1, 1, 1],
and is known as the Minkowski metric.

In general relativity one changes to curved space-time. By looking at in-
finitesimally small distances, so that the space-time appears flat, the square of
the space-time interval ds2 between xµ and xµ + dxµ can be written as ds2 =
gµνdx

µdxν , where at a given event one can choose coordinates so that gµν =
diag[−1, 1, 1, 1]. However, it is not possible to find a coordinate system so that
gµν = diag[−1, 1, 1, 1] globally, in general gµν depends on the points xµ. The
metric gµν is an example of a ‘second rank covariant tensor field’ (the number
of indices gives the rank of the tensor while covariant means that the indices
are lower indices). The physical interpretation of gµν is that gµν describes space-
time geometry, and according to general relativity the curvature of space-time
geometry describes the gravitational field [5].

Let us now define metrics and tensors in more detail. Given a finite dimen-
sional vector space, V, we define its dual space, V*, to be the collection of linear
maps from V into R. This dual space V* is also a vector space with a dimension
that is equal to that of V, but in absence of an inner product, there is no natural
way of identifying V and V*. However, for every basis of V there is a natural
corresponding basis in V*, furthermore we can take the dual of V*, since it is a
vector space, and thereby produce the ‘double-dual’, V**, of V, and in contrast
to V* and V there is a natural way of identifying V** with V for finite dimension,
and hence we only have to deal with V and V*.

A tensor of type (k, l) can be defined as a multi-linear map taking k copies
of V* and l copies of V into R. A metric, g, on a vector space V can now be
defined as a symmetric tensor of type (0, 2) that is non-degenerate, in the sense
that the only v ∈ V that satisfies g(v, w) = 0 for all w ∈ V is v = 0. The metric is
called Riemannian if it is positive definite, but if it is negative definite on a one-
dimensional subspace and positive definite on the orthogonal complement on this
subspace, then it is called a Lorentzian pseudo-Riemannian metric. Riemannian
metrics describe e.g. ordinary curved geometries (like a balloon) while Lorentzian
metrics describe e.g. curved spacetimes in general relativity.

One can define a set of curves filling all space such that the tangent vector
to any curve of this set at any point coincides with the value of a given vector
field, ζµ, at that point. This is done by solving the set of first order differential
equations.

dxµ

dλ
= ζµ(x(λ)), (9)

where x on the right hand side represents all four components of the coordi-
nates. This set of curves is referred to as the congruence of curves generated by
the given vector field. In general there is a unique member of this congruence
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2 DIFFERENTIAL GEOMETRY PREREQUISITES

passing through any given point. Sometimes a particular member of the congru-
ence is referred to as an orbit. Now consider the constant vector field given by
(ζ0, ζ1, ζ2, ζ3) = (1, 0, 0, 0). We can see from equation (8) that the congruence of
this vector field is the set of curves given by

(x0 = λ, x1 = constant, x2 = constant, x3 = constant). (10)

This vector field is also referred to as the vector field ∂/∂x0. One similarly defines
the vector fields ∂/∂x1, ∂/∂x2, ∂/∂x3. That is, corresponding to the coordinate
system xµ we have the four contravariant vector fields ∂/∂xµ. These vector fields
are linearly independent and can be used to describe any vector field by defining
A as

A = Aµ ∂

∂xµ
= Aµ∂µ, (11)

where Aµ is a function of the points in space. This is related to the fact that
contravariant vector fields can be regarded as operators acting on differentiable
functions f(x0, x1, x2, x3). More precisely, when the vector field acts on the func-
tion, the result is the derivative of the function in the direction of the vector field
as

A(f) = Aµ ∂f

∂xµ
. (12)

Correspondingly, general relativity (as all physics) can be developed indepen-
dently of coordinates and components, but, for simplicity we will focus on using
coordinate frames where {∂µ} form a coordinate basis.

Under a coordinate transformation from xµ to xµ
′

the coordinate components
of a contravariant vector field Aµ and a covariant vector field Bµ transform as

A = Aµ∂µ = Aµ
′
∂µ′ = Aµ

∂xµ
′

∂xµ
∂µ′ ⇒ Aµ

′
= Xµ′

µA
µ, (13)

where Xµ′
µ = ∂µx

µ′ . Similarly one can define transformation laws for components
of tensors of other types, e.g.

Bµ′ = Xµ
µ′Bµ, Aµ

′
ν′λ′ = Xµ′

ρX
σ
ν′X

τ
λ′A

ρ
στ , (14)

where Xµ
µ′ = ∂µ′x

µ.
Due to that gµν is non-degenerate, we can define its inverse, the contravariant

metric tensor, gµν , as

gµν g
νλ = δµ

λ, (15)

where δµ
λ is the Kronecker-delta. The tensors gµν and gµν provide isomorphisms

between V and V*, and hence indices can now be raised or lowered by gµν and
gµν , respectively, e.g.
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2 DIFFERENTIAL GEOMETRY PREREQUISITES

Aµ = gµνAν , Aµ = gµνA
ν . (16)

In the context of Lorentzian metrics a vector is said to be time-like if gµνV
µV ν =

VµV
µ < 1, null if VµV

µ = 0, and space-like if VµV
µ > 1. If gµνV

µW ν = 0, then the
two vectors V µ, W µ are orthogonal to each other. If V µ is time-like and orthogo-
nal to W µ, then the latter is necessarily space-like. A space-like three-surface is a
surface defined by f(x0, x1, x2, x3) = 0 such that gµνf,µf,ν < 0, and hence the unit
vector to this surface is given by the time-like vector nµ = (−gαβf,αf,β)−1/2gµνf,ν ,
where a comma denotes partial differentiation with respect to the corresponding
variable, i.e., f,ν = ∂f/∂xν .

The object ∂νA
µ does not transform as a tensor. However, we can introduce

a connection Γµλν and define a so called covariant derivative according to

Aµ;ν = ∇νA
µ = ∂νA

µ + ΓµλνA
λ, Aµ;ν = ∇νAµ = ∂νAµ − ΓλµνAλ, (17)

which provides an example of a generalization of ordinary differentiation.
In general relativity we are interested in a special connection, a so-called metric

connection, since gravity is described by space-time geometry. To be uniquely
defined in terms of the metric, we require that Γµνλ = Γµλν and

gµν;λ = 0, (18)

which yields
gµν ;λ = 0. (19)

This leads to

Γµνλ = 1
2
gµσ(gσν,λ + gσλ,ν − gνλ,σ). (20)

In this context the particular form of the connection (20) is known as the Christof-
fel symbol. Equation (18) has the consequence that indices ‘inside’ covariant
differentiation can be raised or lowered

gµσA
µ

;ν = Aσ;ν , gµσAµ;ν = Aσ ;ν . (21)

We now turn to particle motion in a gravitational field. Consider a curve
xµ(λ), where xµ are suitably differentiable functions of the real parameter λ. It
follows that dxµ/dλ transforms as a contravariant vector, the tangent vector to
the curve xµ(λ). The covariant derivative along the curve, for an arbitrary vector
field Y µ is Y µ

;ν(dx
ν/dλ). The vector field Y µ is said to be parallelly transported

along the curve if

Y µ
;ν
dxν

dλ
= Y µ

,ν
dxν

dλ
+ ΓµσνY

σ dx
ν

dλ
=
dY µ

dλ
+ ΓµσνY

σ dx
ν

dλ
= 0. (22)

The curve is said to be a geodesic curve if the tangent vector is transported
parallelly along the curve; by setting Y µ = dxµ

dλ
we obtain
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2 DIFFERENTIAL GEOMETRY PREREQUISITES

d2xµ

dλ2
+ Γµνσ

dxν

dλ

dxσ

dλ
= 0. (23)

The curve, or a portion of it, is defined to be time-like, light-like, or space-like
according to if gµν

dxµ

dλ
dxν

dλ
< 0, =0 or >0, respectively. The length L of a time-like

or space-like curve from λ = λ1 to λ = λ2 is given by

L12 =
∫ λ2

λ1

∣∣∣∣∣gµν dxµdλ dxν

dλ

∣∣∣∣∣
1/2

dλ. (24)

In the case when the tangent vector dxµ/dλ is time-like everywhere, the curve
xµ(λ) can be interpreted as the so-called worldline of a point particle, and λ can
be interpreted as the proper time τ along the worldline. In this case equation
(23) can be interpreted as the equation of motion of a particle in a gravitational
field. However, equation (23) is more general and can, for example, be used when
the curve xµ(λ) is light-like, describing the path of a photon, and then λ cannot
be taken as the proper time.

Now, let us turn our attention to some tensors that are of crucial importance
in general relativity. For any covariant vector Aµ one can show that

Aµ;ν;λ − Aµ;λ;ν = Rσ
µνλAσ, (25)

where Rσ
µνλ is a tensor, the so-called Riemann tensor. Written in terms of Γσµν

in a coordinate basis, Rσ
µνλ takes the form

Rσ
µνλ = Γσµλ,ν − Γσµν,λ + ΓσανΓ

α
µλ − ΓσαλΓ

α
µν . (26)

Where a coordinate basis is defined as a set of basis vectors that are deriva-
tives along coordinate curves [6]. The Riemann tensor has the following three
symmetry properties, (27) - (29), and it also satisfies the Bianchi identity (30):

Rσµνλ = −Rµσνλ = −Rσµλν (27)

Rσµνλ = Rνλσµ (28)

Rσµνλ +Rσλµν +Rσνλµ (29)

Rσ
µνλ;ρ +Rσ

µρν;λ +Rσ
µλρ;ν = 0. (30)

The Ricci tensor is defined by

Rµν = gλσRλµσν = Rσ
µσν , (31)

and hence equation (26) and (31) give

Rµν = Γλµν,λ − Γλµλ,ν + ΓλµνΓ
σ
λσ − ΓσλµΓλνσ. (32)

It follows that Rµν = Rνµ. The curvature scalar is defined as

R = gµνRµν = Rµ
ν . (33)
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3 COSMOGRAPHY

By contracting the Bianchi identity (30) with gµν and gσρ, one gets(
Rµν − 1

2
gµνR

)
;ν

= 0. (34)

This motivates introducing the tensor Gµν = Rµν − 1
2
gµνR, where Gµν is called

the Einstein tensor.

3 Cosmography

In this chapter we will concentrate on the Robertson-Walker (RW) geometry and
different possible measurements in such a geometry. Cosmography is the part of
cosmology that proceeds by making minimal dynamic assumptions. One keeps
the geometry and symmetries of the RW geometry discussed next, but one does
not assume that the geometry necessarily obeys Einstein’s equations. This makes
it possible to focus on the observational situation [7]. It is first in the next chapter
that we use dynamic assumptions.

3.1 Robertson-Walker geometry

The Cosmological principle says that the universe looks the same from all posi-
tions in space at a particular time, and that all directions in space at any point
are equivalent. In Newtonian physics the concept of ‘a particular time’ is un-
ambiguous, but in special relativity the concept only becomes well-defined if one
chooses a particular inertial frame, and the situation is even more ambiguous
in general relativity, where there are no preferred global inertial frames. To ob-
jectively define ‘a moment of time’ in general relativity requires a particular set
of circumstances, which happens to be satisfied by a spatially homogeneous and
isotropic universe.

To define ‘a particular time’ in general relativity, we introduce a series of
non-intersecting space-like hypersurfaces, i.e. surfaces such that any two points
of a surface can be connected with each other by an everywhere spacelike curve
that lies entirely in the hypersurface. Assume that all galaxies lie on such a
hypersurface in such a manner that the surface of simultaneity of the local Lorentz
frame, which corresponds to working with the tangent space to space-time, so
that there is no curvature, of any galaxy coincides locally with the hypersurface.
Another way of putting it is, that all the local Lorentz frames of the galaxies
‘mesh’ together to form the hypersurface. Thus the four-velocity of a galaxy is
orthogonal to the hypersurface. This series of hypersurfaces can be labelled by
a parameter which may be taken as the proper time of any galaxy, i.e. time
measured by a clock that is stationary in the galaxy. This defines a universal
time so that a particular value of time means a given space-like hypersurface in
this collection of hypersurfaces.

Another description, known as Weyl’s postulate [5], is to assume that the
worldlines of galaxies are a bundle or congruence of geodesics in space-time di-
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3.1 Robertson-Walker geometry 3 COSMOGRAPHY

verging from a point in the (finite or infinitely distant) past, or converging to
such a point in the future, or both. These geodesics are non-intersecting, except
possibly at a singular point in the past or future or both. There is one and only
one such geodesic passing through each regular (that is, a point which is not a
singularity) space-time point. This assumption is satisfied to a high degree of ac-
curacy in the actual universe. The deviation from the general motion postulated
here is observed to be random and small.

Assume that the bundle of geodesics satisfying Weyl’s postulate possesses a
set of space-like hypersurfaces orthogonal to them. Choose a parameter t such
that each of these hypersurfaces corresponds to t = constant, where t mea-
sures the proper time along a geodesic. We then introduce spatial coordinates
(x1, x2, x3) which are constant along any geodesic, i.e. for each galaxy the co-
ordinates (x1, x2, x3) are constant. This leads to that the metric can be written
as

ds2 = −dt2 + hijdx
idxj, (i, j = 1, 2, 3), (35)

where the components hij are functions of (t, x1, x2, x3). The fact that the metric
given by (35) incorporates the properties described above can be seen as follows.
Let the wordline of a galaxy be given by xµ(τ), where τ is the proper time along
the galaxy. Then our assumptions give xµ(τ) as

(x0 = τ, x1 = constant, x2 = constant, x3 = constant). (36)

Equation (35) and (36) shows that the proper time τ along the galaxy is equal
to the coordinate time t. From (36) dxi = 0 along the worldline, using this
in (35) gives −

√
ds2 = dτ = dt, so that τ = t up to an additive constant.

Clearly a vector along the worldline given by Aµ = (dt, 0, 0, 0) and the vector
Bµ = (0, dx1, dx2, dx3) lying in the hypersurface t = constant are orthogonal, i.e.

gµνA
µBν = 0, (37)

since g0i = 0 in the metric given by (35). The worldline given by (36) satisfies
the geodesic equation

d2xµ

ds
+ Γµλν

dxλ

ds

dxν

ds
= 0. (38)

This can be seen from the fact that

dxµ/ds = (1, 0, 0, 0) (39)

so that (38) is satisfied if Γµ00 = 0, which is the case since

Γµ00 = 1
2
gµν(2gν0,0 − g00,ν ) = 0, (40)

and thus the worldlines given by (36) are indeed geodesics.

14
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The metric given by (35) does not incorporate the property that space is
homogeneous and isotropic. This requires further assumptions about the spatial
geometry. The spatial separation on the same hypersurface t = constant of two
nearby galaxies at coordinates (x1, x2, x3) and (x1 + dx1, x2 + dx2, x3 + dx3) is

dσ2 = hijdx
idxj. (41)

Now consider the triangle that these nearby galaxies create at some particular
time, and the triangle formed by the same galaxies at some later time. By the
postulate of homogeneity and isotropy all points and directions on a particular
hypersurface are equivalent, so the second triangle must be similar to the first one
and the magnification factor must be independent of the position of the triangle
in the three-space, as discussed in chapter 2. The functions hij must therefore
involve the time coordinate t through a common factor so that ratios of small
distances are the same at all times. Thus the metric takes the form

ds2 = −dt2 + a2(t)γijdx
idxj, (42)

where the γij are functions of (x1, x2, x3) only. Now consider the three-space
described by

dσ′2 = γijdx
idxj. (43)

Assume that this three-space is homogeneous and isotropic. Then, according to
a theorem of differential geometry, this must be a space of constant curvature [5].
In such a space the Riemann tensor can be constructed from the metric γij (and
not its derivatives); it is given by

(3)Rijkl = k(γikγjl − γilγjk), (44)

where k is constant.
To make the above more concrete we choose a special form for the metric that

satisfies (44), namely,

dσ′2 = (1+ 1
4
kr′2)−2[(dx1)2+(dx2)2+(dx3)2], r′2 = (x1)2+(x2)2+(x3)2. (45)

Then the metric (42) can be written as

ds2 = −dt2 +
a2(t)[(dx1)2 + (dx2)2 + (dx3)2]

(1 + 1
4
k[(x1)2 + (x2)2 + (x3)2])2

. (46)

Introduction of spherical coordinates yields

ds2 = −dt2 +
a2(t)

(1 + 1
4
kr′2)2

(dr′2 + r′2(dθ2 + sin2 θ dφ2)) (47)

The transformation r = r′/(1 + 1
4
kr′2), leads to
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ds2 = −dt2 + a2(t)

[
dr2

1− kr2
+ r2(dθ2 + sin2 θ dφ2)

]
. (48)

By scaling r and absorbing it into a(t) we obtain three possibilities: k = 1, k = 0,
k = −1, each corresponding to a distinct spatial metric.

Consider the case k = 1. In this case the universe has positive spatial cur-
vature and finite spatial volume if one assumes that (48) holds globally. It is
convenient to introduce a new coordinate ψ by the relation r = sin ψ where
0 ≤ ψ ≤ π/2, which leads to that (48) takes the form

ds2 = −dt2 + a2(t)[dψ2 + sin2 ψ(dθ2 + sin2 θ dφ2)]. (49)

The interpretation of this expression may become clearer by embedding the spatial
part of this metric in a four-dimensional Euclidean space. (In general a three-
dimensional Riemannian space with positive definite metric cannot be embedded
in a four-dimensional Euclidean space, however, the spatial part of (49) can be
embedded in such manner.)

However, first consider a simple example of embedding; that of the space given
by the two-dimensional metric:

dσ′2 = r2(dθ2 + sin2 θ dφ2). (50)

This is just the surface of a two-sphere, and hence it can be represented by the
equation (x1)2 + (x2)2 + (x3)2 = r2 in an ordinary three-dimensional Euclidean
space. A metric such as (50) describes the intrinsic properties of the surface and
does not depend on its embedding in a higher-dimensional space, although in this
case it is natural to think in terms of the surface of an ordinary sphere in three
dimensions.

Now we go back to (49) and write the spatial part of it as

dσ2 = a2[dψ2 + sin2 ψ(dθ2 + sin2 θ dφ2)], (51)

where we focus on a particular time t and regard a as constant. Now, consider
a four-dimensional Euclidean space with coordinates (x0, x1, x2, x3) which are
Cartesian in that the distance between two points, given by (x0

1, x
1
1, x

2
1, x

3
1) and

(x0
2, x

1
2, x

2
2, x

3
2), is Σ12, where

Σ2
12 = (x0

1 − x0
2)2 + (x1

1 − x1
2)2 + (x2

1 − x2
2)2 + (x3

1 − x3
2)2, (52)

and thus the metric in this space is given by

dΣ2 = (dx0)2 + (dx1)2 + (dx2)2 + (dx3)2. (53)

Consider now a surface in this space parametrized by

x0 = a cosψ, x1 = a sinψ sin θ cosφ, (54a)

x2 = a sinψ sin θ sinφ, x3 = a sinψ cos θ, (54b)

16



3.1 Robertson-Walker geometry 3 COSMOGRAPHY

where the entire surface is swept by the range 0 ≤ ψ ≤ π, 0 ≤ θ ≤ π, 0 ≤ φ ≤ 2π,
so that

(x0)2 + (x1)2 + (x2)2 + (x3)2 = a2. (55)

By evaluating dx0, dx1, dx2, dx3 in terms of dψ, dθ, dφ from (54) and sub-
stituting in (53) one gets the metric given by (51). Just as all points and all
directions from a point on a two-sphere in a three-dimensional Euclidean space
are equivalent, all points and directions on a three-sphere in a four-dimensional
Euclidean space are equivalent. This can be seen by the fact that rotations in
the four-dimensional embedding space can move any point and any direction on
the three-sphere into any other point and direction respectively, while leaving the
metric (53) unchanged and the equation of the three-sphere (55). This shows that
the metric (51), that is, the space t = constant in (49), is indeed homogeneous
and isotropic.

We consider again a particular time t so that a can be taken as constant in
(54) and (55). Consider the two-surface given by ψ = constant = ψ0, which is a
two-sphere, as can be seen from (54) and (55), whence we get x0 = a cosψ0, and

(x1)2 + (x2)2 + (x3)2 = a2 sin2 ψ0. (56)

The surface area of this two-sphere is 4πa2 sin2 ψ0. As ψ0 ranges from 0 to π,
one moves outwards from the ‘north pole’ (ψ0 = 0) of the hypersurface through
successive two-spheres of area 4πa2 sin2 ψ0. The area increases until ψ0 = π/2,
and then it decreases until it is zero at ψ0 = π. The distance from the two
‘poles’ is aπ. This behaviour is similar to what happens on a two-sphere in three-
dimensional Euclidean space. Let us denote the radius of the two-sphere as a,
while ψ denotes the co-latitude. Then the circumference of a circle on the sphere
given by ψ = constant = ψ0 is 2πa sinψ0, while the distance from this circle to
the north pole O is aψ0. The maximum on this circle is reached at ψ0 = π/2,
and then it decreases until it reaches zero at ψ0 = π, it follows that the distance
from the north pole along the surface is aπ, in analogy with the previous case.
The total volume of the three-space (51) is∫

((3)g)1/2d3x =
∫

(a dψ)(a sinψ dθ)(a sinψ sin θ dφ) = 2π2a3, (57)

which is finite, and where (3)g is the determinant of the three-dimensional metric.
When k = 0 the spatial metric is given by

dσ2
1 = (dx1)2 + (dx2)2 + (dx3)2, (58)

which is, assuming R3 topology, the ordinary three-dimensional Euclidean space
and hence the spatial volume is infinite. This is also referred to as the case when
the universe has zero spatial curvature. We use the transformation

x1 = aψ sin θ cosψ, x2 = aψ sin θ sinψ, x3 = aψ cos θ, (59)
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where the range of the parameters (ψ, θ, ψ) is 0 ≤ ψ ≤ ∞, 0 ≤ θ ≤ π, 0 ≤ ψ ≤
2π. This gives

dσ2
1 = a2[dψ2 + ψ2(dθ2 + sin2 θ dφ2)]. (60)

The case when k = −1 corresponds to that the universe have negative spatial
curvature. Introducing r = sinhψ, leads to that (48) reduces to

dσ2
2 = a2[dψ2 + sinh2 ψ(dθ2 + sin2 θ dψ2)]. (61)

The spatial part of this metric cannot be embedded in a four-dimensional Eu-
clidean space, but it can be embedded in a four-dimensional Minkowski space; it
is the space-like surface given by

(x1)2 + (x2)2 + (x3)2 − (x0)2 = −a2, (62)

in the Minkowski space with line element

ds2 = −(dx0)2 + (dx1)2 + (dx2)2 + (dx3)2. (63)

To see that the embedding given by (62) and (63) yields (61), we make the
transformation

x0 = a coshψ, x1 = a sinhψ sin θ cosψ, (64a)

x2 = a sinhψ sin θ sinψ, x3 = a sinhψ cos θ, (64b)

where the range of the coordinates are (ψ, θ, φ) is 0 ≤ ψ ≤ ∞, 0 ≤ θ ≤ π, 0 ≤
ψ ≤ 2π, yielding an infinite spatial volume if we assume that the topology associ-
ated with the coordinates (61) hold globally. The surface x0 = constant is given
by ψ = constant = ψ0, which corresponds, by substituting x0 = a coshψ0 into
(62), to the surface of the two-sphere given by

(x1)2 + (x2)2 + (x3)2 = a2 sinh2 ψ0. (65)

The area of this surface is 4πa2 sinh2 ψ0, which keeps on increasing indefinently as
ψ0 increases. The ‘radius’ of this sphere, i.e. the distance from the center given
by ψ = 0 to the surface given by ψ = ψ0 along θ = constant and φ = constant,
is aψ0. Thus the surface area is larger than that of a sphere of radius aψ0 in
Euclidean space.

3.2 Concepts and measurements in cosmography

Distance measurements

The usual approach to measuring distances, which is the same as that developed
by Hubble, is to construct a sort of ‘distance ladder’, i.e. relative distance mea-
sures are used to establish each ‘rung’ of the ladder and calibrating these measures
against each other allows one to measure distances up to the top of the ladder. A
modern analysis often uses several rungs, based on different distance measures.
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Nearby one exploits local kinematical distance measures to establish the length
scale within the galaxy, which does not rely upon knowledge of the absolute
luminosity of a source. The trigonometric parallax $ of a star can be used to
derive nearby distances, i.e. the change in angular position of a star on the sky in
the course of a year due to the Earth’s motion in space, or by means of satellites
that change location in our solar system (like Hipparcos[8] and later Kepler[9]). It
is convenient to measure $ in arcseconds because the distance in parsecs is then
just d = $−1. This technique allows one to measure distances up to kiloparsec
scales.

The secular parallax of nearby stars is due to the motion of the Sun with
respect to them. For stellar binaries (solar systems with two stars) one can derive
distances using dynamical parallax, based on measurements of the angular size of
the semi-major axis of the orbital ellipse, and other orbital elements of the binary
system. The statistical parallax technique is based on the statistical analysis of
the proper motions and radial velocities of a group of stars. With this method
one can derive distances up to about 500 parsecs [10].

When the distances of nearby stars has been determined with a kinematical
method, one can then calculate their absolute luminosities from their apparent
luminosities and their distances. Most stars, the so-called main sequence stars,
follow a strict relationship between spectral type (an indicator of surface tempera-
ture) and absolute luminosity, which is usually visualised in a Hertzsprung-Russell
diagram. With the properties of this diagram, one can measure the distance of
main sequence stars of known apparent luminosity and spectral type up to around
30 kpc (kilo parsec).

An important class of distance indicators contains variable stars of various
kinds, e.g. RR Lyrae and Classical Cepheids. The RR Lyrae stars are rather
bright and all have a similar mean absolute luminosity; it thus follows that mea-
surements of the apparent luminosity yield a distance estimate, which extends
the distance ladder to around 100 kpc [2]. Distance indicators based on novae,
blue supergiants, and red supergiants extends the ladder to around 10 Mpc. The
Classical Cepheids are sufficiently bright stars that can even be seen in other
galaxies than our own galaxy; furthermore they have a tight relationship between
the period of variation P and their absolute luminosity L: logP ∝ logL. Mea-
suring P for a Cepheid thus allows one to estimate its distance. Cepheid stars
extend the distance scale to around 30 Mpc [2]. These methods involving variable
stars are, collectively, given the name ‘primary distance indicators’.

The secondary distance indicators include HII regions (large clouds of ionised
hydrogen surrounding very hot stars) and globular clusters (clusters of around
105−107 stars). The former have a diameter, and the latter an absolute luminos-
ity, with a small scatter around the mean. Indicators like these can extend the
distance ladder to about 100 Mpc.

The tertiary distance indicators include brightest cluster galaxies (clusters
of galaxies can contain up to about a thousand galaxies) and supernovae. The
brightest galaxy in a rich cluster has a small dispersion around the mean value
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of its absolute luminosity. With the brightest galaxies one can reach distances of
several hundred Mpc. Supernovae are stars that explode, producing a luminosity
roughly equal to that of an entire galaxy. These are therefore easily seen in distant
galaxies and the type Ia supernovae (a white dwarf in a close binary system
accreting enough matter from its companion to exceed the Chandrasekhar limit
and hence blow itself apart in a thermonuclear detonation) allow one to determine
distances up to high values of z. One chooses to give larger distances by the value
of z because it does not require dynamical assumptions. Currently, the objects
with the highest known redshifts are galaxies and the objects producing gamma
ray bursts. The most reliable redshifts are from spectroscopic data, and the
highest confirmed spectroscopic redshift of a galaxy is that of UDFy-38135539
at a redshift z = 8.6, the previous record was held by IOK-1 [11], at a redshift
z = 6.96. Slightly less reliable are Lyman-break redshifts, the highest of which is
the lensed galaxy A1689-zD1 at a redshift z = 7.6 [11].

One wants as many ways to measure distances as possible to be able to cal-
ibrate the different ladders in the distance ladder, this makes the distance mea-
surements more adjudicate.

Historically Hubble and Humason were the first to observe the apparent
brightnesses and pulsation periods of Cepheid variables, and to use them to mea-
sure the distance to other galaxies. In doing so, they found a direct correlation
between the distance to a galaxy and its redshift: The more distant a galaxy, the
greater its redshift and the more rapidly it is receding from us. This is described
by the following equation

v = Hd, (66)

where v is (erroneously) interpreted as the recessional velocity of a galaxy in flat
space-time, and H is the Hubble parameter, see section 2.

Below we give a number of different distance scales.

Cosmological distance scales : Obviously we cannot measure proper distance (i.e.
distances measured in a hypersurface of constant proper time) to astronomical
objects in any direct way. Distant objects are observed only through the light
they emit which takes a finite time to travel to us; we cannot therefore make
measurements along a surface of constant time, but only along the set of light
paths travelling to us from the past - our past light cone. However, one can oper-
ationally define several kinds of distance concepts which are, at least in principle,
measurable.

• Luminosity distance dL:

dL =
(
L

4πl

)
. (67)

• Photon flux distance dF :

dF =
dL

(1 + z)1/2
. (68)
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• Photon count distance dP :

dP =
dL

(1 + z)
. (69)

• Angular diameter distance dA:

dA =
dL

(1 + z)2
. (70)

• Distance modulus µD:

µD = −5 + 5 log10 dL(pc). (71)

• Deceleration distance dQ:

dQ =
dL

(1 + z)3/2
. (72)

Every distance scales is used based on which one is prefered by the user. However,
some scales are better than others depending on the errors in the observations,
e.g., objects like novae do not have well defined edges which causes the angular
diamater distance to not be useful in studying cosmological expansion. But it
is useful in analysis of gravitational lenses and fluctuations in cosmic microwave
radiation [12]. The above distance scales requires some elaboration.
The luminosity distance is defined in such a way as to preserve the Euclidean
inverse-square law for the reduction of light with distance from a point source.
Consider a circular telescope mirror of radius b, with its center at the origin and
its normal along the lign of sight to the source. The light rays that just graze the
mirror edge form a cone at the light source, at the coordinate r, have a half-angle
|ε| so that

b = arε ⇒ πb2 = π(arε)2. (73)

The solid angle of this cone is then

πε2 =
πb2

a2(t0)r2
, (74)

and the fraction of all isotropically emitted photons from the source that reaches
the mirror is the ratio of this solid angle to 4π, or

ε2

4
=

A

4πa2(t0)r2
, (75)

where A is the proper area of the mirror A = πb2. Each photon emitted, at time
t, with energy hνe will be red-shifted to energy hνea(t)/a(t0) as

hνe =
hc

λe
⇒ hν0 =

hc

λ0

= hνe
λe
λ0

= hνe
a(t)

a(t0)
, (76)
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and photons emitted at time intervals δt will arrive at time intervals δta(t0)/a(t),
where t0 is the time the light arrives at the mirror. Thus the total power P
recieved by the mirror is given by

P = L

(
a(t)

a(t0)

)2 (
A

4πa2(t0)r2

)
, (77)

where L is the absolute luminosity of the source. The apparent luminosity l of
the source is the power per unit (mirror) area, so

l =
P

A
=

La2(t)

4πa4(t0)r2
. (78)

In Euclidean space the apperent luminosity of a source at rest at distance d
would be L/4πd2, so we can define, in general, the luminosity distance dL of a
light source as[13]

dL =
(
L

4πl

)1/2

. (79)

The photon flux distance uses the fact that it is often technologically easier
to count the photon flux (photons/sec) than it is to bolometrically measure total
energy flux (power) deposited in the detector. The photon number flux contains
one fewer factor of (1 + z)−1 if we are counting photon number flux instead of
energy flux as

λ0

λe
=
a(t0)

a(t)
= z + 1 (80)

When converted to a distance estimator, the photon flux distance contains one
extra factor of (a(t)/a(t0))1/2 = (1 + z)−1/2 than the (power-based) luminosity
distance does.

The photon count distance is related to the total number of photons absorbed
without regard to the rate at which they arrive. Thus the photon count distance
contains one extra factor of (1+z)−1 than the (power-based) luminosity distance.

The angular distance measure: An observer is at the origin (r = 0, t = t0)
and recieves light rays from the source at r, t. The light rays from the edge of
the source travel to the origin along fixed directions. The coordinate system is
placed so that the center of the light source is at θ = 0, and light from its edges
travels to the origin on a cone with half angle θ = δ/2. The proper diameter of
the source is then given by

D = a(t)rδ, (81)

for δ � 1, so the angular diameter of the source is thus

δ =
D

a(t)r
. (82)

In Euclidean geometry, the angular diameter of a source of diameter D at a
distance d is δ = D/d, so we can define, in general, the angular diameter distance
dA of a light source as [13]

dA =
D

δ
. (83)
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In a similar way as for the luminosity distance we get

dA =
dL

(1 + z)2
. (84)

The angular diameter distance thus corresponds to the physical size of the object
when light was emitted, divided by its current angular diameter on the sky. This is
Weinberg’s definition [13] of angular diameter distance, which differs from Peebles’
definition [14] that corresponds to what the size of the object would be at the
current cosmological epoch if it had continued to co-move with the cosmological
expansion (the ‘comoving size’), divided by its current angular diameter on the
sky. Weinberg’s dA has the feature that beyond a certain point dA can actually
decrease as one moves to older objects that are clearly further away, though in
contrast Peebles’ version of angular diameter distance is always increasing as
one moves further away. The reason for Weinberg’s dA to decrease at a certain
point is that the angular size decreases with distance until it reaches a minimum
(depending on q0), then it increases again [10].

dA,Peebles = (1 + z) dA. (85)

The distance modulus is written in terms of traditional stellar magnitudes as

µD = m−M, (86)

where m is the apparent magnitude and M is the absolute magnitude. It is
largely a matter of historical tradition that the use of stellar magnitudes and the
distance modulus in the context of cosmology is continued [7].

The magnitude scale is defined logarithmically by taking a factor of 100 in
received flux to be a difference of 5 magnitudes, for historical reasons it is con-
ventional to take Polaris to have an apparent magnitude of 2.12 for fixing the
zero point, though other choices for fixing the zero point can be made. The ab-
solute magnitude is defined to be the apparent magnitude the source would have
if it were placed at a distance of 10 pc. The relationship between the luminosity
distance of a source, its apparent magnitude m and its absolute magnitude M is
then [10]

dL = 101+(m−M)/5 pc. (87)

Rewriting this gives the distance modulus as

m−M = −5 + 5 log10 dL (pc). (88)

The deceleration distance is connected with the deceleration, which we turn
to next.

Cosmological parameters

There are several cosmological parameters, the most important of them being the
Hubble parameter H, the deceleration parameter q, and the density parameter
Ω, which are the ones we will focus on.
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The Hubble parameter is defined as

H =
ȧ(t)

a(t)
, (89)

and measures the expansion rate, with a dimension of inverse time, at any par-
ticular time t for any model obeying the cosmological principle. The universe is
expanding if ȧ(t) > 0.

The deceleration parameter is defined as

q = − ä
2(t)a(t)

ȧ2(t)
, (90)

which is a dimensionless measure of the cosmic acceleration. The minus sign and
the name are historical, at the time of definition q was thought to be positive, but
at present it is believed to be negative, i.e., at present the universe is believed to
be accelerating.

The density parameter is defined as

Ω(t) =
ρ

ρc
, (91)

where ρ is the energy density (including the rest-mass energy) and ρc is the
‘critical’ energy density, which is given by

ρc =
3

8πG

(
ȧ

a

)2

=
3H2

8πG
, (92)

and hence

Ω =
8πGρ

3H2
. (93)

In order to simplify cosmological distance formulas, it is useful to define the
present ‘Hubble distance’ as

dH = H−1
0 , (94)

where H0 = H(t0) and where t0 denotes the present time.
Exact expressions of the Hubble law for each of the cosmological distance

scales are [15]:

dL(z) = (1 + z)Sk, (95a)

(68) ⇒ dF (z) = (1 + z)1/2Sk, (95b)

(69) ⇒ dP (z) = Sk, (95c)

(70) ⇒ dA(z) = (1 + z)−1Sk, (95d)

(72) ⇒ dQ(z) = (1 + z)−1/2Sk, (95e)

where

Sk =
dH
a0

∫ z

0

H0

H(z)
, k = 0, (96a)

Sk = a0 sinh θ, k = −1, (96b)

Sk = a0 sin θ, k = 1, (96c)

θ :=
dH
a0

∫ z

0

H0

H(z)
dz. (96d)
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To obtain kinematical relationships we here define

Ω0 = 1 +
k

H2
0a

2
0

(97)

A Taylor expansion for small z leads to that we obtain the following expressions
for the cosmological distance relations:

dL(z) = dH z

(
1− 1

2
[−1 + q0]z +

1

6
[q0 + 3q2

0 − (j0 + Ω0)]z2

+O(z3)

)
, (98a)

dF (z) = dH z

(
1− 1

2
q0z +

1

24
[3 + 10q0 + 12q2

0 − 4(j0 + Ω0)]z2

+O(z3)

)
, (98b)

dP (z) = dH z

(
1− 1

2
[1 + q0]z +

1

6
[3 + 4q0 + 3q2

0 − (j0 + Ω0)]z2

+O(z3)

)
, (98c)

dA(z) = dH z

(
1− 1

2
[3 + q0]z +

1

6
[12 + 7q0 + 3q2

0 − (j0 + Ω0)]z2

+O(z3)

)
, (98d)

dQ(z) = dH z

(
1− 1

2
[2 + q0]z +

1

24
[27 + 22q0 + 12q2

0 − 4(j0 + Ω0)]z2

+O(z3)

)
, (98e)

where the last relation defines the deceleration distance; the quantity j0 is known
as the jerk parameter. If one wants, for instance, to deduce the sign of q0, then
plotting the photon flux distance dF versus z would be a particularly good test -
simply check the sign of the first nonlinear term in the Hubble relation for dF .

The Hubble law for the distance modulus is given by

µD(z) = 25 +
5

ln(10)
(ln(dH/Mpc) + ln z (99)

+
1

2
[1− q0]z − 1

24
[3− 10q0 − 9q2

0 + 4(j0 + Ω0)]z2 +O(z3)).

However, most of the curvature when plotting µD versus z comes from the uni-
versal ln z term, and so carries no real information and is relatively uninteresting.
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It is better to rearrange the above as

ln[dL/(z Mpc)] =
ln 10

5
[µD − 25]− ln z (100)

= ln(dH/Mpc)− 1

2
[−1 + q0]z

+
1

24
[−3 + 10q0 + 9q2

0 − 4(j0 + Ω0)]z2 +O(z3).

In a similar manner one has

ln[dF/zMpc)] =
ln 10

5
[µD − 25]− ln z − 1

2
ln(1 + z) (101)

= ln(dH/Mpc)− 1

2
q0z

+
1

24
[3 + 10q0 + 9q2

0 − 4(j0 + Ω0)]z2 +O(z3),

ln[dP/(z Mpc)] =
ln 10

5
[µD − 25]− ln z − ln(1 + z) (102)

= ln(dH/Mpc)− 1

2
[1 + q0]z

+
1

24
[9 + 10q0 + 9q2

0 − 4(j0 + Ω0)]z2 +O(z3),

ln[dA/zMpc)] =
ln 10

5
[µD − 25]− ln z − 2 ln(1 + z) (103)

= ln(dH/Mpc)− 1

2
[3 + q0]z

+
1

24
[21 + 10q0 + 9q2

0 − 4(j0 + Ω0)]z2 +O(z3),

ln[dQ/(z Mpc)] =
ln 10

5
[µD − 25]− ln z − 3

2
ln(1 + z) (104)

= ln(dH/Mpc)− 1

2
[2 + q0]z

+
1

24
[15 + 10q0 + 9q2

0 − 4(j0 + Ω0)]z2 +O(z3).

These logarithmic versions of the Hubble law have several advantages - fits to
these relations are easily calculated in terms of the observationally reported dis-
tance moduli µD and their estimated statistical uncertainties. Specifically there is
no need to transform the statistical uncertainties on the distance moduli beyond
a universal multiplication by the factor [ln 10]/5. Furthermore, the deceleration
parameter q0 is easy to extract as it has been untangled from both Hubble pa-
rameter and the combination (j0 + Ω0) [16].
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Number counts

By making models for the evolution of the galaxy luminosity function one can
predict how many sources one should see above an apparent magnitude limit
and as a function of redshift. If one accounts for the evolution of the intrinsic
properties of the sources, then any residual dependence on the redshift is due to
the volume of space encompassed by a given interval in redshift; this depends
quite strongly on Ω0.

Let n(t0) be the number density at the present epoch of a family of identical
light or radio sources distributed uniformly throughout the universe. If one ig-
nores evolutionary effects, i.e. the number of sources in a unit comoving volume
remains constant, then the number of such sources with redshifts less than z as
observed from the Earth today can be calculated as follows. Let n(t) be the
number of sources per unit volume at time t. The volume element is

|(3)g|1/2dr dθ dφ = a3(t)(1− kr2)−1/2r2dr sin θ dθ dφ. (105)

Thus the number of sources between r and r + dr at time t is

dN = 4πa3(t)(1− kr2)−1/2r2n(t)dr. (106)

The quantities r and t are related by the equation for null rays propagating in
the Robertson-Walker metric, i.e. r = r(t) where

dr = (1− kr2)1/2dt/a(t). (107)

Therefore, we have
dN = 4πa2(t)r2(t)n(t)dt, (108)

and

N(z) =
∫ t0

tz
4πa2(t)r2(t)n(t)dt, (109)

where tz, the cosmological time corresponding to the redshift z, which is given by

a(tz)

a0

=
1

1 + z
, (110)

where a0 = a(t0). Since the number density of sources is conserved, we have

n(t)a3(t) = constant, (111)

and hence

N(z) = 4πn0a
3
0

∫ t0

tz
a−1(t)r2(t)dt, (112)

where n0 = n(t0). If z is small, t0 ≈ tz, and we can use the expansions

a(t) = a0[1−H0(t0 − t) + ...], (113a)
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r(t) =
t0 − t
a0

[
1 +

1

2
H0(t0 − t) + ...

]
. (113b)

Thus for small z

N(z) = 4πn0

∫ t0

tz
(t0 − t)2[1− 2H0(t0 − t) + ...]dt (114)

=
4π

3
n0(t0 − tz)3

[
1− 3

2
H0(t0 − tz) + ...

]
.

To evaluate t0−tz to O(z2) from equation (110) we need the next term in equation
(113):

a(tz) = a0

[
1−H0(t0 − tz)−

1

2
q0H

2
0 (t0 − tz)2 + ...

]
. (115)

This gives

H0(t0 − tz) = z
[
1− z

(
1 +

q0

2

)
+ ...

]
, (116)

and

N(z) =
4π

3

n0

H3
0

z3
[
1− 3

2
z(1 + q0) + ...

]
, (117)

where the last equation is the number of sources with redshift less than z as
observed from Earth today.

Though, if all the sources have intrinsic luminosity L, then the number with
fluxes greater than S as observed from Earth today can be calculated as follows.
The flux received at the Earth is given by

S =
La2(t)

4πr2a4(t0)
. (118)

Similarly as done above (for redshift) thus gives

N(S) =
∫ t0

tS
4πa2(t)r2(t)n(t)dt, (119)

where, from equation (118),

r2(tS)

a2(tS)
=

L

4πSa4
0

. (120)

When S is large, then t0 − tS is small and expanding the integral in equation
(119) as done before (for redshift) gives

N(S) =
4π

3
n0(t0 − tS)3

[
1 +

3

2
H0(t0 − tS) + ...

]
. (121)

Inserting the expansions for r(tS) and a(tS) in equation (120) gives

t0 − tS =
(
L

4πS

)1/2 [
1− 3

2
H0

(
L

4πS

)
+ ...

]
, (122)
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and

N(S) =
4π

3
n(t0)

(
L

4πS

)3/2
[
1− 3H0

(
L

4πS

)1/2

+ ...

]
, (123)

where the last equation is the number with fluxes greater than S as observed
from Earth today [17].

One of the major problems about number counts is that one does not have
complete information about the redshift distribution of galaxies appearing in the
counts. Without that information one does not really know whether one is seeing
intrinsically fainter galaxies relatively nearby, or relatively bright galaxies further
away. This uncertainty makes any conclusions dependent upon the model of
evolution one assumes [10].

Cosmological horizons

Homogeneous and isotropic universes described by general relativity possess what
is known as a ‘cosmological horizon’: regions sufficiently distant from each other
that cannot have been in causal contact (‘they have never been inside each other’s
horizon’) at any stage since the Big Bang. If one assume Einstein’s field equations
and that matter behaves as expected satisfying certain energy conditions, then
the size of the regions whose parts are in causal contact with each other at a given
time grows with cosmological epoch. The problem that then arises is to explain
the observation that the universe appears homogeneous on scales much larger than
the scale one expects to have been in causal contact up to the present time. If two
regions of the universe have never been able to communicate with each other by
means of light signals, how can they even know the physical conditions (density,
temperature, etc.) pertaining to each other? How can they evolve in such a way
that these conditions are the same in each of the regions, if they cannot know
this? One has to either suppose that causal physics is not responsible for this
homogeneity, or that the calculation of the horizon is not correct. This conundrum
is usually called the Cosmological Horizon Problem. A widely accepted solution
to this problem is inflation, a phase of accelerating expansion in the very early
universe, where the usual energy conditions are violated.

To formally define some concepts about horizons, consider a set of points
capable of sending light signals that could have been received by an observer, at
the origin of our coordinate system O, up to some generic time t. The set of
points can be said to have the possibility of being causally connected with the
observer at O at time t. Any light signal received at O by the time t must have
been emitted by a source at some time t′ contained in the interval between the
initial singularity at t = 0 and t. The set of points that could have communicated
with O in this way must be inside a sphere centred upon O with the proper radius

RH(t) = a(t)
∫ t

0

dt′

a(t′)
. (124)

The generic distance dt′ travelled by a light ray between t′ and t′ + dt′ has been
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multiplied by a factor a(t)/a(t′), in the same way as one obtains the relative
proper distance between two points at time t.

• The particle horizon: Galaxies at larger coordinate separation are not
causally connected at time t0 subsequent to the singularity at t → 0, and
are said to be outside each other’s particle horizons. The size of the particle
horizon RH(t) is determined by equation (124). In some models there are
galaxies we cannot observe even in principle, though these galaxies may be
visible to future observers in the Milky Way. Notice that one has to be
a bit careful with the limit a → 0, for in the limit all comoving observers
are arbitrarily close to each other, the physical separations a(t)r approach-
ing zero, where r is the maximum net coordinate displacement. Different
obervers are unable to communicate in the limit because they are moving
apart arbitrarily rapidly [18].

• The Hubble horizon: The radius of the Hubble horizon is defined as H−1.

4 Friedmann-Lemâıtre dynamics

Until now we have dealt with kinematics and here after we will be concerned with
the dynamical part of cosmology. The starting point for describing Fiedmann-
Lemâıtre (FL) dynamics is the RW line element.

ds2 = −dt2 + a2γijdx
idxj = a2(−dη2 + γijdx

idxj), (125)

where γij is a spatial metric with constant spatial curvature 3R = 6k. This line
element, when expressed in conformal coordinates, yield

Γ0
00 = H = ȧ, (126a)

Γi0j = Hδij = ȧδij, (126b)

Γ0
ij = Hγij = ȧγij, (126c)

Γijk = Γ̂ijk, (126d)

where Γ̂ijk are the connection coefficients of the spatial metric γij, and where

adη = dt, (127a)

H = a−1a′ = a−1da

dη
=
da

dt
= ȧ = aH, (127b)

′ =
d

dη
=
dt

dη

d

dt
= a

d

dt
, (127c)

while the index 0 refers to x0 = η.
The relations (127) lead to that one can write the non-zero Riemann curvature

components as

a2R0j
0m = H′δjm = aäδjm, (128a)

a2Rij
km = 2(H2 + k)δi[kδ

j
m] = 2(ȧ2 + k)δi[kδ

j
m], (128b)
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where A[ij] = 1
2
(Aij − Aji), which yields the Ricci curvature components

a2R0
0 = rH′ = 3aä, (129a)

a2Ri
j = (H′ + 2H2 + 2k)δij = (aä+ 2ȧ2 + 2k)δij, (129b)

while the components of the Einstein tensor are

a2G0
0 = −3(H2 + k) = −3(ȧ2 + k), (130a)

a2Gi
j = −(2H′ +H2 + k)δij = −(2aä+ ȧ2 + k)δij. (130b)

Finally, the curvature scalar is given by

a2R = 6(H′ +H2 + k) = 6(aä+ ȧ2 + k). (131)

We can now introduce the fundamental dynamical equations of general rela-
tivity, the Einstein field equations:

Gµ
ν = 8πGT µν , (132)

whereG is Newton’s gravitational constant, and where T µν is the energy-momentum
tensor of the source that produces the gravitational field. For a perfect fluid the
energy-momentum tensor takes the form

T µν = (ρ+ p)uµuν + pgµν , (133)

where ρ is the energy density (including the rest-mass energy), p is the pressure,
and uµ is the four-velocity of matter,

uµ =
dxµ

ds
, (134)

where xµ(s) describes the worldline of matter in terms of the proper time τ = s
along the worldline. The non-zero components in the rest frame of the fluid are
given by

T 0
0 = −ρ, T ij = pδij. (135)

This taken together with equations (130) and (132) yields

3(ȧ2 + k) = 8πGρa2 ⇒ ȧ2 + k = 8
3
πGρa2, (136a)

2aä+ ȧ2 + k = −8πGpa2. (136b)

Using equation (136a) to solve for ȧ2 leads to that equation (136b) can be
written as

ä = −4π
3
G (ρ+ 3p) a. (137)

Equation (136a) is known as the Friedmann equation, while (137) is the Ray-
chaudhuri equation.

The equation for the local conservation of mass-energy and momentum is
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T µν ;ν = 0, (138)

which yields

T µν,ν + ΓµσνT
σν + ΓννσT

µσ = 0, (139)

which in the present perfect fluid case gives

ρ̇+ 3(ρ+ p)ȧ/a = 0. (140)

To proceed we need to say more about the relationship between p and ρ. If we
assume a so-called barotropic equation of state p = p(ρ), then equation (140) can
be expressed as

d(ρa3) = −p da3. (141)

A special case is

p = wρ, (142)

where the parameter w is a constant. If it lies in the range

0 ≤ w ≤ 1, (143)

it is said to lie in the Zel’dovich interval.
When w = 0 it represents the case of dust (pressureless material). This is a

good approximation to the behaviour of any form of a non-relativistic fluid or gas.
However, a gas of particles at some temperature T does exert pressure where the
thermal energy of a particle is approximately kBT (where kB is the Boltzmann
constant) and its rest energy is m (since we use c = 1), which usually is much
larger. Thus the pressure is usually negligible. On the other hand, the pressure
of an ideal gas of non-relativistic particles of mass m, temperature T , density ρm
and adiabatic index γ is given by

p = nkBT =
kBT

m
ρm =

kBT

m

ρ

1 + [kBT/((γ − 1)m)]
= w(T )ρ, (144)

where ρ is the energy density. According to equation (144) a non-relativistic gas
has w(T )� 1 and will therefore be well approximated by a fluid of dust.

At w = 1/3 a fluid of non-degenerate, ultrarelativistic particles in thermal
equilibrium has an equation of state of the type

p = 1
3
ρ. (145)

This is, for example, the case for a gas of photons. A fluid that has an equation
of the type (145) is usually called a radiative fluid, though it may consist of
relativistic particles of any form.
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Another interesting thing to note is that the parameter w is related to the
adiabatic sound speed of the fluid by

vS =

(
∂p

∂ρ

)1/2

S

, (146)

where S is the entropy. For a dust fluid vS = 0 and for a radiative fluid vS = 1/
√

3;
the requirement that vS cannot be larger than the speed of light, w > 1, is thus
impossible. It is these two cases that form the limits in (143), however, there
are physically important situations in which matter behaves like a fluid with w
outside the interval 0 ≤ w ≤ 1 like that of cosmological constant w = −1.

Here we restrict ourselves to situations where w is constant in time and assume
that normal matter, described by an equation of state of the form (144), with

w(T ) = constant = w. (147)

Then equation (141) yields

ρ a3(1+w) = constant = ρ0wa
3(1+w)
0 , (148)

where the suffix ‘0’ dentoes a reference time, usually the present. For a dust
universe (w = 0) or a matter universe,

ρ a3 ≡ ρma
3 = constant = ρ0ma

3
0, (149)

which represents the conservation of mass, and for radiative universe (w = 1
3
)

ρ a4 ≡ ρra
4 = constant = ρ0ra

4
0. (150)

We introduce x = a/a0 as a new dimensionless scale factor together with a
dimensionless time to simplify equations. To replace the scale factor x with the
redshift z we use relation

1 + z =
a0

a
= x−1. (151)

One then finds for dust and non-relativistic matter,

ρm = ρ0m(1 + z)3, (152)

and, for radiation and relativistic matter,

ρr = ρ0r(1 + z)4. (153)

To understand consequences of the difference between (152) and (153) consider a
comoving box containing N particles. Assume that, as the box expands, particles
are neither created nor destroyed. The density of the box simply decreases as
the cube of the scale factor if the box contains non-relativistic particles, but if
the particles are relativistic they will behave like photons: their number-density
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decreases by a factor a3 but also the wavelength of each particle is increased by
a factor a resulting in a redshift z. The total energy will therefore decrease by a
factor of a4, because the energy of the particles is inversely proportional to their
wavelength.

Consider the case when w = −1 in (148) which is the perfect fluid equivalent
of a cosmological constant. For this type of fluid the energy density will not vary
as the universe expands.

Models of the universe made from fluids with −1
3
< w have the property that

they have a point in time where a vanishes and the density diverges, i.e., they
exhibit a Big Bang singularity. To understand more about this singularity we
rewrite (136a) in a more convenient form for a = a0:

ẋ2 − 8π

3
Gρx2 = H2

0

(
1− ρ0

ρ0c

)
= H2

0 (1− Ω0), (154)

where H0 = ȧ0/a0, Ω0 is the present density parameter, and

ρ0c =
3H2

0

8πG
. (155)

We now consider the case w = constant and use (148) to rewrite (154) and for
simplicity we also use the density parameter

Ω0w =
ρ0w

ρ0c

(156)

which gives us the equation

ẋ2 = H2
0

(
Ω0w x

−(1+3w) + Ω0k

)
(157)

where

Ω0k = − k

H2
0a

2
0

= 1− Ω0w (158)

or, alternatively

H2 = H2
0x
−2
(
Ω0w x

−(1+3w) + Ω0k

)
. (159)

Equation (157) can be written as ẋ2 = −V + E, where −V = H2
0 Ω0w x

−(1+3w)

and E = H2
0 Ω0k. Suppose that the universe is expanding, ȧ(t) > 0, for some

generic time t. From equation (137) we can see that ä < 0 for all t, if ρ + 3p =
ρ(1 + 3w) > 0, or (1 + 3w) > 0, since ρ > 0.

The deceleration parameter (90) can now be given in terms of w and Ω ac-
cording to

q = 1
2
(1 + 3w)Ω, (160)

while the time derivative of the Hubble parameter can be expressed as

Ḣ = −(1 + q)H2. (161)
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Several matter components

When we are dealing with the case of several non-interacting matter components
we simply use the same equations with the exception that we now have to sum
over the different variables, e.g. the energy densities as

ρ =
∑
i

ρi. (162)

T µν =
∑
i

(i)T µν , (i)T µν ;ν = 0. (163)

The density parameter takes the form

Ω =
∑

Ωi =
∑ 8πGρi

3H2
, (164)

while the pressure is given by

p =
∑
i

pi =
∑
i

wi ρi, (165)

which leads to

P :=
∑
i

8πGpi
3H2

=
∑
i

8πGwi ρi
3H2

=
∑
i

wi Ωi, (166)

where we have used equations (164) and (165). In this case, the deceleration
parameter is given by

q = 1
2

∑
i

(1 + 3wi) Ωi. (167)

Equation (157), in the case of several matter components, takes the form

ẋ2 = H2
0 Ωtot

0

(
n∑
i=1

χi 0x
−(1+3wi)

)
+H2

0 (1− Ωtot
0 ), (168)

where Ω0k = H2
0 (1− Ωtot

0 ), and where

χi 0 =
Ωi 0

Ωtot 0

=
ρi 0
ρtot 0

,
n∑
i=1

χi 0 = 1. (169)

Visualizing cosmological dynamics

To be able to visualize cosmological dynamics we first re-write equation (157) as dx√
H2

0 Ω0dt

2

=

(
dx

dt′

)2

= x−(1+3w) +
1− Ω0

Ω0

, (170)
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which gives, for different values of w, the following

w = −1 ⇒
(
dx

dt′

)2

= x2 +
1− Ω0

Ω0

, (171a)

w = −1
3
⇒

(
dx

dt′

)2

= 1 +
1− Ω0

Ω0

, (171b)

w = 0 ⇒
(
dx

dt′

)2

= x−1 +
1− Ω0

Ω0

, (171c)

w = 1
3
⇒

(
dx

dt′

)2

= x−2 +
1− Ω0

Ω0

, (171d)

w = 1 ⇒
(
dx

dt′

)2

= x−4 +
1− Ω0

Ω0

. (171e)

However, we are interested in treating the problem as a particle problem T +V =
E, where

T =

(
dx

dt′

)2

, V = −x−(1+3w), E =
1− Ω0

Ω0

. (172)

In the case of p = wρ we have V = −x−(1+3w) which leads to

w = −1 ⇒ V = −x2, (173a)

w = −1
3
⇒ V = −1, (173b)

w = 0 ⇒ V = −x−1, (173c)

w = 1
3
⇒ V = −x−2, (173d)

w = 1 ⇒ V = −x−4. (173e)

Plotting the potentials (173) gives the graphs shown in Figure 1.
The same thing can be done when we are dealing with several matter compo-

nents. For this case we re-write equation (168) as(
dx

H2
0 Ωtot 0dt

)2

=

(
dx

dt′

)2

=

(
n∑
i=1

χi 0x
−(1+3wi)

)
+

1− Ωtot 0

Ωtot 0

. (174)

Just as before we can compare it with a particle problem where T =
(
dx
dt′

)2
,

V = −
(∑n

i=1 χi 0x
−(1+3wi)

)
and E =

1−(Ωtot)0

(Ωtot)0

= (Ωk)0
(Ωtot)0

. For a problem with

w = −1, w = −1
3
, w = 0, w = 1

3
, w = 1, we obtain

V = −
(
χ−1 0x

2 + χ
−1

3
0

+ χ0 0x
−1 + χ1

3
0
x−2 + χ1 0x

−4
)
, (175)

where the universe at present is believed to be well described by

V = −χ−1 0x
2 − χ0 0x

−1

= −χ−1 0x
2 − (1− χ−1 0)x−1 = −(1− χ0 0)x−1 − χ0 0x

−1, (176)
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Figure 1: The first two graphs describe the potential of w = −1 together with
the energy curves for k > 0, k = 0 and k < 0; the second pair is the analogue for
w = −1

3
, and the last pair is the analogue for w = 0, 1

3
, 1; in the latter case the

left most of the three curves is associated with w = 0, the middle is associated
with w = 1

3
and the right most corresponds to w = 1.

visualized in Figure 2. In Figure 2 one can see the potential for a model with
several matter components and how one can approximate it by, in this case, the
two terms that describe the two different phases. These two terms are described
by the dashed lines in the two lower diagrams and can be used to approximate the
full potential by suitable matching of the two single component matter models.
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Figure 2: The potential for a universe with a cosmological constant and dust,
where we have used the values χ−1 0 = 0.7 and χ0 0 = 0.3.

If one uses the particle analogy interpretation of these diagrams, then the
potential restricts the motion of the universe point for a given energy. We can then
see how the model for the universe has evolved and make predictions about how
it will continue to evolve. The three lines in the diagrams in Figure 1 represent
the energies for open (E > 0), k < 0, flat (E = 0 = k) and closed (E < 0),
k > 0 universe. Moving to the right in the diagrams means that the universe
is expanding, while moving to the left corresponds to a contracting universe. In
Figure 1 we can see how open (k < 0, i.e. E > 0), flat (k = 0, i.e. E = 0) and
closed (k > 0, E < 0) universes behave for different values of w. We start by
considering maximally extended solutions associated with the first left diagram
in Figure 1 for which w = −1:

Closed (k > 0) (i) Models that contract from infinity to a finite size, followed by acceler-
ating expansion.

Flat (k = 0) (i) A model that starts from an initial singularity with accelerating ex-
pansion towards infinity.

(ii) A model that contracts from infinity at a decreasing rate until it
reaches the singularity at an infinitesimal rate.
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Open (k < 0) (i) Models that start at the singularity and expand at an accelerating rate
towards infinity.

(ii) Models that contract from infinity at a decreasing rate towards the
singularity.

Table 1.1
k < 0 k = 0 k > 0

E < Vmax Closed
(i)

E = Vmax Flat
(i), (ii)

E > Vmax Open
(i), (ii)

In Table 1.1 we list the different possibilities from the first left diagram in Fig 1
to get a better overview.

We now look at the second left diagram in Figure 1 where w = −1
3
. In this

case we have two basic cases from an energy perspective:

E = V < 0 This case corresponds to a static solution.

E > V Models that increase or decrease at the same rate from or to the singularity,
respectively (for k < 0, k = 0, k > 0).

Table 1.2
k < 0 k = 0 k > 0

E < Vmax

E = Vmax E = V < 0

E > Vmax E > V E > V E > V

In Table 1.2 we list the different possibilities from the second left diagram in Fig
1 for a better overview.

We now look at the third left diagram in Figure 1 where w = 0, 1
3
, 1:

Closed (k > 0) Models with decreasing expansion from an initial singularity until they reach
their maximum, followed by contraction to a final singularity.

Flat (k = 0) (i) A model with decreasing expansion from an initial singularity until it
reaches infinity with an expansion that asymptotically becomes zero.

(ii) The reverse of the previous case with contraction from infinity to a
final singularity.

Open (k < 0) (i) Models with decreasing expansion from the initial singularity to infin-
ity at an asymptotic constant rate.
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(ii) The reverse of the previous case with contraction from infinity to a
final singularity.

Table 1.3
k < 0 k = 0 k > 0

E < Vmax Closed

E = Vmax Flat
(i), (ii)

E > Vmax Open
(i), (ii)

In Table 1.3 we list the different possibilities from the third left diagram in Fig 1
for a better overview.

In Figure 2 we can see how open (k < 0), flat (k = 0) and closed (k > 0)
universes behave for a source that consists of a cosmological constant (w = −1)
and dust (w = 0).

E = Vmax, (k > 0) (i) A static model, called Einstein’s static universe, corresponding to a
point at Vmax.

(ii) An expanding model from an initial singularity that asymptotically
approaches Einstein’s static universe.

(iii) A contracting model from infinity that asymptotically approaches Ein-
stein’s static universe.

E < Vmax, (k > 0) (i) Models with decreasing expansion from an initial singularity to a max-
imum size, followed by contraction to a final singularity.

(ii) Models with decreasing contraction from infinity to a minimum size,
followed by accelerating expansion to infinity.

E > Vmax (i) Models with decreasing expansion from an initial singularity, followed
by accelerating expansion to infinity (for k > 0, k = 0, k < 0).

(ii) The reverse of the above, contraction from infinity to a final singularity.

Of these only the acceleration phase of (ii) of E < Vmax, and (i) of E > Vmax

are compatible as regards supernovae of Type 1a with current observational
data. However, data from e.g. the background radiation suggest that only
(i) of E > Vmax is observationally relevant.

Table 2
k < 0 k = 0 k > 0

E < Vmax (i), (ii)

E = Vmax (i), (ii), (iii)

E > Vmax (i), (ii) (i), (ii) (i), (ii)
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In Table 2 we list the different possibilities from Fig 2 to get a better overview.
These diagrams are examples of different types of curves where we just have

picked a few values of w to plot and show the behavior of the models. So the
first two graphs in Figure 1 describes the behavior of all models with w < −1

3
,

the second pair is only for w = −1
3

because this is a special solution while the
last pair is for all models with w > −1

3
. The graphs in Figure 2 describes several

matter component models, in this case two matter components, i.e., cosmological
constant and dust. In fact, this graph describes the behavior of all two matter
component models that has one component with w < −1

3
and w > −1

3
.

Keep in mind that these are somewhat simplified models which we have been
looking at and they could easily have been made more sophisticated and com-
plicated. It is impossible to predict with certainty how the universe will evolve
due to the significantly large uncertainties as regards the nature of dark matter
(often modelled with a matter component with w = 0) and, in particular, dark
energy (modelled with a component with w < −1

3
, most commonly w = −1).

This concludes our discussion about the universe and its possible evolution.

The topic of this thesis illustrates that our curiosity and ‘quest for knowledge’
drives mankind to develop new ideas and technology. The universe itself is a
great source of knowledge - the problem is how to interpret the information.

“...the universe itself acts on us as a random, inefficient, and yet in the long run
effective, teaching machine. ...our way of looking at the universe has gradually
evolved through a natural selection of ideas.” [12]
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