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Abstract

Conformal field theories (CFT) constitute an interesting class of two-
dimensional quantum field theories, with applications in string theory as well
as condensed matter physics. The symmetries of a CFT can be encoded in the
mathematical structure of a conformal vertex algebra. The rational CFT’s are
distinguished by the property that the category of representations of the vertex
algebra is a modular tensor category. The solution of a rational CFT can be split
off into two separate tasks, a purely complex analytic and a purely algebraic
part.

The TFT-construction gives a solution to the second part of the problem.
This construction gets its name from one of the crucial ingredients, a three-
dimensional topological field theory (TFT). The correlators obtained by the
TFT-construction satisfy all consistency conditions of the theory. Among them
are the factorization constraints, whose implications forboundary conditions
are the main topic of this thesis.

The main result reviewed in this thesis is that the factorization constraints
give rise to a semisimple commutative associative complex algebra whose irre-
ducible representations are the so-called reflection coefficients. The reflection
coefficients capture essential information about boundaryconditions, such as
ground-state degeneracies and Ramond-Ramond charges of string compactifi-
cations. We also show that the annulus partition function can be derived from
this classifying algebra and its representation theory.
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Introduction

This thesis concerns aspects of two-dimensional conformalfield theory. Con-
formal invariance is a symmetry that appears in rather diverse areas of physics.
Applications appear e.g. when describing condensed mattersystems in certain
limits or in fundamental particle physics. A conformal transformation leaves
the metric invariant up to a scale factor which may depend on position . Equiv-
alently one can say that a conformal transformation preserves angles between
vectors.

Let us first of all describe why two dimensions are of special interest. Con-
sider d-dimensional Euclidean space. For any dimensiond there is a group
of global conformal transformations generated by rotations, translations, scal-
ings and the so-called special conformal transformations.These transformations
generate the groupSO(d+1, 1). The transformations of this kind are global in
the sense that they are well defined everywhere. Ford > 2 these are already
all conformal transformations inRd. The cased = 2 is rather special. In two-
dimensional space there are apart from the global transformations an infinite
number of local conformal transformations. Think of two-dimensional space
with complex coordinates. The condition for a transformation to be confor-
mal is equivalent to the Cauchy-Riemann equations. Thus anyanalytic function
gives rise to a conformal transformation. Since an analyticfunction may take a
finite point to infinity it may happen that such transformations are not globally
defined.

In this text conformal field theory (CFT) means a two-dimensional local
quantum field theory, whose symmetry group contains local conformal transfor-
mations. The CFT is defined on a two-dimensional compact smooth manifold
with Euclidean signature. The property of local field theorymay be summarized
as saying that all correlation functions are single-valued, see e.g. [19, section
2.5]. Conformal field theories often posses the remarkable property of being
completely solvable. The reason is that the infinite number of local symmetries
gives rise to an infinite number of constraints. It may seem hopeless to imple-
ment an infinite number of constraints. But there are methodsto implement
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them simultaneously, thus this seemingly infinite problem is turned into a finite
one.

The study of CFT has it origin in several areas of physics. CFTappears
when studyingcritical phenomenain condensed matter physics. A standard
example is the two-dimensional Ising model. It consists of asquare lattice in
some domain with a spin variable at each site. The system is characterized
by two length scales, the lattice spacinga and the correlation lengthξ, that
describes the length of the interaction. The scaling limit of such a system is
obtained by takinga → 0 while keepingξ and the domain fixed. In this limit
one obtains a continuous two-dimensional Euclidean CFT which describes the
long-range behavior of the system.

The development of CFT has been boosted by its occurrence instring the-
ory. Even though the standard model, which describes three of four fundamen-
tal interactions, displays a remarkable agreement with experiments, the model
has got some severe flaws. E.g. it does not include gravity andthere are prob-
lems at high energies. String theory is a candidate for a quantum field the-
ory that resolves these problems. The fundamental objects of string theory are
one.dimensional strings moving in space-time. Just like a particle traces out
a line in space-time when it moves, a moving string will sweepout a two-
dimensional surface, the so-called worlds sheet. One important ingredient in
string theory is a CFT defined on this surface, see e.g. [44].

There are also condensed matter systems which are effectively 2- or 1+1-
dimensional with approximate conformal symmetry. Such systems appear e.g.
when studying the Kondo effect [1] or quantum Hall fluids [13].

1.1 Two-dimensional CFT

The purpose of this section is to describe the most importantproperties of
two-dimensional conformal field theory, setting the stage for the formulation
in terms of categories and functors between categories. Formore details see
[10, 15, 33, 34, 41, 42, 48]. Solving a CFT means roughly "givethe set of cor-
relation functions". That is, for any field configuration a linear map, satisfying
the relevant compatibility conditions, from the space of fields to the complex
numbers. For a certain class of CFT’s known as rational conformal theory there
is a construction which provides methods making this possible. This construc-
tion, known as the TFT-construction of RCFT correlators is the framework of
this thesis.

It is today twenty years ago since a relation [52] between a three-dimensional
topological field theory and two-dimensional CFT was discovered. This re-
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lation has been generalized and formalized [46, 47, 50] intoso-called three-
dimensional topological field theory (3d TFT). 3d TFT is exploited in the TFT-
construction, elaborated in a series of papers [22, 23, 24, 25, 17].

The TFT-construction makes extensive use of tensor categories and functors
between them. There are several reasons why the setting of category theory is
suitable to describe physics. Category theory allows to treat a whole class of
theories simultaneously. Many statements will automatically be model inde-
pendent. Furthermore, quantum physics is traditionally formulated in terms of
operators acting on some Hilbert space of physical states. Especially the cal-
culation of physical quantities typically involves a choice of basis. This choice
is not always physically motivated and it is often a separatetask to show that
such statements are basis independent. A nice side effect when working in more
general categories is that many statements are manifestly basis independent.

1.2 Chiral and full CFT

There are actually two rather different concepts of conformal field theory and it
is crucial two distinguish between them. This leads to the separation between
chiral andfull conformal field theory. A full CFT is defined on aworld sheet,
Xc. A world sheet is a two-dimensional smooth compact manifoldwith a con-
formal structure, i.e. with an equivalence class of metricswith respect to local
rescalings.Xc may or may not be orientable and we also allow for non-empty
boundary. Note that though the terminology is inherited from string theory, and
in applications to string theory this is indeed the world sheet, our definition is
more general. Full CFT is a proper quantum field theory in the sense that the
correlation functions are single-valued, i.e. they are really functions. Most phys-
ical applications concern full CFT and most of this text concerns aspects of full
CFT.

A chiral CFT on the other hand, is defined on a complex curveEc, i.e.
the surface is oriented with empty boundary and equipped with a conformal
structure. The conformal structure together with the orientation is equivalent to
having a complex structure. The correlators of chiral CFT are the so-calledcon-
formal blocks. The conformal blocks of a surfaceEc of genusg with n marked
points fit into a vector bundle, the bundle of conformal blocks, over the moduli
spaceM̂g,n of Ec. The bundle of conformal blocks can be equipped with a
projectively flat connection, the Knizhnik-Zamolodchikovconnection [20]. We
can study holonomies of the connection, which may be non-trivial. As a con-
sequence the conformal blocks can be multi-valued with respect to the moduli,
i.e. choice of conformal structure and positions of insertion points. Thus chiral
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CFT is not a quantum field theory in the ordinary sense. This isindicated by
using the term conformal block instead of correlation function.

The most important role of chiral CFT is an ingredient in a full CFT. Never-
theless, chiral conformal field theories appear on their ownwhen describing e.g.
edge currents in quantum Hall systems [13]. They also play animportant role
in various applications in mathematics, e.g. in the proof ofthe Verlinde formula
for WZW theories in the framework of algebraic geometry [8, 14].

A full conformal field on a world sheetXc is constructed from a chiral CFT
on the doublêXc of the world sheet, which is a complex curve constructed from
Xc. The relevance of the double was realized a rather long time ago [4] but was
then forgotten for some time. The oriented double is obtained by first taking the
orientation bundleOr(Xc) overXc. This is aZ2-bundle overXc where each
fiber consists of two points corresponding to the two possible orientations.X̂c

is then obtained by identifying the two points over each point on the boundary:

X̂c = Or(Xc) / ∼ , (x,or) ∼ (x,−or) ∀x ∈ ∂Xc. (1.1)

E.g. the double of a disc is a sphere and the double of a torus consists of two
disjoint tori with opposite orientations. Since the doublêXc is a complex curve
we can define a chiral CFT on̂Xc. The correlation functions ofXc are given
in terms of this chiral CFT, i.e. as elements in the space of conformal blocks on
the doubleX̂c. This is the principle ofholomorphic factorization.

When constructing the double, each insertion pointp in the interior ofXc

gives rise to two insertion pointsp′, p′′ on the double. The double comes with an
orientation reversing involutionσ, which acts by interchanging the two points
on X̂c over each point inXc. Note that this means thatσ acts trivially on
points over∂Xc. In the chiral CFT on the doublep′ andp′′ are considered as
independent points. However one ingredient in "obtaining afull CFT from a
chiral CFT" is to require that the conformal blocks appearing in a correlation
function of the full theory are such thatp′′ = σ(p′) for any insertion pointp on
Xc.

1.3 Fields and the chiral algebra

Consider two fields close to each other. From a point sufficiently far away it is
impossible to distinguish two fields from a single one. However, due to con-
formal invariance the notion of "close to each other" and "far away" are not re-
ally well defined. A conformal transformation may e.g. separate the two points
close to each other to a far distance. This suggests a productof fields at non-
coinciding points, that gives rise to a single field, or rather a superposition of
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fields. This gives rise to the operator product expansion, OPE for short. There
is a separation of the fields of the CFT intoprimary fieldsand theirdescendants.
The operator product expansion of two primary fields is of theform

φa(z)φb(w) ∼
∑

c

Cabc(z − w)(∆c−∆a−∆b)(z − w)(∆̄c−∆̄a−∆̄b)φc(w)

+ desc.
(1.2)

where∆p and∆̄p are the conformal weights of the fieldφp and the labelsa, b, c
indicate some index set, labeling the primary fields. The relevant quantities are
the correlation functions, thus this superposition needs only to be well defined
inside a correlations function, which is indicated by "∼" in (1.2). The coeffi-
cientsCabc are theOPE coefficients. The contribution "desc." represents terms
involving descendants ofφc(w). These terms are fixed in terms of those in-
volving only primary fields by the chiral symmetry. Thus finding the OPE’s of
primary fields give a lot of information. Even though the expansion (1.2) is not
an algebra in the mathematical sense, since the coefficientsof the expansion are
not numbers but functions of the field positions, one often says that the OPE
furnishes a closed "algebra" of the primary fields.

The conformal weights encode how a field transforms under scalings. The
fields for which∆p = 0 constitutes the holomorphic fields. Analogously the
anti-holomorphic fields satisfȳ∆p = 0. The holomorphic fields, as well as the
anti-holomorphic fields, close under the OPE. This property(and much more)
are formalized [38] in the notion of aconformal vertex operator algebraalso
called thechiral algebra. Analogously the anti-holomorphic fields give rise to
theanti-chiral algebra. Both the chiral and the anti-chiral algebra contain a copy
of the Virasoro algebraV (see e.g. [15] for definition). The conformal and anti-
conformal weights∆a and∆̄a encode the behavior with respect to these two
copies. We will only consider the situation when the chiral and the anti-chiral
algebra coincide.

Since the theory of vertex algebras is rather involved and the following con-
struction of CFT will not use it explicitly we will only mention a few properties.
The data of a vertex algebra contain a graded vector spaceH and astate field
correspondenceY (·, z) : H → End(H)Jz±1K assigning to each vectorv ∈ H
a "field" Y (v, z) which is a formal power series with coefficients in End(H).
The Laurent coefficients of this series are the "modes" of thefield. The data of
a conformalvertex algebra contain also aconformal vector, which is a distin-
guished vectorT ∈ H, whose modes furnish a representation of the Virasoro
algebra. An example of a chiral field is the energy-momentum tensor,Y (T, z).

In the sequel we will deal withrational conformal field theory , RCFT for
short, to be defined below. An essential property of a rational CFT is that there
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is a finite number of primary fields in the theory. Since all OPEcoefficients can
be obtained from those involving only primary fields, one only has to work out
a finite number of coefficients to obtain essential information. Another feature
of a RCFT is that the indexa specifying the primary fieldφa (c.f. (1.2)) takes
the form(i, j) wherei andj label simple modules overV. By taking one of
these modules to beV itself we obtain a chiral field.

Among the best understood RCFT’s are theVirasoro minimal modelswhere
the chiral algebra is constructed from the Virasoro algebraalone and theWZW-
models[51] in which the vertex algebra is constructed from an affineLie alge-
bra, see [15].

1.4 Boundary conditions

When the boundary of the world sheet is non-empty we have to specify con-
formally invariant boundary conditions. In a Lagrangian formulation, some
boundary conditions can be described in terms of Dirichlet or Neumann bound-
ary condition, i.e. by specifying the value of the fields in the Lagrangian or their
derivatives at the boundary. Similarly, in a spin model, some boundary condi-
tions can be described by specifying the spin directions at the boundary. In e.g.
the Ising model there are three such allowed boundary condition. Two of them,
spin up and spin down, correspond to a fixed external magneticfield whereas
the third one corresponding to zero external field is the freeboundary condition.

In general, boundary conditions cannot be described this way, and even if
some boundary conditions can be obtained as described above, there may be
more allowed boundary conditions respecting the symmetry,see e.g. [10, sec-
tion 7]. Consider e.g. the 3-states Potts model, which is a spin model with three
allowed values for each spin variable. In this model there are 8 symmetry pre-
serving boundary conditions, [3, 29]. One of them has an interpretation as a free
boundary, three of them as fixed spin direction and three of them as mixed spin
directions where one state is forbidden. The eighth one, constructed in [3], does
not have such a nice interpretation. In the TFT-construction of rational CFT,
which we apply in this thesis, boundary conditions will be classified by mod-
ules over a symmetric special Frobenius algebra in the representation category
of the chiral data.
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1.5 Rational conformal field theory

Under certain conditions [35] the categoryRep(V) of representation of the con-
formal vertex algebraV is a modular tensor category. To us rational conformal
field theory means a CFT such that the representation category Rep(V) has ex-
actly this property, which will be defined in the next chapter. The rest of this
thesis will be formulated in terms of a modular tensor categories rather than
explicitly in terms of vertex algebras. The reader should keep in mind that the
connection to RCFT is made by takingC = Rep(V) for some vertex algebra
V.

Holomorphic factorization implies that the task of finding the correlation
function for a given world sheetXc can be split off into two parts:

1. Construct the space of conformal blocks on the doubleX̂c.

2. Pick the specific element in the space of conformal blocks that is the cor-
relation function ofXc.

This thesis is concerned with the second task. As a consequence we will be able
to work with topological world sheets, which roughly means that we suppress
the conformal structure of the world sheet. Even though thiscombinatorial part
of the problem does not give the correlation functions explicitly as functions of
the world sheet coordinates, a lot of physical information is obtained by solv-
ing this problem alone. Especially the OPE coefficients are obtained explicitly.
Also, due to factorization (see below), any correlation function can be written
in terms of a small number of fundamental correlators. Thus,only the confor-
mal blocks corresponding to those correlators has to be worked out explicitly in
order to write any correlation function as an actual function of the world sheet
moduli.

QFT is traditionally studied via the quantization of a classical Lagrangian.
This typically leads to a theory which can only be studied in perturbation the-
ory. In 2d CFT on the other hand, one can also start from a different formulation,
e.g. in terms of a conformal vertex algebra. As a consequence, the theory can
be studied in a fully non-perturbative manner, and in the rational case it is com-
pletely solvable. The problem to be solved can be formulatedas follows. For a
CFT with given chiral algebra, find the set of correlation functions satisfying all
constraints of the theory. I.e. solving a RCFT then means to give the set of cor-
relation functions satisfyingmodular invarianceandfactorization constraints.
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Modular invariance

It has been known for a long time that one should expect modular invariance
of the torus partition function. The reason is the following. One way to define
a torus is in terms amodular parameterτ by defining a lattice on the complex
plane via two vectors, and identify points differing by integer combinations of
these vectors. Due to conformal invariance, the CFT on this torus does not
change under scalings and rotations of this torus. Thus we can take these vectors
to be1 andτ /∈ R. One can show that the transformationsT : τ 7→ τ + 1 and
S : τ 7→ − 1

τ
leave the conformal structure invariant. See e.g. [15] for more

details. These two transformations generate themodular group, PSL(2,Z) of
transformations of the form

τ 7→
aτ + b

cτ + d
, a, b, c, d ∈ Z, ad− bc = 1. (1.3)

This implies that the torus partition function, i.e. the correlator on the torus with
no field insertions, should be invariant under the action of the modular group,
see e.g. [33] for more details. In fact we will demand more than this. The space
of conformal blocks on the double ofX carries a representation of theoriented
mapping class groupMapor(X), see e.g. [17, section 2.1] for a definition of
Mapor(X). We will demand the correlator to be invariant under this action for
any world sheet. Invariance under the mapping class group implies first of all
that the requirement of a modular invariant partition function is satisfied because
whenX is a torus without field insertions, Map(X)or is the modular group. The
second and not less important implication of this requirement is that a correlator
which is invariant under the action of Mapor(X) is a single-valued1 function on
the moduli space. The reason is the following: The holonomy of multi-valued
functions on the moduli space of̂X furnishes a representation of its fundamental
group, Map(X̂), the mapping class group of̂X . The oriented mapping class
group ofX, Mapor(X), can be identified with the subgroup of Map(X̂) that
commutes withσ, the orientation reversing involution relating points pairwise
on the double. What is relevant for correlators is thereforethe action of the
subgroup Mapor(X). Thus a correlator satisfying invariance under the mapping
class group is indeed a single-valued function.

1Remember that a correlator is a vector in the space of multi-valued conformal blocks.
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Factorization constraints

Factorization constraints or, equivalently, sewing constraints, relate correlators
of world sheets of (possibly) different topology. Startingfrom one world sheet
we can cut it along a circle in a tubular neighborhood which results in two holes
in the world sheet. The holes are closed by gluing a disc with one primary bulk
field to each hole and sum over all primary bulk fields. This describesbulk
factorization. Boundaryfactorization amounts to cutting along a line joining
two boundary components, closing the gaps in the boundary bygluing a half
disc with a boundary field to each gap and sum over all elementary boundary
fields. Factorization can be thought of as a concrete realization of the notion of
"inserting a complete set of set states". The correlators should be unaffected by
this procedure which leads to factorization constraints formulated in chapter 4.

The set of constraint is highly overdetermined, so there is no a priori guaran-
tee that a solution exists. There have been several approaches to solving RCFT
with a given chiral algebra. One is to pick one of the constraints and search
for all solutions to this constraints. This has lead to e.g. the ADE-classification
of modular torus partition functions for thesu(2)-WZW-models [12]. This ap-
proach does not give a general treatment and some of the solutions turn out to be
non-physical, i.e. one finds "solutions" that cannot appearas correlation func-
tions for any consistent CFT. The appearance of such spurious solutions should
not come as a surprise since there may be solutions satisfying one constraint
but not all. The strength of the TFT-construction is that it treats all constraints
simultaneously. There typically also exist several inequivalent RCFT’s sharing
the same chiral algebra. The TFT-construction also provides a formalism to
classify them.

In chapter 2 we summarize various structures that we need in order to for-
mulate the TFT-construction. Chapter 3 describes the TFT-construction and
some aspects concerning boundary conditions. In chapter 4 we describe the
factorization procedures and use them to write the annulus coefficients in a par-
ticularly nice form. In chapter 5 we show that the factorization constraints give
rise to a semisimple commutative associative algebra whichclassifies boundary
conditions.
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Modular tensor categories and
3d TFT

The TFT- construction provides a solution to the combinatorial part of the con-
struction of correlation functions of a rational CFT. The construction is formu-
lated with the help of athree-dimensional topological field theory, 3d TFT for
short. This is afunctorbetween twocategories. This chapter serves to introduce
the various building blocks entering the TFT-construction.

A categoryC is defined through two types of data, a classObj(C) of objects
and for each pair(U, V ) of objects a set Hom(U, V ) of morphismsfrom U to
V . The morphisms are subjected to the following conditions

1. Composition: Whenever the relevant objects match two morphisms can
be composed, i.e. forf ∈ Hom(U, V ) and g ∈ Hom(V,W ) the com-
positiong ◦ f ∈ Hom(U,W ) exists. The composition of morphisms is
associative.

2. Identity morphism: For any objectU ∈ Obj(C) there is a distinguished
element idU in the family End(U) of endomorphisms ofU . The mor-
phism idU satisfiesf ◦ idU = f for any morphismf ∈ Hom(U, V ) and
idU ◦ g = g for anyg ∈ Hom(V,U).

The most general notion of a category is often a bit to general. In order to get
something interesting one typically impose more structure. For the purpose of
rational CFT we will deal with categories with (a lot) additional structure.

We will need the notion of a functor. Afunctor F : A → B from the
categoryA to the categoryB assigns to each objectU ∈ Obj(A) an object
F (U) ∈ Obj(B) and to every morphismf ∈ Hom(U, V ) whereU, V ∈
Obj(A) a morphismF (f) ∈ Hom(F (U), F (V )). A functor preserves iden-
tity and composition of maps. Explicitly:

F (idU ) = idF (U),

F (f ◦ g) = F (f) ◦ F (g),
(2.1)

10
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for all objectsU and all morphismsf, g whenever their composition is defined.
The most general notion of a category is often a bit to general, thus one

typically impose more structure. For the purpose of rational CFT we will deal
with categories with (a lot) additional structure.

2.1 Modular tensor categories

Remember that a CFT is defined in terms of representations of aconformal
vertex algebraV. We will be interested in of the formRep(V) for some vertex
algebraV. The objects of this category are modules overV and the morphisms
are intertwiners between modules. By the qualification of a rational conformal
field theory one means thatRep(V) is a modular tensor category. Sufficient
conditions onV for Rep(V) to be of this form have been given in [35]. What
will be important to us are not the actual properties of the Vertex algebra but
rather the fact thatRep(V) is a modular tensor category. Therefore, from now
on we will work in the framework of modular tensor categories, keeping in mind
that the connection with RCFT is made by consideringC = Rep(V). From now
onC is a modular tensor category. We will give the defining data and properties
of C in several steps.

A tensor category is equipped withtensor product, which is a bifunctor
⊗ : C × C → C, i.e. it is defined both on objects and morphisms and satisfies
(2.1). For any two objectsU, V ∈ Obj(C) there is an object
U⊗V ∈ Obj(C) and for any two morphismsf ∈ Hom(U, V ) and
g ∈ Hom(X,Y ) there is a morphismf⊗g ∈ Hom(U⊗X,V⊗Y ). There ex-
ists atensor unit1 and families of isomorphisms assuring that:

U⊗(V⊗W ) ∼= (U⊗V )⊗W, ∀ U, V,W ∈ Obj(C), (2.2)

and
1⊗U ∼= U ∼= U⊗1, ∀U ∈ Obj(C). (2.3)

The existence of these isomorphisms is not enough. They alsoneed to sat-
isfy the pentagonand triangle identities. The pentagon identity assures that
any multiple bracketing of multiple tensor products are related by the isomor-
phisms mentioned above and the triangle identity is a compatibility condition for
the associativity and the unit constraint. They will not be given here (see e.g.
[43, section 1.2] for their explicit form) because we assumeC to bestrict. That
means that all the isomorphisms above are identities. This may seem like a re-
striction but it is really not. According to the coherence theorems any tensor
category is equivalent to a strict one, see [40, chapter VII.2]. Two categories
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are equivalent if there exists a functor between them that isinvertible up to iso-
morphism [40, page 92]. This means that we can start from somecategoryC,
applying a functor to an equivalent strict categoryC′, doing all calculations in
C′ and then transforming back toC through the backwards functor. One should
remember that we really work in an equivalent strict category. The category
Rep(V) is not strict itself. The "non-strictness" is encoded in themorphism
spaces of the equivalent strict category. There are different decompositions of
morphism spaces and they are related by linear relations which "remember" the
non-strictness ofRep(V).

Before describing the rest of the structures of a modular tensor category
we introduce a powerful tool. In any strict category we can apply graphical
calculus in the following manner: The identity morphisms are presented as lines
and morphisms as boxes connecting lines labeled by the relevant objects. Our
convention is to read pictures from bottom to top. Composition of morphisms is
written by concatenation and tensor products as juxtaposition. Graphically this
looks as follows

idU =

U

U

f =

U

V

f g ◦ f =

W

U

f

g

V f⊗f ′ =

U

V

f

U ′

V ′

f ′ (2.4)

Note that graphical calculus in this guise only works in strict categories. If the
category is not strict there is no sensible way to denote different bracketings in
the pictures.

Next,C is aRibbon category. That is a strict tensor category equipped with
the following three additional structures:

• A (right)-duality assigns to every objectU an objectU∨ and morphisms

bU ∈ Hom(1, U⊗U∨), dU ∈ Hom(U∨⊗U,1). (2.5)

and to any morphismf in Hom(U, V ) a morphism f∨ in
Hom(V ∨, U∨). The morphismsbU anddU are the evaluation and co-
evaluation morphisms (sometimes also called birth and death morphisms
in accordance with the lettersb andd). The morphismsbU , dU andf∨ are
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depicted graphically as:

bU =

U U∨

dU =

U∨ U

f∨ =

V ∨

U∨

f (2.6)

• A braiding is a family of isomorphismscU,V ∈ Hom(U⊗V, V⊗U), one
for each pair of objectsU, V ∈ Obj(C). Graphically the braiding and its
inverse are depicted as

cU,V =

U V

V U

c−1
U,V =

V U

U V

(2.7)

• A twist is a family of isomorphismsθU ∈ End(U), one for each
U ∈ Obj(C). We denote the twist and its inverse by:

θU =

U

U

θ−1
U =

U

U

(2.8)

In order to qualify as a ribbon category these three structures also have to satisfy
a number of compatibility conditions. The full list of compatibility is given
in [22, eqs. (2.10-11)]. The compatibility conditions are exactly such that if
we think of the lines as two-dimensional ribbons with the twist given by a2π
rotation of a ribbon around its core:

U

U

=

U

U

(2.9)
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and dualities and twists as ribbons with the same shapes we are allowed to
make any deformation of a morphism that is possible to perform with the cor-
responding two-dimensional ribbons. This is the origin of the term ribbon cate-
gory. The compatibility conditions imply that there is automatically also a left-
duality defined on objects as well as morphisms. The birth anddeath morphisms
b̃U ∈ Hom(1,∨U⊗U) andd̃U ∈ Hom(U⊗∨U,1) are constructed frombU and
dU , see e.g. [22, eq. (2.12)]. One can show that left duality coincides with the
right duality both on objects and morphisms, i.e.∨U = V ∨ and∨f = f∨. A cat-
egory with coinciding left- and right- dualities is calledsovereign. Sovereignty
implies that we can define thetraceof a morphism according to

tr(f) := f = f (2.10)

The trace of an identity morphism is thequantum dimensionof the correspond-
ing object:

dim(U) = tr(idU ). (2.11)

Finally a modular tensor category is asemisimple, abelian ribbon category
with ground fieldC, with a finite number of isomorphism classes ofsimple
objectsand a non-degenerates-matrix. Abelian with ground fieldC implies that
every morphism set is a complex vector space. Asimple objectis characterized
by the property that the endomorphisms of simple object is the ground field (in
our caseC). We choose representatives of the isomorphism classes of simple
objects

{Ui|i ∈ I}, (2.12)

labeled by the finite index setI. We will enlighten the notation by label any
simple objectUi by "i" in all pictures. Semi-simple means that there is a notion
of direct sumand that any object can be written as a direct sum of finitely many
simple objects.

Finally the non-degenerates-matrix is defined as:

si,j := i j (2.13)

In fact, there is a matrixS∝s [35] that together with the matrixT = diag(θUi
)

furnish a projective representation of the modular group SL(2,Z). This is the
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origin of the designation modular. The two matricess andS are related by

si,j =
Si,j
S0,0

. (2.14)

The structure of the morphism spaces motivates the following conventions:
First of all, since the space of endomorphisms of a simple object is one-
dimensional, the twistθUi

can be written as

θUi
= θi idUi

, (2.15)

whereθi ∈ C. The twist of a simple object is the fractional part of the conformal
weight∆i of the simple objectUi

θi = exp(−2πi∆i). (2.16)

Second, since all morphisms spaces are finite-dimensional vector spaces, we
introduce a basis of Hom(Ui⊗Uj , Uk) for all i, j, k in I. We denote this ba-
sis by{λα(i,j),k|α = 1, 2, ...,N k

ij } whereN k
ij = dim(Hom(Ui⊗Uj , Uk)) are

the so-called fusion rules. The dual basis of Hom(Uk, Ui⊗Uj) is denoted by

{Λ
(i,j),k
α |α = 1, 2, ...,N k

ij }. Graphically we will depict the elements of the two
bases as

λα(i,j),k =

i j

k

α
Λ

(i,j),k
α =

k

i j

α (2.17)

We will simplify the notation in pictures by suppressing thelabels for the one-
dimensional spacesλ·(i,j),0 andΛ

(i,j),0
· . Apart from the fact that the two bases

are dual to each other

λα(i,j),k ◦ Λ
(i,j),l
β = δkl δαβ idk , (2.18)

there is also a completeness relation:

idUi
⊗idUj

=
∑

k∈I

N k
ij∑

α=1

Λ(i,j),k
α ◦ λα(i,j),k . (2.19)

This is due to dominance ofC. See the argument before (2.1) of [22] for details.
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2.2 The cobordism category and thetft-functor

The foundation of the TFT-construction is a tensor functor from the category
3−Cob(C) to be defined below to the categoryVectC of finite-
dimensional complex vector spaces. Atensor functoris a functor which re-
spects the tensor product, i.e.

F (U⊗V ) ∼= F (U)⊗F (V ), F (f⊗g) ∼= F (f)⊗F (g), (2.20)

where the isomorphisms satisfy certain conditions, see e.g. [43, section 1.2].

2.2.1 The cobordism, category3−Cob(C)

In order to define a 3d TFT we need the geometric category3−Cob(C). As
indicated in the notation3−Cob(C) a modular tensor categoryC enters in the
construction. The qualification "geometric" means that objects as well as mor-
phisms are manifolds. Explicitly:

• The objects of 3−Cob(C) are extended surfaces. An extended surface
E is a compact oriented closed two-dimensional manifold witha finite
number of distinctmarked pointsand a choice of aLagrangian subspace
λ ⊂ H1(E,R). Each marked point(pi[γi], Vi, εi) is defined by 4 data:pi
is a point onE, [γi] is a germ of arcs such thatγ(0) = p, Vi is an object
in C andεi ∈ {±1}.
A germ of arcs is an equivalence class of embeddingsγ of an interval
[−δ, δ] intoE. Two embeddingsγ : [−δ, δ] andγ′[−δ′, δ′] are equivalent
iff there is anε < δ, δ′ such that they coincide when restricted to[−ε, ε].
We will refer to a germ of arcs such thatγ(0) = p as an arc germ atp.
The meaning ofεi will become clear later.

For a symplectic vector spaceH, with a symplectic formω, a Lagrangian
subspaceλ ⊂ H is defined as a maximal subspaceλ such that
ω(λ, λ) = 0. In our case an extended surfaceE = ∂M will always
appear as the boundary of some oriented three-manifoldM . In this case,
a natural choice of Lagrangian subspace is the kernel of the inclusion map
H1(E,R) → H1(M,R), see [50, section IV:4.1]. For instance ifE is a
torus,H1(E,R) is spanned by the two non-contractible cycles. With this
convention we choose as Lagrangian subspace the span of the cycle that
becomes contractible when we "fill out" the torus to a full torus.

• The morphisms of 3−Cob(C) are cobordisms1. A cobordism

1For some purposes it is natural to also include homeomorphisms of extended surfaces as
morphisms, see e.g. [18]. However, in this text, we will onlyconsider cobordisms.
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(M,E,E′) : E → E′ is a compact oriented three-manifoldM ,
bounded by−E ⊔ E′ and an inscribed ribbon graph such that there is
a ribbon ending at each marked point.−E is obtained fromE by revers-
ing the 2-orientation, adjusting the arc germ in a manner compatible with
this (see [22, section 3.1]) and replacingε by −ε.

A ribbon is an embedding of a rectangle in a three-manifold together with
choice of 2-orientation and orientation of its core. The core is running
between two preferred opposite sides of the ribbon which arethe ends of
the ribbon. We will think of the two possible orientations ofthe ribbons
as if the ribbon is showing one of its two sides. Thus we will say that a
ribbon with its preferred orientations is showing its whiteside, whereas a
ribbon with the opposite 2-orientation is showing its blackside.

Each ribbon is labeled by an object ofC, especially a ribbon ending at a
marked point is labeled by the object labeling that point. The labelεi at
this marked point is+1 if the core of this ribbon is pointing away from
the surface and−1 otherwise. Ribbons can be joined at acoupon. A
couponis an embedding of an oriented rectangle with two preferred sides
at which ribbons are attached. The coupon is labeled by a morphism in
Hom(Win,Wout), whereWin ∈ Obj(C) is a tensor product of the objects
coloring the ribbons on the bottom side of the coupon andWout ∈ Obj(C)
is a tensor product of the objects coloring the ribbons on thetop side. A
ribbon labeled byU is interpreted asU if the core is pointing towards the
bottom side or away from the top side of the coupon and asU∨ otherwise,
c.f. [22, eq. (2.50)].

In pictures, an example of an extended surfaceE and a cobordism
(M,E,E′) : E → E′ is

(U,+)
(V,−)

E

(U,−)
(V,+)

−E

U

V

W

V
f

(W,−)

E′

(2.21)
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According to the conventions above, the coupon joining the three ribbons is
labeled by a morphismf in Hom(U∨,W⊗V ∨).

Composition of cobordisms is performed by gluing two cobordism along
boundary components. Thus two cobordisms(M1, E1, E

′
1) and(M2, E2, E

′
2)

are composed via a homeomorphismf : E′
1 → E2. The tensor product on

3−Cob(C) is disjoint union of extended surfaces as well as of cobordisms, with
the tensor unit being the empty set. We will think of embeddedsurfaces as
well as cobordisms as embedded in some three-manifold. Thismeans that we
think of 3−Cob(C) as a strict category since when embedded into some three-
manifold there is no way of "bracketing" a disjoint union. Again, due to the
coherence theorem, this is not a restriction.

In what follows we will make use of theblack board framingwhich means
that we depict ribbons as lines. A ribbon showing its white side is depicted as a
solid line, whereas a ribbon showing its black side is depicted as a dashed line:

= (2.22)

2.2.2 Thetft-functor

A modular tensor category gives rise a 3d TFT as described in [50], see also [6]
for a shorter description. A 3d TFT is a tensor functor,

tft : 3−Cob(C) → VectC, (2.23)

from the category3−Cob(C) to the categoryVectC of finite-dimensional com-
plex vector spaces. To any extended surfaceE, thetft-functor assigns a vector
space

tft(E) = H(E) ∈ VectC. (2.24)

One qualification oftft to be tensor functor means is that acting on the empty
set we get

tft(∅) = C. (2.25)

To any cobordism(M,E,E′) fromE toE′, tft assigns a linear map:

tft(M,E,E′) = Z(M,E,E′) : H(E) → H(E′). (2.26)
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By projecting a ribbon graph locally toR2 in a non-singular manner2 we can
consider it as a morphism inC and manipulate the ribbon graph locally by the
rules of graphical calculus. Transformations of this kind leavesZ(M,E,E′)
invariant. The mapZ(M,E,E′) is also invariant under homeomorphisms that
restrict to the identity on∂M [16]. We will refer toZ(M,E,E′) as theinvariant
of the cobordism(M,E,E′).

In the most general case thetft-functor is only a projective functor: As-
sume the cobordism(M,E,E′) is obtained from(M1, E1, E

′
1) and(M2, E2, E

′
2)

by gluingE′
1 to E2 along a homoeomorphismf : E′

1 → E2 preserving ori-
entation and marked arcs. Then thetft-functor assigns tof a linear map
f♯ : H(E′

1) → H(E2) and

Z(M,E1, E
′
2) = κmZ(M2, E2, E

′
2) ◦ f♯ ◦ Z(M1, E1, E

′
1), (2.27)

wherem is an integer andκ is the charge of the category, see [16, section 2.5].
In the situations we will consider the extended surfaces areequipped with ori-
entation reversing involutions. This implies [16] thatm = 0. We will also
typically glue by identification. Thus, for the applications of thetft-functor in
this text we have

Z(M,E1, E
′
2) = Z(M2, E2, E

′
2) ◦ Z(M1, E1, E

′
1). (2.28)

We will also use the trace formula. Consider 3-manifold withembedded
ribbon graph of the formM = X × S1, whereX is an extended surface .
M can be constructed from the manifoldN = X × [0, 1] by gluing the two
boundary components together. The invariants of the two cobordisms are then
related by:

Z(M, ∅, ∅) = trH(∂N+)(Z(N, ∂N−, ∂N+)). (2.29)

Of special importance is the invariant of a ribbon graph inS3 which is a map
from C to C and thus a complex number given by number obtained when pro-
jecting the ribbon graph toR2 multiplied byS0,0:

Z({Ribbon graph inS3}) = S0,0 × {morphism inC}. (2.30)

2Two ribbons crossing results in a braiding and we need to distinguish between over- and
under-braiding. We also project such that all ribbons are projected with there white side up. This
may result in a 360 degrees twist of the ribbons which we map toa twist inC, c.f. (2.9)
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2.3 Symmetric special Frobenius algebras

The last ingredient we need in order to construct correlators of a unique CFT
from a modular tensor categoryC is a distinguished object inC. This object is a
symmetric, special Frobenius algebrain C.

There are several equivalent definitions of symmetric Frobenius algebra in
the category of vector spaces. Each of them can be generalized to a more general
categoryC. In order to define a Frobenius algebra it is enough thatC is rigid
monoidal, i.e. it comes equipped with a tensor product and there exists left- and
right- dualities. In order to define asymmetricFrobenius algebra we will takeC
to be sovereign, i.e. left- and right- dualities coincide.

2.3.1 Frobenius structures

An algebrain a monoidal categoryC is an objectA ∈ Obj(C) together with a
productm ∈ Hom(A⊗A,A) and aunit η ∈ Hom(1, A) depicted as

m =

A

A

A

η =

A

(2.31)

The two morphisms satisfy associativity and unit properties:

A A

A

A

=

A A

A

A

A

A

=

A

A

=

A

A

(2.32)

There is also a dual notion of acoalgebra, that is an objectA ∈ Obj(C) together
with acoproduct∆ ∈ Hom(A,A⊗A) and acounitε ∈ Hom(1, A)

∆ =

A

A

A

ε =

A

(2.33)
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satisfying counit and coassociativity constraints:
A

A

A A

=

A

A

A A

A

A

=

A

A

=

A

A

(2.34)

The three definitions of Frobenius algebra carry over to three differentFrobe-
nius structureson an algebraA in a rigid monoidal categoryC. In fact rigidity
is not necessary, it is enough if there exist left- and- rightdualities onA. How-
ever it is not reasonable to expect this unless there are left- and right- duality
endofunctors onC. The three Frobenius structures on an algebraA are

i A κ-Frobenius structure is aninvariant non-degeneratepairing
κ ∈ Hom(A⊗A,1). Invariant means thatκ ◦ (idA⊗m) = κ ◦ (m⊗idA)
and non-degenerate that(id∨A⊗κ) ◦ (b̃A⊗idA) is an isomorphism.

ii A Φρ-Frobenius structure is an isomorphismΦρ of left-modules fromA
to ∨A. In fact the existence of such an isomorphism in a rigid monoidal
category is equivalent to the existence of an isomorphismΦ ρof right-
modules from A toA∨.

iii A (∆, ε)-Frobenius structure is a pair(∆, ε) with ∆ ∈ Hom(A,A⊗A)
andε ∈ Hom(A,1) such that(A,∆, ε) is a coalgebra such that the co-
product is an isomorphism of bimodules.

In [32], we show that these structures are indeed equivalent, so we define a
Frobenius algebra in a rigid monoidal category as an objectA ∈ C such that
the three equivalent Frobenius structures exist. The(∆, ε)-Frobenius structure
is the one capturing the features useful for our purposes. Thus we will think of
a Frobenius algebra as a tuple(A,m, η,∆, ε) such that(A,m, η) is an algebra,
(A,∆, ε) is a coalgebra and the two structures are compatible in the following
sense:

A

A

A

A

=

A

A

A

A

=

A

A

A

A

(2.35)
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2.3.2 Symmetric Frobenius structures

In a sovereign monoidal category we can impose more requirements on the
Frobenius structures above to obtainsymmetricFrobenius structures. Sovereign
is actually not necessary. In order to introduce these structures we only need
equality∨A = A∨ for the objectA and the proof of equivalence of these struc-
tures only needs∨f = f∨ for some particular morphisms. However, it is hard
to imagine an interesting situation where this is true without dealing with a
sovereign category. The three types of symmetric Frobeniusstructures are

i A symmetricκ-Frobenius structure is an invariant non-degenerate pairing
κ ∈ Hom(A⊗A,1) which is symmetric in the following sense:

κ = dA ◦ (id∨A⊗κ⊗idA) ◦ (b̃A⊗idA⊗idA). (2.36)

ii A symmetricΦρ-Frobenius structure is an isomorphismΦρ of left-modules
fromA to ∨A = A∨ which is an isomorphism of bimodules.

iii A symmetric(∆, ε)-Frobenius structure is a(∆, ε)-Frobenius structure
such that:

=

∨A

A

A∨

A

(2.37)

Also these three structures are equivalent [32] in a sovereign category, thus we
define a symmetric Frobenius algebra in a sovereign monoidalcategory to be an
algebra such that there exists a symmetric Frobenius structure. For our purposes
the third structure will be the most convenient.

In the TFT-construction we need the Frobenius algebra to bespecialin ad-
dition to symmetric. Special means that (up to normalization) the counit is a
left-inverse of the unit and the product is a left-inverse tothe coproduct. With
a certain choice of normalization (see [22, eq (3.50)] and comment afterwards)
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this means:

A A

= = dim(A)

A

A A

A

=
(2.38)

Consider any morphism constructed from products, coproducts and mor-
phisms of the kind (2.37), from a multiple tensor product ofA andA∨ to an-
other such multiple tensor product with a (possibly) different number of copies
of A andA∨. The properties ofA (symmetric special, Frobenius) ensures that
all such morphisms are equal. We will see that this is a crucial property when
we construct correlators below. Let us list some examples ofsymmetric special
Frobenius algebra:

• The tensor unit1 in any modular tensor category.

• For any objectU in C, the objectU∨⊗U can be endowed with the struc-
ture of symmetric special Frobenius algebra by takingη = b̃U ,
m = idU∨⊗d̃U⊗idU , ε = dU and∆ = idU∨⊗bU⊗idU .

• A so-called Schellekens algebras [24] is a direct sum of invertible objects.
An invertible object J has got an inverse objectJ ′ such that
J⊗J ′ ∼= 1. The isomorphism classes of simple objects form a group
under the tensor product, the so-called Picard group. In fact, there is a
Schellekens algebra for every subgroup of the Picard group that satisfy a
certain simple homological property.

• In the modular tensor categories based onsl(2) at integral level, the ADE-
classification is recovered as a classification of Frobeniusalgebras, see
[39, table 1]. In that listTn corresponds to theDodd case.
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2.3.3 Representations

A left-moduleM ≡ (Ṁ, ρ) of an algebraA ∈ Obj(C) is an objectṀ ∈ Obj(C)
together arepresentation morphismρ ∈ Hom(A⊗M,M), satisfying:

A A Ṁ A A Ṁ

ρ

ρ ρ

= (2.39)

Analogously a right A-module is defined as a couple(Ṁ , ρ) where
ρ ∈ Hom(M⊗A,A) and satisfies analogous relations. AnA-B-bimodule
(M,ρ

L
, ρ

R
) is then an objectṀ ∈ Obj(C) such that(Ṁ, ρ

L
) is a left-module

overA and(Ṁ, ρ
R
) is a right-module overB such that the action of the two al-

gebras commute. Note that any algebra is a bimodule over itself with the action
given by the product. In the following we will enlighten the notation and write
M ≡ Ṁ . For two leftA-modulesM andN , the subspace

HomA(M,N) := {f ∈ Hom(M,N)| ρN ◦ (idA⊗f) = f ◦ ρM}, (2.40)

of left-module morphisms is of special interest. Similarlyfor any twoA-B-
bimodulesM,N we define

HomA|B(M,N) (2.41)

as the subspace of morphismsf ∈ Hom(M,N) that are leftA-module mor-
phisms and rightB-module morphisms. A module is calledirreducibleor sim-
ple if it cannot be written as a sum of two or more modules.

For any two objectsU, V ∈ Obj(C) and anyA-B-bimoduleM in a braided
category we can define the induced bimodule:U⊗+M⊗−V . This module is
as an object the ordinary tensor productU⊗M⊗V and the action is given by a
braiding followed by the relevant representation morphism:

A U M V B

ρ
R

ρ
L

(2.42)
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The TFT-construction of
RCFT-correlators

This section serves as a review of the TFT-construction. Theaim is not to give
a complete description though. Many details and technicalities are left out in
order to provide an overview of the construction. The most elaborate description
of the construction is given in [25, section 3-4]. For a shorter summary see
[17, appendix B].

From now on fix a modular tensor categoryC and a symmetric special
Frobenius algebraA in C. We will refer to the choiceA = 1 as theCardy
case. Consider a world sheetX with field insertions. We will describe how
a cobordismMX whose boundary iŝX is constructed fromX. The correla-
tor is then obtained by acting with thetft-functor on this cobordism. The
connecting manifold is decorated by objects inC. This decoration is partially
determined by a "dictionary" translating physical concepts into data ofC, see
e.g. the introduction of [22]. We will only deal with orientable world sheets. In
order to describe unorientable world sheets, one needs an additional structure,
namely a braided analogue of an involution onA [23]. However since we will
only consider oriented world sheets such considerations gobeyond the topic of
this thesis.

3.1 The topological world sheet

As pointed out already in the introduction, the TFT-construction does not con-
cern the coordinate dependence of the correlators explicitly. For this reason we
will restrict our attention to topological world sheets, i.e. we suppress the com-
plex structure. Thus a topological world sheetX is a two-dimensional compact
smooth manifold possibly with boundary and a finite set of marked points and
an orientation of the boundary.

If the world sheet has non-empty boundary, we need to specifythe orienta-
tion of the boundary as well as theboundary condition. The boundary condi-

25
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tions are labeled by left-modules over the symmetric special Frobenius algebra
A.

There can also bedefect linesrunning across a world sheet. A defect line
can be thought of as joining two CFT’s along a common boundary. The two
CFT’s are built from the same modular tensor categoryC , but the symmetric
special Frobenius algebra may be different on the two sides of the defect line. In
condensed matter applications defect lines may be used to separate two regions
in different phases, e.g. different magnetization. Just like we need to specify a
boundary condition at a boundary we need to specify adefect conditionat the
defect. Of particular interest are thetopological defect lines. The condition for
a defect line to be topological is often phrased as that it preserves the full chiral
algebra. A defect gives rise to an operator on the state spaceof the theory. Then
this condition means that this operator commutes with the holomorphic as well
as the anti-holomorphic copy of the Virasoro algebra, see e.g. [21, 49]. In the
TFT-construction the defect conditions of topological defect line are given by
A-B-bimodules. Important to us is that any deformation of a defect line such
that no field insertions or other defect lines are crossed during the deformation
does not affect the correlator. Topological defect lines may be used to e.g. derive
duality relations between different field configurations [21]. Since the Frobenius
algebraA itself is a bimodule it can be thought of as a defect. We will see that
such defect line can be removed from the world sheet. Thus we think of the
A-defect as an invisible defect.

3.1.1 Decoration of the world sheet

Consider a world sheet, possibly with boundary and defect lines. In the topo-
logical picture we specify the fields as follows:

• A bulk field is characterized by the tuple(U, V, φ, p, [γ],or2(p)). Here
U, V are objects inC, φ ∈ HomA|A(U+⊗A⊗−V,A), p ∈ X \ ∂X is
the point on where the field is inserted,[γ] is an arc germ atp such that
γ(0) = p and or2(p) is the orientation aroundp.

• A boundary field is characterized by the tuple
Ψ = (M,N, V, ψ, p, [γ]). HereM andN are leftA-modules,V is an
object inC, ψ ∈ HomA(M⊗V,N), p ∈ ∂X is the insertion point of the
boundary field and[γ] is an arc germ atp. A boundary field of this type
changes the boundary condition fromN toM

• Defect fields are inserted on a defect line. Adefect field on anA-B
defect is characterized by the tuple(X,Y,U, V, φ, p, [γ],or2(p)). Here
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U and V are objects in C, X and Y are A-B-bimodules,
φ ∈ HomA|B(U+⊗X⊗−V, Y ), p ∈ X is the point on the defect line
where the field is inserted,[γ] is an arc germ atp and or2(p) is the orien-
tation aroundp. A defect line can start or end at adisorder fieldwhich
is a defect field such thatY = A orX = A respectively. Furthermore a
bulk field can be considered as a defect field on the invisible defect.

Since we will only deal with orientable world sheets we can fixthe orientation
of the entire world sheet once and for all. Thus the local orientation at any
field insertion is fixed. The arc germs are only there for technical reasons not
important to the topic of this thesis and they will thereforenot be discussed in
any detail. Since correlators and OPE’s of descendants are fixed in terms of
those involving only primary fields we restrict our discussion to primary bulk
fields, i.e. we chooseU andV in the field data to be simple objects. Thus we
will talk about the bulk fieldφ ∈ HomA|A(Ui⊗A⊗Uj, A) or the boundary field
ψ ∈ HomA(M⊗Ui, N) for simple objectsUi, Uj .

3.2 The connecting manifold and correlators

We are now at the point where we can construct the cobordismMX whose
invariant will give the correlator of an oriented world sheet. The construction
for unorientable world sheets and more details for the oriented case are given in
[25, section 3]. As a three-manifoldMX is constructed by taking the interval
bundlex× [−1, 1] overX and identify points coming from the boundary ofX:

MX = X × [−1, 1]
/

∼ , (3.1)

where
(x, t) ∼ (x,−t) ∀x ∈ ∂X and∀ t ∈ [−1, 1]. (3.2)

The boundary ofMX is the double ofX:

∂MX = X̂. (3.3)

There is a canonical embedding of the world sheetι : X →֒ M , given by
all points(p, t) ∈ X × [−1, 1] with t = 0. The doubleX̂ is orientable and we
choose once and for all to specify the orientation by the inward pointing normal.
For details concerning orientations see [25, section 3.1].

When taking the orientation bundle over the world sheet a field insertion at
the pointp on the world sheet will give rise to two marked pointsp′ andp′′ on
the double, c.f. (3.1). Thus bulk and defect fields give rise to two marked points
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on the double whereas a boundary field gives rise to a single marked point,
c.f. the identification in (1.1). The two pointsp′ andp′′ on the double will be
connected by the fiber overp which we will refer to as the connecting interval
overp. Below we display the connecting manifold for a disc with theconnecting
intervals (red lines) the embedded world sheet (purple disc) with 2-orientations
of the double as well as the world sheet itself. Note how the two halves of the
connecting interval overp ∈ X merge into one as the pointp approaches the
boundary.

(3.4)

The marked points on the double are labeled by the objects inC that enters
the in the field data. I.e. for a bulk field(U, V, φ, p, [γ],or2(p)) the two marked
points on the double gets labeled byU andV . The point with orientation or2(p)
gets labeled byU whereas the point with orientation−or2(p) gets labeled byV .
All marked points on the double haveε = 1, which means that the ribbons have
core orientation pointing away from the boundary. The arc germ atp gives rise
to arc germs at the marked points on the double compatible with the specified
orientations. In order to turn̂X into an extended surface we also have to choose
a Lagrangian subspace. There is a canonical choice of this subspace. See the
discussion on objects of3−Cob(C).

The next step is to choose a dual triangulation of the world sheet. This means
that the world sheet is decorated by lines such that there is one line running along
each boundary or defect line. Each bulk field lies on an edge ofthe triangulation
and at each vertex of lines three lines are meeting. The triangulation is dual in
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the sense that each face can have an arbitrary number of edgeswhereas exactly
three lines meet at each vertex.

Next we construct the ribbon graph withC-coloring according to the follow-
ing prescription. First, place a ribbon on each edge of the triangulation:

• Each boundary ribbon is colored by a leftA-module and its core is ori-
ented opposite to the orientation of the boundary.

• Each defect line is colored by anA-B-bimodule and its core is oriented
opposite to the orientation of the defect line.

• All other edges of the triangulation are colored byA. The core orientation
of these ribbons are taken to point away from each vertex.

At each vertex, place one of the following morphisms inC:

• At each vertex where threeA-ribbons meet place a product or a coproduct.

• Whenever anA-ribbon is ending at a boundary or defect line the junction
is labeled by the relevant representation morphism.

• All the conventions listed above may give rise to an edge of the triangu-
lation where two parts ofA-ribbons meet with core-orientation pointing
towards or away from each other. Whenever this happens, jointhem by
η ◦m or by∆ ◦ ε, i.e.

(3.5)

These pieces of ribbon graph serves to reverse the core-orientation of a rib-
bon. Of course the choice of orientation is not unique. However according to
[17, proposition 3.2] the value of the correlator does not depend on this choice.
The properties ofA (Frobenius, symmetric, special) are crucial to ensure this
independence.

Next we place a coupon at each field insertion. The coupons gets labeled by
the morphism appearing in the field data, e.g. the coupon at a bulk insertion is
labeled by a morphismφ ∈ HomA|A(U+⊗A⊗−V,A). The "lose ends", i.e. the
ribbons labeled byU, V are taken to end on the corresponding marked points on
the double. This construction gives rise to a cobordism

MX : ∅ → X̂. (3.6)
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By acting with thetft-functor we obtain a linear map:

tft(MX) = Z(MX) : H(∅) → H(X̂). (3.7)

By applying this map to1 ∈ C = H(∅) the correlator is obtained:

Corr(X) = Z(MX) 1. (3.8)

The correlator obviously depends on the choice of Frobeniusalgebra. As a
consequence of to the independence of triangulation, any piece of ribbon graph
consisting of onlyA-ribbons can be rearranged or even sometimes removed.
This indicates that what is relevant for the correlator is the representation the-
ory of A rather thatA itself. Two algebrasA andB areMorita equivalentif
they have the same representation theory. We omit the technical definition but
roughly this means [26] that the categoriesCA andCB of modules overA andB
are equivalent as abelian categories, thus there is a bijection between modules
overA and modules overB. Indeed, it can be shown that Morita equivalent al-
gebras give physically equivalent RCFT’s [22]. Converselyeach solution to the
factorization constraints arises as a Morita class of symmetric special Frobenius
algebras [18]. Thus the rational CFT’s with given chiral algebraV are classified
by the Morita classes of symmetric special Frobenius algebras inC = Rep(V).

3.3 Structure constants

The building blocks of the correlator on a world sheetXc are conformal blocks
on the doubleX̂c. Even though the conformal blocks themselves are not the
topic of this thesis let us recall some facts regarding conformal blocks.

3.3.1 Conformal blocks

In order to write down a correlator of a world sheetXc as an actual function
of the positions of the field insertions we want to know the space of conformal
blocks on the doublêXc as functions of the field insertions.

Let Ec be an extended Riemann surface with marked pointsp1, ...pn such
that each pi is labeled by some V-module Ri. Denote by
(R1⊗CR2⊗C · · · ⊗CRn)

∗ the space dual toR1⊗CR2⊗C · · · ⊗CRn. Thespace
of conformal blocksof the conformal vertex algebraVonEc is a subspace

B(Ec) ⊂ (R1⊗CR2⊗C · · · ⊗CRn)
∗. (3.9)

This may not at first glance seem to depend on the positions of the marked points
but the dependence of the field insertions enters in the property that defines this
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subspace. The subspaceB(Ec) is defined by a certain invariance condition
[9, chapter 9] which depends on the positions of the marked points.

As an example let us outline the construction of the conformal blocks for a
WZW-model, i.e. a CFT that is built from an affine Lie algebraĝ at levelk. Let
g be the underlying finite-dimensional simple Lie algebra and~p := (p1, ..., pn)
be marked points such that eachpi is marked by thêg-moduleRi. Consider the
Lie algebra

g(Ec − ~p) := g ⊗C O(Ec − ~p), (3.10)

of g-valued functions onEc that are regular inEc \ ~p and meromorphic at the
marked points~p. There is a Lie algebra homomorphism [6, 8]

g(Ec − ~p) → U(ĝ)k⊗ · · · ⊗U(ĝ)k, (3.11)

whereU(ĝ)k is the universal enveloping algebra ofĝ at levelk. In particular
this defines an action ofg(Ec − ~p) onR := R1⊗CR2⊗C · · · ⊗CRn. Thespace
of coinvariantsis the subspace

τ(Ec, ~p;R) := R
/

g(Ec − ~p)R. (3.12)

ofR. The space of conformal blocks onEc with marked pointsp1, ..., pn is then
the dual space:

B(Ec) = τ∗(Ec, ~p;R). (3.13)

The conformal blocks on the Riemann sphere enter also in the construction of
tensor product onRep(V) [36]. E.g. the dimension of the space
Hom(Ui⊗, ...,⊗Un,1) is

dim(Hom(Ui⊗, ...,⊗Un,1)) = dim(B(P[R1, ..., Rn])), (3.14)

whereP[R1, ..., Rn], the n-punctured Riemann sphere withn marked points. In
particular the space of conformal blocks on the sphere is always finite- dimen-
sional for the vertex algebra of a rational CFT.

For a three-dimensional Chern-Simons theory the TFT-statespace on a com-
ponent of the boundary can be identified with the space of conformal blocks of
the corresponding WZW-model [52]. In the TFT-constructionthe two spaces
are constructed independently of each other so it is not obvious that the two
spaces can be identified. For a genus0 surface however this is the case and
an isomorphism is constructed explicitly in [25, section 5.3]. Since the explicit
form of this isomorphism is not of interest here it will not bedisplayed, the im-
portant point is that it exists and therefore we identify thetwo spaces and call the
vector spaceH(S2[U1, ..., Un]) that the TFT-functor assigns to the n-punctured
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sphere with the space of conformaln-point blocks on the sphere. Note that in
order to make such an identification we need to construct an extended surface
from an extended Riemann surface. This is achieved by "forgetting" the com-
plex structure and making some technical modifications of the marked points,
see [25, section 5.3] .

For a genus zero surface the identification of thetft state space with the
space of conformal blocks on the corresponding Riemann surface is almost au-
tomatic since the tensor product onRep(V) is constructed from the conformal
blocks, c.f (3.14). The two spaces can be identified also for agenus one surface,
[35]. There is no complete treatment of this matter for genusg > 1, but it is
generally believed that such an identification is possible for any genus.

3.3.2 Structure constants

The correlator Corr(Xc) of a world sheetXc is an element in the space of
conformal blocksB(X̂c). Thus, given a basis{Bn} of B(X̂c), we can expand
the correlator as

Corr(Xc) =
∑

n

cnBn. (3.15)

Thestructure constantscn contain significant information. E.g. the OPE coef-
ficients are obtained from the structure constants of the three-point function on
the sphere, see [25, remark 2.3].

Consider now the spaceB(Uı1 , Uı2 , ..., Uın) ≡ H(S2[U1, ..., Un]) of con-
formal n-point blocks on the sphere. In order to construct a basis consider the
following ribbon graph in a full three-ball

B̂(ı1, ı2, ..., ın)p1p2...pn−3,β1β2...βn−2
:=

ı1

ı2

ı3

ı4
ın−1

ın

ı̄1

p
1

p
2

pn−3

β
1

β2

β3

βn−2

(3.16)
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wherep1, ...pn−3 ∈ I andβs, with s = 1, ..., n − 2, labels the basis (2.17)
of Hom(Ups⊗Uıs+1

, Ups−1
), where we identifyp0 ≡ ı̄1 andpn−2 ≡ ın. This

manifold is a cobordism from∅ to the n-punctured two-sphere. Its invariant is a
linear map fromH(∅) = C toH(S2

n). A basis ofH(S2[U1, ..., Un]) is given by

B(ı1, ..., ın)p1...pn−3,β1...βn−2
:= Z(B̂(ı1, ..., ın)p1...pn−3,β1...βn−2

) 1. (3.17)

It is clear that these vectors form a basis. Interpreting theribbon graphs in (3.16)
as morphisms inC they form a basis of the space Hom(Uın⊗ · · ·Uıi ,1). Thus
the vectors in (3.17) are linearly independent. Combining this with (3.14) it
follows that they indeed form a basis.

The dual basis is given by invariants

B
∗(ı1, ..., ın)p1...pn−3,β̄1...β̄n−2

:=
1

S0,0
×

Z(B̂∗(ı1, ..., ın)p1...pn−3,β̄1...β̄n−2
) 1.

(3.18)

where the cobordism̂B∗(ı1, ..., ın)p1...pn−3,β̄1...β̄n−2
is the following ribbon graph

B̂∗(ı1, ı2, ..., ın)p1p2...pn−3,β̄1β̄2...β̄n−2
:=

ı1

ı
2

ı3
ı4

ın−1

ın

ı̄1

p
1

p2

pn−3

β
1

β
2

β
3

βn−2

(3.19)

in B3. Herep1, ...pn−3 ∈ I andβ̄s labels the basis (2.17) dual to the one used
in (3.16). That this indeed defines a dual basis follows from the properties of the
TFT-functor. When gluing the two three-balls together we get a ribbon graph in
S3. The invariant of this ribbon graph is the number obtained when interpreting
the ribbon graph as a morphism inC. The factor 1

S0,0
cancels the one in (2.30).

Duality of the bases then follows from (2.18).
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As an example let the world sheet be a disc with boundary condition M
andm primary bulk fieldsΦα1

, ...,Φαm inserted. The correlator is given by the
invariant

C(Φα1
, ...,Φαm ;M) = Z(MX) 1 , (3.20)

whereMX is the following ribbon graph in a three-ball

MX =

φα1
φα2

φαm

1

ı1

2

ı2

m

ım

M

A A A A
A

(3.21)

Hereφαs ∈ HomA|A(Uıs⊗
+A⊗−Us , A) for s = 1, ...,m. In the following

we will omit labels on ribbons labeled byA. Thus any black ribbon without
any label is labeled byA. We are interested in the structure constants in the
expansion

C(Φα1
, ...,Φαn ;M) =

∑

ps,αs

c(Φα1
, ...,Φαn ;M)p1...p2m−3,β1...β2m−2

× B(ı1, 1, ..., ım, m)p1...p2m−3,β1...β2m−2
,

(3.22)

where the summation is over allp1, ..., p2m−3 and allβ1, ..., β2m−2. Note that
(3.22) is an equality of invariants of manifolds with ribbongraphs inB3. To
these two manifolds we can glue the cobordism (3.19) underlying an element of
the dual basis of the relevant space of2m-point blocks on the sphere and obtain
an equality of invariants of ribbon graphs inS3. When taking the invariant we
get, on the right hand side, one of the structure constants due to duality of the
bases whereas on the left hand side, we get an invariant inS3 multiplied by 1

S0,0
.

This factor and the factorS0,0 in (2.30) cancel and the structure constants are
obtained by projecting the ribbon graph toR2 and interpreting it as a morphism
in C. However, it is important in some situations to remember thenormalization
of the dual basis in (3.18).
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By applying the isomorphism̂X
∼=

−→ X̂c to (3.22) and comparing with
(3.15) it is clear that the structure constants in (3.22) arethe same as the ones
appearing in (3.15), i.e. the structure constants of the correlation function, en-
coding also dependence on the moduli of the world sheet.

We will have a special interest in the 1-point correlator on the disc. The
connecting manifold for the correlator of this world sheet is of the form (3.21)
with m = 1, ı1 ≡ ı and 1 = ı̄. The correlator is an element in the space
of conformal 2-point blocks on the disc. This space is one-dimensional if the
two points are marked by(Uı, Uı̄) for someı ∈ I and zero otherwise. Thus
the correlator of a disc with the bulk fieldΦα ≡ (Uı, Uı̄, φα, p, [γ],or2(p)) is
proportional to this single block:

C(Φα;M) = c(Φα;M)B(ı, ı̄). (3.23)

The structure constantc(Φα;M) is obtained by gluingB̂(ı, ı̄)∗ to MX. Inter-
preting the resulting ribbon graph as a morphism inC yields

c(Φα;M) =
ı ı̄

M

φα

(3.24)

The numbers of this kind are the so-called reflection coefficients, which will be
discussed below.

3.4 Reflection coefficients and defect operators

Knowing the correlation functions explicitly of a CFT we know essentially ev-
erything there is to know. However in order to know them we need the chiral
data of the modular tensor category as well the conformal blocks explicitly.
However there are certain quantities containing relevant information that can be
derived without having all this information.
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3.4.1 Boundary conditions and reflection coefficients

In a quantum field theory defined on a manifold with boundary weneed to de-
scribe how bulk fields behave close to the boundary. Thus we need a descrip-
tion of boundary conditionsof a CFT. It turns out [22, section 4.4] that in the
TFT-construction boundary conditions are labeled by left1 A-modules. Anele-
mentaryboundary condition is labeled by an irreducibleA-module.

From a far distance it is impossible to distinguish a bulk field close to the
boundary from a boundary field. Thus a bulk field can be expanded as a super-
position of boundary fields. This is similar to the operator product expansion,
c.f. (1.2). To make this more explicit, consider of a bulk field φk,k̄(re

iσ) in a
neighborhood with local coordinates(r, σ) such that1, σ is a parametrization of
the boundary. The behavior of the bulk field close to the boundary labeled by
theA-moduleM is on the form [11, 28]

φk,k̄(re
iσ) ∼

∑

i,α

Cα(k,k̄),i(r
2 − 1)−2∆k+∆iψαi (eiσ), (3.25)

wherei ∈ I, α labels a basis of HomA(Uk⊗M,M) and∆i,∆k are the confor-
mal weights ofUi andUk.

The coefficientsCα
(k,k̄),0

corresponding to the identity field on the boundary
are thereflection coefficientsappearing e.g. in [11, 28] and are given by

bı,αM =
1

dim(M)
c(Φα;M), (3.26)

with c(Φα;M) defined as in (3.24) The reflection coefficients are collectedin
boundary states(see e.g. [31]). The boundary states contain essential physical
information regarding boundary conditions such as ground state degeneracies
[2] and Ramond-Ramond charges of string compactifications [7]. As we will
see below the reflection coefficients also appear in the annulus coefficients.

3.4.2 Defect operators

Remember that a topological defect line can be deformed without affecting the
correlator as long as the deformation does not cross any fieldinsertion or other
defect line. Thus the correlator depends on the position of the defect line only
at the topological level. The topological defect line givesrise to an operator
on the space of bulk fields in the following sense [21, 49]: Consider a bulk

1The choice ofleft-modules is just a convention. One could just as well work with right-
modules.
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field encircled by a topologicalA-B-defect line. The radius of the defect circle
may be taken arbitrarily small. Thus the bulk field, togetherwith the encircling
defect line, looks like another bulk field and it can indeed beexpanded in terms
of elementary bulk fields. Much of the information concerning the topological
defect line can therefore be encoded in a linear operator on the space of bulk
fields, see [21, eq. (4.14)]:

DX : HomA|A(Ui⊗
+A⊗−Uj, A) → HomB|B(Ui⊗

+B⊗−Uj , B) (3.27)

A simpledefect is a defect labeled by asimplebimodule. The category ofA-
B-bimodules inherits semisimplicity fromC. Thus any defect can be written as
a sum of simple defects. In fact if two defect operatorsDX(φ) andDY (φ) sat-
isfy DX(φ) = DY (φ) on all primary bulk fieldsφ, thenX ∼= Y as bimodules
[21, prop. 2.8]. This means especially that knowing all elementary defect op-
erators means knowing the action on bulk fields of all simple defects without
knowing the defects themselves as bimodules in the category.

Consider a sphere with two bulk fields, one on each hemisphere, separated
by a topological defect line at the equator. The arguments above implies that the
action on a bulk fieldφ ∈ HomA|A(Ui⊗

+A⊗−Uj , A) is encoded in

c(φ′,DX (φ)), (3.28)

whereφ′ ∈ HomB|B(Uı̄⊗
+B⊗−Ū, B) with B possibly different fromA and

c(φ, φ′) is the two point correlator on the sphere.
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Factorization

The correlators provided by the TFT-construction satisfy all factorization
constraints[17]. We will review the two kinds of factorization, bulk and bound-
ary factorization and show how to implement them on a specificcorrelator. We
will restrict the discussion to orientable world sheets. The unorientable case
works in a similar manner. We work with topological world sheets. Thus we
may deform the world sheet and consider boundary factorization as cutting the
world sheet in a strip-like neighborhood and bulk factorization as cutting the
world sheet in a tubular neighborhood. Factorization is described in detail in
[17, section 2]. On the level of the world sheet boundary factorization can be
described schematically as

7→
∑

primary
boundary fields

(4.1)

and bulk factorization as

7→
∑

primary
bulk fields

(4.2)

Note that this kind of deformation is suitable for some purposes, e.g. when de-
riving the relations relevant for factorization. On the other hand, when perform-
ing a bulk factorization explicitly, we will think of the world sheet as "unde-

38
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formed", in the sense that we do not try to construct such a tubular neighbor-
hood.

A factorization introduces extra field insertions on the world sheet,X ′, ob-
tained after factorization. As a consequence, if the doubleX̂ is marked byn
points, the number of marked points on the doublêX ′ of the new world sheet
will be n + 2 after boundary factorization andn + 4 after bulk factorization.
ThusH(X̂ ′) ≇ H(X) and the correlator of the factorized world sheetX ′ is not
in the same space as the correlator of the original world sheet. The factorization
constraints satisfied by the correlators of the TFT-construction are stated in [17,
theorem 2.9] (boundary factorization) and [17, theorem 2.13] (bulk factoriza-
tion). The theorems states first of all that there exists agluing homomorphism

G : H(X̂ ′) → H(X̂). (4.3)

The compositionG ◦ Corr(X ′) is thus in the same space as Corr(X). Second,
the two theorems show how these vectors are related. Schematically we can
write this as

Corr(X ′) ∼
∑

fields

G ◦ Corr(X), (4.4)

where the summation is over primary boundary fields or primary bulk fields de-
pending on what kind of factorization we are considering, c.f. (4.1) and (4.2).
For the purposes of this thesis we do not need the gluing homomorphism explic-
itly. We rather need the action of the gluing homomorphism onsome specific
correlator. Remember (3.8) that the correlators are given by invariants of cobor-
disms. The gluing homomorphismG is given as an invariant of a three-manifold

G̃ : X̂ ′ → X̂. (4.5)

Let MX′ : ∅ → X̂ ′ be the connecting manifold of the factorized world sheet.
Thus thetft-functor implies that there exists a cobordism̃MX′ = G̃ ◦ MX′

such that
Z(M̃X′) = Z(G̃ ◦ MX′) = G ◦ Corr(X ′). (4.6)

The proof of factorization is a local issue in the sense that it involves only
a small neighborhood of the world sheet. Thus for the proof the explicit form
of M̃X′ is not needed. This is also the strength of the proof. Since itis a local
consideration it treats an infinite number of sewings simultaneously. On the
other hand, for actual calculations of the correlator of thefactorized world sheet
we need to knowM̃X′ . We will here review how this manifold is constructed
for boundary and bulk factorization and refer the reader to [17] for the proof.
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4.1 Boundary factorization

Boundary factorization is a local issue also on the level of the connecting mani-
fold. The proof of boundary factorization can be found in [17, section 4]. Con-
sider a strip of a world sheet with two boundary components running parallel
to each other. The connecting manifold of such a neighborhood is a cylinder.
Boundary factorization on the level ofMX amounts to a local transformation of
the ribbon graph, or equivalently an equality of morphisms in C. The relevant
equality of morphisms is given in [17, eq.(4.22)]. In the tubular neighborhood
where the cutting takes placeMX have the form

MX =

N

M

A

(4.7)

The piece of ribbon graph labeled byA indicates the line along which we want
to cut. Due to independence of triangulation it can always beput there. In the
case of boundary factorization the cobordism playing the role of M̃X′ is

Mqγδ =

N

M

N

M

ψγ

ψδ

q q̄
(4.8)

whereγ andδ label a basis of HomA(M⊗Uq,M) and HomA(N⊗Uq̄, N) re-
spectively. The invariants of the two cobordisms are related by

Z(MX) =
∑

q∈I

∑

γ,δ

(cbnd
M,M,q)

−1
δγ Z(Mqγδ). (4.9)
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The elements of the matrix(cbnd
M,M,q) are the structure constants of the correlator

of the disc with two boundary fieldsψγ andψδ, see [17, eq. (2.27)]. Consider
again the correlator of them-point function on the disc (3.21). By performing
a boundary factorization along a line connecting two boundary components we
obtain a disjoint world sheet consisting of two discs with boundary conditionM
and withℓ andm−ℓ bulk field insertions respectively. Thus the manifoldMqγδ

is given by

Mqγδ =

φα1
φαℓ

φαℓ+1
φαn

ı1

1

ıℓ

ℓ

ıℓ+1

ℓ+1

ın

n

ψγ

ψδ

q q̄

MM
(4.10)

and the correlatorC(Φα1
, ...,Φαm ;M) can be written as

C(Φα1
, ...,Φαm ;M) =

∑

q∈I

∑

γ,δ

(cbnd
M,M,q)

−1
δγ Z(Mqγδ). (4.11)

4.2 Bulk factorization

Bulk factorization is more involved. The reason is that the construction ofM̃X′

includes cutting out a full torus fromMX and gluing it back after anS- trans-
formation. Again we refer to [17, section 5] for the proof andthe derivation of
the connecting manifoldM̃X′ . Consider bulk factorization along an embedded
circleS ⊂ X. The preimage

YS := π−1
X (ι(S)) ∈ MX (4.12)

of the canonical projectionπX from MX toX will be relevant. This is the union
of all connecting intervals intersecting the embeddingι(S)∈X of the circleS.
YS is an annulus whose two boundary components lie on∂MX, one on each of
the two copies ofX on the double with opposite orientation, c.f. (1.1). The role
of YS is to determine a surface along which we cut the connecting manifold. Re-
movingYS from MX and taking the closure results in a manifold with corners
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M ◦
X whose boundary contains two copiesY 1

S andY 2
S of YS . A manifold with

corners is a manifold whose boundary components are "colored" by some prop-
erty. In this case the coloring will beY 1

S andY 2
S . Note thatM ◦

X may consist of
two disjoint parts. We choose a dual triangulation of the world sheet such that
there is exactly oneA-ribbon intersecting the embedded circleS. Thus there is
anA-ribbon pointing towardsY 1

S and anA-ribbon pointing away fromY 2
S . In

the case of factorization along a circle running along the boundary of a disc,YS
looks as follows

M

ι(S)

YS

(4.13)
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The manifold playing the role ofM̃X′ in (4.6) is constructed fromM ◦
X and

another manifold with corners,Tq1q2γδ given by

Tq1q2γδ =

q2

q̄2

q̄1

q1

φγ

φδ

Y 2
T

Y 1
T

(4.14)

where γ and δ label a basis of HomA|A(Uq1⊗
+A⊗−Uq2 , A) and

HomA|A(Uq̄1⊗
+A⊗−Uq̄2 , A) respectively. As a manifoldTq1q2γδ is a full torus

D × S1 with S1 running in the vertical direction, i.e. top and bottom of (4.14)
are identified. Note the two boundary componentsY

(1,2)
T

∼= YS . M ◦
X is now

glued toTq1q2γδ by identifying the boundary componentsY 1,2
S with the bound-

ary componentsY 1,2
T

of Tq1q2γδ. There is a unique way to make this identifica-
tion such that all orientations of boundary components and orientations of the
A-ribbons agree. This is described in [30, section 3]. The result is a manifold
MX;q1q2γδ playing the role ofM̃X′ in (4.6) with boundary

∂MX;q1q2γδ
∼= ∂MX. (4.15)
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ThusH(∂MX;q1q2γδ) = H(∂MX) and the invariants of the two manifolds are
related by

Z(MX) =
∑

q1,q2∈I

∑

γ,δ

dim(Uq1) dim(Uq2) (cbulk
q1,q2

)−1
δγ Z(MX;q1q2γδ). (4.16)

The elements of the matrix(cbulk
q1,q2

) are the structure constants of the correlator
of the sphere with two bulk fieldsφγ andφδ appearing in (4.14), see [17, eq.
(2.42)]. This equality follows from [17, prop. 5.3]. The original connecting
manifoldMX is obtained fromMX;q1q2γδ by cutting out a full torus containing
the part of the ribbon graph displayed in (4.14) and gluing back a full torus with
anA-ribbon running along the non-contractible cycle after anS-transformation.

4.3 The annulus partition function

We illustrate bulk factorization by applying it to the annulus partition function
A N
M . This is the correlator of an annulus with boundary conditionsM andN at

the two disjoint boundary components and no field insertions. The connecting
manifoldMA N

M
is a full torus, see [22, eq. (5.117)]. Using the prescription for

bulk factorization we first constructM ◦
A N

M

by decomposingMA N
M

into two

disjoint components:

Y 1
S

M

(4.17)

Y 2
S

N

(4.18)

Each of the two disjoint components ofM ◦
A N

M

is a full torus with corners of

the same type. The boundary is divided into two annuli, one ofthem beingY 1,2
S
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and the other one being an annular part of the original doublêA N
M . Following

the prescription of the previous section we glue (4.17) and (4.18) to (4.14). The
component (4.18) is easy to compose with (4.14) by identifying Y 2

S andY 2
T

.
The result is

NX;q1q2γδ =

q2

q̄2

q̄1

q1

φγ

φδ

N

Y 1
T

(4.19)

The composition of (4.17) withNX;q1q2γδ is straightforward as well but needs
a bit explanation. First of all it has to be glued with the black side of the ribbon
graph facing upwards in order to match theA-ribbon in (4.14). The second
issue is thatY 1

S is on the "outside" of the full torus. One way to describe the
identification ofY 1

S andY 1
T

is to think of the full torus (4.17) as a cylinder
with the two opposite boundary components identified. One can then identify
Y 1
S with Y 1

T
by wrapping (4.18) around (4.14) and only afterwards identify the

two boundary components of the cylinder. Afterwards we rotate the part of
the ribbon graph with the black side facing up180 degrees. The result is the
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following ribbon graph inD × S1:

(MA N
M

) q1q2,γδ =
q̄1

q1

q2

Ṅ

φγ

q2

q̄2

φδ

Ṁ

(4.20)

Again S1 is running vertically with top and bottom identified. If we interpret
the piece of ribbon graph consisting of the upper half of(MA N

M
) q1q2,γδ as a

morphism inC it will be a morphism in Hom(Uq̄1 , Uq2), which is zero unless
q2 = q̄1, sinceq1 andq2 are simple objects. Thus alsoZ((MA N

M
) q1q2,γδ) is

zero unlessq2 = q̄1. The annulus amplitude is then given by

A N
M =

∑

q∈I

Zqq̄∑

γ,δ=1

dim(Uq)
2 (cbulk−1

q,q̄ )γδ Z((MA N
M

) qq̄,γδ) , (4.21)

whereq ≡ q1.
As a consequence of theS-transformation hidden in the bulk factorization

the two cycles on∂(MA N
M

) qq̄,γδ ∼= ∂MA N
M

are exchanged. Denote by the
A-cycle be the cycle that does not become contractible in fulltorus and let the
B-cycle be the other one. On∂MA N

M
theA-cycle is running parallel to the

boundary circles in the embedded world sheet. When constructing the connect-
ing manifold(MA N

M
) qq̄,γδ the boundary components of the original connect-

ing manifold are glued in such a way that this cycle becomes contractible under
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the embedding∂MA N
M

→֒ (MA N
M

) qq̄,γδ. Thus bulk factorization implies an
exchange ofA- andB-cycles on the double.

The annulus partition function is an element is the space of zero point blocks
on the torus. A basis for thetft state space on the of the torus with no marked
point is given by the characters,|χk;T 〉, see [22, section 5.2]. The character
|χk;T 〉 is the invariant of a full torus with a ribbon labeled byUk running along
the non-contractible cycle, see [22, eq. (5.15)]. When identifying thetft state
space with the space of conformal blocks on the torus, these vectors indeed
correspond to the charactersχk of the irreducible highest weight modules over
V. Thus we can expandA N

M according to

A N
M =

∑

k∈I

A N
kM |χk;T 〉. (4.22)

The structure constants are obtained by gluing the dual basis, given in [22, eq.
(5.18)], to (4.20) and applying thetft-functor. An element of the dual basis is
given as the invariant of a full torus with opposite orientation and with a ribbon
labeled by a simple object running along the non-contractible cycle. The duality
of the bases is expressed in [22, eq. 5.19]. When expanding the annulus partition
function, given as the invariant of the original connectingmanifoldMA N

M
, the

two tori are glued with theA-cycles running parallel to each other. Due to the
exchange ofA- andB-cycles mentioned after (4.21) the dual must be composed
with the non-contractible cycle running parallel to the contractible cycle on the
boundary of(MA N

M
) q1q2,γδ. The result is a ribbon graph inS3:

(A N
kM )qγδ =

q̄q q̄

q

N

φγ

k

φδ

M

(4.23)
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By combining this result with (4.21), the annulus coefficients can be written as

A N
kM =

∑

q∈I

Zqq̄∑

γ,δ=1

dim(Uq)
2 (cbulk−1

q,q̄ )γδ Z((A N
kM )qγδ). (4.24)

The invariant is calculated by projecting the ribbon graph to R2 and inter-
preting it as a morphism inC. The result can be simplified by first remov-
ing the k-line, which gives rise to a factorSq̄,k

Sq,0
. Then we use dominance in

Hom(Uq̄⊗Uq, Uq̄⊗Uq), which separates the morphism into two morphisms.
Both of them can be rewritten as multiples of the reflection coefficients (3.26)
by using relations from [22, eqs. (2.24), (2.34) and (2.48)]. Thus the annulus
coefficients can be written as the following morphism inC

A N
kM =

∑

q∈I

Sq̄,kθq

Zqq̄∑

γ,δ=1

(cbulk
qq̄ )−1

δγ q q̄

N

φγ

q̄ q

M

φδ

(4.25)

Using (3.26) this can also be written as

A N
kM = dim(M)dim(N)

∑

q∈I

Sq̄,kθq

Zqq̄∑

γ,δ=1

(cbulk
qq̄ )−1

δγ b
q,γ
N bq̄,δM . (4.26)

Similar results have been obtained before for specific models, see e.g. [45]. We
will return to this expression in the next chapter where the reflection coefficients
as well as the inverse two-point function will get a nice interpretation. Let us
just note that in the Cardy case, i.e. the caseA = 1, the irreducible boundary
conditions are labeled by simple objectsUm, Un and the annulus coefficients
can be written as

A n
km = N m

kn (4.27)

in accordance with the expression in [22, eq. (5.119)] for the unfactorized cor-
relator.
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A classifying algebra for
boundary condition

Significant information concerning boundary conditions iscontained in the re-
flection coefficients (3.26). They can be worked out explicitly once the repre-
sentation theory ofA in C is known. However, they can also be obtained by
more standard methods [30] from the representation theory of a commutative
semisimple associative algebraA overC, with the property that the irreducible
representation matrices are the reflection coefficients. For this reason we refer to
A as a classifying algebra for boundary conditions. This chapter summarizes the
construction in [30], where we use the result that the correlators satisfy bound-
ary as well as bulk factorization constraints in order to derive the multiplication
onA.

Throughout this chapter, we take the world sheetX to be a disc with irre-
ducible boundary conditionM andm bulk field insertions. The bulk fields have
chiral labels(ı1, ı̄1), (ı2, ı̄2), ..., (ım, ı̄m). The connecting manifold of this world
sheet is of the form (3.21) withs = ıs for s = 1, ...,m. The idea is to apply
both boundary and factorization on Corr(X) and project the result to a distin-
guished one-dimensional subspace, the so-called vacuum channel, of conformal
2m-point block on the sphere.

5.1 The factorization procedures

The boundary factorization ofX has already been described in section 4.1. We
wish to project the result (4.11) to the vacuum channel. The vacuum channel

B◦(Uı1 , Uı̄1 , ..., Uım , Uı̄m) ⊂ B(Uı1 , Uı̄1 , ..., Uım , Uı̄m), (5.1)

which is a subspace of the space of conformal2m-point blocks on the sphere,
is spanned by the invariant

B(ı1ı̄1ı2 ı̄2...ım ı̄m)0 = Z(B̂(ı1 ı̄1ı2 ı̄2...ım ı̄m)0), (5.2)

49



50

of the following invariant inB3:

B̂(ı1 ı̄1ı2 ı̄2...ım ı̄m)0 =

ı1

ı̄1

ı
2

ı̄
2

ım

ı̄m

ı̄
1

0

ı̄2

0

0

(5.3)

B̂(ı1 ı̄1ı2 ı̄2...ım ı̄m)0 is obtained from (3.16) by settingp2r+1 = 0 for
r = 0, ...,m−1, see [30] for more details. Note that as a consequence of the du-
ality of C, the subspaceB◦(Uı1 , Uı̄1 , ..., Uım , Uı̄m) is always one-
dimensional. We are interested in the structure constant of(5.2). When glu-
ing the basis element dual to (5.2) to (4.10) we obtainS3 with a ribbon graph
obtained from the one in (4.10) by pairwise joining the two chiral ribbons cor-
responding to each bulk field by the relevant basis element. We interpret the
ribbon graph as a morphism inC which will be zero unlessq = 0, sinceUq
is simple. SinceM is a simpleA-module,ψγ andψδ in (4.10) label a one-
dimensional space. Thus there is no summation in (4.11) and we can write the
structure constantsc(Φα1

, ...,Φαm ;M)0 of the vacuum channel (5.2) as

c(Φα1
, ...,Φαm ;M)0 =(cbnd

M,M,0)
−1
·· ×

c(Φα1
, ...,Φαℓ

;M)0 c(Φαℓ+1
, ...,Φαm ;M)0.

(5.4)

We will write "·" for any multiplicity label that can only take a single value. The
factorization procedure can be iteratedm−1 resulting inm discs with one bulk
field insertion each. Thus

c(Φα1
, ...,Φαm ;M)0 =

1

(dim(M))m−1

m∏

i=1

c(Φαi
;M) (5.5)

where we have used(cbnd
M,M,0)

−1
·· = 1

dim(M) , see [17, eq. C.3-C.4]. Combining
this with (3.26), the structure constant of the vacuum channel of them-point
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correlator can be written as a product of reflection coefficients:

c(Φα1
, ...,Φαm ;M)0 = dim(M)

m∏

i=1

bıi,αi

M . (5.6)

Next we perform bulk factorization to them-point function according to
the prescription in section 4.2. The connecting manifold with the triangulation
suitable for bulk factorization is displayed in [30, eq. (3.5)]. In this case at hand
the original connecting manifold is cut into two disjoint parts, c.f. (4.13). One
of them takes the form of (4.18) and the second part takes the form:

Y 1
S

φα1
φαn−1

φαn

1

ı1

n−1

ın−1

n

ın

(5.7)

The component of the form (4.18) can be composed with (4.14) exactly as
in the case the annulus, yielding (4.19). The composition of(5.7) and (4.19)
is less straightforward. Any attempt to naively "glue them together" the way
they are displayed now, i.e. as embedded inR3 will result in an apparent self-
intersection. There is no need though to embed the three-manifolds in R3. This
is merely an often useful method to display the cobordisms. We will instead
think of NX;q1q2γδ as embedded inS2 × S1 in the following manner: First we
embed (4.19) inS2 × S1 by gluing another full torus toNX;q1q2γδ. By then
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exchanging the exterior and interior ofNX;q1q2γδ we arrive at

NX;q1q2γδ =

q2

q̄2

q̄1

q1

φγ

φδ

M

Y 1
T

(5.8)

Here again the dashed boundary representsS2 × S1 with S1 running vertically.
The shaded torus is the boundary ofNX;q1q2γδ and the exterior of this man-
ifold is the region of (5.8) inside this shaded torus. With this description the
composition with (5.7) is straightforward by identifyingY 1

T
with Y 1

S , since the
three-ball (5.7) "fits inside the empty space" in (5.8). The resulting manifold
MX;q1q2γδ is displayed in the case ofm = 2 bulk fieldsΦα andΦβ in [30, eq.
(3.12)]. MX;q1q2γδ has got the topology ofS2 × S1 with a three-ball cut out.
The invariant of this manifold and the original connected manifold are related
by (4.16). However, what is relevant for the classifying algebra is not the full
correlator of the world sheet, but rather the projection to (5.1). The projection
is easily obtained by "filling the empty three-ball" inMX;q1q2γδ by composing
with the cobordism underlying the basis of the dual to the vacuum channel and
taking the invariant. Thus, the projection can be written as

c(Φα,Φβ;M)0 =
dim(M)

S0,0

∑

q∈I

∑

γ,δ

θq dim(Uq) (cbulk
qq̄ )−1

δγ K
kıq̄
βαδ b

q,γ
M , (5.9)
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whereKkıq̄
βαδ = Z(Kkıq̄

βαδ) is the invariant of the ribbon graph

Kkıq̄
βαδ =

q̄

q

φδ

k̄ ı̄

k ı

φαφβ

(5.10)

in S2 × S1.

5.2 The classifying algebra

A comparison of the two expressions (5.6) in the casem = 2 and (5.9) suggests
the introduction of the structure constants

Cqγıα,kβ :=
1

S0,0

∑

q∈I

∑

δ

θq dim(Uq) (cbulk
qq̄ )−1

δγ K
kıq̄
βαδ , (5.11)

such that

bı,αM bk,βM =
∑

q∈I

Zqq̄∑

γ=1

Cqγıα,kβ b
q,γ
M . (5.12)

Note that at this point the structure constants only relate reflection coefficients
(which are numbers) to each other. Such a structure for the reflection coeffi-
cients was discussed already in [45] in theSU(2) WZW-model with theDodd

modular invariant and in [27] it was conjectured that this relation arises from a
semisimple commutative complex algebra with the property that the reflection
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coefficients are the irreducible representation matrices of this algebra. Indeed
there exists such an algebraA, which as a vector space is

A =
⊕

ı∈I

HomA|A(Uı⊗
+A⊗−Uı̄, A). (5.13)

ThusA is spanned by all primary boundary fields with chiral and anti-chiral
labels related by conjugation. In terms of the basis{φı,α |α = 1, 2, ... , Zı̄ı} for
each subspace HomA|A(Uı⊗

+A⊗−Uı̄, A) we define a product onA:

φı,α · φ,β :=
∑

k,γ

Ckγıα,β φ
k,γ . (5.14)

In the caseA = 1 the structure constants become the fusion rulesCk·ı·,· = N k
ij

and the classifying algebra is the Verlinde algebra of the categoryC.
Note that by the trace formula (2.29) the invariant of the cobordism (5.10) is

the trace of an endomorphism of conformal blocks. This endomorphism is given
as the invariant of a cobordism which is of the form (5.10) with the modification
that we let the vertical direction represent an interval instead ofS1, i.e. the man-
ifold will be a cylinder overS2 with three marked points. Thus each structure
constant is given as the trace of an endomorphism of conformal 3-point blocks
on the sphere.

Before addressing the proof of the properties ofA, we note that (5.12) im-
plies that the reflection coefficients furnish a set of one-dimensional representa-
tions ofA labeled by the isomorphism classes of irreducible left-modules over
A. Moreover, non-isomorphic modules give rise to inequivalent representations
and the number of isomorphism classes of simpleA-modules inC equals the
dimension ofA, see the argument leading to [30, eq. (4.7)]. Thus the number
nsimp(A) of inequivalent irreducible representations ofA cannot be smaller than
the dimension ofA

nsimp(A) ≥ dimC(A) (5.15)

and the number of inequivalent representations given by thereflection coeffi-
cients is exactly dimC(A).

5.2.1 The algebra structure

The structure constants furnishing the product (5.14) onA arises from factoriza-
tion arguments, but this construction says nothing about the algebra structure.
It is a separate task to prove that this product indeed turns the vector spaceA
into a semisimple commutative associative algebra overC. Below we outline
the ideas of the proof and refer to [30, section 4] for details.
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• A is commutative: By using the properties ofA and the fact thatφı,α

andφ,β are bimodule morphisms the ribbon graph in (5.10) can be trans-
formed such that the order of the basis elements along theA-ribbon is
permuted. In fact this result is an inheritance of the independence of the
dual triangulation of the original world sheet. This way oneshows that
Kkıq̄
βαδ is symmetric with respect to permutations of the pairs(ı, α), (, β)

and(k, γ). This symmetry extends to symmetry of the structure constants
Cqγıα,kβ in the lower indices. ThusA is commutative.

• A is associative:In order to prove associativity we need the insight that
there is no need to restrict to a binary product onA. We can define an-
ary product for anyn. The structure constants of this product in the basis
{φı,α} are

C kγ
ı1α1,ı2α2,...,ınαn

=
θkdim(Uk)

S0,0

∑

δ

(cbulk
kk̄

)−1
δγ K

ının−1...ı1 k̄
αnαn−1...α1δ

, (5.16)

with Kının−1...ı1k̄
αnαn−1...α1δ

the invariant of the ribbon graph

K
ının−1...ı1 k̄
αnαn−1...α1δ

=

ı̄n

ın

ı̄n−1

ın−1

ı̄1

ı
1

k

k̄

φαn

φ
α
n
−

1

φα1
φδ

(5.17)

By extension of the argument for the binary product then-ary product is
commutative for anyn. The structure constantsC qδ

ıα,β,kγ of the ternary
product are calculated analogously to the ones of the binaryproduct. In
fact, they can be expressed in terms of the ones of the binary product:

C qδ
ıα,β,kγ =

∑

ℓ,µ

Cℓµβ,kγ C
qδ
ıα,ℓµ . (5.18)
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Applying commutativity of the ternary as well as the binary product we
obtain

C qδ
ıα,β,kγ = C qδ

kγ,β,ıα =
∑

ℓ,µ

Cℓµβ,ıαC
qδ
kγ,ℓµ =

∑

ℓ,µ

Cℓµıα,β C
qδ
ℓµ,kγ . (5.19)

Combining (5.18) and (5.19) we conclude thatA is associative.

• A is semisimple:Once the associativity is established we can prove that
A is also semisimple. Any finite-dimensional associative algebra is iso-
morphic as a module over itself to the direct sum of all inequivalent in-
decomposable projective modules overA, each of them occurring with a
multiplicity given by the dimension of the corresponding irreducibleA-
module, see e.g. [37, Satz G.10]. Thus the dimension ofA cannot be
smaller that the number of irreducible representations. Combining this
with (5.15) it is clear that dimC(A) = nsimp(A) and in particularA is iso-
morphic to the direct sum of all (one-dimensional) irreducible modules
which means thatA is semisimple. In addition we see that all irreducible
modules overA are given by the reflection coefficients.

In additionA is also symmetric Frobenius and it has a unit. The unit is
the basis elementφ0· corresponding to the identity field, [30, eq. (4.14)]. In
any associative algebra we can define an invariant bilinear form by projecting
the multiplication of any two elements of the algebra to someelement in the
algebra. The invariance follows directly from associativity. Thus we can de-
fine an invariant bilinear form on any two basis elementsφıα andφβ in A via
projection of their product to the unit:

C0·
ıα,β = [θıdim(Uı) c

bulk
00 ]−1δ̄,ı c

bulk
ı̄ı,αβ . (5.20)

The non-degeneracy of the 2-point function on the sphere [17, appendix C.3]
implies that this bilinear form is also non-degenerate. Thus, since the product is
also commutative,A is also symmetric Frobenius.

The annulus partition function revisited

Let us return to the result of the previous chapter. Considerthe expression (4.26)
for the annulus coefficients. The quantities appearing in this expression are,
apart fromS-matrix elements and a twist, reflection coefficients , i.e. represen-
tations ofA, as well as the matrix(cbulk

qq̄ )−1. Comparing with (5.20) we see that
this matrix is up to an overall factor the inverse of the matrix furnishing the bi-
linear form (5.20). Thus the annulus coefficients are expressed to a large extent
in terms of quantities of the classifying algebra.
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Conclusion and outlook

The main result discussed in this thesis is the existence andthe explicit form of
the classifying algebraA. The irreducible representations ofA are the reflec-
tion coefficients, which capture crucial aspects of boundary conditions in ratio-
nal conformal field theory. Thus this information can be extracted by standard
methods in terms of representation theory of a semisimple commutative asso-
ciative algebra overA once we know the classifying algebra. We also showed
that the annulus coefficients can be extracted from the classifying algebra.

The results discussed in this thesis can be extended in several directions.
By considering concrete models, where specific expressionsfor the data of the
categoryC are known, more explicit formulas for the structure constants can be
derived. A situation where such information is available iswhen we takeA to be
a Schellekens algebra [24]. In fact the classifying algebrawas first conjectured
[27] in the particular case of aZ2-Schellekens algebra, i.e. an algebra of the
form 1⊕J with J⊗J ∼= 1.

The structure constants of then-ary product onA are given as traces of en-
domorphisms of conformaln+1-point blocks on the sphere. One can show that
these endomorphisms intertwine the action of the mapping class group on the
space of conformal blocks. Such intertwiners can be used to study the reducibil-
ity of this action, c.f. [5]. The existence of a non-trivial intertwiner implies re-
ducibility of the mapping class group representation and therefore the existence
of non-trivial sub-bundles of the bundle of conformal blocks. The existence of
such a non-trivial intertwiner is equivalent to the existence of a non-trivialn-
point function on the sphere, i.e. ann-point function which is not proportional
to then-point function of the Cardy case. However, this should be made more
precise in terms of the properties of the categoryC.

The methods described in this text can also be used to derive aclassify-
ing algebra for defect lines. Some aspects of defect lines are captured in the
correlator (3.28) of the sphere with two bulk fields separated by a defect line.
The classifying algebra for defect lines should be a semisimple commutative
associative algebra overC whose irreducible representations are given by the
structure constants of a subspace of these correlators.
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A classifying algebra 

for CFT boundary conditions

Conformal field theories (CFT) constitute an interesting class of two-
dimensional quantum field theories, with applications in string theory as 
well as condensed matter physics. The symmetries of a CFT can be encoded 
in the mathematical structure of a conformal vertex algebra. The rational 
CFT's are distinguished by the property that the category of representations 
of the vertex algebra is a modular tensor category. The solution of a rational 
CFT can be split off into two separate tasks, a purely complex analytic and 
a purely algebraic part.

The TFT-construction gives a solution to the second part of the problem.
This construction gets its name from one of the crucial ingredients, a three-
dimensional topological field theory (TFT). The correlators obtained by the 
TFT-construction satisfy all consistency conditions of the theory. Among 
them are the factorization constraints, whose implications for boundary 
conditions are the main topic of this thesis.

The main result reviewed in this thesis is that the factorization constraints 
give rise to a semisimple commutative associative complex algebra whose 
irreducible representations are the so-called reflection coefficients. The 
reflection coefficients capture essential information about boundary 
conditions, such as ground-state degeneracies and Ramond-Ramond charges 
of string compactifications. We also show that the annulus partition function 
can be derived from this classifying algebra and its representation theory.
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