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Aim

The aim of this study has been to resolve the cpmg-signal from a low field

nuclear magnetic resonance spectrometer (NMR) into its components and

to calculate their time constants and amplitudes. The tool has been an

inverse Laplace transform performed by the CONTIN computer program.

The amplitude of each resolved component is a measure of the amount of

fat or water in a unique environment of the sample. The analysis of

various substances gives rise to different spectrum-like patterns, which may

be used as fingerprints in the characterization of the samples.

Introduction to low field NMR

In NMR measurements the sample is placed in a strong magnetic field. For

a low frequency 20 MHz instrument the strength of this field is about 0.47

Tesla for proton measurements. Then the protons in the sample will split

up into two groups with their spins more or less parallel or antiparallel to

the external magnetic field along the z-axis.

There are a few more protons aligned along the positive z-axis – approxi-

mately (1–3•10–6):1 – which means that the small net magnetization of all

the protons in the sample is directed along this axis. The x- and y-

coordinates of the spins are totally incoherent and their vector sum is zero.

They precess around the z-axis with the so-called Larmor frequency. It is

proportional to the effective magnetic field, which varies slightly for

protons in different environments.
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A short r f-pulse with a frequency centered on 20 MHz (the Larmor

frequency) is sent into the sample perpendicular to the external magnetic

field. The pulse should be long enough – a few microseconds – to turn

half of the proton spins in both ensembles upside down. Such a pulse is

called a 90-degree pulse. Ideally, there should now be the same number of

spins in both directions along the z-axis. Accordingly the z-magnetization

is zero.
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Figure 3. Net magnetization directly Figure 4. The xy-coherence is kept

after a 90° pulse along the longer in a homogenous

y-axis magnetic field

The magnetic vector of the rf-pulse is commonly polarized along the y-

axis. Immediately after the pulse the vector sum of all proton spins will

then be coherent and directed along this axis. From here the spin package

retains its precessing around the z-axis. Therefore the system is often

studied in an x’-y’-frame rotating with the Larmor frequency.
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Relaxation

When the r f-pulse is over, the protons begin to relax back to the

undisturbed conditions in two main ways.

1) As there at equilibrium should be few more proton spins parallel to the

positive z-axis than in the opposite direction, some of the spins will

successively flip over, until the equilibrium situation is reestablished. This

process is called longitudinal or spin-lattice relaxation. It has a rate

constant called R1, the inverse of which is the longitudinal relaxation time

T1. It is very long compared to most other spectroscopic methods >103 X.

2) Simultaneously another kind of relaxation, the transverse or spin-spin

relaxation takes place. In this the effective spin density along the x’-axis

will successively spread out into the whole xy-plane losing its coherence.

Its rate constant is called R2 and its relaxation time T2 after which the spin

coherence will be 1/e � 37 % of its initial value.

The transverse relaxation is always faster than the longitudinal one. Thus,

R2 is bigger than R1 and T2 is shorter than T1. Therefore T2 is usually the

most important relaxation parameter to study in an NMR experiment.

This is done with the aid of an rf-receiver situated along the y-axis (or x-

axis). Here a sinusoidal signal with decaying amplitude is induced by the

rotating spin magnetization.

Time / t

NMR signal 

FID

Figure 5. A schematic free induction decay curve
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This signal is called the free induction decay, FID. In most cases it consists

of several overlapping sinusoidal signals with slightly different frequencies.

These frequencies may be revealed with the aid of a Fourier transform of

the FID, which will result in an NMR spectrum of the sample. To do this

is not the aim of this text. In reference 1, there is a more thorough

explanation of the NMR basics1.

The envelope of the FID is a more or less steeply sloping curve, which

ultimately goes down to zero. The steepness of the curve depends on the

transverse relaxation times, which can vary considerably between protons

in different environments. In solid samples the relaxation time may be

only a few microseconds, while in a pure liquid it can be several seconds.

Also other factors may affect the relaxation. Thus one can learn a lot

about the properties of a sample if one can determine the relaxation times

of its protons.

Time, t
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Figure 6. The envelope of a free induction decay signal
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Figure 7. a) Net magnetization immediately after a 90° pulse and b) some

time after and now observed in a x’-y’-frame rotating with the

Larmor frequency
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Because of small inhomogeneities in the magnetic field the real transverse

relaxation time, T2*, will be shorter than the theoretical T2. As mentioned

above, the precession frequency is proportional to the effective magnetic

field, where the individual proton happens to be. To compensate for non-

fluctuating field inhomogeneities one can use a so-called cpmg-train (Carr-

Purcell-Meiboom-Gill)2,3 of consecutive 180-degree rf-pulses separated by

time � (�1 ms) and starting at �/2 after the initial 90-degree pulse.
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Figure 8. a) The net magnetization in figure 7b immediately after a 180°

pulse and b) after refocusing along the y’-axis

After every 180-degree pulse all proton spins have changed their polarities.

As they still precess in the same way as before, the coherence will eventu-

ally be reestablished at time �/2, i.e. half ways between the 180-degree

pulses. In this way one can acquire a series of echo-pulses with decreasing

amplitudes, which together will constitute the real FID depending only on

the theoretical relaxation times, T2. With a � of 0.5 ms this procedure will

generate 2000 data points per second. The cmpg-method usually works very

well even if it may not be perfectly reliable in every case due to influence

on the signal from T1 and from diffusion4. One will also lose information

from hydrogens with a relaxation time shorter than about �.

Time

cpmg pulses

Figure 9. Model of a cpmg-signal
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In most cases the relaxation is a first order process and the FID can

mathematically be expressed as an exponentially decreasing function

according to eq. (1).

S(t)   =   A•exp(–R2•t)   =   A•exp(–t/T2) (1)

Usually there are protons in several various environments in a sample and

these protons will relax with different relaxation times. If there is a limited

number of various R2s (and T2s), the measured FID will be the sum of all

individual FIDs.

S(t)   =   � Ai•exp(–R2i•t)   =   � Ai•exp(–t/T2i) (2)

Here Ai is the maximum signal created by protons with rate constant R2i

and time constant T2i, at t = 0, when the acquisition of the FID-signal

begins. Ai is obviously dependent on the number of protons with time

constant T2i. Thus it contains quantitative information. This information

may be revealed if one can solve eq. (2).

If the difference between the various R2s (and T2s) in eq. (2) is relatively

large, one can often solve the equation by looking at the tail of the FID.

The shape of the tail should be determined only by the parameters, A1 and

R21, of the component with the longest T2. After subtracting

A1•exp(–R21•t) from the experimental data one can find A2 and R22, in the

same way etc. This is a fairly simple procedure for a computer program

and the software of most NMR spectrometers contains routines for this

using some kind of least squares fitting to the data5,6. However reliable

parameters of more than two or three components will not be possible to

find in this way without some prior knowledge of the system7. To come

further in the interpretation of the experimental FID other methods have

to be used8,9. The remaining of this text will primarily contain information

on how to use the CONTIN program10 ( A general purpose constrained

regularization program for inverting noisy linear algebraic and integral

equations11) for this task.
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Deconvoluting the FID

It is important to calculate the Ais as they contain quantitative

information of the number of protons, Ni, with various time constants T2i.

However, in most dynamic processes it is necessary to integrate eq. (2)

over the whole decay period, i.e. formally to infinity according to eq. (3),

in order to calculate the total number of active species12. This is the way

that CONTIN handles data, even if it is not true in TD-NMR. Therefore a

correction factor has to be introduced later as eq. (9) below shows.

N   =   � Ni   =  
  

S t dt
0

�

  =   � Ai/R2i   =   � Ai•T2i (3)

The amplitudes, Ai, in eq. (2) can now be substituted for

Ai   =   Ni•R2i   =   
 Ni

T2
i

(4)

If eq. (4) is substituted into eq. (2) one will get eqs. (5).

S(t)   =   � Ni•R2i•exp(–R2i•t)   =   N•��i•R2iexp(–R2i•t) (5a)

S(t)   =   � Ni•
 1

T2
i

•exp  – t
T2i

 =   N•��i•
 1

T2
i

•exp  – t
T2i

(5b)

S(t) is a measure of the total number of coherent proton spins at time t

after the rf-pulse.

�i is the fraction of these protons with the decay rate constant R2i (and

time constant T2i).

N is the initial number of coherent proton spins, which is defined as

N   =   � Ni   =   N•� �i (6)

In a real sample there are often protons relaxing with many different T2s

or there may be a few groups of protons, each with a range of fairly close

T2s. In both cases the sums in eqs. (5) can be replaced by integrals13.

    
S t = N• �•R2•exp –R2•t dR2

0

�

(7)
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with
   

N = S t dt
0

�

Here � is a function of R2 (or T2) and should be written �(R2). Then

 S t

N
is the Laplace transform, L, of the function f(R2) = �(R2)•R2

 S t

N
  =   L f(R2)   =   L [�(R2)•R2] (8)

Thus one has to take the inverse Laplace transform,   L
–1

, of 
 S t

N
to find

f(R2) = �(R2)•R2.

f(R2)   =   [�(R2)•R2]   =   
  

L
–1 S t

N (9)

Equation (9) shows how the relative number of protons, �, in various

surroundings varies with their rate constants, R2. This can be shown in a

graph. However, as can be seen in eq. (9), one must divide the calculated

value of f(R2) with the actual R2 to find �. The same rule applies, if the

function is changed to show f(T2), i.e. the variation of � with T2 instead.

The latter is often preferred.

In most cases � is not continuously varying with T2. Instead the protons

in the sample may be divided into a number of groups according to their

different chemical environments. The protons in each group will relax

with a narrow range of relaxation times around some medium value. A

graph of f(T2), i.e. � as a function of T2, will then show a number of more

or less broad peaks with the mean T2-value at each peak center.

To find the total number of protons relaxing in this T2-range, one has to

calculate the area of the peak and then divide this area by the mean T2 as

mentioned above. Another way to do this is to present the graph with a

logarithmic abscissa. Then the peak areas, which are the integrals of f(T2)

with respect to lg T2 (See eq. (10)), will directly show the relative amounts

of protons in each group. This way of presenting the data has also the

advantage of showing a more resolved spectrum over a broader range of

various relaxation times. However, as the peaks are assumed to have
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Gaussian shape, they will be slightly distorted on a logarithmic abscissa.

See figures 10 and 11.

    
Area = fT2 d lg T2

T'

T"

= –
F T2

T2 T'

T"

• ln 10 (10)

In the discussion above it has been ignored that the NMR instrument also

has some kind of unknown response function. As it can be assumed that

this response function is the same for all protons, the areas calculated by

eq. (10) will nevertheless be a reliable measure of their relative amounts.

However, to find absolute values for the number of protons in a sample it

is necessary to calibrate the instrument with the same settings as for the

analytical measurements.

Limitations and constraints

The method to calculate the individual exponentials with aid of an inverse

Laplace transform of the FID function seems fairly straightforward. The

formula for this is the complex inversion integral or the Bromwich

integral, eq. (11)14, which is possible to solve (but seldom used), if the

mathematical expression of S(t) is known. However, this is not the case

here as S(t) is known only as a series of experimental data and the

procedure is not simple at all15,16,17.

f(R2)   =     � R2 •R2  =   
    1

N
• 2�i

–1
• S t •exp R2•t dt

c–i�

c+i�

(11)

Instead one has to solve eq. (7) by using a suitable computer program,

which numerically will perform an inverse Laplace transform of the S(t)

data. Eq. (7) is known as a Fredholm integral of the first kind. Such

integrals are “ill posed” or “improperly posed”, which means that the

solution,    � R2 •R2 , of eq. (7) may not be unique or there may not be

any real solution at all. Another property of the Laplace operator is that it

depresses high frequency components of the transient FID. They may

therefore be hard to find also in a signal with only very little noise.
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If the number of different proton environments is more than two or three,

i.e. if there are more than two or three R2s or T2s, it is in many cases

impossible to find a physically reliable solution to eq. (7). If one changes

one parameter in �(R2), it will always be possible to compensate for this

by adjusting others and get just as good a fit to the experimental data18.

Thus, one can usually find an unlimited number of mathematically

working solutions to eq. (7), of which only one – at the most – can be

physically correct19. It is important to understand that this has nothing (or

very little) to do with the experimental conditions or with the numerical

algorithms used to solve the problem. These formal limitations are

inherent in the multiexponential formalism itself and they will be there

also if one could acquire a totally noise free decay signal20.

An often-used way to increase the chances of finding a reasonable solution

is to take advantage of any prior knowledge of the studied system, i.e. of

�(R2). An obvious such constraint is that all R2s and T2s must be greater

than zero and maybe greater/less than some more or less known value. It

can also be a good idea to restrict the number of exponentials to a

predetermined (low) number. Another important principle in selecting one

single solution from a whole set of mathematically possible ones is “the

principle of parsimony”. This means that one shall always chose the

simplest equation with fewest components. This is of course also the

equation that contains least information. In this way, some of the

information in the primary data may be lost, but the information that is

left should also be more reliable21.

Additional things, which make it impossible to solve eq. (7) exactly, are

that the FID is known as a discrete and limited number of experimentally

found data. To find an exact solution one would in principle need an

unlimited amount of information, which of course never can be calculated

from a finite number of data points22. Therefore the sampling frequency is

crucial in finding the fastest decaying components in the FID. In principle

the sampling frequency must be greater than twice the fastest rate

constant, R223,24. To obtain this without acquiring too much redundant

data, which only will make the algorithm less stable and increase the time

for the calculations, the sampling frequency should ideally decrease
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logarithmically along the FID25,26. This is not possible to accomplish with

a cpmg pulse train and as a compromise one can use a series of cpmg pulse

sets with different �27. It is also important (see below) to acquire data over

enough long time, usually to at least ten times the longest relaxation time

constant, T2, in the sample, to correctly calculate this parameter28. In

addition it will be possible to calculate an eventual offset of the baseline,

which the computer program may need29. When using several cpmg-scans

it is also crucial to allow for reestablishment of normal Boltzmann

distribution of all components between excitations or else some signals

may be saturated. Thus the time difference between successive scans has to

be at least six times the longest T1 in the sample.

On top of all these more or less principal limitations, there is also the

inevitable noise. To decrease the influence of the noise one can add a

smoothing function. It works in some way as a low pass filter depressing

high frequency components. However, too much smoothing may hide

some information just as well as little or no smoothing may result in T2

peaks that in reality do not exist. In any case the noise will always

introduce restrictions to the amount of reliable information that may be

extracted from an experimental FID. With a signal to noise ratio of about

1000 at the start of the FID one can in principle not resolve equally strong

components with a T2-ratio less than two30. For non-equal components

the S/N-ratio must be even larger. The situation may be somewhat

improved, however, if one restricts the number of components in the FID.

The noise also sets a limit to how long it is meaningful to acquire data.

This one should do at least as long as the signal is greater than the noise

level, but not very much more. With a signal to noise ratio of 1000 one

should keep on recording the signal to at least seven times the longest time

constant and with better S/N-ratios even longer31. Data recorded up to 20

times T2 can in some cases be useful32. As the signal tail usually contains

information exclusively from the longest T2, the resolution may be greatly

improved if one does not quit the acquisition of data too early.
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Using CONTIN

The computer program of choice for doing the inverse Laplace transform

is CONTIN11, even if there are more as MELT33, NLREG34, FTIKREG35,

and Padé-Laplace36. Also methods for further evaluation of the T2-data

have been developed37. In the presented experiments CONTIN has been

adapted to use FID data sets, recorded by a low field NMR spectro-

meter38,12,39, but it can also be used for many other applications40,41,42.

CONTIN can work with any kind of detabulated or spreadsheet data

irrespective of how they have been acquired. The maximum number of

data points that the present version of CONTIN may use is 8192. The

result of the calculations is a T2-spectrum of the studied sample with a

maximum of 500 data points, which are logarithmically spread along the

T2-axis. However, it is recommended to calculate no more than 200 data

points in order to get a better stability10. Therefore the operator should

normally choose this number, which also will speed up the calculations.

The spectrum will show a number of more or less broad peaks at

various T2s, dividing the protons in the sample into groups with similar

relaxation times. In the spectrum (see figure 10) one can read the T2-value

(ms) and the height (arbitrary units) of every peak summit.

0 200 400 600 800 1000

Time contstants

Intensity

Figure 10. A CONTIN “spectrum” of Canola seeds

CONTIN will perform further calculations assuming that the peaks have

Gaussian shapes. For every peak it will present the T2 value (ms) of the

peak center (which can differ slightly from the peak summit), the peak



13

height, hi, (arbitrary units) and the peak width, si, (ms). The last value is

the standard deviation, i.e. the peak width (ms) at 1/  e  = 0.6065 of the

peak height. With these data one can use eq. (10) to calculate the reduced

peak area. This is even more conveniently done with eq. (12). At last the

relative amounts of the components in the sample may be calculated

according to eq. (13).

0.001 0.01 0.1 1 10 100 1000

Time contstants

Intensity

Figure 11. Logarithmic plot of the same CONTIN spectrum as in figure 10

   
Ai =

h i•si• 2�

T2i

�
h i•si•2.51

T2i
(12)

   
Ai(%) =

100•Ai

A i�
 (13)

In real work the factor 2.51 in eq. (12) is unnecessary as it will occur in the

nominator as well as in the denominator of eq. (13) and thus it will cancel.

As seen from eq. (9) and figure 11 a logarithmic plot will show the relative

amounts directly.

CONTIN is programmed according to “the principle of parsimony” to

find rather few groups of T2-values, usually three to five, but more may be

calculated in special circumstances21. The program performs a series of

calculations with different smoothing functions added according to the so-

called Tikhonov regularization43. For each of the results it calculates an

error function between the experimental data and the found T2-spectrum.
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With the aid of this function it chooses the solution with the smallest

error. With an S/N-ratio of about 1000 CONTIN should be able to resolve

spectrum components if the ratio of their time constants is greater than

about two21.

When using CONTIN one has to set the limits for the shortest, Tmin, and

longest, Tmax, time constants, for which intensity values should be

calculated. Usually the shortest one will be set to zero, which means that

CONTIN starts at Tmin = 0.010 ms and then calculates intensity values for

a predetermined number, n, of data points up to Tmax. These are

logarithmically spread between Tmin and Tmax according to eqs. (14) and

(15). Point no x is calculated for time Tx.

Tx   =   0.01 • fx–1 + Tmin (14)

where f is determined by equation (15).

    
lg f =

lg Tmax – Tmin

n–1
(15)

with Tmin � 0.01.

The end point, Tmax, should be set to at least double the longest expected

time constant. It is important to understand that this end point is

independent of the experimental data set, with which CONTIN will work.

The experimental data points should have been recorded up to ten times

the longest time constant or even longer. The more information in the

experimental data, the more reliable the CONTIN result will be.

The other parameter that the operator may control, when using CONTIN,

is the number of calculated data points, n, which in principle has nothing

to do with the amount of experimental data. The calculated data points

may be up to 500. The more components with different time constants in

the sample, the more data points should be used, but too many may result

in unstable calculations. The most important thing, however, is that one

should in most cases stick to the same settings, in order to compare

information from various experiments. The calculation time is approxi-

mately proportional to the square of the number of calculated data points.
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To get something of practical use out of this one should always analyze

the experimental data in a very systematic way. Every experiment should

be performed with the same acquisition routine and also the data

treatment must be the same every time. Also if the result not necessarily

shows a physical reality, the resulting pattern may be of great value for

distinguishing between different qualities of various samples.

Experimental

In this work several synthetic experimental decay functions were

constructed to test the power of CONTIN  analysis. The functions

consisted of a sum of up to five exponential functions according to eq. (2).

This showed that it is very difficult to resolve more than three to five

components, even when the difference in time constants is fairly large.

One example is shown in figure 13, which is the graphical representation

of a decaying function composed of five added exponential parts with

various amplitudes and time constants. For parameters see table 1.
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Time
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Figure 12. Synthetic FID-curve consisting of five components

The data set produced by this synthetic exponential function was treated

by CONTIN, which resulted in a “spectrum” with five peaks. They can be

seen in figure 13. However, the resolution is unsatisfactory at the lower



16

end of the time scale. Only for the two longest T2 components it is

possible to read the time constants.
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Figure 13. CONTIN ”spectrum” of synthetic FID-function

With a logarithmic abscissa the situation is much improved and also

the shortest T2 components are now very well resolved. See figure 14.

As table 1 shows the peak areas as calculated by CONTIN fairly well

agree with the amplitudes of each exponential term.
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Figure 14. The same CONTIN spectrum as above with logarithmic abscissa
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Table 1. Theoretical and calculated parameters of exponential decay

Component Amplitude Time constant

No Theoretical Calculated Theoretical Calculated
I 10 9.94 10 10.0

II 4 3.98 40 40.2

III 2 1.94 100 100.2

IV 8 8.13 800 805

V 4 4.01 2000 2008

Result

The CONTIN method was also tested on real samples. Here analysis of

Canola seeds is shown as an example. These were used without any

pretreatment and simply put into a NMR test tube, which was inserted

into the sample compartment of the spectrometer. The diameter of the

test tube was 20 mm. It was not filled more than that all seeds in the tube

were well within the homogeneous part of the magnetic field. The

spectrometer used was a 20 MHz Varian MiniSpec with a permanent

magnet having a field of 0.47 Tesla.

The cpmg-FID was recorded after an initial excitation 90-degree pulse of

0.19 μs. The cpmg-parameter between consecutive 180-degree pulses was set

to � = 1.0 ms. Sampling was done every 0.1 ms for 400 ms and the average

of three scans was calculated.

The CONTIN calculations were done for 200 points logarithmically

spread between T2 = 0.01 and 500 ms.

One result is shown in figures 10 and 11. Obviously protons in these

Canola seeds exist in at least five distinguishable environments, where they

are more or less tightly bound. Their time constants (ms) and relative peak

areas (%) were calculated to be: 0.17, 78;  2.5, 0.5;  20, 0.5;  79, 9;  225, 12.

The origin is most probably tightly bound water for the peaks with short

time constants and glycerol oils, but as this is no chemical analysis, the

exact origin of the various peaks is impossible to explain. Nevertheless,

analysis by CONTIN of an NMR FID gives rise to a pattern, which is
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unique for every tested sample. Thus it may be used for comparison and

identification of different samples.

Summary

In this work low field NMR and inverse Laplace transform of the NMR-

FID has been used to calculate the relative amount of protons in various

environments in a sample, in this case Canola seeds, without any

pretreatment. The calculations have been performed with aid of the

CONTIN computer program. The result shows signal from groups of

protons with five different time constants. However, this must not be

considered a full analysis of the sample but more as a characterization of

its main components.
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Figure 15. Screen dump of CONTIN on Canola showing tightly bound water

at the far left and probably some glycerol oils.

Figure 16.  The MiniSpec 20 MHz NMR instrument
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