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Abstract

A semi-classical approach to the study of the evolution of bosonic or fermionic excita-
tions is through the Nordheim—Boltzmann- or, Uehling—Uhlenbeck—equation, also
known as the quantum Boltzmann equation. In some low ranges of temperatures—
e.g., in the presence of a Bose condensate—also other types of collision operators
may render in essential contributions. Therefore, extended— or, even other—collision
operators are to be considered as well. This work concerns a discretized version—a
system of partial differential equations—of such a quantum equation with an extended
collision operator. Trend to equilibrium is studied for a planar stationary system, as
well as the spatially homogeneous system. Some essential properties of the linearized
operator are proven, implying that results for general half-space problems for the dis-
crete Boltzmann equation can be applied. A more general collision operator is also
introduced, and similar results are obtained also for this general equation.

Keywords Quantum Boltzmann equation - Discrete kinetic equation - Bosons -
Fermions

Mathematics Subject Classification 81Q10 - 82C10 - 82C22 - 82C40

1 Introduction

The Nordheim—DBoltzmann- or, Uehling—Uhlenbeck-equation [19, 22], the so-called
quantum Boltzmann equation, is traditionally used as a semi-classical model for the
evolution of distribution functions for excitations of bosons or fermions [20]. However,
in some ranges of low temperatures—e.g., in the presence of a Bose condensate—also
other collision operators may essentially contribute to the evolution [1, 17, 21]. This
paper concerns a discrete version of the equation
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oF
E+(VPE+VC)‘VxFZCIZ(F)+C22(F)+C31(F)- (D

Here F = F (¢, x, p) denotes the distribution function of the excitations with momen-
tum p = (pl,pz,p3) c R3 at time ¢ € R4 and position X = (x, x2, X3) € R3,
E = E(p) denotes the Bogoliubov excitation energy, and v, = (v, vZ, v3) € R the
superfluid velocity. Furthermore, let > = 1, where ¢ = 1 for bosons and & = —1 for
fermions, and assume that 0 < F' < 1 for ¢ = —1. The collision integrals (cf. [17, 21]

for ¢ = 1) are given by

Ciz (F) = f(R3)3 I'2 (s, P P.) 8083 [(1 + e F,) F'F]

—F, (1+¢&F') (1 +¢F})] dp.dp'dp,,

with
S0 =38 (p =P —P.) 8 (Ex — E' - E}).
853=38@p«—p —8( —p)—8(p.—p);
and
I (ps, 0, pL) =T (ps, Pl D) 5
while
Cxn (F) = f(R3)3 I (p, pw P, PL) 81 [(1 +&F) (1 + 6F,) F'F]
—FF,(1+¢F) (1+¢F})] dp.dp'dp),
with
S1=38(p+p,—p —p.)8(E+E.—E —E),
and
I (p.p P P,) = T2 (p.p. P, P,) = T2 (. PL. P. Ps) §
and, finally,

C31 (F) = f( o’ T (pa, P, Pl Pls) 8284 [(1 + 8 F) F'FLF,
—F. (1+¢eF) (1 +¢F) (1 +¢F,,)] dp.dp'dp,dp,,.
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with—note that, here the momentum variables of the triple of excitations in a collision
are all primed, with no, one, or two asterisks, x —

82:3(p*—p/—p;—p;*)8(E*—E/—E;—E;*),
84=38m«—p) —3( —p)—-3(p,—p)—3(p.—p).

and

F31 (p*v p/v p;u p;*) = F31 (p*ﬂ p;u p;*i p/) .
Typical expressions for the collision kernels [1, 17, 21] are

P2 (P B PL) = e (st — 00", + (00 — ) (0], + 0'0,))

r22 (p, P, P, p;) =k (uu*u’u; + VU0V, + (Uvg + vuy) (u’v; + v’u;))2 ,
and

F31 (p*v p/’ p;d p:k*)
ro0 o

= k3 (s (' uf v}, 4wV, +v'ulul, )+ v, (Vi + u'v v, +v u*v**))2 .
Here and below the notations F, = F (r,x,p,) ,u}, = u(p)) etc. are used.
Expressions for ki, ko, k3, u, v, u’,v’ etc. can be found in, e.g., [1, 17]. In the
Nordheim—Boltzmann [19]—-or, Uehling—Uhlenbeck [22]— collision integral
C»> (F) binary collisions between excited atoms are considered, while in the collision
integral C15 (F') binary collisions involving one condensate atom are considered [23].
For more explicit expressions of the kernels I''2, I'?2, and I'3! see for example [17].

If the distribution function F is close to a Planckian—i.e., a typical equilibrium
distribution

1

P=—
e?E+Bp — ¢

witha > 0 and B € R3 (such that« E + B -p > 0 for ¢ = 1, which might be obtained
by a truncation in the momentum-space, cf. [2]), then the nonlinear equation (1) can
be approximated by the linearized equation

9
a—{+(va+vc).vxf+Lf=0forf=f(t,x,p),
where

F=P+(P(1+eP)*fand L = Lo+ Ly + L3,
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with

Liof =n(P(1 + sP))‘”Z/( T2 (P ' L) 8033

R3)
x[(ePe = P/ (1= &) P.P') (PL(1 + P2 f]

+(ePy — PL+ (1 —&) P,P]) (P'(1+P")' /2 f’

+(1+e(P +P)+(1—e) P'P)(P(l+ sP*))l/zf*] dp.dp'dp.,

while

Lonf = (P(1 +sP>>—‘/2/

3 F22 (p’ P, p/v p;) 81
(=)
[(EPP* — P'(1+¢&(P+ P)) (PL(1+eP)' [

+(ePPy— Pl(1+&(P+P)))(P'(1+eP )2 f
+ (P +¢&(P' + P))—eP'P) (P.(1 +eP)/* .
+(Pu(1+e (P +P)—eP'P)(PU+ sP))l/zf] dp.dp'dp,,

and

L3 f

= (P(1 +8P))_1/2/
(R%)

[(P* (e + P + PL) — P'PL) (PL(1 + e PD)\ /2 £

+ (P (e + P+ P.)— P.PL)(P'(1+eP')/2f

+ (P (e + P+ P)) — P'P) (P, (1 + &P, )"/ fL,

+((1+2P') (14+ePl) + Pl (e + P+ PL) (Pu(1 +eP) 2 £,]

X dp«dp'dp,dp.,.

T2 (P, ', DL L) 284

It can be shown (cf. [2] for L1, and, for example, [15] for the linearized Boltzmann
operator) that the linearized operators L», L2>, and L3y, and so also L, are symmetric
and nonnegative operators on a suitable L2-space.

The remaining part of the paper is organized as follows. Section?2 introduces the
general system of partial differential equations of discrete Boltzmann type considered
to approximate Eq. (1). The collision operators are introduced in Sect. 2.1, while col-
lision invariants and equilibrium distributions are considered in Sect.2.2. The trend
to equilibrium is considered for a planar stationary system, as well as the spatially
homogeneous system, in Sect. 3, while the linearized collision operator with some
important properties is considered in Sect.4. The trend to equilibrium in the afore-
mentioned cases can be extended to yield also for a more general collision operator,
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see Sect. 3, and the generalization of the linearized collision operator to this general
collision operator and its properties are considered in Sect. 5.

2 Discrete Model
Consider a general discrete model of equation (1), cf. [4, 6],

0F;
— 4+ ((VpE), +ve) - VxFi = C12i (F) + Capi (F) + C31; (F) for 1 <i < N.

ot
2

Here P = {p1,....,pn} C R? is a finite set of momentum variables, v, € R,
(VpE) = VpE|p:p_, and F; = F; (x,t) = F (x,p;,t) fori € {1, ..., N}, where

i
F = F (x,p,t) is the distribution function of the excitations at time t € R, and
position X € R4, with 0 < F; < 1fori € {1, ..., N} if e = —1. For generality, allow

Pp to be of dimension d, rather than of dimension 3.

2.1 Collision Operator
The collision operators Cyy; (F) are fori € {1, ..., N} given by
N .
Cpi (F) = Z (5,’] —Sik — 8,'[) Flil ((1 + 8Fj) FrFp—Fi(1+¢ekFp) (1+ EF[)) R
ok, I=1
where the collision coefficients

My =T} =0 3)

for any indices {j, k, [} € {1, ..., N}, with equality in inequality (3) unless conserva-
tion of momentum and energy

pj =pr+p and E; = E; + E| @
is fulfilled, and
5. — lifi =
MTl0ifi £

The collision operators Cay; (F) are fori € {1, ..., N} given by
N
Cxi (F)= Y TH((1+&F)(1+&F;) FtFy — FiFj (1 +eF) (1+eF)).,

Jik =1
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where for any indices {i, j, k, I} € {1, ..., N}
kl kil ij
Iff =T =T =0, )
with equality in inequality (5) unless conservation of momentum and energy
pi+pj=pc+tmand E; + E; = Ex + E) (6)

is fulfilled. Furthermore, the collision operators C3y; (F') are fori € {1, ..., N} given
by

N
C31; (F) = Z (8im — 8ij — Six — 8u) Ty,
jokidm=1
x (FiFeFi(1+eFy) — (1+eF;) (1 +eF) (1 +&F) Fy),
where for any indices {j, k, I, m} C {1, ..., N}
Tkl = F]r!]l'[ = Flr:;j = 0’ (7)
with equality in inequality (7) unless conservation of momentum and energy
Pm =P;j +Px +prand Ey = E; + Ex + E; (8)
is fulfilled.

Remark 1 For a function g = g(p) (possibly depending on more variables than p),
when considering the discrete case, identify g with its restrictions to the points p € P,
ie.,

g=1(g1,....,8n), with g; = g (p;).

Denote by B the matrix, whose rows are the transposes of VpE p=p1 + v,
v VpE p=pn + v, respectively. Then system (2) reads

oF

— +BVy) - F=Cip(F)+ Cxn(F)+ C31 (F). )

ot

The collision operator C> (F) in the right hand side of system (9) can be decom-
posed as

C1y(F)=LF + Q(F. F) + O(F. F. F),
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where
N .
(LF),‘ = Z (ZFZFk - F;kFi>,
Jk=1
N . .
Oi(F.G)= ) (2F{fj Qi (F,G) =T, 0% (F, G)) , and
jk=1
~, N . .
0i(F.G, H) =Y (2rf0(F.G. i) =T, 0}, (F. G, ),
jk=1
with
: 1
Q' (F,G) = 3 (¢F; (Gj + Gr) + &G (F; + Fr) — (FjGx + G Fy))
and

~; 1—¢

for any indices {i, j, k} C {1, ..., N}. Moreover, the collision operator Cy; (F) in the
right hand side of system (9) can be decomposed as

Cy (F) = Q(F,F)+ O(F, F, F),

where fori € {1, ..., N}

N

— 1
Q;(F,G) = 5 Z F,k,l ((FxG; + GkF) — (FiGj + G, Fy)),
jok =1
and

0i(F,G, H)

e N
=5 2 T ((Fi + Fj) (GeHi + HG)) = (Fe + ) (GiHj + HiG))
jk =1

while the collision operator C31 (F') in the right hand side of system (9) can be decom-
posed as

C31 (F)=LF + O(F. F) + O(F. F. F),
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where

N
(LF), = Y (3Tiuki—TiuF),

©
=
S
I

: MZ

(3r4 QL (F. G) = T4y, 01y (F. G)) , and

N
0i(F.G. H)= Y (30130 (F. G H) = T4y, 8 (F.G. 1)),

jikI=1
with
Q' (F.G) = % (Fi (G + Gi + Gi) + Gi (Fj + Fi + F))
and
O'(F. G, H)

1
=5 (Fi (GjH + HjGi + G jHy + HjGy + G Hy + HiGr) —

for any indices {i, j, k,1} C {1, ..., N}.

2.2 Collision Invariants and Equilibrium Distributions
A function ¢ = ¢ (p) is a collision invariant if and only if
bi =0+ i
for all indices {i, j, k} € {1, ..., N} such that '}, # 0,
bi+dj=d+d
for all indices {i, j, k, [} € {1, ..., N} such that Ffj’ # 0, and
bi =0+ +

for all indices {i, j, k,[} € {1, ..., N} such that Fj.kl # 0.
The trivial— or, “physical”’—collision invariants

o' =p', ol = pd and ¢t = E

F; (GyH + HkGl)) .

(10)

(11)

(12)

13)

(also including ¢° = 1 if all collision coefficients I'’ ik and ' Yk are 7ero) generate
a subspace of the vector space of collision invariants. Note that by Remark 1 and in
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correspondence with relations (10)—(12) the collision invariants ¢’ = ¢’ (p) given in
(13) are vectors.

In the discrete case, unlike in the continuous case with suitable conditions on E, see
[14], there can be spurious—or, “non-physical”’—collision invariants. This is a com-
mon problem for different kinds of velocity/momentum models, cf. [13]; if there will
not be enough of admissible collisions, undesired quantities ¢ = ¢ (p) will be invariant
under collisions—-most trivial case, with no admissible collisions at all, all ¢ = ¢ (p)
will be invariant. In fact, to obtain only the desired collision invariants, there must be a
set of N — p—here p denotes the number of desired collision invariants—independent
admissible collisions—i.e., collisions with non-zero collision coefficients, that can’t
be obtained by any chain of other collisions in the set (or their reversion). Consider
below (even if this restriction is not necessary in the general context) only normal dis-
crete models. That is, consider discrete models without spurious collision invariants,
i.e., any collision invariant is of the form

p=¢@) =aE+B-p (14)

for some constant @ > 0 and 8 € R?. Construction of normal discrete kinetic models
and, especially, discrete velocity models for the Boltzmann equation have been exten-
sively studied, see for example [10, 12, 13] and references therein. Those models can
be used in case of approximations of the Bogoliubov excitation energy E = E(p) of
the form E = ¢ IpI2 + ¢; for constant ¢ and ¢; (as long as the collision term Cop (F)
is included).

A Maxwellian distribution- or, Maxwellian—is of the form

M=e%=c¢EBP
or, equivalently,

M;=e % = *Ei=BPifori e (1,..., N},

where ¢ = (¢1, ..., ¢n) is a collision invariant. Moreover, a Planckian distribution—
or, Planckian—is given by
M 1 1
P = (15)

T 1—eM M l—g  coEtBP _¢
or, equivalently,

. M; . 1
T l—eM; evEitBPi — ¢

P, fori e {1,...,N},

for some constant & > 0 and 8 € R? (such that e E + 8 -p > Oif e = 1).
Denote by (-, -) the Euclidean scalar product in R”. It is straightforward that
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(H, Ci2 (F))
N .
= > Ui (Hi— Hj — H) (1 +eF) FiF— Fr (1+eF) (1 +eF))
i,j k=1
(16)
and so, assuming that 0 < F; < 1fori € {1, ..., N} if ¢ = —1, to prevent a second
type of equilibrium distribution, cf. [18],
1 F_ ¢ (F)
Elrer 12
N .
> Py A+ eF) (1+eF) (1 +eFy)
i,j k=1
F; F; F; F; F;
(2t ) (e ) =
I+eF;jl+eF, 1+¢F; 14 ¢F; l+eFj1+¢eF;
17
with equality in inequality (17) if and only if
F; F; F
i _ Jj k (18)

l+eF;  1+eFj1+eF

for all indices {i, j, k} < {1, ..., N} such that re 0. Hence, there is equality in
ik y

F
inequality (17) if and only if 5 eF is a Maxwellian or, equivalently, if and only if
€

F is a Planckian.
It is again straightforward that

(H,Cxn (F)) =

4>|~

N
Z F"l H; + H; — Hy — H))
k,l=1

x ((1 +eFy) (1 +¢eFj) FFi — FiFj (1 +eF) (1 +¢F))
(19)

and so, again assuming that 0 < F; < 1 fori € {1, ..., N} ife = —1

F
<10g T (F)> Z P+ eF) (14 eF) (1 +eF) (1+£F)
+¢eF ljk :

o Fy, F F; F/
L+eFpl+ekp 1+eF;1+¢F;

| F; F/’ ) Fy F <0
X (6] — 10, s
E\T5eF 11¢F, Sl xer1+vern)) =

(20)
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with equality in inequality (20) if and only if

F; F; _ F F;
I+eF; 1+¢F; T l+4eF 1+¢eF

2

for all indices {i, j, k,l} < {1, ..., N} such that Ff‘].l # 0. Then there is equality in

inequality (20) if and only if

F
is a Maxwellian or, equivalently, if and only if
1+ eF
F is a Planckian.
Furthermore, in a similar way

N
i,j,k,l=1
x (((1+eF) FjFxFy — F; (L4 ¢Fj) (1 +eF) (1 + e F)),
(22)
and so, once again assuming that 0 < F; < 1 fori € {1, ..., N} ife = —1

F
1 ,Ca1 (F
<0g1+8F 31 ( )>

N
> Ty +eF) (1+eF;) (1+eF) (1+&F)

F; Fi F; F;
X J—
l+eFjl+eFl1+elkp 1+¢k;
F; Fj Fy F
x | log —log <0, (23)
1+ ¢F; I1+eFjl1+ecF1+¢ek

with equality if and only if

F; _ F; Fi Fy
l+eF;, 1+eFj1+eF1+eF

(24)

for all indices {i, j, k,[} € {1, ..., N} such that F;kl # 0. Then, there is equality in

inequality (23) if and only if 1

F is a Planckian.
By the relations (16), (19), and (22),

7 is a Maxwellian or, equivalently, if and only if

(@, C12 (F) 4+ Co (F) + C31 (F))
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is zero, independently of our choice of nonnegative function F if and only if ¢ is a
collision invariant, and so (for normal models) the equation

(@, Cr2(F) +Cxn (F)+C31 (F)) =0 (25)

has the general solution (14).

3 Trend to Equilibrium

This section concerns the trend to equilibrium in two particular cases, a planar sta-
tionary case and the spatially homogeneous case.

Note that, by our discrete approach, we avoid some main difficulties in the contin-
uous boson case, like mass concentration and appearance of singular measures in the
models.

3.1 Planar Stationary System

Introduce the functional

- ~ N 9E |
HIF1=HIFI(x) =) (a—pl(p» + vc) 1(Fi (x)),

i=1

where, cf. [19],

n(y) =ylogy —e (1 +ey)log(l +ey). (26)
For the planar stationary system

dF

BE =Cp(F)+ Cxn (F)+ C31 (F),
. oE 1 oE 1
where B = diag a—pl(pl) + v, 8_pl(pN) + v, ). 27)

yields

N

d ~ 0E dF; F;
—H[F] = —(pi N —1 d
T HIF] Z(apl(plwvc) o B TieE

i=1

F
= (1 ,Cio (F)4+ Cxn (F)+C31 (F)) <0,
<Og1+€F 12(F) + Cxn (F) + C31 ( )>_
with equality if and only if F is a Planckian. Denote the moments—if all collision
coefficients 1:!‘.k and F’jkl for any {i, j, k,l} € {1, ..., N}, are zero, then we have to

include also jo = (1, BF)— by
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{Ji:(Bpi,F)forlfiSd. (28)

Jay1 =(BE, F)

By applying equality (25) in system (27) the numbers ]~1 e 7d+1 are independent
with respect to x in the planar stationary case. For some fixed numbers ]~1 7d+1—
if all collision coefficients Fj.k and F;kl forany {i, j, k, 1} € {1, ..., N} are zero, then
include also %—denote by P the manifold of all Planckians F = P given in (15),
such that the relations (28) are fulfilled. Then the following theorem can be proven by
arguments similar to the ones used for the discrete Boltzmann equation in [16] (see
also [9]; cf. [8]).

Theorem 1 Let F = F(x) be a bounded positive solution to system (27), and assume
that there exists a number n > 0, such that F;(x) > n fori € {1, ..., N}, and for
& = —1 that, additionally, F;(x) <1 —nfori € {1, ..., N}. Then

lim dist(F (x), P) =0,
X—> 00

where P is the Planckian manifold associated with the same invariants (28) as F. If
there are only finitely many Planckians in P, then there is a Planckian P in P, such
that lim F(x) = P.

X—>00

3.2 Spatially Homogeneous System

For the spatially homogeneous system

dF
Ezclz(F)+C22(F)+C31(F), (29)

similar results, presented in Theorem 2 below, can be obtained, by repeating the same
arguments, considering the modified functional

N
HIF]=HIFI(t) =Y u(Fi(t),
i=1
with u given by equality (26), and—if all collision coefficients Fi.k and ijl are

zero for any {i, j, k, 1} € {1, ..., N}, then we have to include also jo = (1, F)—the
moments

{jiz(p",F>for1§i§d. (30)

Ja+1 = (E, F)
The following result is relevant in the spatially homogeneous case.

Lemma1 Let P and P be two Planckians with the same moments (30). Then P = P
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Proof Note that

P ‘
-1 _ _ P
—log (P —i—s) = log Y ;E, ci¢' and

~

~ P o
—log(P 1+8) =log1+85 =i€ZIc,-qbl,

for some numbers ¢; and ¢; and that

<¢",P>:j,- :<¢i,ﬁ> fori e 1.

{0,....d + 1} if T, =%, = 0forall {i, j,k,I} C{l,...,N} 4
H 1 = J J d o
ere { {1, ...,d + 1} otherwise and ¢
fori € I, are the collision invariants (13). Obviously,
<log (P_1 + 8) , P> = — Zciji = <log (P_1 + 8) , F> and
iel
<log (13_1 + 8) , P> = — Zaji = <log (F‘l + 8) , F>
iel
and, hence,
N —1
~ e
Y PP (P;‘ - P;‘)log L i
_ P +¢
i=1
Pl te
= Z (P — Pi)log | ==
=1 P +e¢
1= 1
=(log (P_l—l—z;) —log (ﬁ_l+8),P—ﬁ>=O. 3D
Since
z
(y —2)log y <0 (32)

for all positive numbers y > 0 and z > 0, with equality in inequality (32) if and only
if y = z, it follows that

1

~ P +e¢ ~
(P =P tog (e ) = (P +e = (P +¢))
P +e

Pl te
log JT <O0fori el. (33)
P +e
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By equality (31), it followi that P = 13, since, in fact, all the inequalities in (33) must
be equalities, and hence, Pfl = Pfl foralli € I. O

Theorem 2 Let F = F(t) be a bounded positive solution to equation (29), and assume
that there exists anumbern > 0, suchthat F;(t) > nfori € {1, ..., N}, andfore = —1
that, additionally, Fi(t) <1 —nfori € {1, ..., N}. Then

lim F(t) =P
11— 00
where P is the Planckian with the same moments (30) as F.

Remark 2 The above results in Theorems 1 and 2 can be generalized to a more general
case.Let Iy ={1,..., N}and 1 <m <n < N — m, and denote

C(F)= > amnConi (F), with ay, >0,

1<m<n<N-m

Comi (F)= > T} (Z&k—zslk)

I'1"Cly kel’ kel”
|I’|:n,|1”|:m
[T T 0+e8) - TTA T 04255
jel jel” jel” jer
"
= 2 ’(Zm—Zm)
I.1"cl kel kel”
|I'|=n, |I"|=m
F; F;
i j
AL trer) Ty - T g ) 6
JEI/UI// jel/ ] je]// ]

where I’ ;:/ = 0 if the relations

dop=) pand Y Ex =) E

kel kel” kel kel”

are not satisfied. Then, in a similar way as above, we can obtain corresponding results
for the system (2), (27), (29) with the right hand side replaced by C (F). In particular,
the stationary points of the systems are Planckians and Theorems 1 and 2 are still
valid.

Remark 3 For generalizations to anyons the reader is referred to [8].
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4 Linearized Collision Operator

Given a Planckian

1
- e®E+BP _ ¢’

witha > 0 and B € R? (such that E + B - p > 0 if ¢ = 1), inserting the expression

F =P+ R f where R = P(1 +¢P),

in system (9), results in the system

0
3—f+<Bvx>-f+Lf=S<f>.

4.1 The Linearized and Nonlinear Operators

The linearized collision operator—N x N matrix—L = L1 + Ly + L3 is given by

Lif = —R—‘/Z(ZR‘/%’

+20(P, R'2f) + Q(RV2f, P, P) +20(P. RV, P)), (35)
Laf = ~& 2 (20(P. R 1) + QRS P P)
+20(P, RV, P)),

(36)

and

Ly f = —R‘/2<ZR‘/2f +20(P. RV2f) + O(R'2f. P, P)

+20(P, RV2f, P)). (37)

The nonlinear part S (f) = S12 (f, f) + S (f, f, f) + S31 (f, f, f) is given by

o

g) + Q(P+ Rl/zf, R]/Zg’ R1/2h)
+O(RV2f, P, R'2h) + O(RV2 . R g, P)) ,

Sia(f. g = R™V2(Q(RV2 £, RV
(38)
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Sn(f.g.h)=R'? (@(R”zf, R'2g) + Q(P + R'2f, R'2g, R'h)

+5(R1/2f, P Rl/Zh) +5(R1/2f, R1/2g’ P))

and

S31(f.8.h) =R™'? (Q(R”zf, R'2g) + O(P + R'2f, R'2g, R'/?h)

+§(R1/2f, P, Rl/2h) + ’Q‘(Rl/Zf’ R1/2g’ P))
In more explicit forms, the operators (35) and (38) read

N i i k 1k
i Ll f —2T5LE f
ik )
(Li2f); = E 7 VU fori e {1,..., N},
Jok=1 R;

1

where

i 1/2
Liyf=0+e(Pi+P)+0—e) PiP) R f
+(ePi— P+ (1—e) PPO R/ f; + (eP — Pj+ (1 — &) PiP}) R

and

TSt (f ) =205 S5 (fL )

Swilf, )=
py W

1

fori € {1, ..., N},

with for any indices {i, j, k, [} € {1, ..., N}

S5 (o )

=+ -1 PR/ R/

1/2

fife + R fi

(=D P R f; = (e =D P =) R fi+ e = ) R R

Moreover, the operators (36) and (39) read, in more explicit forms,

N kl

(Lafi= ), Rl/z(Lklf, + LY — L fi - fiﬁ) fori e {l,...,

J.kI=1

where
LY = (P;(1+ePc+eP) —ePP) R
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and
N Fkl B
&Mﬂﬂﬂ=§:R’@Wffﬁ SUCF fo ) fori € {1 N,
ok i=1

with for any indices {i, j, k, I} C {1, ..., N}

SU(f. f. )= (1 4¢P +eP;) RR 1/sz( 1/2f,+1e1/2fj)

1/2 1/2 ,1/2
x (PR fi+ PR S+ RPRZ S i)

Furthermore, the operators (37) and (40) read, in more explicit forms,

al jkl klf 1]k ka .
(Larf)i= ) 7 fori € {1,..., N}, (43)
Jokd=1 R,

where

Ly =((1+e(Pj+P)) (1 +eP)+ PiP) R f;
+(Pi (e + P+ P) — PcP) R

+(Pi(e+Pj+P)—PiP) R/ fi + (P (s + P; + P) — P;P) R fy
for any indices {i, j, k,1} € {1, ..., N}, and
N .
r;kls;kl 3thks

Ssilf f )= ). 7

ik i=1 R;

ijk

fori € {l,..., N},

with for any indices {i, j, k, [} € {1, ..., N}
%MUJxﬂ=(ﬂ”1”Lf+RW ”ﬁf+R”2”%u)<P+RWﬁ>
- ((5 + P+ P,) R f;
+ (e + P+ PZ>R,1/2fk + (5 + P+ Pk>R}/2ﬁ>R}/2ﬁ

1/2fJ<PR1/ fk+PkR1/2fl+Rl/2 1/2f fl>

1/2 ,1/2
— PiR*R)* fi fi.
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4.2 Some Properties of the Linearized Collision Operator

By equalities (4), (41), and the relations

Pj(1+&P))(Pe—e Pt (e=1) PiPO) = Pi(1+¢ Pp)(1+e P)=P; Pe (14 P)
and Pi P (1+ (e — 1) P,) = Pi(l +e (P + Pk)>

for all indices {i, j, k, [} < {1, ..., N} such that F;k # 0, follows, for any functions
g =g, x,p)and f = f(t, X, p), the equality

N
(€. Linfy= Y ThP(1+eP)(+eP)
i j.k=1
X(fi i fk)(gi & gk)
12 12 1/2 12 1/2 12 )
R, R/” R, R, R/" R,

Similarly, by equalities (6), (42), and the relations

PiPi(1+eP)(1+eP) = PP (1+eP)(1+eP))
V1 +eP;
and L = P P(1 +ePj)—+—

i % Pr( i) NG

for all indices {i, j, k,1} < {1, ..., N} such that I'}] # 0, follows, for any functions
g =g, x,p) and f = f(t, X, p), the equality

N
1
(. Loaf) =7 D TijPPi(1+ePO(1+eP)
i, j k=1
Xﬁ+fj_fk_ﬁ & . & _ & _ &
Ril/z R}/2 Rll/Z Rll/z R;m R;/z R/i/z Rll/z

Finally, by equalities (8), (43), and the relations

PiPPi(1+eP)=P(1+eP)(1+¢eP)(1+¢P) and
(Pj — P)) PP = Pi(1+eP)(1+¢&(Px+ P))

for all indices {i, j, k,1} C {1, ..., N} such that F’;kl # 0, follows, for any functions
g =g(t,x,p)and f = f(t,x, p), the equality
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N
(g,L31f>— Z i Pi (14 6P;) (1+eP)( +eP)
J.k,l
< fk_fl)(gi_gj_gk_gl>
1/2 12 12 12 12 172 12 |-
R/ R R R R R

The following proposition follows.
Proposition 3 The matrix L is symmetric and nonnegative, i.e.,
(g, Lf) = (Lg, f) and (f,Lf) =0

for all functions g = g(t,x,p) and f = f(¢, X, p).
Furthermore, (f, Lf) = 0 if and only if

fio fi Jx
2= i 2
R RV R

for all indices {i, j, k} {1, ..., N} such that ij # 0,

ﬁ+fj fk+ﬁ

1/2 12 = ,1)2 1/2
R R R R

for all indices {i, j, k, 1} € {1, ..., N} such that I'}f # 0, and

fio i Ji n Ji
1/2 7 ,1/2 R1/2 1/2

R”? R, R,

(44)

(45)

(40)

for all indices {i, j, k,{} < {1, ..., N} such that F;kl # 0. Denote f = R1/2¢ in
equalities (44)—(46), obtaining the relations (10)—(12), respectively. Hence, since L is

nonnegative,

Lf = 0if and only if f = R'/?¢,

where ¢ is a collision invariant (14), and the following proposition follows.

Proposition 4 The kernel of the linearized operator L is given by

ker L = [ fl f=+vP A+ eP)p, where ¢ is a collision invariant] .
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Note that S (f) € ImL = (ker L)*, since

(). R'20) = (Cia (F) + Coa (F) + Cay (F), @) + (£, LR'29) = 0

for all collision invariants ¢.

Remark 4 The general results obtained for planar stationary half-space problems for

the discrete equations obtained in [3, 6, 11], yield also for the extended discrete quan-

tum Boltzmann equation presented here. Indeed, consider the planar stationary system

(27)—for the linearized collision operator, possibly also with an inhomogeneous term,

see [3, 6, 11], or in a weakly non-linear setting, see [6]—for x > 0. Assume the

0E

components F; (0) of the distribution function at x = 0 for which F(p,-) + vg is

positive to be given - possibly linearly depending on the components of F' (0) for which
oE

a—l(pi) + Vg is negative. Then results concerning the number of conditions needed
p

for existence and/or uniqueness of solutions-based on the signature of the restriction
of the quadratic form (-, B-) to the kernel of L in [3, 6, 11] can be applied. We stress
that the results presented in [3, 6, 11] can be applied also for the Cauchy problem in
the spatially homogenous case.

Remark 5 The results can be extended to mixtures, including the case of mixtures
containing both bosons and fermions—i.e. not necessarily with the same ¢ for differ-
ent species, and particles with a discrete number of different energy levels, with the
approaches presented in [5-7, 10], see Remark 7 below.

5 Linearized Collision Operator for a General Collision Operator
Now consider the general collision operator (34). Denoting

F=P+R"f where R=P (1+¢P),

in system (2), with the right hand side replaced by the general collision operator (34),
and linearizing in f, one obtain

3a_ff + (VpE), +ve) - Vafi + (L) =0

where L is the linearized collision operator (N x N matrix) given by

(Lf)i= Y. @wn(Lunf); fori € {1,...N}, 47)

1<m<n<N-m
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with a,,,,, > 0 and

ri
Confli= Y.  —in (Z Sik— Y aik>
I, 1"Cly R; kel kel”
|1’|:n,|1”|:m
P’/’) - ( ’) .
2(1 i > (P i (48)
jel’ jer”

Here, denoting

ny @ =[]g [10+eg) = []e [T +es)).

jer  jer jer”  jer

follows that for T ;/N £0,

(PI//) anily (P + RV f)
r l

3f; i
= 1+8P ~|—8P
/le_I[’ 116_1[” 1+8P /16_[1” /16_1[’
1
:R;/z “ 10+em) s ™
= 1/2 [TAT]0+er) (49)
i jel” jer

since (cf. relations (18), (21), and (24))

[15 PjP- =115 PjP- o0
jer tep; jer b,

for F;,” # 0. Hence, by the equalities (47)—(50), follows the equality

(8. Lf) = Z amnr;//, 1_[ Pj l_[ (1 +8Pj)

1<m<n<N-m jel” jer
z Z—f’)z R - T
e R; jerr R; e R; jerr R;
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From equality (51), it is easy to see that the matrix L is symmetric and nonnegative.
Furthermore, by the equality (51), (f, Lf) = 0 if and only if

fi fi
[ =117 (52)
JeI 7 JEI" )
for all sets I’ and I” such that F;,U # 0. Denote f = R'2¢ in the relation (52),
obtaining

[Toi=T11¢

jel’ jel”
for all sets I’ and I” such that F;,” # 0. Hence, since L is nonnegative,
Lf = 0if and only if f = R'/?¢,

where ¢ is a collision invariant, and the following proposition follows.

Proposition 5 The linearized operator L is symmetric and nonnegative, and its kernel
is given by

ker L = { f1f=+vP {1+ eP)p, where ¢ is a collision invariant}.

Remark 6 We note that the general results obtained for linearized half-space problems
for the discrete Boltzmann equation obtained in [3, 11], and for a discrete quantum
Boltzmann equation in [4], yield also for the discrete Boltzmann equation for the
general linearized collision operator considered here, cf. Remark 4. Again we stress
that the results presented in [3, 4, 11] can be applied also for the Cauchy problem in
the spatially homogenous case.

Remark 7 The results can again be extended to mixtures, including the case of mixtures
containing both bosons and fermions, and particles with a discrete number of different
energy levels, with the approaches presented in [5-7, 10]. Indeed, the key feature is
that to each component F; of the distribution function F there will be assigned not
only a momentum p;, but also a species «; with species-dependent &4, , where 82; =1,
and possibly also an internal energy /;. The sets of admissible momentums—and pos-
sible sets of internal energies—may vary for different species. At a formal level, this
extension seems merely to be a matter of notation. Regarding implementations, it is
another story: e.g., finding models without spurious collision invariants will be a more
delicate task, even if known models for discrete velocity models of the Boltzmann
equation, see [5, 7, 10] and references therein, again can be used in case of approxi-
mations of the Bogoliubov excitation energy £ = E(p) of the form E = ¢ |p|2 +c
for constant c; and c¢; (as long as the collision term C»; (F) is included). Also, even if
not restricted to the discrete case, there will be several different collision operators of
each kind, e.g., for s different species there will be s>—one for each ordered pair of

@ Springer



La Matematica (2023) 2:836-860 859

species—collision operators of type Cay, 2 s> — s—for each ordered pair of different
species there will be two different—collision operators of type Ci2, etc..
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