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Abstract

In this paper we introduce some new weighted maximal operators of the partial sums
of the Walsh—Fourier series. We prove that for some “optimal” weights these new
operators indeed are bounded from the martingale Hardy space H),(G) to the Lebesgue
space L,(G), for 0 < p < 1. Moreover, we also prove sharpness of this result. As a
consequence we obtain some new and well-known results.
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1 Introduction

It is well-known that the Walsh system does not form a basis in the space L (see e.g.
[2, 27]). Moreover, there exists a function f in the dyadic Hardy space Hj, such that
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the partial sums of f are notbounded in L-norm, but the partial sums S,, of the Walsh—
Fourier series of a function f € L convergence in measure (see [9, 12]). Uniform
and pointwise convergence and some approximation properties of partial sums in L
norm were investigated by Onneweer [16], Goginava [10], Goginava and Tkebuchava
[11], Nagy [15], Avdispahi¢ and Memi¢ [1], Persson et al. [18]. Fine [6] obtained
sufficient conditions for the uniform convergence, which are complete analogies with
the Dini-Lipschits conditions. Gulicev [13] estimated the rate of uniform convergence
of a Walsh—Fourier series by using Lebesgue constants

L(n) == || Dyl
and modulus of continuity. These problems for Vilenkin groups were considered by
Blahota [3], Fridli [7] and Gat [8].
Above, and in the sequel, all used notations can be found in Sect. 2. For example,
the notations D, and S, are given in (6).
To study convergence of subsequences of partial sums in the martingale Hardy

spaces Hy(G) for 0 < p < 1, the central role plays uniquely expression of any
natural number n € N

9]
n=Y nj2l, njez,(jeN,
k=0

where only a finite numbers of n; differ from zero and their important characters [n],
|n|, p (n) and V (n) are defined by
[n] :=min{j € N,n; # 0}, |n|:=max{j e N,n; # 0}, p(n)=|n|—[n]

and
o0
V (n) :=no+Z|nk—nk_1|, for all neN 1)
k=1
In particular, (see [5, 14, 19])

V (n)

< Dnllt =V (n),

from which it follows that, for any F € L{(G), there exists an absolute constant ¢
such that

I1SnFlli <cV @) I[IFI. (2)
Moreover, for any f € Hj,

ISnFllg, <cV ()1 Fllg, -
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In [23] and [24] it was proved thatif 0 < p < 1 and F € H,, then there exists an
absolute constant ¢, depending only on p, such that

1S4 Fll, < 222D F||

Moreover, if 0 < p < 1, {ny : k > 0} is any increasing sequence of positive integers
such that

sup p (ng) = 00
keN

and @ : N — [1, oo) is any nondecreasing function, satisfying the condition

_2p0)(1/p=1)

Iim —— =
k—o00 D (ng)
then there exists a martingale F' € H,, such that

Su F

cen | @ ()

keN

= Q.
weak—L

~, P

For 0 < p < 1in[21, 22] the weighted maximal operator S , defined by

e 15, F|
S F:= sup m (3)
neN (n + 1)
was investigated and it was proved that the following estimate holds:
~%
SF| =cplFllp,- “
p

Moreover, it was also proved that the rate of the sequence (n + 1)'/7~! given in
denominator of (3) can not be improved, but it was proved only for the special

subsequences.
~%

For p = 1 analogical results for the maximal operator S , defined by

i S F|
S F:=sup———
neN 10g (n+ 1)

was proved in [22].

One main aim of this paper is to generalize the estimate (4) for f € H,(G),
0 < p < 1. Our main idea is to investigate much more general maximal operators by
replacing the weights (n + 1)!/7~! in (3) by more general “optimal” weights
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where ¢ : R4y — Ry is any nonnegative and nondecreasing function satisfying the
condition

Zl/cpp(n) <c <00
n=1

and prove that it is bounded from the martingale Hardy space H,(G) to the Lebesgue
space L,(G), for0 < p < 1. As a consequence we obtain some new and well-known
results. In particular, we prove that the maximal operator $*V, defined by

_ SWF
S*’VggF - Sup | n | I/P )
neN2pm)(1/p=1) (logHg (p (n)))

where 0 < p <1, ¢ >0,

is bounded from the Hardy space H,(G) to the Lebesgue space L ,(G) forany ¢ > 0
and is not bounded from the Hardy space H,(G) to the Lebesgue space L ,(G) when
e=0.

This paper is organized as follows: In order not to disturb our discussions later on
some definitions and notations are presented in Sect. 2. The main results and some of
its consequences can be found in Sect. 3. The detailed proofs are given in Sect. 4.

2 Preliminaries

Let N4 denote the set of the positive integers, N := Ny U {0}. Denote by Z; the
discrete cyclic group of order 2, that is Z, := {0, 1}, where the group operation is the
modulo 2 addition and every subset is open. The Haar measure on Z5 is given so that
the measure of a singleton is 1/2.

Define the group G as the complete direct product of the group Z;, with the product
of the discrete topologies of Z»‘s. The elements of G are represented by sequences
x = (X0, X1, ..., Xj, ...), where xy =0V 1.

It is easy to give a base for the neighborhood of x € G:

Ip(x) =G, I,(x):={yeG:y)=x0,-, Yn—-1 = Xn—1} (n € N).
Denote I, := I, (0), I, := G \ I, and
e, =(0,..0x,=1,0,...) e G, for neN.

Then it is easy to show that

M—1
Iy = | I\ L4 )
s=0
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The norms (or quasi-norm) of the spaces L ,(G) and weak— L, (G), (0 < p < 00)
are, respectively, defined by

1715 :=/ |f1”dp and IIfIvaeak_Lp =supAPu (f > 2).
G A>0

The k-th Rademacher function ry (x) is defined by
re() =%  (xeG, keN).

Now, define the Walsh system w := (wy, : n € N) on G by

In|—1

0o L > ngxg
wy (%) = kl;lork" (%) = rip) (x) (=1) *=0 (n eN).

The Walsh system is orthonormal and complete in L (G) (see e.g. [19]).

If f € L1 (G) we can establish the Fourier coefficients, the partial sums of the
Fourier series, the Dirichlet kernels with respect to the Walsh system in the usual
manner:

Pk = /G Fudn (ke Ny,

n—1
Suf =Y F k) wi, 6)
k=0
n—1
Dy:=) w (neNy).
k=0

Recall that (see [17, 19])

_|2n ifxel,
Do (x) = {0, if x ¢ I, )
and
o0 o0 o0 )
D, = wnanrszk = wnan (D2k+1 — Dzk) , for n = ZniZ’. ®)
k=0 k=0 =0

Moreover, we have the following lower estimate (see [17]):

Lemma1 Letn € Nand [n] # |n|. Then

1S, (O = [Sy_om )| = 2" for  x € Iy \Ijnj41-
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The o-algebra generated by the intervals {I, (x) : x € G} will be denoted by
¢n (n € N) . It is easy to see that

my,—1
Iny1 (x) C I, (x) and I, (x) = U Iy+1(x), forany x € G and n € N.

xp=0

It follows that

tn Clur1(n eN).
Denote by F = (Fj,, n € N) the martingale with respect to F , (n € N) (for details

see e.g. [25]).
The maximal function F* of a martingale F is defined by

F* :=sup |F,|.
neN

In the case f € L1 (G), the maximal function f* is given by
rre=swp | [ fwdu).

neN /L(I (x))

n(X)

For 0 < p < oo the Hardy martingale spaces H, (G) consists of all martingales
for which

1Fllg, = HF*HP < 0.

It is easy to check that for every martingale F = (F,, n € N) and every k € N the
limit

F (k) := lim Fn () we (x) dp (x)

n— 00

exists and it is called the k-th Walsh—Fourier coefficients of F'.
If F := (S f :n e N)is aregular martingale, generated by f € L (G), then
(for details see e.g. [17, 20] and [25])
Fk)=fk), keN.

A bounded measurable function a is called p-atom, if there exists a dyadic interval
1, such that

/adu =0, Jalloo < (D77 supp(a) C 1.
1
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The dyadic Hardy martingale spaces H, for 0 < p < 1 have an atomic
characterization. Namely, the following theorem holds (see [17, 25, 26]):

Lemma2 A martingale F' = (F,,n € N) belongs to H, (0 < p < 1) if and only if
there exists a sequence (ay, k € N) of p-atoms and a sequence (i, k € N) of real
numbers such that for everyn € N

o0
ZMkSQnak = F,, 9)
k=0

where

(09)
D lul? < 0.
k=0

Moreover, ||Flly, - inf (Z/?io |uk|”)l/p, where the infimum is taken over all
decomposition of F of the form (9).

3 The main results

Our first main result reads:

Theorem1 Let0 < p < 1, f € H, (G) and ¢ : Ny — Ry be any nonnegative and
nondecreasing function satisfying the condition

S |
’; o7 (D) < ¢ < o0. (10)

Then the weighted maximal operator SV, defined by

~ Sp F
S*VF = sup [Sn F] ,
nen2PWA/P=De(p (n))

is bounded from the Hardy space H,(G) to the Lebesgue space L ,(G).
Theorem 1 can be of special interest even if we restrict to subsequences.

Corollary1 Let 0 < p < 1, f € H, (G), ¢ : Ny — R, be any nonnegative and
nondecreasing function satisfying the condition (10) and {ny_: k > 0} be any sequence
of positive numbers. Then the weighted maximal operator S*V , defined by

’SJ*’VF = sup |Sn/\F|

’ (In
1en 200 A/P=D (o (ny))

is bounded from the Hardy space Hy,(G) to the Lebesgue space L ,(G).
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We also prove sharpness of Theorem 1:

Theorem2 Let 0 < p < 1, {ny : k > 0} be a sequence of positive numbers and ¢ :
N4 — Ry be any nonnegative and nondecreasing function satisfying the condition

o0

1

Then there exists p-atoms ay, such that

| Snax |
H SuanN zp(n)(l/pn I)W(ﬂ(”l))
sup
keN lakll g,

If we take
1/p
pn) = (n log!'*¢ n) , forany e > 0,
we get that condition (10) is fulfilled, on the other hand, if we take

¢(n) = (nlogn)'/7

then condition (12) holds true. Hence, Theorems 1 and 2 imply the following sharp
result:

Corollary2 a) Let0 < p < 1 and f € Hp (G). Then the weighted maximal operator
Ve , defined by

~ S, F
SHVER = sup [Sn F] , >0,

neN20M /=1 (p (n) log!*¢ p (n))l/p

is bounded from the Hardy space H),(G) to the Lebesgue space L, (G).
b) The weighted maximal operator §*.V.0 , defined by

" aer 270D (o () log (p (1))

is not bounded from the Hardy space H),(G) to the Lebesgue space L ,(G).

Remark 1 Suppose that {n; : k > 0} is a sequence of positive numbers, such that

sup [nx] < ¢ < oo.
keN

Then

sup ¢([nk]) < ¢(c) < oo,
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P P

20/ p=1) ol /p=1) o IP=L (g 1)1/ P
and

~ Sn, F
S*VF < suleiil.
ken (g + 11/P

Let

sup [nx] = oo.
keN

Then, the maximal operator (11) can not be estimated by

‘S”k};| : Sg*’VF.
ke (ng 4+ 1)1/~

Hence, Theorem 1 and Remark 1 and Theorem proved in [21, 22] follows that if
0<p<1 f€H,(G)and ¢ : Ny — Ry be any nonnegative and nondecreasing
function satisfying the condition (10), then the weighted maximal operator $*V,
defined by

S*VF:=su ISuF|
R min2e WP Dg(p (). (n + DT}’

is bounded from the Hardy space H,(G) to the Lebesgue space L, (G).
Now, we formulate a result proved in [22], which follows from Theorems 1 and 2:

Corollary 3 a) Let 0 < p < 1 and {ax, k € N} be a subsequence of positive numbers
such that supycy p (k) < 00. Then the maximal operator S** defined by

SeL f = sup | See /| (13)
keN

is bounded from the Hardy space H,(G) to the Lebesgue space L ,(G).

b)Let0 < p < 1 and (o, k € N) be a subsequence of positive numbers satisfying
the condition supycy p (ck) = 00. Then the maximal operator S** defined by (13) is
not bounded from the Hardy space H,(G) to the Lebesgue space L ,(G).

4 Proofs of the Theorems

Proof of Theorem 1. By using Lemma 2 the proof of Theorem 1 will be complete, if
we prove that
J

§*’va(x)‘Pd
nx) <c < oo, (14)
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for every p-atom a, with support I and u (I) = 2~™. We may assume that this
arbitrary p-atom a has support I = Iy. It is easy to see that S,a (x) = 0, when
n < 2™ Therefore, we can suppose that n > 2™ Since ||a|| o < 2M/P we find that

Spa (x)
2/p=Drp(p (n))

1
< ST oy 11 /1 1Dn (Dl 0

: 2““’/ 1Dy (x + Dl di (0). (15)
Iy

2(]/P*1)ﬂ(n)(p(p (n))

Let x € Iy. Since V (n) < p (n) + 2, by applying (2) we get that

‘ ] ek o)

20/p=DrM e (p (n))| ~ 205G (n))

1
wir M/p
<2 p (n) 2/p=DpW g (p (n)) =<

so that

Spa(x)
2U/p=DpMgp(p (n))

p
) du(x) < cp < oo. (16)

/ (sup
Iy neN

Lett e Iyandx € [\I;41, 0 <s<M—-1<[nlor0<s<[n]<M-1.
Then x 4+t € I;\I;4+1. By using (8) we get that D, (x +¢) = 0 and

Spa(x)

‘zﬂ/ﬂ—“ww(p |~ i

Letx € I;\Is4+1, [n] <s <M — 1. Then x +t € I;\Is41, fort € Ij;. By using
(8) we find that

S
1Dy (x40 <) nj2l <c2'.

j=0
Hence, by applying (15) we get that
Spa(x)
2(1/17_1)P(n)¢(p (n))
c M/p s M /p=1) pln](1/p=1)9s

< = < (18)
2/p=Dpm g (p (n)) 2M = 2 A/p=1 g(p (n))
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By now using (18) for 0 < [n] < s/2 we can conclude that

‘ Spa(x) oM /p=1) 5lnl(1/p=1)9s

2/p=DpMp(p (n)) | = 2IA/P=D  p(p (n))

(s/2)(1/p=1)
248 p 25 < 2(3/2)(1/P+1). (19)

@(p ()

Moreover, according to (18) for s /2 < [n] < s we have that

Spa(x) c2MA/p=1)  os/p
‘%”Pﬂﬂmapm» = 2WA72=D g ()
2s/p 2s/p

< < . (20)
plp (M) — oM —s)

By combining (17), (19) and (20), for all x € I\ I;4+1, 0 <s < M — 1 we get that

Spa(x)
20/p— l)p(n)(p(p (n))

/
< v 2Ty

S*Va(x) = su
neR oM —s)

By now combining (5) and (21) we obtain that

Ji

< CPZ /Y\IH—]
< cpi

M- 1 M—1 95
<e¢p Z Loemaep 4 c,,

s=0

M—1 M—

1
S TP e, T << *
s=0

3 Va(x)( dp (x)

p
du (x)

s/p
oM —s)

2(s/2><1/p+1)’ du (x) +Cp2 /

26/2(/p+D)

p
du (x)

2s/p
oM —s)

\s+1 \s+1

1
2_ 0P (M —5)

By combining (16) and (22) we obtain that (14) holds and the proof is complete.

O
Proof of Theorem 2. 1In view of the condition (12) we have that
ne—1 1 1/p
Z — 00, as k — oo. (23)
=P

Set
Jng () = Dynp1 (x) — Dome (x) , ng > 3.
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It is evident that
1, ifi =2, ... 2%+l
0, otherwise.

fAnk (i):{

Then we easily can derive that

D; (x) — Don (x), ifi = 2%, ... 2m+l
Sifu ) =13 fu, (), ifi > 20T, (24)
0, otherwise.

Since

D ioni (x) — Dome (x) = wom Dj(x), J=12,.,2",
from (7) it follows that
= | Dy+1 — Do

[l i, =
P

= Dy |, <211/, (25)

p

sup S27 fuy
neN

Let g,, € N be such that

2" < gy < 2+l and [gy,] =5, where 0<s <n.
By applying (24) we can conclude that

‘Sqﬁ,'k Sy (X)‘ = ‘Dq'{k (x) — Do (x)‘ = ‘quk_znk (x))

Let x € I;\I;+1. By using Lemma 1 we obtain that

S, o 0] = 22

and
S4s, S ) ¢, 2007
= /Dy (nf —5)
/p-o(q; P
20700 (o g3,
Hence,
[Sqs, Fo )
f sup dp (x)
G

keN 2(1/17*1)P<(1£k)€0 (,O (qgk))

ng—1 g
2s/p
>cp ). / <2nk(1/P1)(p(Vlk —s)) e

s=0 Is\Ierl
np—1
1 25
=) 5o
: (I=p)pp —
s:02 2" P (ng — )
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ng
2 St gy
— 2ni(1=p) = QP (s)

Finally, by combining (23) and (25) we find that

1/p
f Sqflk fnk (x)
SUPgeN SUPo<; s dp (x)
G € <s<ng 2(1/1)71)0(%1‘)‘#(!’(‘12,())
| fc
¢ ng 1 I/p
<2"k(fp) Z tpl’(s)>
- s=1
= one(1/p—1)
ny 1 1/p
>c — 00, as k — oo.
! éw (s)
The proof is complete. O
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