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1 Introduction
The terminology and notations used in this introduction can be found in Sect. 2.

The fact that the Walsh system is the group of characters of a compact abelian group
connects Walsh analysis with abstract harmonic analysis was discovered independently
by Fine [7] and Vilenkin [28]. For general references to the Haar measure and harmonic
analysis on groups see Pontryagin [22], Rudin [23], and Hewitt and Ross [14]. In particular,
Fine investigated the group G, which is a direct product of the additive groups Z, =: {0, 1}
and introduced the Walsh system {wj}}-ofo.

It is well known (for details see, e.g., the books [21, 24], and [29]) that Walsh systems
do not form bases in the space L;. Moreover, there exists a martingale f € H, (0 <p < 1),
such that sup, .y |S2741f |, = 0. On the other hand, by the definition of Hardy spaces, the
subsequence {S»»} of partial sums is bounded from the space H, to the space H,, for all
p>0.

Weisz [30] proved that the Fejér means of Vilenkin—Fourier series are bounded from
the martingale Hardy space H, to the space H,, for p > 1/2. Goginava [11] (see also [19])
proved that there exists a martingale f € Hj/; such that

sup [|of 1172 = +00.
neN
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However, Weisz [30] (see also [18]) proved that for every f € H,, there exists an absolute
constant c,, such that the following inequality holds:

loflin, <cpllfllm,, neN,p>0. 1)

Moricz and Siddiqi [17] investigated the approximation properties of some special Nor-
lund means of Walsh—Fourier series of L, functions in norm. Approximation properties
for general summability methods can be found in [3, 4]. Fridli, Manchanda, and Siddiqi
[8] improved and extended the results of Mdricz and Siddiqi [17] to martingale Hardy
spaces. The case when {gx = 1/k : k € N} was excluded, since the methods are not appli-
cable to Norlund logarithmic means. In [9] Git and Goginava proved some convergence
and divergence properties of the Norlund logarithmic means of functions in the Lebesgue
space L;. In particular, they proved that there exists a function f in the space L, such that
sup,en IL4f ll1 = oo. In [1] it was proved that there exists a martingale f € H,, (0 <p < 1)
such that

sup [|Lof 1l = 00.
neN

A counterexample for p = 1 was proved in [20]. However, Goginava [10] proved that for
every f € Hy, there exists an absolute constant ¢, such that the following inequality holds:

ILonfll1 <cllfllm, meN. (2)

The convergence of subsequences of Norlund logarithmic means of Walsh—Fourier series
in martingale Hardy spaces was investigated by Goginava [13] and Memi¢ [16].
In [19] it was proved that for any nondecreasing sequence (gx, k € N) satisfying the con-

ditions
1 1 n-1
@ :O(n—a), where Qn:qu 3)
k=0
and
1
Qn—%m:()( 2—a)’ as n — 0o, (@)
n

then, for every f € H,, where p > 1/(1 + o), there exists an absolute constant c,, depending
only on p, such that the following inequality holds:

”tr(f”Hp Scp”f”Hp: neN. (5)

Boundedness does not hold from H, to weak—L,, for 0 < p < 1/(1 + «). As a consequence,
(for details see [31]) we obtain that the Cesaro means o is bounded from H, to L,, for
p > 1/(1 + ), but they are not bounded from H, to weak—L,, for 0 < p < 1/(1 + «). In the
endpoint case p = 1/(1 + ), Weisz and Simon [26] (see also [25]) proved that the maximal
operator 0** of Cesaro means defined by

o®*f = sup|a,‘l"f|
neN
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is bounded from the Hardy space Hj i) to the space weak—Li/q.q). Goginava [12] gave
a counterexample, which shows that boundedness does not hold for 0 < p < 1/(1 + «).

In this paper we develop some methods considered in [1, 2, 15] (see also the new book
[21]) and prove that for any 0 < p < 1, there exists a martingale f € H,, such that

sup [[t2nf llweak-1, = 00

neN
Moreover, we prove that a class of subsequence {£;f} of Norlund means with respect
to the Walsh system generated by nonincreasing and convex sequences are not bounded
from the martingale Hardy spaces H, to the space weak—L, for 0 < p < 1/(1 + ), where
0 < a < 1. Moreover, some new related inequalities are derived. As applications, some well-
known and new results are pointed out for well-known summability methods, especially
for Norlund logarithmic means and Cesaro means.

The main results in this paper are presented and proved in Sect. 4. Section 3 is used to
present some auxiliary results, where, in particular, Lemma 2 is new and of independent
interest. In order not to disturb our discussions later some definitions and notations are
given in Sect. 2.

2 Definitions and notations
Let N, denote the set of the positive integers, N := N, U {0}. Denote by Z, the discrete
cyclic group of order 2, that is Z, := {0, 1}, where the group operation is the modulo 2
addition and every subset is open. The Haar measure on Z; is given so that the measure
of a singleton is 1/2.

Define the group G as the complete direct product of the group Z,, with the product of
the discrete topologies of Z,s.

The elements of G are represented by sequences

x:= (X0, %1,...,%),...), Wherex;=0Vv1
It is easy to give a base for the neighborhood of x € G namely:
Iy(x) := G, Li(x):={ye G:y0=%0,...,Yn-1 =%,_1} (n€N).
Denote I, := I,(0), I, := G\I,, and
e,:=(0,...,0,x,=1,0,..)€ G, forneN.

If n € N, then every n can be uniquely expressed as = Y, #;2/, where n; € Z, (j € N)
and only a finite number of #;s differ from zero. Let

|n| := max{k € N: ny #0}.

The norms (or quasinorms) of the spaces L,(G) and weak—L,(G), (0 < p < 00) are, re-
spectively, defined by

IFI1E = /G fIPdp  and ”f”{:/eak—Lp = iu(;)))»",u(f >A).
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The kth Rademacher function is defined by
re(x):= (-1)* (xe€ G,k eN).

Now, define the Walsh system w:= (w,,: n € N) on G as:

o) 1= [ @) = r @) (DZ60 5% (e N).
k=0

It is well known that (see, e.g., [24]) the Walsh system is orthonormal and complete in
Ly(G). Moreover, for any n € N,

wy(x +y) = wy(x)w,(y). 6)

If f € L1(G) we define the Fourier coefficients, partial sums, and Dirichlet kernel by
Fws= [ fmdn ke,
G
n-1 n-1
Sf =Y f(we,  Dyi=) wi (neN,).
k=0 k=0

Recall that (for details see, e.g., [24]):

2", ifxel,

Dy (x) = 7)
0, ifxél,
and
o0 o0 o0
D,=w, Z nr Dok = wy, Z 1 (Dyks1 — Do),  form = Z n; 2" (8)
k=0 k=0 i=0

Let {gx,k > 0} be a sequence of nonnegative numbers. The Norlund means for the

Fourier series of f are defined by
n n-1

1
Lyf = — qn-iSrf, where Q, := qu.

Q k=1 k=0
In this paper we consider convex {gx, k > 0} sequences, that is

Gn-1+qui1 —29, >0, forallmeN.

If the function v (x) is any real-valued and convex function (for example ¥ (x) = x*7%,
0 < «a < 1), then the sequence {/(n), n € N} is convex.

Since gu-2 — Gn-1 = Gu-1 — Gn = Gn — Gns1 = Gus1 — Gu+2 We find that

qn—z + qn+2 = qn—l + qn+1

Page 4 of 13
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and we also obtain that
qn-2 + quiz — 29, >0, forallmeN. 9)

In the special case when {gx = 1, k € N}, we have the Fejér means

onf = % ZSkf
k=1

Moreover, if gx = 1/(k + 1), then we obtain the Norlund logarithmic means:
1 Sif "1
Lf=+3 —9 . wherel,:=Y . 10
f l,,kgn+1—k where kgk (10)

The Cesaro means o,/ (sometimes also denoted (C, «)) is also a well-known example of

Norlund means defined by

n

1
0if = 4 DALY,

n k=1
where
(¢ +1)...(x +n)
Aj=0, A=, ad 12,
It is well known that
n
A=A, AT-An =AY and AD~n. (11)

k=0
We also define Uy means as

n

1 n
usf .= Q. Z(ﬂ +1-k)*Vsf, where Q,:= Zk"‘*l,

" k=1 k=1

Let us also define V! means as

1 ¢ pa
Vif = 5 D (1 +1-K)Sf, where Q,:=) In(k +1)°

" k=1 k=1

The o -algebra generated by the intervals {I,(x) : x € G} will be denoted by f,, (n € N).
Denote by f := (f*, n € N) the martingale with respect to /-, (n € N) (for details see, e.g.,

[29]).
We say that this martingale belongs to the Hardy martingale spaces H,(G), where 0 <

p <o, if

Wl = 7], <00, withf* := suplf].
neN
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When f € L;(G), the maximal functions are also given by

If f € L1(G), then it is easy to show that the sequence F = (Sy«f : n € N) is a martingale

and F* = M(f).
If f = (", n € N) is a martingale, then the Walsh—Fourier coefficients must be defined

1
M{f)x) = i‘!&’(uuﬂ(x»

)f () dya(u)

In(x

in a slightly different manner:

F@):= lim / FO)wi(x) dyn(x).
k—o0 JG
A bounded measurable function « is p-atom, if there exists an interval /, such that

supp(a) C I, fadu=0 and flalle < u(D).
I

3 Auxiliary results
The Hardy martingale space H,(G) has an atomic characterization (see Weisz [29, 30]):

Lemma 1 A martingale f = (f*),n € N) is in H, (0 < p < 1) if and only if there exist a
sequence (ax, k € N) of p-atoms and a sequence (jui, k € N) of real numbers such that for

everyn € N:
o0 o0
Z WiSonag :f("), where Z [prl? < oo. (12)
k=0 k=0

Moreover, the following two-sided inequality holds
0 1/p
Il inf(Z mm) ,
k=0

where the infimum is taken over all decompositions of f of the form (12).
We also state and prove the following new lemma of independent interest:

Lemma2 Letk € N, {gi : k € N} be any convex and nonincreasing sequence and x € I(eo +

e1) € Io\I;. Then, for any {ox}, the following inequality holds:

22a/<+1

Z q22ak+17]»D'

j=22%

3
>q1 - iqs'

Proof Letx € I(eo + e1) € Ip\I;. According to (7) and (8) we obtain that

-wj, ifjis an odd number,
D,(x) =
0, if j is an even number

Page 6 of 13
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and

220tk+1_1 22ak_1

E q22ak+17ij == E q22“k+172j71W2j+1 =-w E qzzak+172j71W2j.

j:220‘k j:22ak—1

By using (9) we find that

220(,(—171
E |q220‘k+1_4j+3 —q22ak+1_4j+1
]‘=22a/<_2+1
220(,(—1_1
= E (q22°‘k+1_4j+1 - q22ak+1_4j+3)
j=224241

= (Gprep 3 — G2y 1) + (Go2ep 5 — Go2ep_5) + - + (g5 — 47)

1 1
= 5(422"%_3 - Q22‘Y1<_1) + E(Qﬁak_s - q220/<_3)

1
2

+ = (Gorep 5 — 2oy _5) + E(qzza,_g — 2o )

22’3‘/(_1

}-:22051(—1

1 1 1 1
o+ E(qs -q7)+ 5(43 —qs5) < 5B~ 5%

Hence, if we apply
Waks2 = WaWak = —Wak, forx € r(ep + e1),

we find that

22”](*1,1

Z q22ak+l_ij

j=2%%

22ak -3

j:22ak—1

22ak—l 1

j=22k241
220:/(—1_1
>q1—qs— E |q22ak+1_4j+3 — G2+l g
j=22%241

1 3
Zq1 =43~ 5(q3 = ) Z 01~ 545
The proof is complete.

4 The main result

In previous sections we have discussed a number of inequalities and sometimes their

sharpness. Our main result is the following new sharpness result:

= | q1iWo2ep+1_o + g3 Wode+1_y + E q22ak+1_2j_1W2}'

= (q3 — ql)2W22ak+l_4 + E (q22"‘k*1—4j+3w4/—4 - q22“k+1_4/‘+1w4j—4~)

Page 7 of 13
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Theorem 1 Let 0 <« <1, B be any nonnegative real number and t, be Norlund means

with a convex and nonincreasing sequence {qy : k € N} satisfying the condition

q1 — (3/2)q3 C
Qy = n*1nf n’ 13)

for some positive constant C. Then, for any 0 < p < 1/(1 + o) there exists a martingale f € H,
such that

sup ||t2"f||weak—Lp = 00.
neN

Proof Let 0<p < 1/(1+ ). Under condition (13) there exists a sequence {ny : k € N} such
that

22nk(1/p—1) 22nk(1/p—1—a)

— 00, ask— oo.

VleZanH o anrl

Let {oy : k € N} C {ny : k € N} be an increasing sequence of positive integers such that

I0e
Q
>

S
N
8

(14)

>~

-1 (22“77)1/1’ (22ak)1/p

AR 45

i
=

and

(22ak,1)1/p q1 - (3/2)q3 22ak(1/p—1)—3
< .

o1 Q241 o

(16)

Let

f(n) = Z Akl

{k;2ay <n}
where

1
AM=—— and ai= 22°’k(1/p71)(D22ak+1 — Dyay).
(8753

From (14) and Lemma 1 we find that f € H,.
It is easy to prove that

22ak(1/p—1)

e 2« 20 +1
N ifj e {27%,...,2°* — 1}, ke N,
0, ifj & Upo {2%%,..., 22+ — 1},

76) = (17)

Page 8 of 13
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Moreover,
t22ak+1f (18)
1 22k 1 220 +1
= q 20 +1 _ S + 20 +1 _ S
Q22ak+1 :Z 27k lf Q 200 +1 42}( 27k /
=1 +11.

Let j < 22%, By combining (15), (16), and (17) we can conclude that

k-1 22an+1_1

NIED DN

n=0 v:220ly]

22(1,7(1/19—1) k-1 22a,7/p 2201/(,1/19

=0 g2 v -0 V% -1

220‘]( 1

Z Gpre1_jISif | (19)

1

QZZak+1

207 +1
1 2uap 2 A 92e 1/p

= q; = .
Q22ak+1 Uj-1 =0 k-1

Let 22% < j < 2%%*1 Since

k-1 220(,7+1 1
Sf = Y Fow,+ Z fow,
= 2201,7 220tk
k-1 92e (1/p-1) 92ex(L/p-1)

(D22(¥y] +1 — D22a,7 ) + T (D} - D22ak ),
n=0 Vi v

for II we can conclude that

;2 k-1 220(,] Up-1)
II = Q - Z q22ak+l : Z (D22an+1 —D22an) (20)
2+l g
J=2 =

1 22u(/p-1) 220+

+t— Z qzzaku_j(Dj — Dyay).

Q22ak+1 NALTS ]‘:220‘k
Let x € I (ep + €1) € Ip\I;. According to the fact that oy > 1 we obtain that 2a > 2, for

all k € N and if we use (7) we obtain that D)2, =0 and if we use Lemma 2 we can also
conclude that

220 +1

q22ak+17]»D]' (21)
/=22ak

1 22ak(1/p—1)

1| = il
Q22ock+1 LTS
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_ @1 - (3/2)gs 24

Q22¢yk+1 Ok

By combining (16), and (18)—(21) for x € I;(ep + e1) we have that

’tZZaka(x)’ = |II| - |1|

. q1 - (3/2)q3 22ak(1/p71) _ q1 - (3/2)q3 22ak(1/p—1)—3
- Q22Otk+1 LT3 Q22ak+1 (073
_ 204 (1/p-1)-3 20k (1/p-1-e)-3
- q1 (3/2)q3 2 < C2
- Q22otk+1 LTS - (]n22°‘k+1 + l)ﬁ,‘/ak
C22ozk(1/p—1—oz)—3

z B+1
X

Hence, we can conclude that

Il tzz"‘k*lf”weak—LI7

Coraltlpi-a)s C22u(Up=1)-3 ) Up
> T,&L{xe G: [tpynf| > T}
Olk Olk
C22ak(1/p71—a)—3 Sar(Up-1)-3
- B+1 Hyx € L(eg+e1): |t22zxk+1f| > A
Olk O[k

C22ak(1/p—1—a)—3
>_- 00000

> s (1 (La(eq + 31)))1/p
g

C22ak(1/p—l—a)
>——— 3500, ask— oo.

B+1
O

The proof is complete.

}l/p

O

In an actual case we obtain a result for Norlund logarithmic means {L,} proved in [1]:

Corollary 1 Let 0 < p < 1. Then, there exists a martingale f € H, such that

sup ”LZ”f”weak—Lp =0Q.
neN

Proof It is easy to show that

1
q-(B32)q3==-—---- =

2
and condition (13) holds true for « = 8 = 0.

We also obtain a similar new result for the V,, means:

Corollary 2 Let 0 < p < 1. Then, there exists a martingale f € H, such that

sup ” VZ”f”weak—Lp = 0Q.
neN

Page 10 0of 13
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Proof 1t is easy to show that

1 3 1 log} 3
-(3/2)g3= — — = - — =logt —(3/2) —% =logi| 1 - — 0,
1 - (312)q5 In2 2 In4 0g; ~( )logg 0g2< 4) g

and condition (13) holds true for « = 8 = 0. O
We also obtain a corresponding new result for the Cesaro means oy}.

Corollary 3 Let 0 <p < 1/(1 + @), for some 0 < o < 0.56. Then, there exists a martingale
f € Hy, such that

;S/II:II\I) ||G;‘f |weak—Lp =

Proof By a routine calculation we find that

alo +1)(a +2) 2 — 30 —o?
_ —a-

—(3/2)g3 =
q1—(3/2)q3 = o 4 4

It is easy to show that when 0 < « < 0.56 this expression is positive. Hence, condition (13)
holds true for 8 =0and 0 < < 1. a

Corollary 4 Let 0 < p < 1/(1 + @), for some 0 < < 0.41. Then, there exists a martingale
f € Hy such that

sup||US.f 0.
neN

iweak—Lp =
Proof By a straightforward calculation, we find that
q1 — (3/2)q3 — 2&—1 _ (3/2)4&—1 — 2(1—1(1 _ 3/22—0{)'

It is easy to show that when 0 < « < 0.41 this expression is positive. Hence, condition (13)
holds true for 8 =0and O < < 1. O

5 Open questions and final remarks

Remark 1 This article can be regarded as a complement to the new book [21]. In this
book a number of open problems are also raised. Also, this new investigation implies some
corresponding open questions.

OpenProblem 1 Let0< p < 1/(1+«), for some 0.56 < o < 1. Does there exist a martingale
f € Hp, such that

oo?

supllot.f

el |weak—Lp -

Open Problem2 Let0<p < 1/(1+w),forsome 0.41 < o < 1. Does there exist a martingale
f € H, such that

oo?

i weak—Lp =

sup | Uz,f
neN
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We also can investigate similar problems for more general summability methods:

Open Problem 3 Let 0 < p < 1/(1 + &), for some 0.56 < « < 1 and £, be N6rlund means of
Walsh—Fourier series with nonincreasing and convex sequence {gy : k € N}, satisfying the
condition (13).

Does there exist a martingale f € H}/q+4) (0 < p < 1), such that

sup ||t2nf”H1/(1+a) =00?

neN
Open Problem 4 Let f € Hyq1q), where 0 < o < 1. Does there exist an absolute constant
Cy, such that the following inequality holds

||o§‘,,f|| U(l+a) = CoallF 110 ?

Open Problem 5 Let f € Hyq+q), where 0 < o < 1. Does there exist an absolute constant
Ca, such that the following inequality holds

” lzx"f”u(na) = Callf Nty 1e0?

Open Problem 6 Let f € Hy/q.4), where 0 < « < 1 and ¢, are Norlund means of Walsh—
Fourier series with a nonincreasing and convex sequence {gy : k € N}, satisfying the con-
dition (13). Does there exist an absolute constant C,, such that the following inequality
holds

”tg”f” 1/(1+a) = C“”f”Hl/(Ha)?

Remark 2 There is an important relation between Walsh—Fourier series and wavelet the-
ory, see, e.g., [21] and the papers [5] and [6]. This is of special interest also for applications
as described in the recent PhD thesis of K. Tangrand [27].
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