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Abstract
The linearized Boltzmann collision operator appears in many important applications of the
Boltzmann equation. Therefore, knowing its main properties is of great interest. This work
extends some classical results for the linearized Boltzmann collision operator for monatomic
single species to the case of polyatomic single species, while also reviewing corresponding
results for multicomponent mixtures of monatomic species. The polyatomicity is modeled
by a discrete internal energy variable, that can take a finite number of (given) different
values. Results concerning the linearized Boltzmann collision operator being a nonnegative
symmetric operator with a finite-dimensional kernel are reviewed.

A compactness result, saying that the linearized operator can be decomposed into a sum
of a positive multiplication operator, the collision frequency, and a compact operator, bring-
ing e.g., self-adjointness, is extended from the classical result for monatomic single species,
under reasonable assumptions on the collision kernel. With a probabilistic formulation of the
collision operator as a starting point, the compactness property is shown by a splitting, such
that the terms can be shown to be, or be the uniform limit of, Hilbert-Schmidt integral oper-
ators and as such being compact operators. Moreover, bounds on - including coercivity of -
the collision frequency are obtained for a hard sphere like model, from which Fredholmness
of the linearized collision operator follows, as well as its domain.

Keywords Boltzmann equation · Polyatomic gases · Linearized collision operator ·
Hilbert-Schmidt integral operator
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1 Introduction

The Boltzmann equation is a fundamental equation in the kinetic theory of gases. It takes
binary collisions into account (assuming rarefied gases), while it is assumed that momentum
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and (kinetic plus possible internal) energy is conserved during collisions. Considering devi-
ations of an equilibrium or a Maxwellian distribution, in the collision integral a linearized
collision operator is obtained. The (usually unbounded) linearized Boltzmann collision oper-
ator appears in a large number of important applications of the Boltzmann equation [1–4, 6].
Classical results are that it is a nonnegative symmetric operator with a finite-dimensional
kernel, while it is less trivial to prove self-adjointness or Fredholmness (for some collision
kernels).

The linearized collision operator can in a natural way be written as a sum of a positive
multiplication operator, the collision frequency, and an integral operator −K . Compactness
properties of the integral operator K (for Grad’s cut-off kernels) are extensively studied for
monatomic single species [15, 16, 19, 24]. The integral operator can be written as the sum
of a Hilbert-Schmidt integral operator and an operator that is the uniform limit of Hilbert-
Schmidt integral operators (cf. Lemma 4 in Sect. 2.3) [18], and so compactness of the in-
tegral operator K is obtained. More recently, compactness results were also obtained for
monatomic multicomponent mixtures by Boudin et al. [10]. For a polyatomic gas, assuming
that the translational and vibrational energies can be modelled by a single internal energy
variable, one can either consider the internal energy variable to be discrete or continuous
[11, 17, 20]. See also [8] where a general framework is exploited. In this work, we consider
polyatomic single species, where the polyatomicity is modeled by a discrete internal en-
ergy variable [17, 20]. We also review the case of multicomponent mixtures of monatomic
species, for which the compactness result is already covered by Boudin et al. [10], while
approached from a different starting point. This is a first step to cover the case of multicom-
ponent mixtures of polyatomic species.

Motivated by an approach by Kogan in [23, Sect. 2.8] for monatomic single species
case, a probabilistic formulation of the collision operator is considered as the starting point.
By starting from the probabilistic formulation, there is no initial parametrization of the ve-
locities based on the momentum and energy conservation, why the parametrization can be
chosen from scratch to be more suitable from case to case. From our point of view, this
really helps to find appropriate substitutions, by geometrical motivations, for the non-trivial
cases, and was crucial for us in the polyatomic case. Using this approach, it is shown, based
on ideas from the corresponding proof for monatomic single species by Grad [19], in par-
ticular, as presented by Glassey [18], that the integral operator K can be written as a sum
of Hilbert-Schmidt integral operators and operators that are the uniform limit of Hilbert-
Schmidt integral operators, and hence, compactness of the integral operator K follows for
the polyatomic model. The operator K is self-adjoint, as well as the collision frequency,
why the linearized collision operator, as the sum of two self-adjoint operators of which one
is bounded, is also self-adjoint.

For hard sphere like models, bounds on the collision frequency are obtained, implying
its domain. Then the collision frequency is coercive and becomes a Fredholm operator. The
set of Fredholm operators is closed under addition with compact operators, why also the
linearized collision operator becomes a Fredholm operator by the compactness of the inte-
gral operator K . For hard sphere like models the linearized collision operator satisfies all
the properties of the general linear operator in the abstract half-space problem considered in
[4], and, hence, the existence results in [4] apply. The same applies for hard sphere models
for multicomponent mixtures, see [3].

Related studies have attracted recent attention. The case of polyatomic single species,
where the polyatomicity is modeled by a continuous internal energy variable is considered
in [5], see also [9] for the case of molecules undergoing resonant collisions (for which
internal energy and kinetic energy, respectively, are conserved under collisions), and [13, 14]
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for diatomic and polyatomic gases, respectively - with more restrictive assumptions on the
collision kernels than in [5], but also a more direct approach.

The rest of the paper is organized as follows. In Sect. 2 polyatomic gases are considered,
while multicomponent gases are considered in Sect. 3. The models considered are presented,
for polyatomic molecules in Sect. 2.1 and for multicomponent mixtures in Sect. 3.1. The
probabilistic formulation of the collision operators considered and its relations to more clas-
sical formulations [10, 17, 20] are accounted for in Sect. 2.1.1 for polyatomic molecules and
in Sect. 3.1.1 for mixtures. Some classical results for the collision operators in Sects. 2.1.2
and 3.1.2, respectively, and the linearized collision operators in Sects. 2.1.3 and 3.1.3, re-
spectively, are reviewed. Sections 2.2 and 3.2 are devoted to the main results of this paper,
while the main proofs are addressed in Sects. 2.3 and 3.3; proofs of compactness of the in-
tegral operators K are presented in Sects. 2.3.1 and 3.3.1, respectively, while proofs of the
bounds on the collision frequencies appear in Sects. 2.3.2 and 3.3.2, respectively. Finally,
the Appendix concerns a new (more basic, as well as, constructive) proof of a crucial - for
the compactness in the mixture case - lemma in [10].

2 Polyatomic Molecules Modeled by a Discrete Internal Energy
Variable

For a polyatomic gas, assuming that the translational and vibrational energies can be mod-
elled by a single internal energy variable, one can either consider the internal energy vari-
able to be discrete or continuous [11, 17, 20]. See also [8] where a general framework is
exploited. Here will the case when the energy variable can take a finite number of different
(given) values be considered.

2.1 Model

This section concerns the considered model for a polyatomic single species. A probabilistic
formulation of the collision operator, inspired by one for monatomic single species [7, 23,
26], is considered. See also [21] for a probabilistic formulation of the collision operator for
polyatomic gases. The relation to a more classical formulation [17, 20] is also accounted for.
Known properties of the model and a corresponding linearized collision operator are also
reviewed.

Consider a single species of polyatomic molecules with mass m, where the polyatomicity
is modeled by r different internal energies I1, . . . , Ir . The internal energies Ii , i ∈ {1, . . . , r},
are assumed to be nonnegative real numbers; {I1, . . . , Ir} ⊂ R+. The distribution functions
are of the form f = (f1, . . . , fr), where the component fi = fi (t,x, ξ) = f (t,x, ξ , Ii),
i ∈ {1, . . . , r}, with t ∈ R+, x = (x, y, z) ∈ R

3, and ξ = (
ξx, ξy, ξz

) ∈ R
3, is the distribution

function for particles with internal energy Ii , i ∈ {1, . . . , r}.
Moreover, consider the real Hilbert space h(r) := (

L2 (dξ)
)r

, with inner product

(f, g) =
r∑

i=1

∫

R3
figi dξ for f,g ∈ (

L2 (dξ)
)r

.

The evolution of the distribution functions is (in the absence of external forces) described
by the (vector) Boltzmann equation

∂f

∂t
+ (ξ · ∇x) f = Q(f,f ) , (1)
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where the (vector) collision operator Q = (Q1, . . . ,Qr) is a quadratic bilinear operator that
accounts for the change of velocities and internal energies of particles due to binary colli-
sions (assuming that the gas is rarefied, such that other collisions are negligible), and where
each component Qi is the collision operator for the distribution function fi , i ∈ {1, . . . , r}.

A collision can be represented by two pre-collisional pairs, each pair consisting of a
microscopic velocity and an internal energy, (ξ , Ii) and

(
ξ ∗, Ij

)
, and two corresponding

post-collisional pairs,
(
ξ ′, Ik

)
and

(
ξ ′

∗, Il

)
, for some {i, j, k, l} ⊂ {1, . . . , r}. The notation for

pre- and post-collisional pairs may, of course, be interchanged as well. Due to momentum
and total energy conservation, the following relations have to be satisfied by the pairs

ξ + ξ ∗ = ξ ′ + ξ ′
∗

m

2
|ξ |2 + m

2

∣
∣ξ ∗

∣
∣2 + Ii + Ij = m

2

∣
∣ξ ′∣∣2 + m

2

∣
∣ξ ′

∗
∣
∣2 + Ik + Il . (2)

2.1.1 Collision Operator

The components of the (vector) collision operator Q = (Q1, . . . ,Qr) can be written in the
following form

Qi(f,f ) =
r∑

j,k,l=1

∫

(
R3

)3
W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
dξ ∗dξ ′dξ ′

∗, (3)

for all i ∈ {1, . . . , r}, for some constant ϕ = (ϕ1, . . . , ϕr) ∈ R
r . Here and below the abbrevi-

ations

fi∗ = fi

(
t,x,ξ ∗

)
, f ′

i = fi

(
t,x,ξ ′) , and f ′

i∗ = fi

(
t,x,ξ ′

∗
)

(4)

are used. In the collision operator (3) the gain term - the term containing the product f ′
kf

′
l∗ -

accounts for the gain of particles with microscopic velocity ξ and internal energy Ii (at time
t and position x) - here (ξ , Ii) and

(
ξ ∗, Ij

)
represent the post-collisional particles, while

the loss term - the term containing the product fifj∗ - accounts for the loss of particles
with microscopic velocity ξ and internal energy Ii - here (ξ , Ii) and

(
ξ ∗, Ij

)
represent the

pre-collisional particles. The corresponding (signed) internal energy gap is

�Ikl
ij = Ik + Il − Ii − Ij .

The transition probability W : (R3 × {I1, . . . , Ir}
)4 →R+ := [0,∞) is of the form, cf. [21],

as well as [7, 23, 26] for the monatomic case,

W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il )

= 4mϕkϕlσ
ij

kl

(∣∣g′∣∣ , |cos θ |)
∣∣g′∣∣

|g| δ3

(
ξ + ξ ∗ − ξ ′ − ξ ′

∗
)

×δ1

(m

2

(
|ξ |2 + ∣

∣ξ ∗
∣
∣2 − ∣

∣ξ ′∣∣2 − ∣
∣ξ ′

∗
∣
∣2
)

− �Ikl
ij

)

= 4mϕiϕjσ
kl
ij (|g| , |cos θ |) |g|

|g′|δ3

(
ξ + ξ ∗ − ξ ′ − ξ ′

∗
)

×δ1

(m

2

(
|ξ |2 + ∣∣ξ ∗

∣∣2 − ∣∣ξ ′∣∣2 − ∣∣ξ ′
∗
∣∣2
)

− �Ikl
ij

)
,
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with σ kl
ij = σ kl

ij (|g| , |cos θ |) > 0 a.e., cos θ = g · g′

|g| |g′| ,

g = ξ − ξ ∗, g′ = ξ ′ − ξ ′
∗, and �Ikl

ij = Ik + Il − Ii − Ij (5)

where δ3 and δ1 denote the Dirac’s delta function in R
3 and R, respectively; taking the

conservation of momentum and total energy (2) into account. Here and below we use the
(inconsistent) shorthanded expressions

σ kl
ij = σ(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = σ̃ (|g| , |cos θ | , Ii , Ij , Ik, Il) and

σ
ij

kl = σ(ξ ′, ξ ′
∗, Ik, Il

∣
∣ξ , ξ ∗, Ii , Ij ) = σ̃ (

∣
∣g′∣∣ , |cos θ | , Ik, Il, Ii , Ij ),

for a given scattering cross-section σ :
((
R

3
)2 × {I1, . . . , Ir}2

)2 → R+, or in the alternative

form σ̃ :R+ × [0,1] × {I1, . . . , Ir}4 →R+; assuming the pairs (ξ , Ii),
(
ξ ∗, Ij

)
,
(
ξ ′, Ik

)
, and(

ξ ′
∗, Il

)
being given - here, by the arguments of W .

The scattering cross sections σ kl
ij , {i, j, k, l} ⊆ {1, . . . , r}, are assumed to satisfy the mi-

croreversibility conditions

ϕiϕj |g|2 σ kl
ij (|g| , |cos θ |) = ϕkϕl

∣∣g′∣∣2 σ
ij

kl

(∣∣g′∣∣ , |cos θ |) . (6)

Furthermore, to obtain invariance under exchange of particles in a collision, it is assumed
that, the scattering cross sections σ kl

ij , {i, j, k, l} ⊆ {1, . . . , r}, satisfy the symmetry relations
(fixing the pairs (ξ , Ii),

(
ξ ∗, Ij

)
,
(
ξ ′, Ik

)
, and

(
ξ ′

∗, Il

)
)

σ kl
ij = σ lk

ij = σ lk
ji . (7)

The invariance under change of particles in a collision, which follows directly by the defi-
nition of the transition probability (5) and the symmetry relations (7) for the collision fre-
quency, and the microreversibility of the collisions (6), implies that the transition probabili-
ties (5) satisfy the relations

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = W(ξ ∗, ξ , Ij , Ii

∣∣ξ ′
∗, ξ

′, Il, Ik )

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = W(ξ ′, ξ ′

∗, Ik, Il

∣∣ξ , ξ ∗, Ii , Ij )

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′
∗, ξ

′, Il, Ik ). (8)

Applying known properties of Dirac’s delta function δn in R
n, n ∈ {1,2, . . .}, e.g., that

δn (ax) = δn (x) / |a|n for any non-zero real number a and x ∈R
n, the transition probabilities

may - aiming to obtain expressions for G′ and
∣∣g′∣∣ in the arguments of the delta-functions -

be transformed to

W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il )

= 4mϕkϕlσ
ij

kl

∣∣g′∣∣

|g| δ3

(
2
(
G − G′)) δ1

(m

4

(
|g|2 − ∣∣g′∣∣2

)
− �Ikl

ij

)

= 2ϕkϕlσ
ij

kl

∣∣g′∣∣

|g| δ3

(
G − G′) δ1

(
|g|2 − ∣∣g′∣∣2 − 4

m
�Ikl

ij

)

= ϕkϕlσ
ij

kl

1

|g|1m|g|2>4�Ikl
ij

δ3

(
G − G′) δ1

(√

|g|2 − 4

m
�Ikl

ij − ∣∣g′∣∣
)
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= ϕiϕjσ
kl
ij

|g|
|g′|2 1m|g|2>4�Ikl

ij
δ3

(
G − G′) δ1

(√

|g|2 − 4

m
�Ikl

ij − ∣∣g′∣∣
)

,

with G = ξ + ξ ∗
2

and G′ = ξ ′ + ξ ′
∗

2
.

Remark 1 Note that, cf. [21],

δ1

(m

4

(
|g|2 − ∣

∣g′∣∣2
)

− �Ikl
ij

)
= δ1

(
Eij − Ekl

)
,

for Eij = m

4
|g|2 + Ii + Ij and Ekl = m

4

∣∣g′∣∣2 + Ik + Il .

By a change of variables
{
ξ ′, ξ ′

∗
} →

{
g′ = ξ ′ − ξ ′

∗,G′ = ξ ′ + ξ ′
∗

2

}
, followed by that to

spherical coordinates
{
g′}→

{∣∣g′∣∣ ,ω = g′

|g′|
}

, noting that

dξ ′dξ ′
∗ = dG′dg′ = ∣∣g′∣∣2 dG′d

∣∣g′∣∣dω, (9)

the observation that

Qi(f,f )

=
r∑

j,k,l=1

∫

(
R3

)2×R+×S
2
W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il )

×
(

f ′
kf

′
l∗

ϕkϕl

− fifj∗
ϕiϕj

) ∣∣g′∣∣2 dξ ∗dG′d
∣∣g′∣∣dω

=
r∑

j,k,l=1

∫

R3×S
2
|g|σ kl

ij (|g| , cos θ)

(
f ′

kf
′
l∗

ϕiϕj

ϕkϕl

− fifj∗
)

1m|g|2>4�Ikl
ij

dξ ∗dω,

where
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ ′ = ξ + ξ ∗
2

+

√
∣∣ξ − ξ ∗

∣∣2 − 4

m
�Ikl

ij

2
ω = G +

√

|g|2 − 4

m
�Ikl

ij

2
ω

ξ ′
∗ = ξ + ξ ∗

2
−

√
∣∣ξ − ξ ∗

∣∣2 − 4

m
�Ikl

ij

2
ω = G −

√

|g|2 − 4

m
�Ikl

ij

2
ω

, ω ∈ S2,

can be made, resulting in a more familiar form of the Boltzmann collision operator for
polyatomic molecules modeled with a discrete energy variable, cf. e.g. [17, 20].

Remark 2 Note that, when considering spherical coordinates, we, maybe unconventionally,
often represent the direction by a vector in S

2, rather than with azimuthal and polar angels,
still referring to it as spherical coordinates. By representing the direction by a unit vector, the
sine of the polar angle will not appear as a factor in the Jacobian, resulting in the Jacobian
to be the square of the radial length.



Linearized Collision Operator: I. Polyatomic/Multicomponent Gases Page 7 of 45     3 

2.1.2 Collision Invariants and Maxwellian Distributions

The following lemma follows directly by the relations (8).

Lemma 1 For any {i, j, k, l} ⊆ {1, . . . , r} the measure

dAkl
ij = W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) dξ dξ ∗dξ ′dξ ′

∗

is invariant under the interchanges of variables

(
ξ , ξ ∗, Ii , Ij

)↔ (
ξ ′, ξ ′

∗, Ik, Il

)
,

(ξ , Ii) ↔ (
ξ ∗, Ij

)
, and

(
ξ ′, Ik

)↔ (
ξ ′

∗, Il

)
, (10)

respectively.

The weak form of the collision operator Q(f,f ) reads

(Q(f,f ), g) =
r∑

i,j,k,l=1

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
gi dAkl

ij

=
r∑

i,j,k,l=1

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
gj∗ dAkl

ij

= −
r∑

i,j,k,l=1

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
g′

k dAkl
ij

= −
r∑

i,j,k,l=1

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
g′

l∗ dAkl
ij

for any function g = (g1, . . . , gr ), such that the first integrals are defined for all indices
{i, j, k, l} ⊆ {1, . . . , r}, while the following equalities are obtained by applying Lemma 1.

We have the following proposition.

Proposition 1 Let g = (g1, . . . , gr ) be such that

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)
gi dAkl

ij

is defined for all {i, j, k, l} ⊆ {1, . . . , r}. Then

(Q(f,f ), g) = 1

4

r∑

i,j,k,l=1

∫

(
R3

)4

(
f ′

kf
′
l∗

ϕkϕl

− fifj∗
ϕiϕj

)(
gi + gj∗ − g′

k − g′
l∗
)

dAkl
ij .

Definition 1 A function g = (g1, . . . , gr) is a collision invariant if
(
gi + gj∗ − g′

k − g′
l∗
)
W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il ) = 0 a.e.

for all {i, j, k, l} ⊆ {1, . . . , r}.
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Clearly, 1r , ξx1r , ξy1r , ξz1r , and m |ξ |2 1r + 2I , with 1r = (1, . . . ,1) ∈R
r and the vector

internal energy I = (I1, . . . , Ir ), are collision invariants - corresponding to conservation of
mass, momentum, and total energy.

In fact, we have the following proposition, cf. [15, 20].

Proposition 2 The vector space of collision invariants is generated by

{
1r , ξx1r , ξy1r , ξz1r ,m |ξ |2 1r + 2I

}
,

where 1r = (1, . . . ,1) ∈R
r and I = (I1, . . . , Ir ).

Define

W [f ] := (
Q(f,f ), log

(
ϕ−1f

))
,

where ϕ = diag (ϕ1, . . . , ϕr). It follows by Proposition 1 that

W [f ] = −1

4

r∑

i,j,k,l=1

∫

(
R3

)4

fifj∗
ϕiϕj

(
ϕiϕjf

′
kf

′
l∗

fifj∗ϕkϕl

− 1

)
log

(
ϕiϕjf

′
kf

′
l∗

fifj∗ϕkϕl

)
dAkl

ij .

Since (x − 1) log (x) ≥ 0 for all x > 0, with equality if and only if x = 1,

W [f ] ≤ 0,

with equality if and only if for all {i, j, k, l} ⊆ {1, . . . , r}
(

fifj∗
ϕiϕj

− f ′
kf

′
l∗

ϕkϕl

)
W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = 0 a.e., (11)

or, equivalently, if and only if

Q(f,f ) ≡ 0.

For any equilibrium, or Maxwellian, distribution M = (M1, . . . ,Mr), follows by equation
(11), since Q(M,M) ≡ 0, that for all {i, j, k, l} ⊆ {1, . . . , r}

(
log

Mi

ϕi

+ log
Mj∗
ϕj

− log
M ′

k

ϕk

− log
M ′

l∗
ϕl

)
W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = 0 a.e. .

Hence, log
(
ϕ−1M

) =
(

log
M1

ϕ1
, . . . , log

Mr

ϕr

)
is a collision invariant, and the components

of the Maxwellian distributions M = (M1, . . . ,Mr) are of the form

Mi = nϕim
3/2

(2πT )3/2 q
e−m|ξ−u|2/2T e−Ii /T .

Here n = (M,1r ), u = 1

n
(M, ξ1r ), while q =

r∑

i=1
ϕie

−Ii /T , with T = m

3n

(
M, |ξ − u|2 1r

)
,

where 1r = (1, . . . ,1) ∈R
r .
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Note that by equation (11) any Maxwellian distribution M = (M1, . . . ,Mr) satisfies the
relations

(
M ′

kM
′
l∗

ϕkϕl

− MiMj∗
ϕiϕj

)
W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il ) = 0 a.e. (12)

for all {i, j, k, l} ⊆ {1, . . . , r}.

Remark 3 Introducing the H-functional

H [f ] = (f, logf ) ,

an H-theorem can be obtained.

2.1.3 Linearized Collision Operator

Consider a deviation of a Maxwellian distribution M = (M1, . . . ,Mr), with components

Mi = ϕim
3/2

(2π)3/2 e−m|ξ |2/2e−Ii , of the form

f = M + M1/2h. (13)

Insertion in the Boltzmann equation (1) results in the system

∂h

∂t
+ (ξ · ∇x)h +Lh = � (h,h) . (14)

The components of the linearized collision operator L = (L1, . . . ,Lr ) are given by

Lih = −M
−1/2
i

(
Qi(M,M1/2h) + Qi(M1/2h,M)

)

= M
−1/2
i

r∑

j,k,l=1

∫

(
R3

)3

(
MiMj∗M ′

kM
′
l∗

ϕiϕjϕkϕl

)1/2

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

×
(

hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)

dξ ∗dξ ′dξ ′
∗

= νihi − Ki (h) , where M = diag (M1, . . . ,Mr) , (15)

with

νi =
r∑

j,k,l=1

∫

(
R3

)3

Mj∗
ϕiϕj

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) dξ ∗dξ ′dξ ′

∗, and

Ki (h) = M
−1/2
i

r∑

j,k,l=1

∫

(
R3

)3

(
MiMj∗M ′

kM
′
l∗

ϕiϕjϕkϕl

)1/2

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

×
(

h′
k(

M ′
k

)1/2 + h′
l∗(

M ′
l∗
)1/2 − hj∗

M
1/2
j∗

)

dξ ∗dξ ′dξ ′
∗, (16)
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for all i ∈ {1, . . . , r}. The components of the nonlinear (quadratic) term � = (�1, . . . ,�r)

are given by

�i (h,h) = M
−1/2
i Qi(M1/2h,M1/2h). (17)

The multiplication operator  defined by

(f ) = νf , where ν = diag (ν1, . . . , νr ) ,

is a closed, densely defined, self-adjoint operator on
(
L2 (dξ)

)r
. It is Fredholm, as well, if

and only if  is coercive.
The following lemma follows immediately by Lemma 1.

Lemma 2 For any {i, j, k, l} ⊆ {1, . . . , r} the measure

dÃkl
ij =

(
MiMj∗M ′

kM
′
l∗

ϕiϕjϕkϕl

)1/2

dAkl
ij

is invariant under the interchanges (10) of variables respectively.

The weak form of the linearized collision operator L reads

(Lh,g)

=
r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
gi

M
1/2
i

dÃkl
ij

=
r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
gj∗

M
1/2
j∗

dÃkl
ij

= −
r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
g′

k(
M ′

k

)1/2 dÃkl
ij

= −
r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
g′

l∗(
M ′

l∗
)1/2 dÃkl

ij ,

for any function g = (g1, . . . , gr ), such that the first integrals are defined for all indices
{i, j, k, l} ⊆ {1, . . . , r}, while the following equalities are obtained by applying Lemma 2.

We have the following lemma.

Lemma 3 Let g = (g1, . . . , gr) be such that

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
gi

M
1/2
i

dÃkl
ij

is defined for all {i, j, k, l} ⊆ {1, . . . , r}. Then

(Lh,g) = 1

4

r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)
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×
(

gi

M
1/2
i

+ gj∗
M

1/2
j∗

− g′
k(

M ′
k

)1/2 − g′
l∗(

M ′
l∗
)1/2

)

dÃkl
ij .

Proposition 3 The linearized collision operator is symmetric and nonnegative,

(Lh,g) = (h,Lg) and (Lh,h) ≥ 0,

and the kernel of L, kerL, is generated by

{
M1/2, ξxM

1/2, ξyM
1/2, ξzM

1/2,m |ξ |2 M1/2 + 2M1/2I
}
,

where I = (I1, . . . , Ir ) and M = diag (M1, . . . ,Mr).

Proof By Lemma 3, it is immediate that (Lh,g) = (h,Lg), and

(Lh,h) = 1

4

r∑

i,j,k,l=1

∫

(
R3

)4

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)2

dÃkl
ij ≥ 0.

Furthermore, h ∈ kerL if and only if (Lh,h) = 0, which will be fulfilled if and only if for
all {i, j, k, l} ⊆ {1, . . . , r}

(
hi

M
1/2
i

+ hj∗
M

1/2
j∗

− h′
k(

M ′
k

)1/2 − h′
l∗(

M ′
l∗
)1/2

)

W(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = 0 a.e.,

i.e., if and only if M−1/2h is a collision invariant. The last part of the lemma now follows
by Proposition 2. �

Remark 4 A property of the nonlinear term - although of no relevance to the studies here,
still mentioned due to its importance - is that the nonlinear term is orthogonal to the kernel
of L, i.e. � (h,h) ∈ (kerL)

⊥
h(r) .

This follows, since any element in kerL is of the form M1/2g for some collision invariant
g, while for any collision invariant g

(
� (h,h) ,M1/2g

)= (
M−1/2Q(M1/2h,M1/2h),M1/2g

)

= (
Q(M1/2h,M1/2h), g

)= 0.

2.2 Main Results

This section is devoted to the main results, concerning a compactness property in Theorem
1 and bounds of collision frequencies in Theorem 2.

Assume that for some positive number γ , such that 0 < γ < 1, there is a positive constant
C such that

0 ≤ σ kl
ij (|g| , |cos θ |) ≤ C

|g|2
(
�kl

ij + (
�kl

ij

)γ /2
)

, with �kl
ij = |g|

√

|g|2 − 4

m
�Ikl

ij , (18)

for |g|2 > 4�Ikl
ij /m on the scattering cross sections σ kl

ij , {i, j, k, l} ⊆ {1, . . . , r}. Then the
following result may be obtained.
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Theorem 1 Assume that the scattering cross sections σ kl
ij for all {i, j, k, l} ⊆ {1, . . . , r}, sat-

isfy the bound (18) for some positive number γ , such that 0 < γ < 1.
Then the operator K = (K1, . . . ,Kr), with the components Ki given by (16) is a self-

adjoint compact operator on
(
L2 (dξ)

)r
.

Theorem 1 will be proven in Sect. 2.3.1, based on ideas from the corresponding proof for
monatomic single species by Grad [19], especially, as presented by Glassey [18]. However,
by starting from the probabilistic formulation, there is no initial parametrization of the ve-
locities based on the momentum and total (kinetic plus internal) energy conservation. Then
the parametrization can be chosen from scratch to be more suitable from case to case. From
our point of view, this really simplifies to find appropriate substitutions, by geometrical mo-
tivations and manipulations of the delta-functions, for the non-trivial cases.

Corollary 1 The linearized collision operator L, with scattering cross sections satisfying
(18), is a closed, densely defined, self-adjoint operator on

(
L2 (dξ)

)r
.

Proof By Theorem 1, the linear operator L = −K , with the multiplication operator given
by f = νf for ν = diag (ν1, . . . , νs), is closed as the sum of a closed and a bounded op-
erator, and densely defined, since the domains of the linear operators L and  are equal;
D(L) = D(). Furthermore, it is a self-adjoint operator, since the set of self-adjoint opera-
tors is closed under addition of bounded self-adjoint operators, see Theorem 4.3 of Chapter
V in [22]. �

Now consider the scattering cross sections - cf. hard sphere models -

σ kl
ij = C

√
|g|2 − 4

m
�Ikl

ij

|g|ϕiϕj

if |g|2 >
4

m
�Ikl

ij , (19)

for some positive constant C > 0 and all {i, j, k, l} ⊆ {1, . . . , r}.
In fact, it would be enough with the bounds

C−

√
|g|2 − 4

m
�Ikl

ij

|g|ϕiϕj

≤ σ kl
ij ≤ C+

√
|g|2 − 4

m
�Ikl

ij

|g|ϕiϕj

if |g|2 >
4

m
�Ikl

ij , (20)

for some positive constants C± > 0 and all {i, j, k, l} ⊆ {1, . . . , r}, on the scattering cross
sections.

Theorem 2 The linearized collision operator L, with scattering cross sections (19) (or (20)),
can be decomposed as a positive multiplication operator , defined by f = νf , where
ν = ν(|ξ |) = diag (ν1, . . . , νr ), minus a compact operator K on

(
L2 (dξ)

)r

L =  − K, (21)

where there exist positive numbers ν− and ν+, 0 < ν− < ν+, such that for any i ∈ {1, . . . , r}
ν− (1 + |ξ |) ≤ νi(|ξ |) ≤ ν+ (1 + |ξ |) for all ξ ∈R

3. (22)

The decomposition (21) follows by the decomposition (15), (16) and Theorem 1, while
the bounds (22) are proven in Sect. 2.3.2.
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Corollary 2 The linearized collision operator L, with scattering cross sections (19) (or (20)),
is a Fredholm operator, with domain

D(L) = (
L2 ((1 + |ξ |) dξ)

)r
.

Proof By Theorem 2 the multiplication operator  is coercive and, hence, a Fredholm op-
erator. The set of Fredholm operators is closed under addition of compact operators, see
Theorem 5.26 of Chapter IV in [22] and its proof, so, by Theorem 2, L is a Fredholm oper-
ator. �

Corollary 3 For the linearized collision operator L, with scattering cross sections (19) (or
(20)), there exists a positive number λ, 0 < λ < 1, such that

(h,Lh) ≥ λ (h, ν(|ξ |)h) ≥ λν− (h, (1 + |ξ |)h)

for any h ∈ (
L2((1 + |ξ |) dξ)

)r ∩ ImL.

Proof Let h ∈ (
L2((1 + |ξ |) dξ)

)r ∩ (kerL)⊥ = (
L2((1 + |ξ |) dξ)

)r ∩ ImL. As a Fredholm
operator, L is closed with a closed range, and as a compact operator, K is bounded, and so
there are positive constants ν0 > 0 and cK > 0, such that

(h,Lh) ≥ ν0(h,h) and (h,Kh) ≤ cK(h,h).

Let λ = ν0

ν0 + cK

. Then

(h,Lh) = (1 − λ)(h,Lh) + λ(h, (ν(|ξ |) − K)h)

≥ (1 − λ)ν0(h,h) + λ(h, ν(|ξ |)h) − λcK(h,h)

= (ν0 − λ(ν0 + cK))(h,h) + λ(h, ν(|ξ |)h) = λ(h, ν(|ξ |)h). �

Remark 5 By Proposition 3 and Corollary 1–3 the linearized operator L fulfills the properties
assumed on the linear operators in [4], and hence, the results therein can be applied to hard
sphere like models.

2.3 Compactness and Bounds on the Collision Frequency

This section is devoted to the proofs of the compactness property in Theorem 1 and the
bounds on the collision frequency in Theorem 2 of the linearized collision operator for poly-
atomic molecules modeled with a discrete number of internal energies. Note that throughout
this section C will denote a generic positive constant.

To show the compactness property we will apply the following result.
Denote, for any (non-zero) natural number N ,

hN :=
{
(ξ , ξ ∗) ∈ (

R
3
)2 : ∣∣ξ − ξ ∗

∣
∣≥ 1

N
; |ξ | ≤ N

}

and

b(N) = b(N)(ξ , ξ ∗) := b(ξ , ξ ∗)1hN
.

Then we have the following lemma by Glassey [18], that will be of practical use for us to
obtain compactness.
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Lemma 4 (Glassey [18, Lemma 3.5.1], Drange [16])
Assume that b(ξ , ξ ∗) ≥ 0 and let Tf (ξ) = ∫

R3 b(ξ , ξ ∗)f
(
ξ ∗
)

dξ ∗.
Then T is compact on L2 (dξ ) if
(i)

∫
R3 b(ξ , ξ ∗) dξ is bounded in ξ ∗;

(ii) b(N) ∈ L2
(
dξ dξ ∗

)
for any (non-zero) natural number N ;

(iii) sup
ξ∈R3

∫
R3 b(ξ , ξ ∗) − b(N)(ξ , ξ ∗) dξ ∗ → 0 as N → ∞.

Then the operator T is the uniform limit of Hilbert-Schmidt integral operators [18] and
we say that the kernel b(ξ , ξ ∗) is approximately Hilbert-Schmidt, while T is an approxi-
mately Hilbert-Schmidt integral operator. The reader is referred to Lemma 3.5.1 in [18] by
Glassey for a proof of Lemma 4.

2.3.1 Compactness

This section concerns the proof of Theorem 1. Note that in the proof the kernels are rewrit-
ten in such a way that ξ ∗ - and not ξ ′ and ξ ′

∗ - always will be the argument of the distribution
functions. Then there will be essentially two different types of kernels; either ξ ∗ is an ar-
gument in the loss term (like ξ ) or in the gain term (unlike ξ ) of the collision operator.
The kernels of the terms from the loss part of the collision operator will be shown to be
Hilbert-Schmidt in a quite direct way, while the kernels of the terms from the gain parts
of the collision operators will be shown to be the uniform limit of Hilbert-Schmidt integral
operators, i.e. approximately Hilbert-Schmidt in the sense of Lemma 4.

Proof For i ∈ {1, . . . , r}, rewrite expression (16) as

Kih = M
−1/2
i

r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

×
(

h′
k(

M ′
k

)1/2 + h′
l∗(

M ′
l∗
)1/2 − hj∗

M
1/2
j∗

)

dξ ∗dξ ′dξ ′
∗,

with

w(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il ) =
(

MiMj∗M ′
kM

′
l∗

ϕiϕjϕkϕl

)1/2

W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il )

for all {i, j, k, l} ⊆ {1, . . . , r}. Due to relations (8), the relations

w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = w(ξ ∗, ξ , Ij , Ii

∣∣ξ ′
∗, ξ

′, Il, Ik )

w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) = w(ξ ′, ξ ′

∗, Ik, Il

∣∣ξ , ξ ∗, Ii , Ij )

w(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il ) = w(ξ , ξ ∗,Ii, Ij

∣
∣ξ ′

∗, ξ
′, Il, Ik ) (23)

are satisfied for all {i, j, k, l} ⊆ {1, . . . , r}. Hence, for any {i, j, k, l} ⊆ {1, . . . , r}, by first
renaming

{
ξ ∗, Ij

}
�

{
ξ ′, Ik

}
and then renaming

{
ξ ∗, Ij

}
�

{
ξ ′

∗, Il

}
, followed by applying

the last relation in (23),

r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

h′
l∗(

M ′
l∗
)1/2 dξ ∗dξ ′dξ ′

∗
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=
r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ′, Ii , Ik

∣∣ξ ∗, ξ
′
∗, Ij , Il )

h′
l∗(

M ′
l∗
)1/2 dξ ∗dξ ′dξ ′

∗

=
r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ′, Ii , Ik

∣∣ξ ′
∗, ξ ∗, Il, Ij )

hj∗
M

1/2
j∗

dξ ∗dξ ′dξ ′
∗

=
r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ′, Ii , Ik

∣
∣ξ ∗, ξ

′
∗, Ij , Il )

hj∗
M

1/2
j∗

dξ ∗dξ ′dξ ′
∗.

As well, for any {i, j, k, l} ⊆ {1, . . . , r}, by renaming
{
ξ ∗, Ij

}
�

{
ξ ′, Ik

}
,

r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il )

h′
k(

M ′
k

)1/2 dξ ∗dξ ′dξ ′
∗

=
r∑

j,k,l=1

∫

(
R3

)3
w(ξ , ξ ′, Ii , Ik

∣
∣ξ ∗, ξ

′
∗, Ij , Il )

hj∗
M

1/2
j∗

dξ ∗dξ ′dξ ′
∗.

It follows that for any i ∈ {1, . . . , r}

Ki (h) =
r∑

j=1

∫

R3
kij (ξ , ξ ∗)hj∗ dξ ∗, where

kij (ξ , ξ ∗) = kij2(ξ , ξ ∗) − kij1(ξ , ξ ∗), with

kij1(ξ , ξ ∗) = (
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ , ξ ∗, Ii , Ij

∣∣ξ ′, ξ ′
∗, Ik, Il ) dξ ′dξ ′

∗ and

kij2(ξ , ξ ∗) = 2
(
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ , ξ ′, Ii , Ik

∣
∣ξ ∗, ξ

′
∗, Ij , Il ) dξ ′dξ ′

∗. (24)

Next we obtain some symmetry relations that will help to yield self-adjointness of the oper-
ator K below. Indeed, for any {i, j} ⊆ {1, . . . , r},

kij (ξ , ξ ∗) = kji2(ξ ∗, ξ) − kji1(ξ ∗, ξ) = kji(ξ ∗, ξ),

since, by applying the first and the last relation in (23),

kij1(ξ , ξ ∗) = (
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ ∗, ξ,Ij , Ii

∣∣ξ ′
∗, ξ

′, Il, Ik ) dξ ′dξ ′
∗

= (
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ ∗, ξ,Ij , Ii

∣∣ξ ′, ξ ′
∗, Ik, Il ) dξ ′dξ ′

∗

= kji1(ξ ∗, ξ) (25)

and, by applying the second relation in (23) and renaming
{
ξ ′, Ik

}
�

{
ξ ′

∗, Il

}
,

kij2(ξ , ξ ∗) = 2
(
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ ∗, ξ

′
∗, Ij , Il

∣
∣ξ , ξ ′, Ii , Ik ) dξ ′dξ ′

∗
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Fig. 1 Typical collision of K
(1)
ij

.
Classical representation of an
inelastic collision

= 2
(
MiMj∗

)−1/2
r∑

k,l=1

∫

(
R3

)2
w(ξ ∗, ξ

′, Ij , Ik

∣∣ξ , ξ ′
∗, Ii , Il ) dξ ′dξ ′

∗

= kji2(ξ ∗, ξ). (26)

We now continue by proving the compactness for the two different types of collision
kernel separately.

I. Compactness of K
(1)
ij = ∫

R3 kij1(ξ , ξ ∗)hj∗ dξ ∗ for {i, j} ⊆ {1, . . . , r}.
Assume the internal energy gap �Ikl

ij = Ik + Il − Ii − Ij as well as the velocities ξ and
ξ ∗, to be given. Then a collision will be uniquely defined by the unit vector ω = g′/

∣
∣g′∣∣,

with g′ = ξ ′ − ξ ′
∗. This follows, since, by conservation of momentum and total energy (2),∣∣g′∣∣ can be obtained, while also ξ − ξ ′ = ξ ′

∗ − ξ ∗, cf. Fig. 1. Indeed, by a change of vari-

ables
{
ξ ′, ξ ′

∗
} →

{∣
∣g′∣∣ ,ω = g′

|g′| ,G′ = ξ ′ + ξ ′
∗

2

}
, noting the invariance (9), and using rela-

tion (12), expression (24) of kij1 may be transformed to the following form

kij1(ξ , ξ ∗)

=
r∑

k,l=1

∫

R3×R+×S2

(
M ′

kM
′
l∗

ϕiϕjϕkϕl

)1/2 ∣
∣g′∣∣2 W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il )dG′d
∣
∣g′∣∣dω

= (
MiMj∗

)1/2 |g|
r∑

k,l=1

∫

S2
σ kl

ij (|g| , cos θ)1m|g|>4�Ikl
ij

dω.

By assumption (18) and the following relation for the exponent of the product MiMj∗

m
|ξ |2
2

+ m

∣∣ξ ∗
∣∣2

2
+ Ii + Ij = m |G|2 + m

|g|2
4

+ Ii + Ij = m |G|2 + Eij ,

the bound

k2
ij1(ξ , ξ ∗)
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≤ C

|g|2 MiMj∗
(∫

S2
dω

)2
(

r∑

k,l=1

(
�kl

ij + (
�kl

ij

)γ /2
)

1m|g|>4�Ikl
ij

)2

≤ C

|g|2 e−m|G|2−Eij

(
r∑

k,l=1

(
1 + |g|2)

)2

= C

(
1 + |g|2)2

|g|2 e−m|G|2−Eij , (27)

may be obtained. Then, by applying the bound (27) and first changing variables of integra-
tion

{
ξ , ξ ∗

}→ {g,G}, with unitary Jacobian, and then to spherical coordinates,

∫

(
R3

)2
k2

ij1(ξ , ξ ∗)dξdξ ∗ ≤ C

∫

(
R3

)2

(
1 + |g|4)

|g|2 e−m|G|2−Eij dgdG

≤ C

∫ ∞

0
R2e−mR2

dR

∫ ∞

0
e−mη2/4

(
1 + η4

)
dη = C.

Note that, here and below, we will, in general, not indicate an integration over a directional
vector in S

2 of the form
∫

S2
dω = 4π ,

but just integrate it in the generic constant C.
Concluding,

K
(1)
ij =

∫

R3
kij1(ξ , ξ ∗)hj∗ dξ ∗

are Hilbert-Schmidt integral operators and as such compact on L2 (dξ), see e.g., Theorem
7.83 in [25], for all {i, j} ⊆ {1, . . . , r}.

II. Compactness of K
(2)
ij = ∫

R3 kij2(ξ , ξ ∗)hj∗ dξ ∗ for {i, j} ⊆ {1, . . . , r}.
Assume the internal energy gap �I

jl

ik = Ij +Il −Ii −Ik , as well as the velocities ξ and ξ ∗,
to be given. Then a collision will be uniquely defined by a vector w orthogonal to g = ξ −ξ ∗.
This follows, since, by conservation of momentum and total energy (2) (reminding that we
relabeled the velocities and internal energies), the relation between

∣
∣ξ − ξ ′∣∣ and

∣
∣ξ ′

∗ − ξ ∗
∣
∣

can be obtained, while also g′ = ξ ′
∗ − ξ ′ = g, cf. Fig. 2. Indeed, noting that - with the aim to

obtain expressions for g′ and χ = (
ξ ∗ − ξ ′) · g/ |g| in the arguments of the delta-functions -

cf. Fig. 2,

W(ξ , ξ ′, Ii , Ik

∣∣ξ ∗, ξ
′
∗, Ij , Il )

= 4mϕiϕkσ
jl

ik

|̃g|
|g∗|δ3

(
ξ ′ − ξ ′

∗ + ξ − ξ ∗
)
δ1

(m

2

(
|ξ |2 − ∣∣ξ ∗

∣∣2 + ∣∣ξ ′∣∣2 − ∣∣ξ ′
∗
∣∣2
)

− �I
jl

ik

)

= 4mϕiϕkσ
jl

ik

|̃g|
|g∗|δ3

(
g′ + g

)
δ1

(
m
(
ξ ∗ − ξ ′) · g − �I

jl

ik

)

= 4ϕiϕkσ
jl

ik

|̃g|
|g∗| |g|δ3

(
g′ + g

)
δ1

(

χ − �I
jl

ik

m |g|

)

, with χ = (
ξ ∗ − ξ ′) · g

|g| ,

g = ξ − ξ ∗, g′ = ξ ′ − ξ ′
∗, g̃ = ξ − ξ ′, g∗ = ξ ∗ − ξ ′

∗, �I
jl

ik = Ij + Il − Ii − Ik ,
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Fig. 2 Typical collision of K
(2)
ij

by the change of variables
{
ξ ′, ξ ′

∗
}→ {

g′ = ξ ′ − ξ ′
∗,h = ξ ′ − ξ ∗

}
, where

dξ ′dξ ′
∗ = dg′dh = dg′dχdw, with w = ξ ′ − ξ ∗ + χn and n = g

|g| ,

the expression (24) of kij2 may be transformed to

kij2(ξ , ξ ∗)

=
r∑

k,l=1

∫

(
R3

)2
2

(
M ′

kM
′
l∗

ϕiϕjϕkϕl

)1/2

W(ξ , ξ ′, Ii , Ik

∣
∣ξ ∗, ξ

′
∗, Ij , Il ) dg′dh

= 8ϕ
1/2
i

ϕ
1/2
j

r∑

k,l=1

∫

(
R3

)⊥n

ϕk |̃g|
|g∗| |g|1

m|̃g|2>4�I
jl
ik

(
M ′

kM
′
l∗

ϕkϕl

)1/2

σ
jl

ik

(
|̃g| , g̃ · g∗

|̃g| |g∗|
)

dw, (28)

where

(
R

3
)⊥n = {

w ∈R
3 : w ⊥ n

}
.

Here, for any {k, l} ⊆ {1, . . . , r}, see Fig. 2,

{
ξ ′ = ξ ∗ + w − χn
ξ ′

∗ = ξ + w − χn
, with χ = χ

jl

ik = χ
jl

ik (|g|) = �I
jl

ik

m |g| ,

implying the following relation for an expression appearing in the exponent of the product
M ′

kM
′
l∗ in expression (28)

∣
∣ξ ′∣∣2

2
+

∣
∣ξ ′

∗
∣
∣2

2
=
∣∣
∣∣
ξ + ξ ∗

2
− χ

jl

ik n + w

∣∣
∣∣

2

+
∣
∣ξ − ξ ∗

∣
∣2

4

=
∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2

+
((

ξ + ξ ∗
)

n

2
− χ

jl

ik

)2

+ |g|2
4
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=
∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2

+
(∣
∣ξ ∗

∣
∣2 − |ξ |2 + 2χ

jl

ik

∣
∣ξ − ξ ∗

∣
∣
)2

4
∣
∣ξ − ξ ∗

∣
∣2

+ |g|2
4

,

where

(
ξ + ξ ∗

)
n = (

ξ + ξ ∗
) · n = |ξ |2 − ∣∣ξ ∗

∣∣2
∣∣ξ − ξ ∗

∣∣ and
(
ξ + ξ ∗

)
⊥n

= ξ + ξ ∗ − (
ξ + ξ ∗

)
n n. (29)

Hence, by assumption (18),

k2
ij2(ξ , ξ ∗)

≤ C

|g|2 exp
(
−m

4
|g|2

)
⎛

⎜
⎝

r∑

k,l=1

1

e(Ik+Il )/2
exp

⎛

⎜
⎝−m

(∣
∣ξ ∗

∣
∣2 − |ξ |2 + 2χ

jl

ik |g|
)2

8 |g|2

⎞

⎟
⎠

×
∫

(
R3

)⊥n
1

m|̃g|2>4�I
jl
ik

⎛

⎜
⎝1 + 1

(
�̃

jl

ik

)1−γ /2

⎞

⎟
⎠ exp

⎛

⎝−m

2

∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2
⎞

⎠dw

⎞

⎟
⎠

2

≤ C

|g|2 exp
(
−m

4
|g|2

)
⎛

⎜
⎝

r∑

k,l=1

exp

⎛

⎜
⎝−m

(∣∣ξ ∗
∣∣2 − |ξ |2 + 2χ

jl

ik |g|
)2

8 |g|2

⎞

⎟
⎠

⎞

⎟
⎠

2

= C

|g|2
(

r∑

k,l=1

exp

(
−m

8

(
|g| + 2 |ξ | cosϕ + 2χ

jl

ik

)2 − m

8
|g|2

))2

≤ C

|g|2
r∑

k,l=1

exp

(

−m

( |g|
2

+ |ξ | cosϕ + χ
jl

ik

)2

− m

4
|g|2

)

, (30)

with cosϕ = n · ξ

|ξ | , �̃
jl

ik = |̃g| |g∗|, and |g∗|2 = |̃g|2 − 4

m
�I

jl

ik .

Here, the second inequality, follows by the following bound, which can be obtained by
noting that here min (|̃g| , |g∗|) ≥ |w|, cf. Fig. 2, while firstly making a change of variables
w → w̃ = (

ξ + ξ ∗
)
⊥n

/2 + w followed by one to polar coordinates,

∫

(
R3

)⊥n
1

m|̃g|2>4�I
jl
ik

⎛

⎜
⎝1 + 1

(
�̃

jl

ik

)1−γ /2

⎞

⎟
⎠ exp

⎛

⎝−m

2

∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2
⎞

⎠ dw

≤
∫

|w|≤1
1 + |w|γ−2 dw + 2

∫

|w|≥1
exp

⎛

⎝−m

2

∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2
⎞

⎠ dw

≤
∫

|w|≤1
1 + |w|γ−2 dw + 2

∫

(
R3

)⊥n
e−m|w̃|2/2 dw̃

= 2π

(∫ 1

0
R + Rγ−1 dR +

∫ ∞

0
Re−mR2/2 dR

)
= C.
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The integral of k2
ij2 over the truncated domain hN will be bounded, since, by changing

variables ξ ∗ → g = ξ − ξ ∗, and then to spherical coordinates,

∫

hN

k2
ij2(ξ , ξ ∗) dξdξ ∗ ≤

∫

hN

C

|g|2 e−m|g|2/4dgdξ

≤ C

∫ ∞

0
e−R2/4dR

∫ N

0
η2dη = CN3.

Next we aim for proving that the integral of kij2(ξ , ξ ∗) with respect to ξ over R
3 is

bounded in ξ ∗. Indeed, directly by the bound (30) on k2
ij2

0 ≤ kij2(ξ , ξ ∗) ≤ C

|g|
r∑

k,l=1

exp

(
−m

8

(
|g| + 2 |ξ | cosϕ + 2χ

jl

ik

)2 − m

8
|g|2

)
. (31)

Hence, by applying the symmetry kij2(ξ , ξ ∗) = kji2(ξ ∗, ξ) (26), firstly changing variables
ξ → g = ξ − ξ ∗, and then to spherical coordinates,

∫

R3
kij2(ξ , ξ ∗) dξ =

∫

R3
kji2(ξ ∗, ξ) dξ

≤
∫

R3

C

|g|
r∑

k,l=1

exp
(
−m

8
|g|2

)
dg = C

∫ ∞

0
Re−mR2/8dR = C.

Finally, heading for proving the uniform convergence of the integral of kij2 with respect
to ξ ∗ over the truncated domain hN to the one over all of R3, the following bound on the
integral over R3 can be obtained for |ξ | �= 0 by bound (31), by changing to (conventional)
spherical coordinates, with ξ as zenithal direction, and hence, ϕ as polar angle, followed by
the change of variables ϕ → η = R + 2 |ξ | cosϕ + 2χ

jl

ik (R), with dη = −2 |ξ | sinϕ dϕ,

∫

R3
kij2(ξ , ξ ∗) dξ ∗

≤
∫

R3

C

|g|
r∑

k,l=1

exp

(
−m

8

(
|g| + 2 |ξ | cosϕ + 2χ

jl

ik (|g|)
)2 − m

8
|g|2

)
dg

= C

r∑

k,l=1

∫ ∞

0

∫ π

0
R exp

(
−m

8

(
R + 2 |ξ | cosϕ + 2χ

jl

ik (R)
)2 − m

8
R2

)
sinϕ dϕdR

= C

|ξ |
r∑

k,l=1

∫ ∞

0

∫ R+2χ
jl
ik

(R)+2|ξ |

R+2χ
jl
ik (R)−2|ξ |

Re−mη2/8e−mR2/8dηdR

≤ C

|ξ |
∫ ∞

0
Re−mR2/8 dR

∫ ∞

−∞
e−mη2/8dη = C

|ξ | . (32)

Then, by the bounds (31) and (32),

sup
ξ∈R3

∫

R3
kij2(ξ , ξ ∗) − kij2(ξ , ξ ∗)1hN

dξ ∗
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≤ sup
ξ∈R3

∫

|g|≤ 1
N

kij2(ξ , ξ ∗) dξ ∗ + sup
|ξ |≥N

∫

R3
kij2(ξ , ξ ∗) dξ ∗

≤
∫

|g|≤ 1
N

C

|g| dg + C

N
≤ C

(∫ 1
N

0
R dR + 1

N

)

= C

(
1

2N2
+ 1

N

)
→ 0 as N → ∞.

Hence, by Lemma 4, the operators

K
(2)
ij =

∫

R3
kij2(ξ , ξ ∗)hj∗ dξ ∗

are compact on L2 (dξ) as uniform limits of Hilbert-Schmidt integral operators for all
{i, j} ⊆ {1, . . . , r}.

Concluding, the operator

K = (K1, . . . ,Kr) =
r∑

j=1

(
(K

(2)

1j , . . . ,K
(2)
rj ) − (K

(1)

1j , . . . ,K
(1)
rj )

)

is a compact self-adjoint operator on
(
L2 (dξ)

)r
. The self-adjointness is due to the symmetry

relations (25), (26), cf. [27, p. 198]. �

2.3.2 Bounds on the Collision Frequency

This section concerns the proof of Theorem 2 and is an extension of that for monatomic
single species.

Proof Under assumption (19) each collision frequency ν1, . . . , νr , by a change of variables
{
ξ ′, ξ ′

∗
}→

{∣∣g′∣∣ ,ω = g′

|g′| ,G′ = ξ ′ + ξ ′
∗

2

}
, can be rewritten as

νi =
r∑

j,k,l=1

∫

(
R3

)3

Mj∗
ϕiϕj

W(ξ , ξ ∗, Ii , Ij

∣
∣ξ ′, ξ ′

∗, Ik, Il ) dξ ∗dξ ′dξ ′
∗

=
r∑

j,k,l=1

∫

(
R3

)2×R+×S2
Mj∗σ kl

ij |g| δ3
(
G − G′)1m|g|>4�Ikl

ij

×δ1

(√

|g|2 − 4

m
�Ikl

ij − ∣∣g′∣∣
)

dξ ∗dG′d
∣∣g′∣∣dω

= C

ϕi

r∑

j,k,l=1

e−Ij

∫

R3
e−m

∣∣ξ∗
∣∣2/2σ kl

ij |g|1m|g|>4�Ikl
ij

dξ ∗

= C

ϕi

r∑

j,k,l=1

e−Ij

∫

R3
e−m

∣
∣ξ∗

∣
∣2/2

√

|g|2 − 4

m
�Ikl

ij 1m|g|>4�Ikl
ij

dξ ∗.

Given i ∈ {1, . . . , r}, there are {j, k, l} ⊂ {1, . . . , r}, such that �Ikl
ij ≤ 0. Assuming that

�Ikl
ij ≤ 0 for some fixed {j, k, l} ⊂ {1, . . . , r}, imply the inequality

νi ≥ Ce−Ij

ϕi

∫

R3
e−m

∣
∣ξ∗

∣
∣2/2

√

|g|2 − 4

m
�Ikl

ij dξ ∗
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≥ C

∫

R3
|g| e−m

∣
∣ξ∗

∣
∣2/2 dξ ∗.

First, aiming to prove the lower bound of Theorem 2, consider the two different cases
|ξ | ≤ 1 and |ξ | ≥ 1 separately. If |ξ | ≤ 1, then, by trivial estimates and a change to spherical
coordinates,

νi ≥ C

∫

R3

(∣∣|ξ | − ∣
∣ξ ∗

∣
∣
∣
∣) e−m

∣
∣ξ∗

∣
∣2/2 dξ ∗

≥ C

∫

∣
∣ξ∗

∣
∣≥2

(∣∣ξ ∗
∣
∣− |ξ |) e−m

∣
∣ξ∗

∣
∣2/2 dξ ∗

≥ C

∫

∣
∣ξ∗

∣
∣≥2

1

2

∣∣ξ ∗
∣∣ e−m

∣∣ξ∗
∣∣2/2 dξ ∗

= C

∫ ∞

1
R3e−2mR2

dR = C ≥ C (1 + |ξ |) ,

while, if |ξ | ≥ 1, then, by a trivial estimate,

νi ≥ C

∫

R3

(∣∣|ξ | − ∣
∣ξ ∗

∣
∣
∣
∣) e−m

∣
∣ξ∗

∣
∣2/2 dξ ∗

≥ C

∫

∣
∣ξ∗

∣
∣≤1/2

(|ξ | − ∣
∣ξ ∗

∣
∣) e−m

∣
∣ξ∗

∣
∣2/2 dξ ∗

≥ C
1

2
|ξ | e−m/8

∫

∣
∣ξ∗

∣
∣≤1/2

dξ ∗ = C |ξ | ≥ C (1 + |ξ |) .

Hence, there is a positive constant ν− > 0, such that νi ≥ ν− (1 + |ξ |) for all i ∈ {1, . . . , r}
and ξ ∈ R

3.
On the other hand, regarding the upper bound, by an estimate and a change to spherical

coordinates,

νi ≤ C

r∑

j,k,l=1

∫

R3

√

|g|2 − 4

m
�Ikl

ij e−m
∣
∣ξ∗

∣
∣2/21m|g|>4�Ikl

ij
dξ ∗

≤ C

r∑

j,k,l=1

∫

R3

(
1 + |ξ | + ∣∣ξ ∗

∣∣) e−m
∣∣ξ∗

∣∣2/2 dξ ∗

≤ C

∫

R3
|ξ |R2e−2mR2 + (

R2 + R3
)
e−2mR2

dR ≤ C (1 + |ξ |) .

Hence, there is a positive constant ν+ > 0, such that νi ≤ ν+ (1 + |ξ |) for all i ∈ {1, . . . , r}
and ξ ∈ R

3. �

3 Multicomponent Mixtures of Monatomic Species

This section concerns mixtures of s monatomic species for any positive integer s with (pos-
sibly) disparate masses, cf. e.g. [10, 12]. The case s = 1, formally corresponds to a single
species, and no mixture, but can still be included.
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3.1 Model

This section concerns the considered model for multicomponent mixtures. A probabilistic
formulation of the collision operator is considered, whose relation to a more classical for-
mulation is accounted for. Known properties of the model and a corresponding linearized
collision operator are also reviewed.

Consider a mixture of s, s ≥ 1, monatomic species a1, . . . , as , with masses m1, . . . ,ms ,
respectively (s = 1 corresponds to the case of a single species). The distribution functions
are of the form f = (f1, . . . , fs), where fα = fα (t,x, ξ), with t ∈ R+, x = (x, y, z) ∈ R

3,
and ξ = (

ξx, ξy, ξz

) ∈R
3, is the distribution function for species aα .

Moreover, consider the real Hilbert space h(s) := (
L2 (dξ)

)s
, with inner product

(f |g) =
s∑

α=1

∫

R3
fαgα dξ for f,g ∈ (

L2 (dξ)
)s

.

The evolution of the distribution functions is (in the absence of external forces) de-
scribed by the (vector) Boltzmann equation (1), where the (vector) collision operator
Q = (Q1, . . . ,Qs) is a quadratic bilinear operator that accounts for the change of veloci-
ties of particles due to binary collisions (assuming that the gas is rarefied, such that other
collisions are negligible), where the component Qα is the collision operator for species aα .

A collision can, given two species aα and aβ , {α,β} ⊂ {1, . . . , s}, be represented by two
pairs of microscopic velocities, one pair of pre-collisional velocities ξ and ξ ∗ of particles
of species aα and aβ , respectively, and one pair of post-collisional velocities ξ ′ and ξ ′

∗ of
particles of species aα and aβ , respectively. The notation for pre- and post-collisional pairs
may, of course, be interchanged as well. Due to momentum and total energy conservation,
the following relations have to be satisfied by the pairs

mαξ + mβξ ∗ = mαξ
′ + mβξ ′

∗

mα |ξ |2 + mβ

∣∣ξ ∗
∣∣2 = mα

∣∣ξ ′∣∣2 + mβ

∣∣ξ ′
∗
∣∣2 . (33)

3.1.1 Collision Operator

The (vector) collision operator Q = (Q1, . . . ,Qs) has components that can be written in the
following form - reminding the abbreviations (4),

Qα(f,f ) =
s∑

β=1

∫

(
R3

)3
Wαβ(ξ , ξ ∗

∣
∣ξ ′, ξ ′

∗ )
(
f ′

αf
′
β∗ − fαfβ∗

)
dξ ∗dξ ′dξ ′

∗.

The transition probability W :
((
R

3
)2 × {a1, . . . , as}

)2 → R+ := [0,∞) is of the form cf.

[15, p. 65]

W(ξ , ξ ′, aα

∣∣ξ ∗, ξ
′
∗, aβ ) =: Wαβ(ξ , ξ ∗

∣∣ξ ′, ξ ′
∗ )

= 2
(
mα + mβ

)2
mαmβσαβ (|g| , cos θ) δ3

(
mαξ + mβξ ∗ − mαξ

′ − mβξ ′
∗
)

×δ1

(
mα |ξ |2 + mβ

∣
∣ξ ∗

∣
∣2 − mα

∣
∣ξ ′∣∣2 − mβ

∣
∣ξ ′

∗
∣
∣2
)

, with cos θ = g · g′

|g| |g′| ,

g = ξ − ξ ∗, g′ = ξ ′ − ξ ′
∗, and σαβ = σαβ (|g| , cos θ) > 0 a.e. , (34)
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where we remind that δ3 and δ1 denote the Dirac’s delta functions in R
3 and R, respectively;

taking the conservation of momentum and kinetic energy (33) into account. Here and below
we use the shorthanded expressions

σαβ = σ(ξ , aα, ξ ∗, aβ) = σ̃ (|g| , cos θ, aα, aβ)

for a given scattering cross-section σ : (R3 × {a1, . . . , as}
)2 →R+, or in the alternative form

σ̃ :R+ × [−1,1] × {a1, . . . , as}2 →R+.
The scattering cross sections σαβ , {α,β} ⊆ {1, . . . , s}, satisfy the symmetry relation

σαβ = σβα , (35)

while also for any α ∈ {1, . . . , s}

σαα (|g| ,− cos θ) = σαα (|g| , cos θ) . (36)

Applying known properties of Dirac’s delta function, the transition probabilities may, with
the aim to obtain expressions for G′

αβ = (mαξ
′ +mβξ ′

∗)/(mα +mβ) and
∣∣g′∣∣ in the arguments

of the Dirac’s delta functions, be transformed to

Wαβ(ξ , ξ ∗
∣
∣ξ ′, ξ ′

∗ )

= 2
(
mα + mβ

)3
μαβδ3

((
mα + mβ

) (
Gαβ − G′

αβ

))
δ1

(
μαβ

(
|g|2 − ∣

∣g′∣∣2
))

= σαβ

|g| δ3
(
Gαβ − G′

αβ

)
δ1
(|g| − ∣

∣g′∣∣) , where μαβ = mαmβ

mα + mβ

,

Gαβ = mαξ + mβξ ∗
mα + mβ

, and G′
αβ = mαξ

′ + mβξ ′
∗

mα + mβ

. (37)

Due to invariance under change of particles in a collision and microreversibility of the col-
lisions, which follows directly by the definition of the transition probability (34), (37), and
the symmetry relations (35) and (36) for the collision frequency, the transition probabilities
(34) satisfy the relations

Wαβ(ξ , ξ ∗
∣∣ξ ′, ξ ′

∗ ) = Wβα(ξ ∗, ξ
∣∣ξ ′

∗, ξ
′ )

Wαβ(ξ , ξ ∗
∣
∣ξ ′, ξ ′

∗ ) = Wαβ(ξ ′, ξ ′
∗
∣
∣ξ , ξ ∗ )

Wαα(ξ , ξ ∗
∣
∣ξ ′, ξ ′

∗ ) = Wαα(ξ , ξ ∗
∣
∣ξ ′

∗, ξ
′ ). (38)

By changing variables
{
ξ ′, ξ ′

∗
} →

{
g′ = ξ ′ − ξ ′

∗,G′
αβ = mαξ

′ + mβξ ′
∗

mα + mβ

}
, followed by a

change to spherical coordinates, noting that

dξ ′dξ ′
∗ = dG′

αβdg′ = ∣
∣g′∣∣2 dG′

αβd
∣
∣g′∣∣dω, with ω = g′

|g′| , (39)

the observation that

Qα(f,f )
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=
s∑

β=1

∫

(
R3

)2×R+×S2
Wαβ(ξ , ξ ∗

∣∣ξ ′, ξ ′
∗ )
(
f ′

αf
′
β∗ − fαfβ∗

) ∣∣g′∣∣2 dξ ∗dG′
αβd

∣∣g′∣∣dω

=
s∑

β=1

∫

R×S2
|g| σαβ

(
f ′

αf
′
β∗ − fαfβ∗

)
dξ ∗dω,

where
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ξ ′ = mαξ + mβξ ∗
mα + mαj

+ mβ

mα + mβ

∣∣ξ − ξ ∗
∣∣ω = Gαβ + mβ

mα + mβ

|g|ω

ξ ′
∗ = mαξ + mβξ ∗

mα + mβ

− mα

mα + mβ

∣∣ξ − ξ ∗
∣∣ω = Gαβ − mα

mα + mβ

|g|ω
, ω ∈ S2,

can be made, resulting in a more familiar form of the Boltzmann collision operator for
mixtures.

3.1.2 Collision Invariants and Maxwellian Distributions

The following lemma follows directly by the relations (38).

Lemma 5 The measures

dAαβ = Wαβ(ξ , ξ ∗
∣∣ξ ′, ξ ′

∗ ) dξ dξ ∗dξ ′dξ ′
∗, {α,β} ⊆ {1, . . . , s} ,

are invariant under the (ordered) interchange

(
ξ , ξ ∗

)↔ (
ξ ′, ξ ′

∗
)

(40)

of variables, while

dAαβ + dAβα , {α,β} ⊆ {1, . . . , s} ,

are invariant under the (ordered) interchange of variables

(
ξ , ξ ′)↔ (

ξ ∗, ξ
′
∗
)

. (41)

The weak form of the collision operator Q(f,f ) reads

(Q(f,f ), g) =
s∑

α,β=1

∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

)
gα dAαβ

=
s∑

α,β=1

∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

)
gβ∗ dAαβ

= −
s∑

α,β=1

∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

)
g′

α dAαβ

= −
s∑

α,β=1

∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

)
g′

β∗ dAαβ
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for any function g = (g1, . . . , gs), such that the first integrals are defined for all indices
{α,β} ⊆ {1, . . . , s}, while the following equalities are obtained by applying Lemma 5.

We have the following proposition.

Proposition 4 Let g = (g1, . . . , gs) be such that
∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

)
gα dAαβ

is defined for any {α,β} ⊆ {1, . . . , s}. Then

(Q(f,f ), g) = 1

4

s∑

α,β=1

∫

(
R3

)4

(
f ′

αf
′
β∗ − fαfβ∗

) (
gα + gβ∗ − g′

α − g′
β∗
)

dAαβ.

Definition 2 A function g = (g1, . . . , gs) is a collision invariant if
(
gα + gβ∗ − g′

α − g′
β∗
)
Wαβ(ξ , ξ ∗

∣∣ξ ′, ξ ′
∗ ) = 0 a.e.

for all {α,β} ⊆ {1, . . . , s}.
It is clear that e1, ..., es , mξx , mξy , mξz, and m |ξ |2, where {e1, . . . , es} is the standard

basis of Rs and m = (m1, . . . ,ms), are collision invariants - corresponding to conservation
of mass(es), momentum, and kinetic energy.

In fact, we have the following proposition, cf. [15, 20].

Proposition 5 The vector space of collision invariants is generated by
{
e1, . . . , es,mξx,mξy,mξz,m |ξ |2} ,

where m = (m1, . . . ,ms) and {e1, . . . , es} is the standard basis of Rs .

Define

W [f ] := (Q(f,f ), logf ) .

It follows by Proposition 4 that

W [f ] = −1

4

s∑

α,β=1

∫

(
R3

)4
fαfβ∗

(
f ′

αf
′
β∗

fαfβ∗
− 1

)
log

(
f ′

αf
′
β∗

fαfβ∗

)
dAαβ ≤ 0,

with equality if and only if for all {α,β} ⊆ {1, . . . , s}
(
fαfβ∗ − f ′

αf
′
β∗
)
Wαβ(ξ , ξ ∗

∣∣ξ ′, ξ ′
∗ ) = 0 a.e., (42)

or, equivalently, if and only if

Q(f,f ) ≡ 0.

For any equilibrium, or Maxwellian, distribution M = (M1, . . . ,Ms), it follows, by equa-
tion (42), since Q(M,M) ≡ 0, that for all {α,β} ⊆ {1, . . . , s}

(
logMα + logMβ∗ − logM ′

α − logM ′
β∗
)
Wαβ(ξ , ξ ∗

∣
∣ξ ′, ξ ′

∗ ) = 0 a.e. .
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Hence, logM = (logM1, . . . , logMs) is a collision invariant, and the components of the
Maxwellian distributions M = (M1, . . . ,Ms) are Gaussians

Mα = nα

( mα

2πT

)3/2
e−mα |ξ−u|2/(2T ),

where nα = (M,eα), u = 1

ρ
(M,mξ), and T = 1

3n

(
M,m |ξ − u|2), with the mass vector

m = (m1, . . . ,ms), while n =
s∑

α=1
nα and ρ =

s∑

α=1
mαnα .

Note that by equation (42) any Maxwellian distribution M = (M1, . . . ,Ms) for all
{α,β} ⊆ {1, . . . , s} satisfies the relations

(
M ′

αM
′
β∗ − MαMβ∗

)
Wαβ(ξ , ξ ∗

∣
∣ξ ′, ξ ′

∗ ) = 0 a.e. . (43)

Remark 6 Introducing the H-functional

H [f ] = (f, logf ) ,

an H-theorem can be obtained.

3.1.3 Linearized Collision Operator

Consider a deviation of a Maxwellian distribution M = (M1, . . . ,Ms), where the compo-

nents are given by Mα = nα

(mα

2π

)3/2
e−mα |ξ |2/2, of the form (13). Insertion in the Boltz-

mann equation (1) results in a system (14), where the components of the linearized collision
operator L = (L1, . . . ,Ls) are given by

Lαh = −
s∑

β=1

M−1/2
α

(
Qαβ(Mα,M

1/2
β hβ) + Qαβ(M1/2

α hα,Mβ)
)

=
s∑

β=1

∫

(
R3

)3

(
Mβ∗M ′

αM
′
β∗
)1/2

Wαβ(ξ , ξ ∗
∣
∣ξ ′, ξ ′

∗ )

×
(

hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)

dξ ∗dξ ′dξ ′
∗

= ναhα − Kα (h) , (44)

where

να =
s∑

β=1

∫

(
R3

)3
Mβ∗Wαβ(ξ , ξ ∗

∣
∣ξ ′, ξ ′

∗ ) dξ ∗dξ ′dξ ′
∗, (45)

Kα (h) =
s∑

β=1

∫

(
R3

)3

(
Mβ∗M ′

αM
′
β∗
)1/2

Wαβ(ξ , ξ ∗
∣∣ξ ′, ξ ′

∗ )

×
(

h′
α(

M ′
α

)1/2 + h′
β∗

(
M ′

β∗
)1/2 − hβ∗

M
1/2
β∗

)

dξ ∗dξ ′dξ ′
∗,
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while the components of the quadratic term � = (�1, . . . ,�s) are of the form (17).
The multiplication operator  defined by

(f ) = νf , where ν = diag (ν1, . . . , νs) ,

is a closed, densely defined, self-adjoint operator on
(
L2 (dξ)

)s
. It is Fredholm, as well, if

and only if  is coercive.
The following lemma follows immediately by Lemma 5.

Lemma 6 For any {α,β} ⊆ {1, . . . , s}, the measure

dÃαβ = (
MαMβ∗M ′

αM
′
β∗
)1/2

dAαβ

is invariant under the (ordered) interchange (40) of variables, while

dÃαβ + dÃβα

is invariant under the (ordered) interchange (41) of variables.

The weak form of the linearized collision operator L reads

(Lh,g)

=
s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
gα

M
1/2
α

dÃαβ

=
s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
gβ∗

M
1/2
β∗

dÃαβ

= −
s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
g′

α(
M ′

α

)1/2 dÃαβ

= −
s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
g′

β∗
(
M ′

β∗
)1/2 dÃαβ,

for any function g = (g1, . . . , gs), such that the first integrals are defined for all indices
{α,β} ⊆ {1, . . . , s}, while the following equalities are obtained by applying Lemma 6.

We have the following lemma.

Lemma 7 Let g = (g1, . . . , gs) be such that for any {α,β} ⊆ {1, . . . , s}
∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
gα

M
1/2
α

dÃαβ

is defined. Then

(Lh,g) = 1

4

s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)
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×
(

gα

M
1/2
α

+ gβ∗
M

1/2
β∗

− g′
α(

M ′
α

)1/2 − g′
β∗

(
M ′

β∗
)1/2

)

dÃαβ.

Proposition 6 The linearized collision operator is symmetric and nonnegative,

(Lh,g) = (h,Lg) and (Lh,h) ≥ 0,

and the kernel of L, kerL, is generated by

{√
M1e1, . . . ,

√
Mses,M1/2mvx,M1/2mvy,M1/2mvz,M1/2m |v|2

}
,

where M = diag (M1, . . . ,Ms), m = (m1, . . . ,ms), and {e1, . . . , es} is the standard basis of
R

s .

Proof By Lemma 7, it is immediate that (Lh,g) = (h,Lg), and

(Lh,h) = 1

4

s∑

α,β=1

∫

(
R3

)4

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)2

dÃαβ ≥ 0.

Furthermore, h ∈ kerL if and only if (Lh,h) = 0, which will be fulfilled if and only if for
all {α,β} ⊆ {1, . . . , s}

(
hα

M
1/2
α

+ hβ∗
M

1/2
β∗

− h′
α(

M ′
α

)1/2 − h′
β∗

(
M ′

β∗
)1/2

)

Wαβ(ξ , ξ ∗
∣
∣ξ ′, ξ ′

∗ ) = 0 a.e.,

i.e. if and only if M−1/2h is a collision invariant. The last part of the lemma now follows by
Proposition 5. �

Remark 7 Again, with exactly the same arguments as in Remark 4, although without rele-
vance for the studies here still of great importance, the nonlinear term is orthogonal to the
kernel of L, i.e. � (h,h) ∈ (kerL)

⊥
h(s) .

3.2 Focused Properties

This section is devoted to results concerning the compactness property in Theorem 3 and
bounds of collision frequencies in Theorem 4.

Assume that for some positive number γ , such that 0 < γ < 1, there is a positive constant
C such that, cf. [10],

0 ≤ σαβ (|g| , cos θ) ≤ C

(
1 + 1

|g|2−γ

)
, 0 < γ < 1, (46)

on the scattering cross sections σαβ for any {α,β} ⊆ {1, . . . , s}. This includes, but are not
limited to inverse power law potentials under Grad’s cut-off [19], implying scattering cross
sections of the form, cf. [10],

σαβ = b
μαβ

αβ (cos θ) |g|μαβ−1 , with μαβ = ςαβ − 5

ςαβ − 1
, where ςαβ > 3, (47)
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for bounded positive functions b
μ

αβ (cos θ), including the limiting case of hard sphere gases
for which σαβ = Cαβ for some positive constant Cαβ (i.e. with μαβ = 1 and b

μ

αβ (cos θ) = Cαβ

in expression (47)) for any {α,β} ⊆ {1, . . . , s}.

Remark 8 Note that due to a different choice of velocity parametrization Grad’s assumption

on the collision kernel in [19] also has a factor cos θ̃ , where θ̃ = g
|g| · g̃

|̃g| , with g = ξ − ξ

and g̃ = ξ − ξ ′, added in the upper bound (46), as well as, since having parametrized in
azimuthal and polar angles as integration variables in the collision integral, a factor sin θ̃ , cf.
Remark 2, also adds. It appears in the literature, see e.g. [10, 12], that a factor sin θ̃ is added
in the upper bound although that the collision integral is expressed by a non-parametrized
vector in S

2, cf. Remark 2 rending in (seemingly) more restrictive conditions, excluding e.g.,
the important case of hard spheres. However, this might be of technical nature, rather than
affecting the validity of the posed results and their proofs.

The following result may be obtained.

Theorem 3 Assume that the scattering cross sections σαβ for {α,β} ⊆ {1, . . . , s} satisfy
the bound (46) for some positive number γ , such that 0 < γ < 1. Then the operator
K = (K1, . . . ,Ks), with the components Kα given by (45) is a self-adjoint compact operator
on

(
L2 (dξ)

)s
.

Theorem 3 will be proven in Sect. 3.3.1, based on ideas from the corresponding proof for
monatomic single species by Grad [19], especially, as presented by Glassey [18], combined
by an crucial lemma by Boudin et al. [10], where a complete proof based on the same lemma
and the proof of Grad appeared first. The main innovation in this work is that by starting from
the probabilistic formulation, there is no initial parametrization of the velocities based on the
momentum and kinetic energy conservation. Then suitable parametrizations can be chosen
from scratch from case to case. From our point of view, this really helps to find appropriate
substitutions, by geometrical motivations and manipulations of the delta-functions, for the
non-trivial cases. The substitutions were developed independently, but are related to the ones
in [10, 19]. Based on ideas by [10, 18, 19] the proof is completed. Restricted to equal masses
the proof is essentially similar to the one for monatomic single species.

Corollary 4 The linearized collision operator L, with scattering cross sections satisfying
(46), is a closed, densely defined, self-adjoint operator on

(
L2 (dξ)

)s
.

Now consider a hard sphere model, i.e. such that

σαβ = Cαβ (48)

for some positive constant Cαβ > 0 for all {α,β} ⊆ {1, . . . , s}.
In fact, it would be enough with the bounds

C− ≤ σαβ ≤ C+ (49)

for some positive constants C± > 0 and all {α,β} ⊆ {1, . . . , s}, on the scattering cross sec-
tions.
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Theorem 4 [10] The linearized collision operator L, for a hard sphere model (48) (or
(49)), can be decomposed as a positive multiplication operator , where f = νf for
ν = ν(|ξ |) = diag (ν1, . . . , νs), minus a compact operator K on

(
L2 (dξ)

)s

L =  − K, (50)

where there exist positive numbers ν− and ν+, 0 < ν− < ν+, such that for any α ∈ {1, . . . , s}
ν− (1 + |ξ |) ≤ να(|ξ |) ≤ ν+ (1 + |ξ |) for all ξ ∈R

3. (51)

The decomposition (50) follows by the decomposition (44), (45) and Theorem 3, while
the bounds (51) are proven in Sect. 3.3.2, essentially mimicking the proof for monatomic
single species.

Corollary 5 The linearized collision operator L, for a hard-sphere model (48) (or (49)), is a
Fredholm operator, with domain

D(L) = (
L2 ((1 + |ξ |) dξ)

)s
.

Corollary 6 For the linearized collision operator L, for a hard sphere model (48) (or (49)),
there exists a positive number λ, 0 < λ < 1, such that

(h,Lh) ≥ λ (h, ν(|ξ |)h) ≥ λν− (h, (1 + |ξ |)h)

for any h ∈ (
L2((1 + |ξ |) dξ)

)s ∩ ImL.

Remark 9 By Proposition 6 and Corollary 4–6 the linearized operator L fulfills the properties
assumed on the linear operators in [4], and hence, the results therein can be applied to hard
sphere models, see [3].

3.3 Compactness and Bounds on the Collision Frequency

This section is devoted to the proofs of the compactness property in Theorem 3, cf. the
proof by Boudin et al. in [10] and the variant by Glassey [18] of the one by Grad [19]
for monatomic single species, and the bounds on the collision frequency in Theorem 4, cf.
corresponding proof for monatomic single species, of the linearized collision operator for
(monatomic) multicomponent mixtures.

3.3.1 Compactness

This section concerns the proof of Theorem 3. Note that in the proof the kernels are rewritten
in such a way that ξ ∗ - and not ξ ′ and ξ ′

∗ - always will be argument of the distribution
functions. As for single species, either ξ ∗ is an argument in the loss term (like ξ ) or in the
gain term (unlike ξ ) of the collision operator. However, in the latter case, unlike for single
species, for mixtures we have to differ between two different cases; either ξ ∗ is associated
to the same species as ξ , or not. The kernels of the terms from the loss part of the collision
operator will be shown to be Hilbert-Schmidt in a quite direct way. The kernels of - some
of - the terms - for which ξ ∗ is associated to the same species as ξ - from the gain parts of
the collision operators will be shown to be approximately Hilbert-Schmidt in the sense of
Lemma 4. By applying the following lemma, Lemma 8, (for disparate masses) by Boudin
et al. in [10], it will be shown that the kernels of the remaining terms - i.e. for which ξ ∗ is
associated to the opposite species to ξ - from the gain parts of the collision operators, are
Hilbert-Schmidt.
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Lemma 8 [10] Assume that mα �= mβ ,

⎧
⎨

⎩
ξ ′ = ξ ∗ − mα

mβ

∣∣ξ − ξ ′
∗
∣∣η

ξ ′
∗ = ξ − ∣

∣ξ − ξ ′
∗
∣
∣η

, where η ∈ S
2, (52)

and

mα |ξ |2 + mβ

∣
∣ξ ′∣∣2 = mα

∣
∣ξ ′

∗
∣
∣2 + mβ

∣
∣ξ ∗

∣
∣2 . (53)

Then there exists a positive number ρ, 0 < ρ < 1, such that

mβ

∣
∣ξ ′∣∣2 + mα

∣
∣ξ ′

∗
∣
∣2 ≥ ρ

(
mα |ξ |2 + mβ

∣
∣ξ ∗

∣
∣2
)

.

An alternative - and more basic, in the sense that only very basic calculations are used -
to the proof of Lemma 8 in [10] is accounted for in the Appendix. The proof is constructive,
in the way that an explicit - not necessarily optimal - value of such a number ρ, namely

ρ =
(√

mα − √
mβ√

mα + √
mβ

)2

,

is obtained in the proof.
Now we turn to the proof of Theorem 3.

Proof For any {α,β} ⊂ {1, . . . , s}, by firstly renaming
{
ξ ∗
}
�

{
ξ ′} and then secondly{

ξ ∗
}
�

{
ξ ′

∗
}
,

∫

(
R3

)3

(
Mβ∗M ′

α

)1/2
Wαβ(ξ , ξ ∗

∣∣ξ ′, ξ ′
∗ ) h′

β∗ dξ ∗dξ ′dξ ′
∗

=
∫

(
R3

)3

(
M ′

βMα∗
)1/2

Wαβ(ξ , ξ ′ ∣∣ξ ∗, ξ
′
∗ )h′

β∗ dξ ∗dξ ′dξ ′
∗

=
∫

(
R3

)3

(
M ′

βM ′
α∗
)1/2

Wαβ(ξ , ξ ′ ∣∣ξ ′
∗, ξ ∗ )hβ∗ dξ ∗dξ ′dξ ′

∗.

Moreover, for any {α,β} ⊂ {1, . . . , s}, by renaming
{
ξ ∗
}
�

{
ξ ′},

∫

(
R3

)3

(
Mβ∗M ′

β∗
)1/2

Wαβ(ξ , ξ ∗
∣∣ξ ′, ξ ′

∗ )h′
α dξ ∗dξ ′dξ ′

∗

=
∫

(
R3

)3

(
M ′

βM ′
β∗
)1/2

Wαβ(ξ , ξ ′ ∣∣ξ ∗, ξ
′
∗ )hα∗ dξ ∗dξ ′dξ ′

∗.

It follows that for any α ∈ {1, . . . , s}

Kα (h) =
s∑

β=1

∫

R3
kαβ

(
ξ , ξ ∗

)
h∗ dξ ∗, where

kαβh∗ = k
(α)
αβ hα∗ + k

(β)

αβ hβ∗ = k
(α)
αβ hα∗ − k

(β)

αβ1hβ∗ + k
(β)

αβ2hβ∗, with
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k
(α)
αβ (ξ , ξ ∗) =

∫

(
R3

)2

(
M ′

βM ′
β∗
)1/2

Wαβ(ξ , ξ ′ ∣∣ξ ∗, ξ
′
∗ ) dξ ′dξ ′

∗,

k
(β)

αβ1(ξ , ξ ∗) =
∫

(
R3

)2

(
M ′

αM
′
β∗
)1/2

Wαβ(ξ , ξ ∗
∣∣ξ ′, ξ ′

∗ ) dξ ′dξ ′
∗, and

k
(β)

αβ2(ξ , ξ ∗) =
∫

(
R3

)2

(
M ′

α∗M
′
β

)1/2
Wαβ

(
ξ , ξ ′ ∣∣ξ ′

∗, ξ ∗
)

dξ ′dξ ′
∗. (54)

Next we obtain some symmetry relations that will help to yield self-adjointness of the
operator K below. By applying the second relation in (38) and renaming

{
ξ ′}�

{
ξ ′

∗
}
,

k
(α)
αβ (ξ , ξ ∗) =

∫

(
R3

)2

(
M ′

βM ′
β∗
)1/2

Wαβ(ξ ∗, ξ
′
∗
∣
∣ξ , ξ ′ ) dξ ′dξ ′

∗

=
∫

(
R3

)2

(
M ′

βM ′
β∗
)1/2

Wαβ(ξ ∗, ξ
′ ∣∣ξ , ξ ′

∗ ) dξ ′dξ ′
∗

= k
(α)
αβ (ξ ∗, ξ) (55)

for all {α,β} ⊂ {1, . . . , s}. Moreover, for all {α,β} ⊂ {1, . . . , s}

k
(β)

αβ (ξ , ξ ∗) = k
(α)

βα1(ξ ∗, ξ) − k
(α)

βα2(ξ ∗, ξ) = k
(α)
βα (ξ ∗, ξ), (56)

since, by applying the first relation in (38) and renaming
{
ξ ′}�

{
ξ ′

∗
}
,

k
(β)

αβ1(ξ , ξ ∗) =
∫

(
R3

)2

(
M ′

αM
′
β∗
)1/2

Wβα(ξ ∗, ξ
∣∣ξ ′

∗, ξ
′ ) dξ ′dξ ′

∗

=
∫

(
R3

)2

(
M ′

α∗M
′
β

)1/2
Wβα(ξ ∗, ξ

∣
∣ξ ′, ξ ′

∗ ) dξ ′dξ ′
∗

= k
(α)

βα1(ξ ∗, ξ),

while, by applying the two first relations in (38) and renaming
{
ξ ′}�

{
ξ ′

∗
}
,

k
(β)

αβ2(ξ , ξ ∗) =
∫

(
R3

)2

(
M ′

α∗M
′
β

)1/2
Wβα

(
ξ ′, ξ

∣
∣ξ ∗, ξ

′
∗
)

dξ ′dξ ′
∗

=
∫

(
R3

)2

(
M ′

α∗M
′
β

)1/2
Wβα

(
ξ ∗, ξ

′
∗
∣
∣ξ ′, ξ

)
dξ ′dξ ′

∗

=
∫

(
R3

)2

(
M ′

αM
′
β∗
)1/2

Wβα

(
ξ ∗, ξ

′ ∣∣ξ ′
∗, ξ

)
dξ ′dξ ′

∗

= k
(α)

βα2(ξ ∗, ξ).

We now continue by proving the compactness for the three different types of collision
kernel separately. Note that, by applying the last relation in (38), k

(β)

αβ2(ξ , ξ ∗) = k
(α)
αβ (ξ , ξ ∗) if

α = β , and we will remain with only two cases - the first two below. Even if mα = mβ , the
kernels k

(α)
αβ (ξ , ξ ∗) and k

(β)

αβ2(ξ , ξ ∗) are structurally equal, why we (in principle) remain with
(first) two cases (the second one twice).
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Fig. 3 Typical collision of K
(1)
αβ .

Classical representation of a
collision between particles of
different species

I. Compactness of K
(1)
αβ = ∫

R3 k
(β)

αβ1(ξ , ξ ∗)hβ∗ dξ ∗ for {α,β} ⊂ {1, . . . , s}.
Assume the velocities ξ and ξ ∗ to be given. Then a collision will be uniquely

defined by the unit vector ω = g′/
∣
∣g′∣∣, with g′ = ξ ′ − ξ ′

∗. This follows, since, by
conservation of momentum and kinetic energy (2),

∣∣g′∣∣ = ∣∣ξ − ξ ′
∗
∣∣ = |g|, while also

mα

(
ξ − ξ ′) = mβ

(
ξ ′

∗ − ξ ∗
)
, cf. Fig. 3. Indeed, by applying the change of variables

{
ξ ′, ξ ′

∗
}→

{∣
∣g′∣∣ ,ω = g′

|g′| ,G′
αβ = mαξ

′ + mβξ ′
∗

mα + mβ

}
, noting that (39), and using relation (43),

expression (54) of k
(β)

αβ1 may be transformed to

k
(β)

αβ1(ξ , ξ ∗)

= (
MαMβ∗

)1/2
∫

R3×R+×S2

σαβ

∣
∣g′∣∣2

|g| δ3
(
Gαβ − G′

αβ

)
δ1
(|g| − ∣∣g′∣∣) dG′

αβd
∣∣g′∣∣dω

= (
MαMβ∗

)1/2 |g|
∫

S2
σαβ (|g| , cos θ) dω, with cos θ = ω · g

|g| .

By assumption (46) and the relation

mα |ξ |2 + mβ

∣
∣ξ ∗

∣
∣2 = (

mα + mβ

) ∣∣Gαβ

∣
∣2 + μαβ |g|2 , with μαβ = mαmβ

mα + mβ

,

for the exponent of the product
(
MαMβ∗

)2
, the bound

(
k

(β)

αβ1(ξ , ξ ∗)
)2 ≤ CMαMβ∗

(
1 + 1

|g|2−γ

)2

|g|2

= Ce−(
mα+mβ

)∣∣Gαβ

∣
∣2/2−μαβ |g|2/2

(
|g| + 1

|g|1−γ

)2

(57)

may be obtained. Then, by applying the bound (57) and first changing variables of integra-
tion

{
ξ , ξ ∗

}→ {
g,Gαβ

}
, with unitary Jacobian, and then to spherical coordinates,

∫

(
R3

)2

(
k

(β)

αβ1(ξ , ξ ∗)
)2

dξdξ ∗
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Fig. 4 Typical collision of K
(3)
αβ

≤ C

∫

(
R3

)2
e−(

mα+mβ

)∣∣Gαβ

∣
∣2/2−μαβ |g|2/2

(
|g| + 1

|g|1−γ

)2

dgdGαβ

≤ C

∫ ∞

0
R2e−R2

dR

∫ ∞

0

(
η2 + ηγ

)2
e−η2/4dη ≤ C

∫ ∞

0

(
1 + η4

)
e−η2/4dη = C.

Hence,

K
(1)
αβ =

∫

R3
k

(β)

αβ1(ξ , ξ ∗)hβ∗ dξ ∗

are Hilbert-Schmidt integral operators and as such continuous and compact on L2 (dξ), see
e.g., Theorem 7.83 in [25], for all {α,β} ⊆ {1, . . . , s}.

II. Compactness of K
(3)
αβ = ∫

R3 k
(α)
αβ (ξ , ξ ∗)hα∗ dξ ∗ for {α,β} ⊂ {1, . . . , s}.

Assume that the velocities ξ and ξ ∗ are given. Then a collision will be uniquely defined
by a vector w orthogonal to g = ξ − ξ ∗. This follows, since, by conservation of momentum
and kinetic energy (33) (reminding that we here relabeled the velocities), we obtain that
mβg′ = mβ

(
ξ ′

∗ − ξ ′) = mαg, while also the equality
∣
∣ξ − ξ ′∣∣ = ∣

∣ξ ′
∗ − ξ ∗

∣
∣ can be obtained,

cf. Fig. 4. Indeed, note that - aiming to obtain expressions for g′ and χ = (
ξ ′

∗ − ξ
) · n in the

arguments of the delta-functions - cf. Fig. 4,

Wαβ(ξ , ξ ′ ∣∣ξ ∗, ξ
′
∗ )

= 2
(
mα + mβ

)2
mαmβσαβδ3

(
mαg + mβg′) δ1

(
2 |g|mα

(
χ − mα − mβ

2mβ

|g|
))

=
(
mα + mβ

)2

|g|m2
β

σαβ δ3

(
mα

mβ

g + g′
)

δ1

(
χ − mα − mβ

2mβ

|g|
)

,

where g = ξ − ξ ∗, g′ = ξ ′ − ξ ′
∗, χ = (

ξ ′
∗ − ξ

) · n, and n = ξ − ξ ∗∣∣ξ − ξ ∗
∣
∣ . Then, by a change of

variables
{
ξ ′, ξ ′

∗
}→ {

g′ = ξ ′ − ξ ′
∗, h̃ = ξ ′

∗ − ξ
}
, noting that

dξ ′dξ ′
∗ = dg′dh̃ = dg′dχdw, with w = ξ ′

∗ − ξ − χn,
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the expression (54) of k
(α)
αβ may be rewritten in the following way

k
(α)
αβ (ξ , ξ ∗) =

∫

(
R3

)2

(
M ′

βM ′
β∗
)1/2

Wαβ(ξ , ξ ′ ∣∣ξ ∗, ξ
′
∗ ) dg′dh̃

=
∫

(
R3

)⊥n

(
mα + mβ

)2

m2
β

(
M ′

βM ′
β∗
)1/2

|g| σαβ

(
|̃g| , g̃ · g∗

|̃g| |g∗|
)

dw

where
(
R

3
)⊥n = {

w ∈R
3 : w ⊥ n

}
, g̃ = ξ − ξ ′, and g∗ = ξ ∗ − ξ ′

∗.
Here, see Fig. 4,

{
ξ ′ = ξ ∗ + w − χn
ξ ′

∗ = ξ + w + χn
, with χ = mα − mβ

2mβ

∣
∣ξ − ξ ∗

∣
∣ ,

implying that, reminding the notations (29), the following relation for the exponent of the
product M ′

αM
′
β∗

∣∣ξ ′∣∣2

2
+

∣∣ξ ′
∗
∣∣2

2
=
∣
∣∣
∣
ξ + ξ ∗

2
+ w

∣
∣∣
∣

2

+
(∣∣ξ − ξ ∗

∣∣+ 2χ
)2

4

=
∣
∣∣
∣∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣
∣∣∣
∣

2

+
((

ξ + ξ ∗
)

n

2

)2

+ m2
α

4m2
β

∣
∣ξ − ξ ∗

∣
∣2

=
∣
∣∣
∣∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣
∣∣∣
∣

2

+
(∣∣ξ ∗

∣∣2 − |ξ |2
)2

4
∣∣ξ − ξ ∗

∣∣2
+ m2

α

4m2
β

∣∣ξ − ξ ∗
∣∣2 .

Hence, by assumption (46)

(
k

(α)
αβ (ξ , ξ ∗)

)2

≤ C

|g|2 exp

⎛

⎜
⎝−mβ

4

(∣
∣ξ ∗

∣
∣2 − |ξ |2

)2

∣
∣ξ − ξ ∗

∣
∣2

− m2
α

4mβ

∣∣ξ − ξ ∗
∣∣2

⎞

⎟
⎠

×
⎛

⎝
∫

(
R3

)⊥n

(
1 + 1

|̃g|2−γ

)
exp

⎛

⎝−mβ

2

∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2
⎞

⎠ dw

⎞

⎠

2

≤ C

|g|2 exp

⎛

⎜
⎝−mβ

4

(∣
∣ξ ∗

∣
∣2 − |ξ |2

)2

∣
∣ξ − ξ ∗

∣
∣2

− m2
α

4mβ

∣∣ξ − ξ ∗
∣∣2

⎞

⎟
⎠

= C

|g|2 exp

(

−mβ

4

(|g|2 + 2g · ξ)2

|g|2 − m2
α

4mβ

|g|2
)

= C

|g|2 exp

(

−mβ

( |g|
2

+ |ξ | cosϕ

)2

− m2
α

4mβ

|g|2
)

, (58)
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with cosϕ = g · ξ
|g| |ξ | . Here, the second inequality, follows by the following bound, which can

be obtained by noting that |̃g| ≥ |w|, cf. Fig. 4, while firstly making a change of variables
w → w̃ = (

ξ + ξ ∗
)
⊥n

/2 + w followed by one to polar coordinates,

∫

(
R3

)⊥n

(
1 + 1

|̃g|2−γ

)
exp

⎛

⎝−mβ

2

∣∣
∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣∣
∣∣
∣

2
⎞

⎠ dw

≤
∫

|w|≤1
1 + |w|γ−2 dw + 2

∫

|w|≥1
exp

⎛

⎝−mβ

2

∣
∣∣∣
∣

(
ξ + ξ ∗

)
⊥n

2
+ w

∣
∣∣∣
∣

2
⎞

⎠ dw

≤
∫

|w|≤1
1 + |w|γ−2 dw + 2

∫

(
R3

)⊥n
e−mβ |w̃|2/2 dw̃

= 2π

(∫ 1

0
R + Rγ−1 dR + 2

∫ ∞

0
Re−mβR2/2 dR

)
= C.

We obtain that the integral of
(
k

(α)
αβ

)2
over the truncated domain hN is bounded, by first

changing variables ξ ∗ → g = ξ − ξ ∗, and then to spherical coordinates,
∫

hN

(
k

(α)
αβ (ξ , ξ ∗)

)2
dξ dξ ∗ ≤

∫

hN

C

|g|2 e−m2
α |g|2/

(
4mβ

)
dgdξ

= C

∫ ∞

0
e−m2

αR2/
(
4mβ

)
dR

∫ N

0
η2dη = CN3.

Next we are heading for proving that the integral of k
(α)
αβ (ξ , ξ ∗) with respect to ξ over R3 is

bounded in ξ ∗. Indeed, directly by the bound (58) on
(
k

(α)
αβ

)2
,

0 ≤ k
(α)
αβ (ξ , ξ ∗) ≤ C

|g| exp

(
−mβ

8
(|g| + 2 |ξ | cosϕ)

2 − m2
α

8mβ

|g|2
)

. (59)

Due to the symmetry k
(α)
αβ (ξ , ξ ∗) = k

(α)
αβ (ξ ∗, ξ) (55) and bound (59), by changing variables

ξ → g = ξ − ξ ∗, and then to spherical coordinates,
∫

R3
k

(α)
αβ (ξ , ξ ∗) dξ =

∫

R3
k

(α)
αβ (ξ ∗, ξ) dξ

≤
∫

R3

C

|g| exp

(
− m2

α

8mβ

|g|2
)

dg =
∫ ∞

0
Re−m2

αR2/
(
8mβ

)
dR = C.

Furthermore, heading for proving the uniform convergence of the integral of k
(α)
αβ with

respect to ξ ∗ over the truncated domain hN to the one over all of R3, the following bound on
the integral over R3 can be obtained for |ξ | �= 0 by bound (59), by changing to (conventional)
spherical coordinates, with ξ as zenithal direction, and hence, ϕ as polar angle, followed by
the change of variables ϕ → η = R + 2 |ξ | cosϕ, with dη = −2 |ξ | sinϕ dϕ,

∫

R3
k

(α)
αβ (ξ , ξ ∗) dξ ∗
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≤
∫

R3

C

|g| exp

(
−mβ

8
(|g| + 2 |ξ | cosϕ)

2 − m2
α

8mβ

|g|2
)

dg

= C

∫ ∞

0

∫ π

0
R exp

(
−mβ

8
(R + 2 |ξ | cosϕ)

2 − m2
α

8mβ

R2

)
sinϕ dϕ dR

= C

|ξ |
∫ ∞

0

∫ R+2|ξ |

R−2|ξ |
Re−mβη2/8e−m2

αR2/
(
8mβ

)
dη dR

≤ C

|ξ |
∫ ∞

0
Re−m2

αR2/
(
8mβ

)
dR

∫ ∞

−∞
e−mβη2/8dη = C

|ξ | . (60)

By bounds (59) and (60), and a change to spherical coordinates

sup
ξ∈R3

∫

R3
k

(α)
αβ (ξ , ξ ∗) − k

(α)
αβ (ξ , ξ ∗)1hN

dξ ∗

≤ sup
ξ∈R3

∫

|g|≤ 1
N

k
(α)
αβ (ξ , ξ ∗) dξ ∗ + sup

|ξ |≥N

∫

R3
k

(α)
αβ (ξ , ξ ∗) dξ ∗

≤
∫

|g|≤ 1
N

C

|g| dg + C

N
≤ C

(∫ 1
N

0
R dR + 1

N

)

= C

(
1

N2
+ 1

N

)
→ 0 as N → ∞.

Hence, by Lemma 4 the operators

K
(3)
αβ =

∫

R3
k

(α)
αβ (ξ , ξ ∗)hα∗ dξ ∗

are compact on L2 (dξ) for all {α,β} ⊆ {1, . . . , s}.
III. Compactness of K

(2)
αβ = ∫

R3 k
(β)

αβ2(ξ , ξ ∗)hβ∗ dξ ∗ for {α,β} ⊂ {1, . . . , s}.
First assume that mα �= mβ .
Assume that the velocities ξ and ξ ∗ are given. Then a collision will be uniquely defined

by a unit vector η = (
ξ − ξ ′

∗
)
/
∣∣ξ − ξ ′

∗
∣∣, or, ω = (

ξ ′ − ξ ′
∗
)
/
∣∣ξ ′ − ξ ′

∗
∣∣. This follows, since,

by conservation of momentum and kinetic energy (33) (reminding that we relabeled the
velocities), the equality

∣
∣ξ − ξ ′∣∣ = ∣

∣ξ ′
∗ − ξ ∗

∣
∣ (or, equivalently,

∣
∣ξ ′ − ξ ′

∗
∣
∣ = ∣

∣ξ − ξ ∗
∣
∣) can be

obtained, while also mβ

(
ξ ∗ − ξ ′) = mα

(
ξ − ξ ′

∗
)
, cf. Fig. 5. Note that, knowing η will give

us b = (
mα − mβ

) (
ξ − ξ ′

∗
)
/
(
2mβ

)
, cf. Fig. 5. Indeed, noting that - with the aim to obtain

expressions for
∣
∣g′∣∣ and g′

αβ = mαξ
′
∗ − mβξ ′

mα − mβ

in the arguments of the delta-functions,

Wαβ

(
ξ , ξ ′ ∣∣ξ ′

∗, ξ ∗
)= 2

(
mα + mβ

)2
mαmβσαβδ1

(
mαmβ

mα − mβ

(
|g|2 − ∣

∣g′∣∣2
))

×δ3

((
mα − mβ

) (
gαβ − g′

αβ

))

=
(
mα + mβ

)2

(
mα − mβ

)2

σαβ

|g| δ1

(|g| − ∣∣g′∣∣) δ3

(
gαβ − g′

αβ

)
, with

gαβ = mαξ − mβξ ∗
mα − mβ

and g′
αβ = mαξ

′
∗ − mβξ ′

mα − mβ

,
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Fig. 5 Typical collision of K
(2)
αβ

by first changing variables
{
ξ ′, ξ ′

∗
} →

{
g′ = ξ ′ − ξ ′

∗,g′
αβ = mαξ

′
∗ − mβξ ′

mα − mβ

}
, and then to

spherical coordinates, where

dξ ′dξ ′
∗ = dg′dg′

αβ = ∣∣g′∣∣2 d
∣∣g′∣∣dg′

αβdω, with ω = g′

|g′| ,

the expression (54) of k
(β)

αβ2 may be transformed to

k
(β)

αβ2(ξ , ξ ∗) =
∫

R3×R+×S2

(
M ′

βM ′
α∗
)1/2

Wαβ

(
ξ , ξ ′ ∣∣ξ ′

∗, ξ ∗
) ∣∣g′∣∣2 dg′

αβd
∣∣g′∣∣dω

=
(
mα + mβ

)2

(
mα − mβ

)2

∫

S2

(
M ′

βM ′
α∗
)1/2 |g|σαβ

(
|̃g| ,− g̃ · g∗

|̃g| |g∗|
)

dω,

with g = ξ − ξ ∗, g′ = ξ ′ − ξ ′
∗, g̃ = ξ − ξ ′ and g∗ = ξ ∗ − ξ ′

∗.

Here, see Fig. 5,

⎧
⎨

⎩
ξ ′ = ξ ∗ − mα

mβ

∣
∣ξ − ξ ′

∗
∣
∣η

ξ ′
∗ = ξ − ∣

∣ξ − ξ ′
∗
∣
∣η

, η = ξ − ξ ′
∗∣∣ξ − ξ ′
∗
∣∣ ∈ S

2.

Then, by Lemma 3, since relation (53) follows by energy conservation, we have the follow-
ing relation between the exponents of the products

(
M ′

αM
′
β∗
)2

and
(
MαMβ∗

)2
, respectively,

mβ

∣
∣ξ ′∣∣2 + mα

∣
∣ξ ′

∗
∣
∣2 ≥ ρ

(
mα |ξ |2 + mβ

∣
∣ξ ∗

∣
∣2
)

,
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for some positive number ρ, 0 < ρ < 1. Hence, by assumption (46), noticing that |g| ≤ |̃g|,
cf. Fig. 5, the bound

(
k

(β)

αβ2(ξ , ξ ∗)
)2 ≤ C

(
MαMβ∗

)ρ
(∫

S2

(
1 + 1

|̃g|2−γ

)
|g| dω

)2

≤ CMρ
α M

ρ

β∗

(
1 + 1

|g|2−γ

)2

|g|2
(∫

S2
dω

)2

= CMρ
α M

ρ

β∗

(
|g| + 1

|g|1−γ

)2

(61)

may be obtained. Then, by applying bound (61) combined with firstly changing variables{
ξ , ξ ∗

}→ {
g,Gαβ

}
, with unitary Jacobian, and then to spherical coordinates,

∫

(
R3

)2

(
k

(β)

αβ2(ξ , ξ ∗)
)2

dξ dξ ∗

≤ C

∫

(
R3

)2
e−ρ

(
mα+mβ

)∣∣Gαβ

∣
∣2/2−μαβρ|g|2/2

(
|g| + 1

|g|1−γ

)2

dgdGαβ

≤ C

∫ ∞

0
R2e−R2

dR

∫ ∞

0

(
r2 + rγ

)2
e−r2/4dr

≤ C

∫ ∞

0
R2e−R2

dR

∫ ∞

0

(
1 + r4

)
e−r2/4dr = C.

Hence,

K
(2)
αβ =

∫

R3
k

(β)

αβ2(ξ , ξ ∗)hβ∗ dξ ∗

are Hilbert-Schmidt integral operators and as such also continuous and compact on L2 (dξ)

[25, Theorem 7.83] for all {α,β} ⊆ {1, . . . , s}.
On the other hand, if mα = mβ , then

k
(β)

αβ2(ξ , ξ ∗) =
∫

(
R3

)⊥n
4
(
M ′

βM ′
α∗
)1/2 σαβ

|g|
(

|̃g| ,− g̃ · g∗
|̃g| |g∗|

)
dw,

with g̃ = ξ − ξ ′ and g∗ = ξ ∗ − ξ ′
∗.

Here
{

ξ ′ = ξ ∗ + w
ξ ′

∗ = ξ + w
, with w ⊥ g and g = ξ − ξ ∗.

Then similar arguments to the ones for k
(α)
αβ (ξ , ξ ∗) (with mα = mβ ) above, can be applied.

Concluding, the operator

K = (K1, . . . ,Ks) =
s∑

β=1

(
(K

(3)

1β , . . . ,K
(3)
sβ ) − (K

(1)

1β , . . . ,K
(1)
sβ ) + (K

(2)

1β , . . . ,K
(2)
sβ )

)

is a compact self-adjoint operator on
(
L2 (dξ)

)s
. Self-adjointness is due to the symmetry

relations (55), (56), cf. [27, p. 198]. �
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3.3.2 Bounds on the Collision Frequency

This section concerns the proof of Theorem 4, which is essentially a mimicking of the cor-
responding proof for monatomic single species.

Proof For a hard sphere model σαβ = Cαβ for some positive constant Cαβ for any indices
{α,β} ⊂ {1, . . . , s}. Then each collision frequency να , with α ∈ {1, . . . , s}, by the change of

variables
{
ξ ′, ξ ′

∗
}→

{∣∣g′∣∣ ,ω = g′

|g′| ,G′
αβ = mαξ

′ + mβξ ′
∗

mα + mβ

}
, can be rewritten as

να =
s∑

β=1

∫

(
R3

)3
Mβ∗Wαβ(ξ , ξ ∗

∣
∣ξ ′, ξ ′

∗ ) dξ ∗dξ ′dξ ′
∗

=
s∑

β=1

∫

(
R3

)2×R+×S2
Mβ∗

Cαβ

|g|
∣∣g′∣∣2 δ3

(
Gαβ − G′

αβ

)
δ1
(|g| − ∣∣g′∣∣) dξ ∗dG′d

∣∣g′∣∣ dω

= 4π

s∑

β=1

Cαβ

∫

R3
Mβ∗ |g| dξ ∗

=
s∑

β=1

nβmβ

√
2mβ

π
Cαβ

∫

R3
e−mβ

∣
∣ξ∗

∣
∣2/2

∣∣ξ ∗ − ξ
∣∣ dξ ∗.

First, aiming to prove the lower bound of Theorem 4, consider the two different cases
|ξ | ≤ 1 and |ξ | ≥ 1 separately. For any α ∈ {1, . . . , s}, if |ξ | ≥ 1, then by a trivial estimate

να ≥ C

s∑

β=1

∫

R3
e−mβ

∣∣ξ∗
∣∣2 ∣∣|ξ | − ∣∣ξ ∗

∣∣∣∣ dξ ∗

≥ C

s∑

β=1

∫

∣
∣ξ∗

∣
∣≤1/2

e−mβ

∣
∣ξ∗

∣
∣2 (|ξ | − ∣∣ξ ∗

∣∣) dξ ∗

≥ C

s∑

β=1

e−mβ/4 |ξ |
2

∫

∣
∣ξ∗

∣
∣≤1/2

dξ ∗ ≥ C |ξ | ≥ C (1 + |ξ |) ,

while, if |ξ | ≤ 1, then, by trivial estimates and a change to spherical coordinates,

να ≥ C

s∑

β=1

∫

R3
e−mβ

∣
∣ξ∗

∣
∣2 ∣∣|ξ | − ∣

∣ξ ∗
∣
∣
∣
∣ dξ ∗

≥ C

s∑

β=1

∫

∣
∣ξ∗

∣
∣≥2

e−mβ

∣
∣ξ∗

∣
∣2 (∣∣ξ ∗

∣
∣− |ξ |) dξ ∗

≥ C

s∑

β=1

∫

∣
∣ξ∗

∣
∣≥2

e−mβ

∣
∣ξ∗

∣
∣2
∣
∣ξ ∗

∣
∣

2
dξ ∗

= C

s∑

β=1

∫ ∞

2
R3e−mβR2

dR = C ≥ C (1 + |ξ |) .
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Hence, there is a positive constant ν− > 0, such that να ≥ ν− (1 + |ξ |) for all α ∈ {1, . . . , s}
and ξ ∈ R

3.
On the other hand, regarding the upper bound, for any α ∈ {1, . . . , s}, by a change to

spherical coordinates,

να ≤ C

s∑

β=1

∫

R3
e−mβ

∣
∣ξ∗

∣
∣2 (|ξ | + ∣

∣ξ ∗
∣
∣) dξ ∗

= C

s∑

β=1

∫ ∞

0
|ξ |R2e−mβR2 + R3e−mβR2

dR ≤ C (1 + |ξ |) .

Hence, there is a positive constant ν+ > 0, such that να ≤ ν+ (1 + |ξ |) for all α ∈ {1, . . . , s}
and ξ ∈ R

3, and the theorem follows. �

Appendix: Proof of Lemma 8

This appendix concerns an alternative, to the one presented in [10], proof of Lemma 8.

Proof Denote q := ∣∣ξ − ξ ′
∗
∣∣. For η = (

ξ − ξ ′
∗
)
/q the following (unique) decompositions

can be made, by the relations (52), cf. Fig. 5,

{
ξ = w + rη

ξ ′
∗ = w + (r − q)η

, with w ⊥ η,

while
⎧
⎨

⎩
ξ ′ = w̃ +

(
r∗ − mα

mβ

q

)
η

ξ ∗ = w̃ + r∗η
, with w̃ ⊥ η.

It follows by relation (53) that

r∗ = r + mα − mβ

2mβ

q,

and hence,

⎧
⎪⎪⎨

⎪⎪⎩

ξ ′ = w̃ +
(

r − mα + mβ

2mβ

q

)
η

ξ ∗ = w̃ +
(

r + mα − mβ

2mβ

q

)
η

, with w̃ ⊥ η.

Then

mβ

∣
∣ξ ′∣∣2 + mα

∣
∣ξ ′

∗
∣
∣2

= mα |w|2 + mβ |w̃|2 + (
mα + mβ

)
r2 − (

3mα + mβ

)
qr + m2

α + 6mαmβ + m2
β

4mβ

q2
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= mα |w|2 + mβ |w̃|2 + (
mα + mβ

)
(

r − 3mα + mβ

2
(
mα + mβ

)q

)2

+
(
mα − mβ

)2

mα + mβ

mα

4mβ

q2,

while

mα |ξ |2 + mβ

∣∣ξ ∗
∣∣2

= mα |w|2 + mβ |w̃|2 + (
mα + mβ

)
r2 + (

mα − mβ

)
qr +

(
mα − mβ

)2

4mβ

q2

= mα |w|2 + mβ |w̃|2 + (
mα + mβ

)
(

r + mα − mβ

2
(
mα + mβ

)q

)2

+
(
mα − mβ

)2

mα + mβ

mα

4mβ

q2.

Denote

a := − 3mα + mβ

2
(
mα + mβ

)q, b := mα − mβ

2
(
mα + mβ

)q, and c2 :=
(
mα − mβ

)2

4
(
mα + mβ

)2

mα

mβ

q2.

Then

mβ

∣∣ξ ′∣∣2 + mα

∣∣ξ ′
∗
∣∣2 − ρ

(
mα |ξ |2 + mβ

∣∣ξ ∗
∣∣2
)

mα + mβ

≥ (r + a)2 − ρ (r + b)2 + (1 − ρ) c2

= (1 − ρ)

(
r2 + 2

a − ρb

1 − ρ
r + a2 − ρb2

1 − ρ
+ c2

)

= (1 − ρ)

(
r + a − ρb

1 − ρ

)2

+ c2

1 − ρ

(
ρ2 − 2ρ

(
1 + (a − b)2

2c2

)
+ 1

)

≥ c2

1 − ρ

(
ρ2 − 2ρ

(
1 + (a − b)2

2c2

)
+ 1

)
≥ 0

if 0 ≤ ρ ≤ 1 + (a − b)2

2c2
− 1

2c2

√
(a − b)4 + 4c2 (a − b)2 < 1.

Let

ρ = 1 + (a − b)2

2d2
− 1

2c2

√
(a − b)4 + 4d2 (a − b)2

= 1 +
1 −

√

1 + 4d2

(a − b)2

2d2

(a − b)2

= 1 − 2

1 +
√

1 + 4d2

(a − b)2

= 1 − 2

1 +
√

1 +
(
mα − mβ

)2

4mαmβ

=
(√

mα − √
mβ√

mα + √
mβ

)2

> 0 if mα �= mβ .

�
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