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This study explored Swedish upper secondary school students’ use of 
programming for mathematical purposes. The aim of the study was to 
investigate the process through which students learn how to use a 
programming environment as a technical artefact during mathematical 
problem solving and how the orchestration of such learning situations could 
facilitate this process. 
 
In order to study the students’ use of the programming environment, design-
based research was used as the main methodological approach. The design 
involved the development of specific mathematical tasks to be tried out with 
students, as well as the orchestration of the learning situation within the 
classroom, for example, by preparing scaffolding to be offered to the students. 
The subsequent implementation of the design was analysed so that, in 
accordance with the cyclic approach of design-based research, it could be 
revised ahead of the following design cycle. The study involved two complete 
design cycles. 
 
In the study, the Instrumental Approach was used as the theoretical 
framework and the instrumental genesis of the students in using a 
programming environment for mathematical purposes was thus of special 
interest. In order to analyse this process and the associated mental schemes 
developed by the students, Vergnaud’s concept of scheme served as an 
analytical framework. 
 
The findings revealed how the students, despite having basic knowledge in 
programming, experienced several difficulties when trying to use the 
programming environment as a technical mathematical artefact. These 
difficulties were related to the fact that the mathematical affordances offered 
by the programming environment were unclear to many of the students, as 
well as to the handling of more specific computational concepts such as nested 
loops. The findings also revealed that the transformation of mathematical 
notations and ideas into programming code caused students difficulties. 
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The foundation of this research is the renewed recognition of programming as 
an important digital competence to be developed as part of the general 
education of all students, and of its particular relationship to mathematical 
competence. The new digitalisation era entails that schools are expected to 
provide students with a new type of digital knowledge in order to understand 
how new technologies affect the lives of students and for the students to be 
able to have a critical approach to their use of technology in a digital society. 
The objective of this research is to investigate how programming can be 
incorporated in mathematical education in order to foster the development of 
specific mathematical problem-solving strategies.  
 

When, in 2007, the European Commission (2007) defined eight key 
competences for lifelong learning, both mathematical and digital competences 
were included. Mathematical competence was regarded as important because 
it enables citizens to develop the use of mathematical thinking in order to solve 
problems in everyday situations. In the revised version of 2019 (European 
Commission, 2019), both mathematical and digital knowledge were still 
defined as key competences but, while the skills and attitudes linked with the 
mathematical competence were principally unchanged, the text about digital 
competence was revised. The main focus in 2007 was on commonly used 
applications such as word processing, spreadsheets and on “an understanding 
of the opportunities and potential risks of the Internet and communication” 
(European Commission, 2007, p. 7). The revised digital competence in 2019 
now includes “information and data literacy, communication and 
collaboration, media literacy, digital content creation (including 
programming), safety (including digital well-being and competences related to 
cybersecurity), intellectual property related questions, problem solving and 
critical thinking” (p. 10). Digital skills are defined as “the ability to use, access, 
filter, evaluate, create, program and share digital content” (p. 10). In 2017, the 
Swedish Ministry of Education and Research (Utbildningsdepartementet, 
2017) released their strategy for digitalisation in the Swedish schools 
(Nationell digitaliseringsstrategi för skolväsendet), which states that digital 
competence is regarded as a democratic issue and that Swedish students are 
expected to possess knowledge about how digitalisation affects their everyday 
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life and how programming controls both the flow of information and the tools 
we are using in our living.  
 

The request for young people to develop new digital competences has also been 
recognised in changes to curricula in many countries. In England, Information 
and Communications Technology (ICT) was, in 2014, replaced with the new 
subject Computing in the National curriculum (Sangwin & O’Toole, 2017). One 
of the aims is that all pupils should be able to “analyse problems in 
computational terms, and have repeated practical experience of writing 
computer programs in order to solve such problems” (p. 1). In France, a new 
curriculum for primary school was implemented in 2016 which states that 
children should be introduced to the concept of algorithms by learning how to 
program the motion of a robot or a character on a screen (Gueudet et al., 
2018). In the French upper secondary school, algorithms, as a central concept 
in mathematics, was reintroduced in the curriculum during the period of 
2009-2012 and specific programming standards such as input/output, 
assignments, selections, and loops are mentioned. In 2017, the Swedish 
National Agency for Education (Skolverket, 2021a) revised the syllabus for 
mathematics in upper secondary school. One addition was the introduction of 
programming as a tool for mathematical problem solving in several courses. 
Programming was also given a much more prominent role in the curriculum 
for the lower secondary school (Skolverket, 2017) where visual programming is 
to be included in mathematics from year four. The syllabus for mathematics in 
the Swedish upper secondary school was once again revised in 2021 
(Skolverket, 2021b). In this new version, the area of application for 
programming was expanded saying that it should be exemplified for the 
students how programming could be used as a mathematical tool not only 
during problem-solving, but also in relationship to data processing or the 
application of numerical methods. 
 

The previous sections have shown that the digitalisation has led to claims that 
students need to develop digital competence in order to understand the digital 
world and to be able to solve problems with digital tools. Programming has 
also made its way into mathematical education in many countries, often with a 
close connection to mathematical problem solving. The next section will give 
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an insight into previous research about programming and problem solving in 
mathematical education.  
 

Although programming as an educational tool is undergoing a renaissance, it 
has been used on and off in mathematical education and has, for a long time, 
been regarded as a means for developing creativity and ability in problem 
solving (Romero et al., 2017). In the 1980s, small computers became more 
available in many schools which made programming more accessible for 
younger students through the use of environments such as LOGO (Sutherland, 
1994). In his well-known book Mindstorms: Children computers and powerful 
ideas, Papert (1980) argues that using programming in school could have 
positive effects on children’s learning and could help students to develop new 
cognitive skills. Programming is also described as a type of experimental 
mathematics through which capability in problem solving evolves (Sutherland, 
1994), which could be seen to support some of the ideas in the revised 
curriculums, that programming as a mathematical tool could foster students’ 
problem-solving ability. According to Hoyles and Noss (2015), the use of 
programming in mathematics education is also seen by most students as an 
engaging activity where they can independently “build, learn from feedback 
and debug” (p. 7). Feurzeig et al. (2011) also argue that programming provides 
students “with a natural framework, a standard vocabulary, and a set of 
personal experiences for discussing mathematics” (p. 490) which students are 
often missing, something which prevents them from verbalizing their 
mathematical thoughts. Research has also shown that programming can 
improve students understanding of variables (Feurzeig et al., 2011; Sutherland, 
1994) and that students moreover will be naturally exposed to other 
mathematical concepts such as iteration and recursion when programming 
(Noss, 1986).  
 
In the 1990s, the use of programming in mathematical education drastically 
declined. According to Resnick et al. (2009) this was due to the fact that the 
syntax of the early programming languages was too challenging and that the 
children lacked the guidance needed when taught how to program. In the 
2010s, after more or less 20 years in the dark, programming returns to 
mathematical education and the arguments for its existence have similarities 
to the claimed benefits presented more than 30 years ago. Still, as mentioned 
by Resnick et al. (2009), implementing new technologies such as programming 
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can be challenging and the following sub-section describes a model of the link 
between use of technology and conceptual understanding.  
 

The introduction into mathematical education environments of new 
technologies – such as programming - has opened up new possibilities for 
learning. But the integration of the new technology can often be complicated.  

The idea that we can separate techniques from conceptual understanding and that 
leaving the first to the technological tool would enable us to concentrate on the latter 
has been shown to be inadequate and naïve. Rather, we now acknowledge the 
intertwining of machine techniques and conceptual understanding, which coevolve 
simultaneously. (Drijvers & Gravemeijer, 2005, p. 164).  

Drijvers and Gravemeijer (2005) argue that this intertwined development 
should be seen as the core of the Instrumental Approach described below.  
 
When using technology in educational settings the subject (the user) uses an 
artefact “which intervene[s] as mediator[] between the subject and the object 
of his action” (Verillon & Rabardel, 1995, p. 78) where the artefact should be 
seen as a material or abstract object created by humans (Trouche, 2005a). 
Verillon and Rabardel (1995) point out the importance of differentiating 
between an artefact – the tool1 itself – and an instrument – a psychological 
construct consisting not just of the tool but of the mental schemes for using it. 
Drijvers et al. (2013) describe a mental scheme as “a more or less stable way to 
deal with specific situations or tasks, guided by developing knowledge” (p. 27). 
Even if programming could be regarded as a tool for a student to solve 
mathematical problems it is thus not immediately an instrument for the 
subject (student). It becomes an instrument when “the subject has been able to 
appropriate it for himself - has been able to subordinate it as a means to his 
ends - and, in this respect, has integrated it with his activity” (Verillon & 
Rabardel, 1995, p. 85). The instrument could be said to result from the 
instrumental relation between the subject and the artefact. The process 
whereby a subject learns how to use the artefact as an instrument is called the 
instrumental genesis. The process of instrumental genesis could be seen as 
vital if the students are to use programming as an instrument to solve 
mathematical problems and is thereby of great interest for this research in 
order to understand how programming can be incorporated into mathematics 
education as a tool for mathematical problem-solving. 

 
1 In this thesis, the word tool is used interchangeably with artefact. 
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Students’ instrumental genesis can be guided by choices made by the teacher. 
The instrumental orchestration is according to Guin and Trouche (2002) “a 
plan of action, partaking in a didactic exploitation system which an institution 
[…] organizes with the view of guiding students’ instrumented action” (p. 208) 
and Drijvers et al. (2009) argue that the theory of instrumental orchestration 
is meant to “answer the question of how the teacher can fine-tune the students’ 
instruments and compose coherent sets of instruments, thus enhancing both 
individual and collective instrumental genesis” (p. 1350). Consequently, the 
choices made during the instrumental orchestration play an important role in 
students’ instrumental genesis and thus affect the incorporation of, for 
example, programming within mathematics education.  
 
In chapter 3, the Instrumental Approach and the notion of instrumental 
genesis will be described in more detail.  
 

From the psychological perspective, a problem is usually defined as “a 
situation in which a goal is to be attained and a direct route to the goal is 
blocked” (Kilpatrick, 1985, p. 2). According to Schoenfeld (1983), a 
mathematical problem is only a problem if you, from the start, do not 
immediately know how to solve it: if you can see the solution process straight 
away it is not a problem, it’s an exercise. Lester (2013) argues that problem 
solving is an activity which requires “an individual (or group) to engage in a 
variety of cognitive actions, each of which requires some knowledge and skill, 
and some of which are not routine” (p. 248). Lester and Kehle (2003) claim 
that problem solving, by its nature, should be seen as “an extremely complex 
form of human endeavour that involves much more than the simple recall of 
facts or the application of well-learned procedures” (p. 509).  
 
To be a good problem solver Lester (2013) states that the individual must have 
relevant experience in solving problems, a great content knowledge, the ability 
to use different representations, some portion of intuition and “solid grasp of 
how to recognize and construct patterns of inference” (p. 249). Schoenfeld 
(1992a) highlights five aspects of cognition important in problem solving: the 
knowledge base, problem solving strategies, monitoring and control, beliefs 
and affects, together with practices. The aspects of monitoring and control 
together with beliefs and affects are regarded as components of metacognition 
which is generally viewed as an important factor in becoming a proficient 
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problem solver (Lester, 2013; Schoenfeld, 1992a; Zawojewski & Lesh, 2003). 
Yet, Lester (2013) argues that previous research gives little guidance on how to 
develop students’ metacognitive abilities. 
 
So, despite much research, there is still no easy answer to the question of how 
to teach problem solving in school. Nevertheless, researchers seem to agree 
that, in order to become a good problem solver, students must have a good 
metacognitive ability and invest a lot of time in solving different types of 
problems using different types of strategies (Hiebert et al., 1996; Lester, 1996; 
Taflin, 2007).  
 
The most well-known model of heuristic strategies in mathematics problem 
solving was created by George Pólya (1971) and consists of four main phases, 
each divided into a list of “mental operations typically useful in solving 
problems” (p. 130). The four phases in chronological order are: understanding 
the problem, devising a plan, carrying out the plan and looking back. The 
second phase of devising a plan involves using different strategies depending 
on the problem and is regarded as the most challenging phase. Examples of 
strategies can be to draw a figure, set up equations, work backwards, solve a 
simpler problem, decompose and regroup, and guess a solution (Lester, 1996; 
Pólya, 1971). According to Schoenfeld (1992a) the critique against Pólya’s 
problem-solving phases/strategies is that the “characterizations of them were 
descriptive rather than prescriptive” (p. 353). This means that one can 
recognize the strategies when the problem is solved but it is harder to apply the 
strategies during the problem-solving process (Schoenfeld, 1992a; Zawojewski 
& Lesh, 2003). Schoenfeld (1980) argues that heuristic strategies can indeed 
be successful tools for solving problems but it takes a lot of time for students to 
learn how to use them and more important, it is difficult for students to know 
when to use each strategy. So apart from knowing different strategies, students 
also have to learn strategies for knowing which problem-solving strategy to use 
in different situations (Lester, 1996; Schoenfeld, 1980). This process requires 
persistence and problem-solving activities should be developed slowly and 
over a long period of time (Lester, 1996; Taflin, 2007).  
 

Programming has often been regarded as a way of fostering mathematical 
problem solving (Popat & Starkey, 2019; Sutherland, 1994). In their research, 
Psycharis and Kallia (2017) studied how the use of programming in 
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mathematical education could develop different capabilities among high 
school students. The result showed an enhancement of self-efficacy and 
reasoning skill but the improvement of the students’ problem-solving skill was 
not statistically significant. Psycharis and Kallia (2017) concluded that the lack 
of improvement in problem solving was due to the absence of any training in 
solving mathematical problems using programming. In their systematic review 
regarding learning outcomes when coding beside learning to code, Popat and 
Starkey (2019) argue that “problem-solving through mathematical concepts 
can be an educational outcome of learning coding” (p. 368). However, they 
also state that there is nothing to suggest that students become more proficient 
mathematical problem solvers through the learning of coding than through 
direct teaching.  
 

When coding, the programmer uses a specific programming language and an 
associated programming environment. Java is a programming language based 
on imperative programming, a programming paradigm in which the user 
creates statements which change the state of the program with the help of 
algorithms describing how the program could be made to do something. Based 
on the equation of Kowalski (1979) algorithm = logic + control, the user must 
thus specify both the logic of computation but also the control flow. In 
programming languages using declarative programming on the other hand 
(e.g., SQL), the user only states what is to be computed (the logic) but not 
necessarily how (the control) to do it (Lloyd, 1994). 
 
When programming, the programmer uses an integrated development 
environment (IDE) as her/his programming environment. The IDE, which is 
associated with the programming language, typically consists of a source code 
editor, build automation tools (which automate the process of turning code 
written in the source code editor into binary code), and a debugger (Buteau, 
Gueudet, et al., 2020). Students followed within this study used Java as their 
programming language and NetBeans 8.2 as their IDE. Consequently, the 
programming paradigm discussed within this study concerns imperative 
programming. Also, in the following text, the terms programming environment 
and IDE will be used interchangeably.  
 
It is important to remember that most of the syntax-based programming 
environments commonly used are not primarily designed to be used for 
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educational proposes (Buteau, Gueudet, et al., 2020). Furthermore, they are 
not specifically designed as mathematical tools. In this respect, then, they are 
unlike a dynamical mathematical software such as GeoGebra. This means that 
in order to use a programming environment as a mathematical tool the user 
“need[s] to program a mathematical process; this means to combine, in a 
certain way, different computational concepts (such as loops and conditional 
statements) articulated in the selected programming language” (Buteau, 
Gueudet, et al., 2020, p. 9). The fact that a programming environment is not 
intended mainly as a mathematical tool also affects students’ instrumental 
genesis when trying to use the artefact for mathematical problem solving since, 
according to Rabardel (2002), part of the “knowledge in question is inscribed 
[within the artefacts] during design processes” (p. 64).  
 
In this study, upper secondary school students were asked to solve 
mathematical problems using a programming environment as a mathematical 
tool. The participating students were, at the time of the teaching experiments, 
taking an introductory course in programming (Programming 1) and most of 
the students could consequently be regarded as novice programmers. The 
following sub-sections will highlight some characteristics of novice 
programmers and common difficulties often experienced by this category of 
users.  
 

An extensive amount of research has been conducted trying to pinpoint the 
characteristics of novice programmers. Dreyfus et al. (1986) argue that the 
process of going from a novice programmer to an expert programmer involves 
a total of five stages where, during the first stage, a novice learns objective facts 
and features but needs rules for “determining actions based upon those facts 
and features” (p. 21). These rules could be said to be context-free. When the 
novice gains more experience s/he starts managing real-world problems 
involving facts and features which are situational (in contrast to the context-
free) and then develops to an advanced beginner. According to Dreyfus et al. 
(1986), the transition from a novice to an advanced beginner is based on the 
practical experience of using context-free elements in different situations. 
When the programmer thereafter is able to handle situations as a whole and 
consciously organize a plan for reaching a given goal s/he reaches the 
competence stage and when the programmer no longer consciously needs to 
reason through each step when conducting the planning s/he has reach the 



 9 

proficiency stage. In the final expertise stage, the programmer (expert) 
“generally knows what to do based on mature and practised understanding” (p. 
30). According to Winslow (1996), this characterization of novices and experts 
and the way of becoming an expert is not unique for programming and could 
be applied to several different fields. He also argues that the transformation 
from a novice to an expert is time consuming and demands approximately ten 
years of continuous programming.  
 
Since most of the students participating in this study could be regarded as 
novice programmers, the characteristics of this category of programmers are of 
special interest. In the following sub-sections, previous research regarding 
different difficulties experienced by novice programmers will be highlighted. It 
should be noted that most of the studies referred to have investigated the 
behaviour of tertiary education students taking introductory courses in 
programming. Although it can be argued that the results of these studies are 
not entirely applicable to upper secondary school students, they nevertheless 
highlight misconceptions and difficulties that students may experience as they 
begin to learn how to program. 
 

Learning to program should not be regarded as an easy task. Since the 1970s 
psychological studies of programming have been conducted and are regarded 
as important in order to understand the difficulties that may arise for novice 
programming students (Winslow, 1996). In their literature review, Robins et 
al. (2003) argue that novice programmers tend to struggle with basic program 
planning rather than specific aspects relating to the programming language 
and Lahtinen et al. (2005) state that “the biggest problem of novice 
programmers does not seem to be the understanding of basic concepts but 
rather learning to apply them” (p. 17). The same conclusion was drawn by 
Winslow (1996): 

[A] large number of studies conclud[e] that novice programmers know the syntax 
and semantics of individual statements, but they do not know how to combine these 
features into valid programs. Even when they know how to solve the problems by 
hand, they have trouble translating the hand solution into an equivalent computer 
program. (p. 17) 

Davies (1993) also claims that difficulties experienced by novice programmers 
often can be related to the lack of strategic skills rather than to missing 
knowledge-based components. Bonar and Soloway (1985) argue that novice 
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programmers often have the ability to devise a plan using step-by-step natural 
language procedures but often fail to implement the plan due to fragmentary 
plan knowledge relating to programming knowledge. Moreover, Bonar and 
Soloway (1985) claim that novice programmers also lack connections linking 
different programming knowledge plans together which should not be 
regarded as a surprise considering novice programmers’ lack of experiences. 
This is also highlighted by Ginat (2004) who claims that students may be 
familiar with and know how to use different programming elements but 
sometimes fail to link them together.  
 
A programming code is executed line-by-line but du Boulay (1989) argues that 
novice programmers sometimes lack understanding about the sequential 
nature of a program and “[w]hat sometimes gets forgotten is that each 
instruction operates in the environment created by the previous instructions” 
(p. 189). The same conclusion is drawn by Ahmadzadeh et al. (2005) who 
argue that novice programmers often more or less explicitly regard a program 
as a set of events which will happen when the program is run rather than 
appreciate the sequential nature of steps within the program.  
 

The use of variables is an important part of programming and misconceptions 
relating to the use of variables among novice programmers are common. Some 
of these misconceptions are related to actions where variables are assigned 
values and du Boulay (1989) argues that both commonly used variable names 
(e.g., a and x) and the symbols used together with variables (e.g., the equal 
sign) have “a kind of mathematical flavour” (p. 290) which could evoke 
difficulties and misconceptions. In Java and many other programming 
languages, every variable must be initialised by stating the data type of the 
specific variable. The single equal sign in programming is used to assign, for 
example, variables values and int  initializes the variable A as an integer 
and assigns A the value 0. After the variable has been initialised, it can be 
assigned new values without stating the data type in front of the variable name. 
In programming, there also exist an asymmetry meaning that  is a correct 
way (in e.g., Java) to assign the variable A the value of 2 but  is not. In 
order to carry out a calculation such as  the variable A must already 
have a value. In terms of the operation of the computer, A refers to a value in 
the associated storage location. On the right, however, this is the value held 
prior to execution of the command and retrieved from location A by it, 
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whereas, on the left, it is the value held following execution of the command, 
having been computed and then stored to location A by it. Thus, the single 
equal sign is used in programming to assign for example a variable a new value 
rather than, as in mathematics, to show the equality between two expressions. 
du Boulay (1989) argues that “[b]eginners are often puzzled by such 
assignments [...] because they have not understood the asymmetry and the 
sequential nature of the execution of even this single assignment” (p. 290). In 
order to test an equality in programming, for example in conditions such as 
if(A == 10), two consecutive equal signs are often used. 
 
du Boulay (1989) also highlights that novice programmers occasionally regard 
assignments such as  (assigning A the value of B) as a way of linking two 
variables together so that whatever “happens to ‘A’ in future also happens to 
‘B’” (p. 291). In their study, Bayman and Mayer (1983) also found that novice 
programmers sometimes regard computational assignments such as  
as equations being stored in the memory.  
 
In a more recent study, Kohn (2017) discovered that some novice 
programmers did not fully recognise that an assignment in imperative 
programming languages such as Java is evaluated immediately when the 
program runs. Instead, these students seemed to believe that the assignment 
applied globally within the program and therefore could be used for 
calculations later in the code. Kohn (2017) denotes this misconception as 
deferred evaluation. As an example, students were asked to draw the graph of 
the function  using a sequence of line segments 
generated with the help of a loop. Kohn (2017) discovered that some students 
assigned the y coordinate a value using an arbitrary value of a x coordinate 
together with the given function before entering the loop but did not re-
calculate the value of the y coordinate within the loop. Instead, the students 
seemed to believe that the assignment/calculation of the y coordinate used 
earlier in the code acted as a definition or a formula which applies globally 
over the whole course of the ensuing program. Kohn (2017) argues that 
deferred evaluation “corresponds quite directly to the way students solve 
mathematical problems and perform calculations on their own” (p. 349) 
substituting variables using established mathematical relationships involving 
the variables in question. He argues that students thus “attribute algebraic 
capabilities to the executing machine” (p. 349) which is not compatible with 
imperative programming. 
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In programming, loops are used to conduct iterations and in order to 
successfully conduct these iterations students must be able to understand how 
loops work as well as how to construct the loops (Izu et al., 2019). Several 
studies show that novice programming students initially struggle with their 
understanding relating to the concept of loops. In a study involving 858 
university students, Cherenkova et al. (2014) examined difficulties relating to 
basic programming concepts presented in introductory programming courses. 
Their analyses show that loops (together with conditionals) were the most 
problematic concepts for the students and that students struggled with 
problems containing loops over a range of integers. When asking students to 
describe the output or describe in plain English what a code does, Lopez et al. 
(2008) discovered that university students often struggled to understand and 
articulate the meaning of code segments involving loops. A similar conclusion 
was drawn by Putnam et al. (1986). When studying high school students’ 
misconceptions relating to FOR loops, they found that the students in 
particular experienced difficulties understanding the role of the control 
variable within the loop.  
 
Stating range boundaries when designing loops often involves stating precise 
arithmetic expressions and novice programming students often experience 
difficulties relating to the conditionals of the loops and especially to the upper 
range boundary (Ginat, 2004; Rigby et al., 2020). Ginat (2004) argues that 
this is due to a lack of conceptual knowledge relating to “associations between 
range ends, sub-range ends, loop boundaries, and arithmetic expressions (in 
the loop header or body)” (p. 175). He also argues that difficulties relating to 
the range of the loop boundaries arise because of students’ impreciseness when 
stating the boundaries.  
 
Cetin (2015) claims that a novice programmer often can create a basic 
functional loop but if the novice is asked to describe the loop s/he expresses 
iterations “explicitly in a step by step manner” (p. 163). A more proficient 
programmer on the other hand, regard the loop as a totality “in which 
boundaries of the control variables are set (input), the loop is run until the test 
tells it to stop (process), and the afterward is performed (output)” (p. 165). 
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A nested loop occurs when a (inner) loop is placed in the body of another 
(outer) loop. The conditionals of the outer loop thus control the number of 
times the inner loop should be repeated. Nested loops could, for example, be 
used to go through the elements in a two-dimensional array or to 
systematically combine values of two or more variables.  
 
Nested loops often cause novice programmers difficulties and Yarmish and 
Kopec (2007) claim that students often struggle to know when to use nested 
loops or not. As a consequence, they argue that in order to be proficient in 
using nested loops, students need to be exposed to many different situations 
where nested loops could be used. Students especially seem to struggle 
defining the initialization and expression of the inner loop correctly (Alzahrani 
et al., 2018; Ginat, 2004) and Ginat (2004) shows that students also have 
difficulties understanding how the range of the control variable for the outer 
loop may affect the loop boundaries of the inner loop. Students also struggle to 
produce an output within these types of loops (Alzahrani et al., 2018).  
 
Cetin (2015) argues that when a student is able to see a loop as a totality (i.e., 
as an encapsulated object) the student realises how to insert it “as an 
instruction within another one-level loop” (p. 159). He claims that students 
who state that they struggle using nested loops in fact have insufficient 
understanding about one-level loops since “a two-level loop is identical to that 
of a one-level loop in which at least one of the instructions in the body of the 
loop is a one-level loop” (p. 167). 
 

Bugs and errors are a normal part of programming but can be frustrating for 
novice programmers (Rigby et al., 2020). In their study, Ettles et al. (2018) use 
three broad categories of errors. The first is algorithmic errors which arise 
when the algorithm used is fundamentally flawed. The second category regards 
errors based on misinterpretations in which students make mistakes because 
they have misinterpreted the task. The third category, errors based on 
misconceptions, arises due to logical errors and reflects vital flaws in 
programming knowledge. 
 
Bonar and Soloway (1985) argue that when there exists a gap in the 
programming knowledge, the novice programmer has reached a so-called 
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impasse. To bridge this gap, the novice therefore has to use what Bonar and 
Soloway (1985) denote as patches which “[b]y their very nature […] are likely 
to be incorrect” (p. 140). They describe the process which creates these patches 
as bug generators and argue that most bug generators arise when novice 
programmers use a plan based on step-by-step natural language procedures 
which are confounded with a plan based on programming knowledge. This is 
not surprising due to the fact that devising a plan using step-by-step natural 
language knowledge or programming knowledge has similarities. There exist 
functional similarities (e.g., concerning the use of repeated actions) but also 
so-called surface similarities since the programming language shares many 
words with the natural language (e.g., if, while, and for).  
 
Pea (1986) describes three types of language-independent bugs/errors 
concerning understanding about programs, common among novice 
programmers and which could be categorized as misconceptions (Ettles et al., 
2018). The first one is the parallelism bug based on the assumption that 
“different lines in a program can be active or somehow known by the computer 
at the same time, or in parallel” (p. 27). The second type is called the 
intentionality bug and occurs when a programmer attributes foresightedness 
to a program, that is, the idea that the program can “go[] beyond the 
information given” (p. 29). The third type of bug is called the egocentrism bug 
and is connected to bugs in which the user “presupposes that the computer can 
do what it has not been told to do in the program” (p. 30). Pea (1986) argues 
that these three types of bugs have their origin in a so-called superbug which 
concerns the mistaken belief that the programming language can think for 
itself and thereby has a hidden mind.  
 

The ability to check for error and to debug is interesting to study because of its 
close relationship to both programming and mathematics. Brennan and 
Resnick (2012) state that since things seldom go as expected when 
programming, the user has to develop and use strategies both to deal with the 
difficulties arising but also work on strategies to avoid the problems. Weintrop 
et al. (2016) argue that “the ability to troubleshoot a problem is important, as 
unexpected outcomes and incorrect behaviour are frequently encountered, 
especially when working with computational tools” (p. 140). Debugging is thus 
seen as a natural part of the programming process. A programmer seldom gets 
it right the first time and needs to have a debugging strategy when checking for 
errors. Papert (1980) noticed a resistance to debugging among children when 
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starting to program in LOGO. Instead of reflecting about what went wrong, the 
children often erased all of their code and started all over again. Papert (1980) 
argued that “the ethic of school had rubbed off too well” (p. 114) where an error 
or a bug is seen as a bad thing or a mistake. The children were not used to 
analysing and learning from their errors or misconceptions. Papert (1980) 
argues that using programming in education will give children an opportunity 
to understand how debugging can be used as a process where the user learns 
from errors and also gain knowledge when correcting errors. Ettles et al. 
(2018) claim that novice programmers often resolve algorithmic errors and 
misinterpretation errors more quickly than misconception errors based on 
logical faults resulting from deficient programming knowledge. As a 
consequence, “when tracing code the students have a false assumption 
regarding the behaviour of some fragment of the code, so they are less likely to 
detect the error” (p. 87).  
 
Putnam et al. (1986) argue that in order to be a proficient debugger, students 
must have a solid knowledge about the syntax and semantics relating to the 
programming language and Ducasse and Emde (1988) have made a 
classification about the knowledge needed in order to be a successful debugger 
involving knowledge of the intended program function, knowledge of the 
actual program, knowledge of the programming language, programming 
expertise, and knowledge of the application domain, the debugging method 
and the errors.  
 
The programming environment itself can provide important feedback relevant 
when checking for errors. When compiling and running, the programming 
environment will inform the student about eventual syntactic problems. Some 
programming environments may also provide users with instant feedback in 
terms of error messages relating to the use of for example variables and loops. 
The feedback generated by the programming environment is thus associated 
with the implementation of basic programming concepts but it does not 
provide feedback regarding the fundamental design (Butler & Morgan, 2007). 
Many programming environments also contain a debugger which could be 
used to go through the code step by step and, for example, to trace values of 
variables. 
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In recent years, various conceptualisations of computational thinking have 
been proposed, heavily linked to both programming and problem solving, and 
aiming to incorporate them within a wider theoretical framework. However, 
since this currently fashionable theoretical development will not be used as 
one of the starting points in this study, the rationale for that decision will be 
justified in the following paragraphs.  
 
The concept of computational thinking was first mentioned by Papert (1996) as 
a way of describing the new kind of thinking needed when mathematical 
problems were to be solved with digital tools, for example a programming 
environment. Although there seems to be a consensus about the need for the 
capability of computational thinking in the 21th century, the meaning 
attributed to the concept varies a lot (Grover & Pea, 2013; Romero et al., 2017). 
Wing (2006), a forerunner when it comes to promoting computational 
thinking, claims that computational thinking is an ability which all children 
should master: “To reading, writing, and arithmetic, we should add 
computational thinking to every child’s analytical ability” (p. 33). Wing states 
that computational thinking involves “solving problems, designing systems, 
and understanding human behavior, by drawing on the concepts fundamental 
to computer science” (p. 33). Romero et al. (2017) highlight the core of 
computational thinking as the “capacity to transpose abstract meaning into 
concrete meaning” (p. 4) which they claim make computational thinking “a 
way to reify an abstract concept into something concrete like a computer 
program or algorithm” (p. 4). In their analysis of previous literature, Selby and 
Woollard (2013) make an attempt to define computational thinking and to 
distinct the definition of computational thinking from the activities and 
artefacts that promote computations skills. The result is a description of 
computational thinking as a “focused approach to problem solving, 
incorporating thought processes that utilize abstraction, decomposition, 
algorithmic design, evaluation, and generalizations” (p. 5). Kallia et al. (2021) 
relate computational thinking to mathematical problem-solving and argue that 
computational thinking in mathematics education is characterised by a 
“structured problem-solving approach in which one is able to solve and/or 
transfer the solution of a mathematical problem to other people or a machine 
by employing thinking processes that include abstraction, decomposition, 
pattern recognition, algorithmic thinking, modelling, logical and analytical 
thinking, generalisation and evaluation of solutions and strategies.” (pp. 20-
21).  



 17 

But Ilomäki et al. (2016) argue that new concepts such as digital competence 
and computational thinking often tend to lack clear and uniform definitions 
and, according to Löwy (1992), becomes so-called boundary concepts. Ilomäki 
et al. (2016) argue that what makes digital competence a boundary concept is 
that it contains elements from different disciplines, but also that the concept 
first appeared in documents and discussions that are not directly linked to 
research, such as policy documents. It could be argued that the concept of 
computational thinking also may fulfil the criteria in order to be categorized as 
a boundary concept since Papert (1996) first saw the term connected to 
mathematics but where computational thinking later became closely linked to 
computer science. 
 
In accordance with Kallia et al. (2021), I claim that computational thinking still 
should be regarded an “umbrella” concept and, moreover, that further research 
relating to mathematics education is needed which focuses on developing 
analytical frameworks in order to study the development of students’ 
computational thinking. Based on the absence of such more clearly defined 
frameworks relating to mathematics education, computational thinking will 
not be used as one of the theoretical starting points in this study. I consider 
that, due to the numerous and often broad definitions of the concept, it does 
not provide a sufficiently developed framework for analysing the students' 
problem-solving process with the precision required in this study. 
 

Previous research shows that there is no quick-fix to either become a proficient 
programmer or an efficient problem solver as these abilities develop over a 
long period of time and contain many different aspects. In this research 
project, the focus will therefore not be on how incorporating programming in 
mathematics education can develop general problem-solving ability, but 
instead on how specific types of problem-solving strategies can be developed 
using specific programming concepts. The Instrumental Approach will serve as 
a theoretical starting point when studying this development, which could be 
regarded as a part of the students’ instrumental genesis when learning how to 
use a programming environment (the artefact) in order to act upon 
mathematical objects. During this genesis, the students need to develop mental 
schemes relating to the handling of the programming environment for 
mathematical purposes. Consequently, the formation of such schemes is of 
special interest and Vergnaud's (1998b) concept of scheme will act as another 



 18 

theoretical starting point for this study. The Instrumental Approach and 
Vergnaud's concept of scheme have been chosen as theoretical points of 
departure because they provide a framework which will enable the researcher 
to analyse students' thinking processes in sufficient depth with the required 
precision. 
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The purpose of this thesis emerges from the revised curricula which 
incorporate the use of the new (or at least revived) tool of programming in 
mathematical education. There is a need for new research on how 
programming can be incorporated in mathematical education to foster 
problem solving. Moreover, there is a need for research which addresses the 
process through which students learn how to use programming as a tool in 
mathematics education.  
 
The aim of this thesis is therefore, first to study the process through which 
students learn how to use a programming environment as a tool in 
mathematics and second, how the orchestration of the learning situation can 
serve as a means to facilitate this process. The overarching research questions 
are:  
 

1. What are the instrumental geneses of upper secondary school students’ 
use of programming environments in trying to solve mathematical 
problems pre-designed to lend themselves to programming? 

2. How can instrumental orchestration of learning situations - where 
students use programming environments as mathematical problem-
solving artefacts - act as a way of fostering appropriate instrumental 
genesis? 

 
As described earlier, the instrumental genesis concerns the development of 
mental schemes associated with a specific artefact in order to solve a given 
task. Drijvers et al. (2013) note that it is not always clear what to regard as an 
artefact, but in this study the programming environment (NetBeans 8.2) used 
by the students when solving mathematical problems is seen as the artefact. 
Since the instrumental genesis in this case is related to students' problem-
solving process (and their use of the programming environment) the scheme 
comprises the problem-solving process as a whole and not specific parts of it.  
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In this study, The Instrumental Approach is used as a conceptual framework. 
The Instrumental Approach is a framework used to study the process of 
instrumental genesis, that is, the process where students, in this project, learn 
how to master the programming environment (the artefact) in order to solve 
pre-designed mathematical problems.  
 

The Instrumental Approach originates from the psychological field of cognitive 
ergonomics but is also heavily inspired by the didactical anthropological 
approach (Artigue, 2002) which has resemblances with the social-cultural 
approach. The Instrumental Approach considers the process, called 
instrumental genesis, whereby a subject, involved in a goal-driven activity, 
masters an artefact so as to act towards a given objective.  
 
The instrumental genesis has often been regarded as an individual process, but 
the social interactions in the classroom can also play a vital role in the 
development of an appropriate instrumental genesis and the concept of 
instrumental orchestration should thus be considered an important part of the 
Instrumental Approach.  
 
A lot of the previous research, using the Instrumental Approach as a 
conceptual framework to describe the relationship between technological tools 
and mathematical learning, has focused on computer algebra tools (e.g. 
Drijvers & Gravemeijer, 2005; Guin & Trouche, 1998; Lagrange, 1999a; 
Trouche, 2005a). Drijvers and Gravemeijer (2005) examined how students 
using a computer algebra environment gained new understanding about 
algebra; and the researchers found a close connection between the work the 
students did in the technological environment and their mental conceptions of 
algebra. Drijvers and Gravemeijer (2005) therefore claim that the 
Instrumental Approach “offers ways of making this connection more explicit 
and better understanding students’ difficulties” (p. 163). The work of Misfeldt 
and Ejsing-Duun (2015), Buteau, Gueudet, et al. (2020), and Buteau, Muller, 
et al. (2020) could be seen as three of very few examples where the 
Instrumental Approach has been used in research concerning mathematical 
learning and the use of programming environments as technical artefacts. 
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During the process of instrumental genesis, the subject (the user) develops so-
called mental schemes. Vergnaud (1998b) defines a scheme as an “invariant 
organization of behavior for a certain class of situations” (p. 229) or more 
simplified as “ways of tackling the situations” (Vergnaud, 2009, p. 86). 
Rabardel (2002) argues that schemes are developed when the subject faces 
new situations and that the development of schemes is based on the subject’s 
previous knowledge.  

The scheme is an active organization of first-hand experience that integrates the 
past. It is thus a structure with a history and is progressively transformed as it 
adapts to a wider range of situation and data. A scheme is applied to the diversity of 
the external environment and is generalized in line with the contents it is applied to. 
(p. 70)  

Based on constructivism and the work of Piaget, Vergnaud (1987) argues that 
children use mental schemes to understand experiences and that certain basic 
schemes are inborn while more complex ones develop through experience.  

Action is essential as children accommodate their schemes through action upon the 
physical (and social) world, in order to assimilate new situations: nearly in the same 
way as scientists develop new procedures and concepts from former knowledge to 
understand and master new phenomena. (Vergnaud, 1987, p. 44) 

When the subject is using artefacts s/he develops so called utilization schemes 
which could be defined as “the structured set of the generalizable 
characteristics of artefact utilization activities” (Verillon & Rabardel, 1995, p. 
12). These enable the subject to carry out activity in which the action 
performed through the artefact creates the desired function in order to 
complete the specific task. According to Verillon and Rabardel (1995), an 
instrument is consequently formed by the artefact and the associated 
utilization schemes developed by the subject. Rabardel (2002) argues that “the 
instrument is a means of capitalization of accumulated […] experience. In this 
sense, every instrument is knowledge” (p. 64). Two or more schemes could 
eventually be coordinated and assimilated into new and broader schemes used 
upon new types of objects (Rabardel, 2002). 
 
The schemes have three functions (Trouche, 2004): to allow the subject to do 
something (the pragmatic function), to allow the subject to plan and partake in 
an action (the heuristic function) and to allow the subject to gain 
understanding about what s/he is doing (the epistemic function).  
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Utilization schemes can be divided into two types (Trouche, 2004). The first 
type of scheme is usage schemes focusing on the handling of the artefact itself, 
for example writing valid programming code to implement a procedure. 
According to Rabardel (2002), these schemes “are orientated towards 
secondary tasks corresponding to the specific actions and activities directly 
related to the artefact” (p. 83). A secondary task within activities involving 
instruments is thus, compared to the main task, functional although it may 
also include its own goals. The second type of scheme is the instrumented 
action scheme, needed for the subject to execute action toward some object 
(Trouche, 2004) and is thus oriented towards the primary task of the subject 
(Rabardel, 2002). It should also be noted that instrumented action schemes 
may consist of several usage schemes. Over time, when the use of an 
instrumented action scheme has become routine for the subject, the 
instrumented action scheme transforms into a usage scheme. In a 
programming environment, an instrumented action scheme could be the 
process where the user is designing the type of functions needed to solve a 
specific problem. Drijvers and Gravemeijer (2005) conclude that instrumental 
genesis concerns “the emergence and evolution of utilization schemes, in 
which technical and conceptual elements coevolve” (p. 168). 
 
Rabardel (2002) argues that although the utilization schemes are developed by 
the individual, the schemes also have a social dimension since they are formed 
within a social context. The subject, and the schemes that s/he develops, could 
thus be affected by other users (e.g., classmates) as well as by artefact 
designers (e.g., a teacher). Within these social contexts, schemes are “the 
object of more or less formalized transmissions and transfers: information 
passed on from one user to another” (Rabardel, 2002, p. 84) and could 
therefore be regarded as social utilization schemes. Artigue (2002) argues that 
a vital part of instrumental genesis in education is the appropriation of such 
social pre-existing schemes. Artigue (2002) claims that pre-existing social 
mathematical schemes, which have been developed by students in order to 
solve specific tasks, often are associated with the use of pen and paper based 
on historical mathematical norms. The appropriation of such social schemes 
into instrumented action schemes related to a specific artefact could therefore 
potentially cause students difficulties.  
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As mentioned earlier, a mathematical task is regarded as a problem if you, at 
the start, do not have a clear idea about how to solve the task (Schoenfeld, 
1983). According to Rabardel (2002), this implies that none of the subject’s 
pre-existing schemes could immediately be applied at the beginning of a 
problem-solving process (which according to Blum and Niss (1991) is the 
entire process in which the subject tries to solve the problem). Instead, 
according to Rabardel (2002), the subject needs to partly reconstruct existing 
schemes: 

In order to insure that constituted knowledge is appropriate to a particular situation, 
schematic specification corresponds to a process of signification attribution that 
consists in both translating back the transformations allowed by the scheme in line 
with contextual constraints and recognizing data liable to serve as a support for 
these transformations (p. 75).  

Thus, pre-existing schemes play an active role during a problem-solving 
process (Rabardel, 2002). A pre-existing scheme (or familiar scheme) is a 
scheme which is accessible for the subject and has connections to specific 
objects. When facing a problem, pre-existing schemes may have the potential 
of making the situation familiar to the subject, that is, they “attribute[] 
signification to the situation [and are] responsible for the orientation and 
control of the research” (p. 76). As a consequence, pre-existing schemes may 
help the subject to organize the representation of the problem as well as the 
goal of the problem. The subject can try to assimilate a pre-existing scheme 
within a new scheme but the pre-existing scheme may also need to be adapted 
in order to fit the purposes of the subject.  
 
During the problem-solving process, a pre-existing scheme could act as a 
procedure which “can itself be reinterpreted in terms of another familiar 
scheme, i.e., it can be given another signification and thus evoke one or more 
unanticipated schemes” (Rabardel, 2002, p. 76). Schemes are thus seen as 
adaptable mental resources which could “assimilate new situations by 
accommodating to them” (Vergnaud, 2009, p. 88). Consequently, the 
adaptation or assimilation of pre-existing schemes during problem solving 
could be considered as an important part of the instrumental genesis.  
 
When analysing the development of utilization schemes, Rabardel (2002) 
argues that it is important to identify the “characteristics of situations that 
subjects truly take into consideration” (p. 79). These characteristics could, 
according to Rabardel (2002), be identified by studying the subjects’ use of so-
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called operational invariants, a term used by Vergnaud (1998a) when 
describing different components within mental schemes. These components 
are of special interest within this study since they, in accordance with the view 
of Rabardel (2002), can serve as analytic tools when analysing the 
instrumented action schemes developed by students when using a 
programming environment as an instrument for solving mathematical 
problems. In the following sub-section, the notation of operational invariants 
together with other scheme components will be described in more detail.  
 

The concept of a scheme is very general but according to Vergnaud (1998b) it 
could be regarded as a way to “organize sequences of physical or intellectual 
operations in order to face some task” (p. 230) and could be fruitful for 
“describing and understanding problem solving processes” (Vergnaud, 1998a, 
p. 173). In the analysis of this study, a scheme is considered to contain vital 
operations and concepts used by students in order to solve mathematical 
problems using a programming environment. In order to divide a scheme into 
smaller components and make different parts of the scheme visible, the 
definition of a scheme made by Vergnaud (1998a) is used during the analysis 
in this study. According to Vergnaud (1998a), a scheme consists of goals and 
anticipations, rules of action, operational invariants and possibilities of 
inference. Given these components, Rabardel (2002) argues that Vergnaud 
thus does not regard a scheme as a stereotype but rather as a “temporalized 
argumenting function that allows the subject to generate different sequencing 
of actions and information gathering in line with the values and variables in 
situation” (p. 79). 
 

During a mathematical activity in for example school, there often exist more or 
less reachable goals and anticipations which may sometimes “have to be 
negotiated through teacher-student interactions” (Vergnaud, 1998a, p. 173).  
 

Rules of action should be regarded as generative parts of the scheme which 
“generates behaviours as a function of some situation variables” (Vergnaud, 
1998b, p. 229), behaviours which constitute sequences of action as well as 
information gathering and control (Vergnaud, 2009). The organisation of 
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these actions could be seen as stable behaviours of the subject (Buteau, 
Gueudet, et al., 2020). 
 

According to Vergnaud (2009), the epistemic aspect of schemes involves 
operational invariants. The main function of the operational invariants is to 
“pick up and select the relevant information and infer from it goals and rules” 
(p. 88). There are two types of operational invariants, concepts-in-action and 
theorems-in-action. 
 
Every action is built upon specific information or concepts. According to 
Vergnaud (1998a) these concepts-in-action should be seen as relevant in order 
to categorize and select information when solving a specific task. Rabardel 
(2002) argues that the concepts-in-action are “indispensable bricks in the 
construction of propositions” (p. 79) or theorems-in-action. 
 
Vergnaud (1998b) describes these theorems-in-action as “propositions held to 
be true by the subject when he or she acts” (p. 229). This is regarded as a 
strong property as it forms the basis of decisions and associated computations.  
 
Vergnaud (1998a) argues that there is a dialectic relationship between 
theorems-in-action and concepts-in-actions since concepts are important parts 
of a theorem and that theorems provide concepts with their content. An 
important distinction between concepts-in-action and theorems-in-action (the 
propositions) is that the latter can be true or false, whereas concepts-in-action 
can only be relevant or not relevant (Vergnaud, 2009).  
 
I regard the uses of the word theorem in theorem-in-action as problematic 
since theorem-in-action may then be associated with the mathematical 
meaning of the word theorem. In order to avoid such misinterpretations, the 
term proposition-in-action will be used in preference to theorem-in-action. 
This is also in line with the view of Rabardel (2002), who describes theorems-
in-action (or theorems in act) as proposition type invariants. Even though I 
choose to use the term proposition-in-action, its meaning is still regarded as 
propositions “held to be true by the subject when he or she acts” (Vergnaud, 
1998b, p. 229). 
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As a part of every activity there exist some possibilities of inference (Vergnaud, 
1998b) and Buteau, Gueudet, et al. (2020) claim that “[t]he inferences permit 
an adaptation to this new situation, and can lead to the emergence of new 
operational invariants and new rules of action” (p. 8). Vergnaud (2009) argues 
that these possibilities of inferences are “essential to understand that thinking 
is made up of an intense activity of computation, even in apparently simple 
situations; even more in new situations” (p. 88). 
 

Instrumental genesis consists of two important processes (Trouche, 2005a). 
The first one, called instrumentalization, is a process where the user gets to 
know the tool and learn about the possibilities and constraints given by the 
tool. The instrumentalization process also involves stages where the user 
personalises the artefact and even transforms the artefact in order to better 
fulfil her/his needs. The instrumentalization process thus concerns actions in 
which the user transforms or modifies the artefact in order to better fit her/his 
needs, that is, enriches the artefact’s properties (Rabardel, 2002).  
 
The other process, instrumentation, is a process where the artefact “prints its 
mark on the subject, i.e., allows him/her to develop an activity within some 
boundaries (the constraints of the artifact)” (Trouche, 2004, p. 290). Whereas 
the instrumentalization process is directed towards the artefact, the 
instrumentation process is directed towards the subject. Rabardel (2002) 
argues that the instrumentation process relates “to the emergence and 
evolution of utilization schemes and instrument-mediated action: their 
constitution, their functioning, their evolution by adaptation, combination 
coordination, inclusion and reciprocal assimilation, the assimilation of new 
artifacts to already constituted schemes” (p. 103).  
 
During the process of instrumentalization, but most of all during the 
instrumentation process, the user develops utilization schemes which enable 
the user to act upon a given object in order to solve the desired task using the 
artefact (Verillon & Rabardel, 1995).  
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Instrumental genesis is often looked upon as an individual process happening 
in an individual environment. But Guin and Trouche (2002) argue that since 
the schemes developed during instrumental geneses in schools also have a 
social dimension, there is a “necessity of taking into account the building of 
instrumental geneses to integrate instruments within a class” (p. 208). They 
therefore, as mentioned earlier, introduce the term instrumental orchestration 
as a “plan of action, partaking in a didactic exploitation system which an 
institution […] organizes with the view of guiding students’ instrumented 
action” (Guin & Trouche, 2002, p. 208). Instrumental orchestration can thus 
act as a way of helping students to develop an appropriate instrumental 
genesis and thereby serve as an important aspect during the design and the 
implementation of a learning activity.  
 
Drijvers et al. (2009) argue that instrumental orchestration consists of three 
elements where the first one, the didactical configuration is a “configuration 
of the teaching setting and the artefacts involved in it” (p. 1350). Both a 
programming environment and the task itself could be regarded as artefacts. 
The exploitation mode is the second element of the instrumental orchestration 
and according to Drijvers et al. (2009) this includes “decisions on the way a 
task is introduced and is worked on, on the possible roles of the artefacts to be 
played, and on the schemes and techniques to be developed and established by 
the students” (p. 1350). The didactical performance is seen as the last element 
of instrumental orchestration and involves the implementation of the 
didactical configuration and the exploitation mode during lessons. This 
element involves ad hoc decisions from the teacher depending on the input 
given by students during lessons. Although these notations will not be used 
explicitly when describing the design and the implementation of this study, it 
could be argued that the instrumental orchestration of the teaching 
experiments within this study involves all of the three described elements. 
 

As described in this chapter, the Instrumental Approach is used as the 
conceptual framework in this research project to study upper secondary school 
students’ use of programming during mathematical problem-solving activity. 
In order for the students to use the artefact (the programming environment) in 
an appropriate way (i.e., as a mathematical problem-solving instrument), the 
students need to use or develop mental utilization schemes both associated 
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with the handling of the artefact itself (usage schemes) but also utilization 
schemes oriented towards the mathematical task/problem itself (instrumented 
action schemes). According to the Instrumental Approach, these schemes 
together with the artefact then form an instrument and the process during 
which this instrument is formed is called the instrumental genesis.  
 
In this study, and as an important part of the instrumental genesis, the 
students’ use or development of schemes are of special interest since the 
development of schemes is regarded as essential in order for the students to be 
able to use the programming environment as a mathematical problem-solving 
instrument. Especially the students’ development of instrumented action 
schemes which relate the handling of the artefact to the given objective, that is, 
to solve a specific mathematical problem, is studied in more detail since this 
development is associated with the research questions of this study. In order to 
analyse the instrumented action schemes developed by the students and 
consequently the initial phase of the students’ instrumental genesis, the 
definition of a scheme developed by Vergnaud (1998b) is used as the analytic 
framework when analysing the collected data. As described in this chapter, 
Vergnaud (1998b) argues that a scheme comprises of four different 
components; goals and anticipations, rules of action, operational invariants, 
and possibilities of inferences. This analytic framework offers the possibility to 
divide a larger instrumented action scheme into different components which 
subsequently provides the possibility to search for similarities and differences 
between different schemes used or developed by the students. However, it 
should be stressed that although the concept of schemes unites the conceptual 
and analytical framework, the theories behind the two frameworks have largely 
evolved independently of each other. Figure 1 provides a schematic overview of 
the important concepts involved in each of the two frameworks and the 
interrelationships between these concepts.  
 
In this study, the instrumental orchestration, as a way of supporting the 
students’ instrumental genesis, is closely related to the overarching design of 
the teaching experiments and consequently linked to the methodological 
approach of this study. The following chapter will provide a description of 
design research as a methodological approach, showing how the design of 
teaching experiments could be regarded as an important part of the 
instrumental orchestration.  
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Figure 1: A schematic overview of the essential concepts within the Instrumental Approach 
and its relationship to the analytical framework used within this study. 
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Design research is used as the main methodological approach within this 
research project, built around designed teaching experiments. Bakker (2018) 
uses the phrase methodological approach when describing design research 
since he argues that design research is more than a research method but at the 
same time not a methodology. Design research is a qualitative approach and 
could also be categorized as a flexible research strategy (Robson & McCartan, 
2016) since the design could be evolving during the research project due to its 
cyclic approach. Design research is thus a methodological approach which is 
iterative and both prospective and reflective which also fits well into the 
definition of a flexible research strategy. This is in contrast to a fixed research 
strategy (typically a quantitative method) where the researcher before 
conducting the study should have “a pretty clear idea about the mechanisms 
likely to be in operation and the specific context in which they will, or will not 
operate” (Robson & McCartan, 2016, p. 102).  
 
Pedagogical design has been used in different forms and under different names 
(e.g., design-based research, design experiments, educational design research, 
and developmental research) during the past century (Prediger et al., 2015) but 
the concept of design research originates from the work of Brown (1992) and 
Collins (1992). Design research could be seen as a combination or interweaving 
of instructional design and educational research (Prediger et al., 2015) where 
Hoyles and Noss (2015) claim that design research should lead to new or 
improved knowledge about learning and teaching interactions concerning the 
topic in question and that design research in mathematics education research 
also should generate knowledge about “the mathematics itself and the 
instructional process more generally” (p. 1040). Due to its practice-oriented 
approach, the theories generated as an outcome of design research could also 
be of great interest to active teachers since the questions analysed by the 
research often are connected to their everyday practice (Brown, 1992; Cobb et 
al., 2003). 
 
This chapter will first describe the characteristics of design research followed 
by a section which highlights the rationale for using design research as a 
methodological approach. In the third section, the three phases of design 
research will be described in relationship to this study. The fourth section will 
describe the ethical consideration taken into account during this research 
project and the last section of the chapter will provide a short summary. 
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Cobb et al. (2003) define five characteristics of design research and argue that 
design research should be interventionistic, theory generative, prospective 
and reflective, iterative, and practice-oriented.  
 

It is important to make a difference between being interventionistic and being 
naturalistic (Cobb et al., 2003). The aim of design research is not to study the 
existing educational environment but to try out and analyse new ideas in order 
to generate educational improvements. In the process of designing, the 
researcher uses results of prior research in order to find and use factors 
important for generating the desired learning outcome.  
 

Cobb et al. (2003) argue that design research and its experiments should be 
theory generative and develop “a class of theories about both the process of 
learning and the means that are designed to support that learning” (p. 10). 
Cobb et al. (2003) describe these theories as relatively humble since they 
concern domain-specific learning processes. Because design research is 
performed in classrooms, they can also generate a greater understanding of 
what Cobb et al. (2003) refers to as learning ecology, which involves all the 
complex elements which are included in a classroom, for example norms in the 
classroom, the problems students are meant to solve and the tools or material 
that students use in order to solve the problems. Generating theories both 
means developing new theories but it could also include refining existing 
theories (Prediger et al., 2015). However, it should be stressed that the aim of 
design research is not to test existing theories. 
 

Design research should also be prospective (Cobb et al., 2003), that is, when 
implementing the design, the researcher should have a view of the expected 
learning process and the design should include means in order so support this 
process and to make it visible for the researcher. Cobb et al. (2003) argue that 
design research involves conjecture-driven tests where the initial design 
developed by the researcher is a conjecture about “the means of supporting a 
particular form of learning that is to be tested” (p. 10). These hypothetical 



 33 

learning trajectories (Simon, 1995) will be described in more detail later in this 
chapter. Prediger et al. (2015) claim that design research also should be 
reflective and state that “[t]heory prospectively informs the design for the 
design experiment, and is further developed in the retrospective reflection on 
deviances between the expected and the observed teaching and learning 
processes” (p. 879). 
 

Design research is an iterative method, that is, it takes a cyclic approach (van 
den Akker et al., 2006). The focus of design research is to understand the 
results of testing the design in order to improve it. The result of the first design 
cycle will form refined conjectures for the second design cycle and 
consequently affect its design. The results of the second cycle will then be used 
in order to improve the design of a possible third cycle and so on. The intended 
outcome of each cycle is thereby an “explanatory framework that specifies 
expectations that become the focus of investigation during the next cycle of 
inquiry” (Cobb et al., 2003, p. 10).  
 

Since design research is often conducted in real classrooms with great 
complexity it is important that the researcher describes the condition of the 
environment in which the intervention takes place and how the different 
conditions may have affected the learning process (Prediger et al., 2015). 
Design research could therefore be said to be both ecologically valid and 
practice-oriented (Prediger et al., 2015) According to Cobb et al. (2003), 
“[t]heories developed during the process of experiments are humble not 
merely in the sense that they are concerned with domain-specific learning 
processes, but also because they are accountable to the activity of design” (p. 
10). Consequently, the theories must do real work.  
 

The reason for choosing design research as a methodological approach can 
vary but one reason for conducting design experiments is to examine new 
forms of instruction where the goal is to understand “what is going on and 
what is made possible in the classroom as well as developing corresponding 
theories” (Prediger et al., 2015, p. 880). Although the use of programming in 
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educational settings is not a new phenomenon, the revised curriculums in 
many countries have in recent years made the role of programming much more 
prominent than before. As a consequence, there is a need for more and new 
research in order to gain more knowledge about how programming and 
programming environments as artefacts can be used in mathematics 
education. Design research is also regarded as a useful approach for 
investigating how computer software such as programming environments 
could act as instruments for promoting a specific learning process (Cobb et al., 
2003; Collins, 1992) and in their systematic review regarding different 
learning outcomes when coding, Popat and Starkey (2019) argue that the 
learning outcomes identified were strongly related to the curriculum and 
pedagogical design. Hoyles and Noss (2015) also call for more research, such 
as design research “focusing on the epistemological dimension [which will gain 
new knowledge about] what becomes learnable when the computer is designed 
as an integral component of the learning process” (p. 1041). The aim of this 
study is therefore to generate local instruction theories or more general 
conclusions regarding the process through which students learn how to use 
programming environments as mathematical instruments and how the 
orchestration of such learning situations can serve as a means to facilitate this 
process. 
 

In this study, two complete design cycles were carried out together with an 
initial pilot study. During the teaching experiment of each cycle, upper 
secondary school students with basic knowledge of programming but with 
essentially no experience of using programming within their ongoing course in 
mathematics were asked to solve mathematical problems pre-designed to lend 
themselves to programming. Each of the two cycles within this study involved 
the three phases of design research, the preliminary design, the teaching 
experiment, and the retrospective analysis (Drijvers, 2003). In the following 
sub-sections, the three phases will be described both in general but also in 
relationship to the study as a whole. In chapter 6 and in chapter 7, the two 
design cycles of this study will be described in more detail.  
 

As a first step of the design research and as a vital starting point of the 
preliminary design, the researcher must clarify the intended mathematical 



 35 

learning goals or instructional end points which should be determined by, for 
example, history, tradition, and assessment practices (Gravemeijer & Cobb, 
2006) and not specifically by educational goals. Gravemeijer and Cobb (2006) 
state that the mathematical learning goals have to “problematize the topic 
under consideration from a disciplinary perspective, and ask themselves: What 
are the core ideas in this domain?” (p. 48). The researcher must therefore have 
a clear view about what s/he wants to investigate, for example the learning 
process for a content in a specific area (Cobb et al., 2003). 
 
Based on learning goals and the instructional starting points, a local 
instruction theory should also be developed which contains conjectures about 
possible learning processes and means (e.g., tools) which could support the 
conjectured learning process (Gravemeijer & Cobb, 2006). The initial 
conjectured local instruction theory could be based on available research 
literature but it could as also be based other resources, such as curricula. 
 
In this study, both tools (computers and programming environments) and the 
specifically designed tasks serve as means in order to foster the desired 
learning processes. The learning process of interest is the students’ use of a 
programming environment as a mean in order to develop and use specific 
problem-solving strategies. This implies that a great focus will be on the 
possibilities and constraints concerning the use of a programming 
environment as a mathematical artefact when solving mathematical problems 
and on how the design of tasks and the orchestration of the learning situation 
can affect the learning processes.  
 

An important part of the preliminary phase of design research is to consider 
and reason about the students’ so-called hypothetical learning trajectory 
(HLT) which consists of the learning goals, the learning activities, and the 
thinking and learning of the students (Simon, 1995). The hypothetical learning 
trajectory should be regarded as a prediction. The aim of the researcher when 
developing a hypothetical learning trajectory is to foresee how students’ 
understanding and learning processes will evolve and, as stated by 
Gravemeijer and Cobb (2006), try to “reconcile the need to plan in advance, 
and need to be flexible when building on the students’ current understandings 
when the design experiment is underway” (p. 50). Drijvers (2003) points out 
that the HLT should not be regarded as a clear, straight, and narrow path 
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towards the goal which all the students must follow at the same speed but 
rather as a broader learning path which students could follow with different 
speeds.  
 
In this study, an initial hypothetical learning trajectory was developed as a part 
of the preliminary design of the first design cycle. This HLT was also partly 
affected by the observations made during the pilot study. Based on the analysis 
of the teaching experiment of the first design cycle, a revised HLT was then 
developed during the second design cycle.  
 

According to Simon (1995), the hypothetical learning trajectory is closely 
related to the design of the learning activities. In this study, the design of the 
learning activities involved the design of tasks as well as the instrumental 
orchestration of the learning situation within the classroom. Drijvers (2003) 
argues that the design of the learning activities is naturally affected by the HLT 
and, at the same time, the development of the design can lead to adjustments 
of the HLT.  
 
Although the design of the learning situation and the design of the 
tasks/problems often is guided by the choice of theoretical framework, 
Ruthven et al. (2009) argue that no framework can cover all aspects of a 
particular design. They therefore highlight the use of didactical variables in 
order to foresee further factors which can prove to be important for the design 
and its implementation.  

[Didactical variables] can also be used more pragmatically in the light of pedagogical 
intuitions or of empirical findings arising from posterior analysis of implementation 
of a teaching design. Moreover, such pragmatically guided use of the Didactical 
Variables tool can complement theoretically guided use, serving as a useful 
mechanism to identify critical features falling outside the scope of the theoretical 
framework, which would otherwise go unrecognized. (Ruthven et al., 2009, p. 341)  

The retrospective analysis of the design may also reveal the need to take new 
didactical variables into consideration which were not identified during the 
prior design.  
 
In this study, didactical variables were consequently used in order to motivate 
and justify choices made during the design of the teaching experiments both 
related to the design of tasks as well as to the organization and implantation of 
the teaching experiments.  
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During the teaching experiment of each design cycle, the participating students 
were asked to solve pre-designed mathematical tasks/problems with the help 
of programming. A fundamental idea guiding the design of these problems was 
that it should be a clear advantage of solving the problems using a 
programming environment compared to other existing digital tools or by 
solving the problems by hand. Task design is often a central part of the 
preliminary design (Kieran et al., 2015) and how mathematical tasks are 
designed affects both the students’ learning (Watson & Ohtani, 2015) and how 
students perceive the subject as the mathematical tasks “portray mathematics 
as a subject to students” (Jones & Pepin, 2016, p. 106). Moreover, tasks 
constitute a fundamental part of the daily activities in the classroom as they 
are the things to do (Watson & Ohtani, 2015). A task or a task sequence can be 
defined as “anything that a teacher uses to demonstrate mathematics, to 
pursue interactively with students, or to ask students to do something […] also 
anything that students decide to do for themselves in a particular situation” 
(Watson et al., 2013, p. 10).  
 
Tools of different kinds have for a long time been used in mathematics 
education in order help students to develop mathematical concepts and ideas. 
Leung and Bolite-Frant (2015) defines tool-based tasks, for example tasks 
involving the use of a programming environment as “a teacher/researcher 
design aiming to be a thing to do or act on in order for students to activate an 
interactive tool-based environment where teacher, students, and resources 
mutually enrich each other in producing mathematical experiences” (p. 192).  
 

The planned or ad-hoc choices made by the teacher during the teaching 
experiment has the potential of affecting the socialization of students’ 
instrumental genesis (Guin & Trouche, 1998). As an important part of the 
instrumental orchestration and as a way of guiding the students’ instrumental 
genesis during the teaching experiments of this study, selected students were 
asked to show and explain certain aspects of their solution to the rest of the 
class. These so-called sherpa-students (Guin & Trouche, 1998) was thus 
considered to be able to offer other students a type of scaffolding during the 
problem-solving process. According to Guin and Trouche (2002), sherpa-
students can act as guides, assistants and mediators and their different 
solutions can generate a classroom discussion. The use of sherpa-students can 
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thus act as an aid to “compare different instrumented techniques and give 
information to the teacher on the instrumented actions schemes being built by 
the students” (p. 209). Assude (2005) also argues that by letting chosen 
students show how far their work has evolved, the teacher may use the time 
available more effectively. The use of sherpa-students may therefore have the 
potential to help other students build adequate utilization schemes and is also 
an example of how mental schemes have both private and social dimensions 
since they are formed within a specific social context (Rabardel, 2002). 
 
The preliminary design of each cycle in this study consequently involved the 
planning of the intentional use of sherpa-students during the teaching 
experiment.  
 

The second phase of a design research cycle is the teaching experiment. 
Drijvers (2003) uses the word experiment in the sense of an empirical 
investigation of the design (the plan to support learning and the hypothetical 
learning trajectory associated with it). Consequently, the word experiment 
should not be associated with experimental group/control group design. 
 
The teaching experiments of this study were conducted in Swedish upper 
secondary schools and a criterion for selecting participating students was that 
the students should have some prior experience of programming, so as to 
avoid an excessive focus on difficulties linked to lack of knowledge in 
programming. The teaching experiment of each design cycle involved one 
single intervention, involving one class of students, during which the 
participating students, working in pairs, were asked to solve the pre-designed 
mathematical problems with the help of a programming environment. The 
main focus during the teaching experiments, associated with the research 
questions, was on the students’ use of the programming environment as a 
technical artefact for mathematical problem solving. 
 
During the teaching experiment of each design cycle, chosen pairs of students 
were followed more closely, with their screens and their conversations 
recorded. These recordings, together with the codes generated by all students, 
served as the main source of data collected during these interventions. All 
conversations presented in the following chapters are reproduced as verbatim 
extracts.  
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During the teaching experiment of each cycle, as well as during the pilot study, 
the researcher also took the role as the teacher.  
 

The third and final phase of a design research cycle consists of the 
retrospective analysis in which the researcher conducts analysis of the data 
collected during the teaching experiment (Drijvers, 2003).  
 
The voice recordings collected during the teaching experiments of each design 
cycle were transcribed using NVivo. In the analysis, data from the voice and 
screen recordings were grouped into themes relating to different phases of the 
problem-solving process. These themes were thereafter analysed and coded 
using the detailed definition of a scheme developed by Vergnaud (1998a) 
(described in chapter 3), which serves as the analytic framework of this study. 
The coding was conducted in an iterative process which according to Robson 
and McCartan (2016) could be seen as a generic approach for analysing 
qualitative data. During the analysis, the hypothetical learning trajectory was 
compared to the unfolding concepts-in-action, propositions-in-action and 
rules of action identified by the data analysis. This implies that, since – on the 
one hand – the unfolding results of the teaching experiment cannot be 
predicted (Dorst, 2011; Robson & McCartan, 2016), but – on the other hand – 
the reference construct of the hypothetical learning trajectory is based on 
theories and established prior to the analysis, a form of abductive inference 
was being used when reasoning about outcomes (Charmaz, 2006).  
 
In accordance with the characteristics of design research (Gravemeijer & Cobb, 
2006), the results of the analysis and the ensuing reflections made it possible 
for the researcher to formulate the feed-forward which formed the foundation 
of the revised design of the teaching experiment in the second (or a possible 
third) cycle. During the retrospective analyses of each cycle in this study 
(presented in chapter 6 and chapter 7), the hypothetical learning trajectory, 
stated during the preliminary design, was compared to the outcome of 
students’ problem-solving process. If the analysis of the data collected during 
the teaching experiment provided evidences that challenged the HLT, this 
indicated a need for modifications of both the HLT as well as the instructional 
design during the following cycle.  
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Based on learning goals, the instructional starting points, and the outcome of 
the retrospective analysis, the local instruction theory had also to be 
redeveloped and reformulated relating to the anticipated learning processes 
and means which were intended to support the conjectured learning process. 
 
Over the two cycles there was also an accumulation of evidence that provided 
an increasingly strong basis for finally validating hypotheses and supporting 
emergent conclusions. These summative results are presented in chapter 8.  
 

Research involving human beings also involves ethical dilemmas (Robson & 
McCartan, 2016) and ethical considerations must be made during the whole 
project and should involve more persons than just the researcher. According to 
Bryman (2012), ethical issues have also become more tightly connected to the 
quality of the research since ethics committees often review not only the 
traditional areas of ethical considerations but also look into the quality of the 
project as a whole. Since modern ethical codes include an expectation that, out 
of respect for those who participate in a piece of research or who make use of 
its findings, it should be conducted in a sound manner which is not unduly 
demanding on others. 
 
During the implementation of this study the researcher followed ethical 
guidelines published by the Swedish Research Council (2017). All the 
informants in the pilot study and in the teaching experiment of each design 
cycle were informed both orally and in writing about the aim and the 
implementation of the teaching experiments more than one week before the 
lesson in question. The same information was given again on the day of the 
teaching experiment and the students also had the opportunity to ask 
questions to the researcher. Participation in the study was voluntary and all 
the informants gave written consent before the teaching experiment was 
conducted. Due to the ongoing COVID-19 pandemic in 2020, the teaching 
experiment of the second design cycle had to be conducted online which 
affected the possibility to collect informed consent from the participants. After 
consulting the ethics committee of Karlstad University, it was decided that 
informed consent could be collected online using an online questionnaire via 
the students’ learning management system. Since each student logged in using 
a unique user name and password and since it was possible to tell when the 
students filled in the questionnaire, this way of collecting informed consent 
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was regarded as equivalent to the way written consent was collected during the 
teaching experiment of the first design cycle. An online meeting was held 
between the students, their mathematics teacher, and the researcher two 
weeks before the teaching experiment of the second design cycle where the 
researcher informed the students orally about the aim and the implementation 
of the teaching experiment. Written information about the study was then 
published on the learning management system used by the students.  
 
In accordance with the ethical guidelines for educational research stated by the 
British Educational Research Association (2018), all the participants in the 
study were also informed that the data collected during the teaching 
experiments would only be handled by the researcher and his supervisors 
including the recorded conversations between students and between students 
and the researcher. 
 
Since all the informants of the pilot study and the teaching experiment of each 
design cycle were older than 15 years old, written consent from parents was not 
necessary. The informants were also informed that they could stop their 
participation at any time during the teaching experiment without stating any 
reason for their withdrawal. One student (during the teaching experiment of 
the second design cycle) declined to participate in the study without stating 
any reason for this decision. This student still participated during the teaching 
experiment but no data generated by the student were collected. None of the 
students giving their consent to participate in the study did withdraw during 
the ongoing teaching experiments. The high proportion of students who were 
willing to participate in the study could be seen as an indication that the 
researcher was perceived as open and honest with the participants and that 
information given to the students about the data collection and the setup of the 
teaching experiments made the students trust the intention of the researcher 
including that the researcher would safeguard the privacy of the students.  
 
When collecting data during the pilot study and the teaching experiments, it 
was necessary to collect personal data from the students in order to link the 
collected data to specific students. This allowed the researcher to carry out 
follow-up interviews if necessary. Recording the voice of students could also be 
considered as personal data and according to the General Data Protection 
Regulation (GDPR) of the European Union (Regulation (EU), 2016) the 
researcher must act in order to safeguard the personal data collected during 
research. In accordance with the recommendations in the GDPR, 
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pseudonymisation of all personal data was conducted, that is, the names and 
the designation of the class were replaced by codes. In accordance with the 
ethical guidelines for educational research (British Educational Research 
Association, 2018), all the students participating in the pilot study and in the 
teaching experiments of the two design cycles were informed about the 
pseudonymisation of all data and that the results of this study would be 
presented in such a way that it would not be possible to trace the identity of 
any of the participants.  

Ethical considerations were also taken into account when choosing different 
methods for collecting data during the pilot study and the teaching experiment 
of each design cycle. During the pilot study and the teaching experiments, the 
work done by chosen pairs was followed more closely as their conversation and 
screens were recorded. Video recording was considered as an additional source 
of data and was used during the pilot study as it had the possibility to 
complement the voice and screen recording. But the advantage of using video 
recording as an additional source of data to study non-verbal communication 
did not outweigh the risk of violating the privacy of the informants and was 
therefore not used during the teaching experiments of the two design cycles. 
The choice not to use video recording was also regarded as a way of making the 
participants feel more comfortable during the teaching experiments since 
screen recording could be regarded as less obtrusive than filming the 
participants (Tang et al., 2006). According to Swedish Research Council 
(2017), video recording should “only be used when it is impossible to achieve 
the same results with the help of other data collection methods” (p. 27). 
 
The research project and its methodological approach was approved by the 
ethics committee of Karlstad University.  
 

The design of this study, guided by the fundamental ideas of design research, is 
built around teaching experiments conducted in Swedish upper secondary 
schools. During the teaching experiment of each of the two design cycles, and 
as an important part of the instrumental orchestration, designed mathematical 
tasks, which were to be solved with the help of programming, were tried out 
with the participating students. The specific design of these tasks played an 
important role in the overall design of this project since the design of tasks 
could affect the way students learn mathematics (Watson & Ohtani, 2015). As a 
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part of the iterative process connected to design research, reconstruction of the 
tasks used during the teaching experiment of each design cycle as well as the 
design of the overall instrumental orchestration played an important role when 
using the result of the retrospective analysis to generate new theories about the 
use of programming in mathematical education settings. 
 
Two complete design cycles were conducted within this study where the 
teaching experiment of the first cycle was conducted in March 2019 and the 
teaching experiment of the second design cycle was conducted in May 2020. 
The first cycle was also preceded by a pilot study, conducted in May 2018. 
 
Figure 2 illustrates the overarching design of each cycle which has been 
presented in this chapter. 
 
Figure 2: The overarching design of each design cycle within this study. 

 
 
The following chapters will, based on the fundamental ideas of design 
research, describe each of the two design cycles in detail as well as the pilot 
study and its significance for the design of the first cycle.  

. Preliminary design
• Hypothetical learning trajectory (HLT)
• The design of the instructional activities

• Task design
• Didactical variables
• The use of sherpa-students

Teaching experiment
• Swedish upper secondary school students 

working in pairs trying to solve pre-
designed mathematical tasks using a 
programming environment.

• Using sherpa-students as a means for 
guiding students' i genesis.

Retrospective analyses
• Transcribing, coding and analysing data 

using Vergnaud's (1998b) definition of a 
scheme as an analytic framework.

• Revising the HLT and generating local 
instruction theories which guide the future 
design.
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The pilot study was conducted in the spring of 2018 in a Swedish upper 
secondary school. This study served as a way to investigate what types of data 
to collect and how to collect the data as well as how students with only basic 
knowledge about programming could manage a familiar programming 
environment to solve mathematical problems. Another aim of the pilot study 
was to try out designed tasks intended to develop students’ problem-solving 
ability using the programming environment as a mathematical artefact. 
Consequently, the overarching results of the pilot study and its teaching 
experiment acted as an instructional starting point, guiding the design of the 
teaching experiment in the first design cycle. 
 
In the following sections, the experiences from the pilot study will be discussed 
and how the outcomes of the pilot study had consequences for the first design 
cycle of this research project will be highlighted. 
 

Data was mainly collected from the work carried out by two pairs of students. 
The first pair consisted of two male students in the second year of the 
Technology Program in a Swedish upper secondary school. The students were 
taking the third course in mathematics (Mathematics 3C) and were at the same 
time taking a course in programming (Programming 1) using JavaScript as the 
programming language. The pair used Visual Studio Code as their 
programming environment during the pilot study since this was the 
programming environment used during the ongoing programming course. The 
class which the pair attended had also been asked to voluntarily participate in 
the study.  
 
The second pair in the pilot study consisted of a female student and a male 
student from two different classes at the Technology Program. The female 
student was, like the students in the first pair, taking the third mathematics 
course together with the course Programming 1 at the time of the pilot study. 
But since she was taught the course in programming by another teacher at the 
school, the programming language used was Java. The male student in the pair 
was in his third and final year in the program and was taking the fifth course in 
mathematics (Mathematics 5) and had taken the same Java-based version of 
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the course in programming the year before. The students used a programming 
environment called NetBeans 8.2 which they both were familiar with.  
 
Using both the programming language and the programming environments 
familiar to the students meant that technical difficulties during the pilot study 
were rare and that the students could use the programming environments 
freely and focus on the mathematical problems. Both pairs also used the 
internet when they did not know how to write specific syntax.  
 

The work of the two pairs of students was recorded using a video camera and 
the screen and voice capturing software Screencast-O-Matic. The video camera 
was placed behind the students in order to follow their work but at the same 
time avoid filming their faces. The video recordings collected during the pilot 
study were then transcribed using NVivo. 
 
The use of a video camera was seen as a complement to the screen recording in 
order to capture gestures and the body language of the pairs. The students 
were also asked to solve exercises using pen and paper and justify their 
answers using a pre-produced questionnaire. In addition, the programming 
code generated by the students was collected.  
 
Even if the video camera occasionally provided information which made it 
easier to follow and understand the students’ conversation, it did not offer as 
much complementary information to the screen recording as anticipated. In 
line with the ethical guidelines provided by the Swedish Research Council 
(2017) and in order to protect personal privacy it was therefore decided that, 
since screen recording and voice recording provided sufficient data to follow 
the work and conversations of the students, video cameras were not to be used 
during the teaching experiment of the first design cycle.  
 
The students in the class which voluntary attended in the pilot study were 
asked to hand in the questionnaire together with the code. Although, the data 
collected from the rest of the class was not studied in detail, the submitted 
codes indicated the overarching methods used by the students.  
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The focus when designing the task for the pilot study was that it should be a 
non-standard problem for the students, that is, it should not be a routine 
exercise for the students to which they could immediately apply a given 
problem-solving strategy (Lester, 2013; Schoenfeld, 1983). The task concerned 
a numerical method for solving integrals using both left and right Riemann 
sums, that is, approximating the integral by dividing the area under a graph 
into, in this case, rectangles. Calculating Riemann sums by hand can be a time-
consuming undertaking and programming could thus be seen as a tool to both 
automate this routine work and to easily alter the number of rectangles used to 
calculate the sum.  
 
The students were familiar with the concept of an integral (introduced in 
Mathematics 3C) but none of the students, besides the male student taking 
Mathematics 5, had prior experience in using numerical methods for 
calculating integrals. The textbook used by the students in Mathematics 3C 
used the idea of Riemann sums when introducing the concept of integrals but 
apart from that, the students had little prior experience of this specific idea.  
 
The learning goals concerning the activity was for the students to develop a 
method for solving integrals numerically and to realise that programming 
offers the opportunity to rapidly conduct a vast number of calculations in order 
to obtain a good approximation for the value of an integral. The learning 
activity consisted of a worksheet with a number of introductory exercises in 
which the students were expected to calculate different Riemann sums, for a 
given integral, using pen and paper together with their calculator. The 
rationale behind this design was to allow the students to start thinking about 
how the number of rectangles used would affect the (equal) breadth of the 
rectangles and to realise how the height of the rectangles was connected to the 
varying value of the function concerned. After the introductory exercises, the 
students were asked to create a program which could calculate the value of 
Riemann sums for a given integral, using a number of rectangles stated by the 
user of the program. The intention was that the students, when developing 
their program, would benefit from the calculations made by pen and paper and 
that they would realise that the program offered the opportunity to conduct a 
number of calculations which would have been too time-consuming to carry 
through using pen and paper. Finally, the students were to test their program 
for an increasing number of rectangles with the purpose of realizing that the 
value of the Riemann sum converges towards a given number.  
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When conducting the pilot study, it became clear that the introductory 
exercises in the questionnaire were perceived as much more complex than 
expected, which could be seen as an indication that the relationship between 
the number of rectangles used, the function, and the Riemann sum was not 
straightforward for the students. The large proportion of time spent on solving 
the introductory exercises also meant that there was little time left for the 
exercises which were to be solved using the programming environment. One 
conclusion from the implementation of the pilot study was that the numerous 
mathematical concepts involved (e.g., integrals, areas, function, interval, left 
and right Riemann sum, and limits) may have overshadowed the problem-
solving aspect within the exercises. This affected the task design for the 
teaching experiment of the first design cycle in suggesting that it would be 
desirable to pose problems which, although not straightforward, could be 
solved by using only elementary mathematical ideas already very familiar to 
students. This would imply a greater focus on the problem-solving strategies 
used by the students when programming. 
 
Since the use of iterations offers a possibility to swiftly conduct a vast amount 
of calculations, the concept of loops was seen as significant when designing the 
teaching experiment of the first design cycle. The work of the students in the 
pilot study also revealed that many of the difficulties which occurred during 
the programming part of the problem-solving process concerned the use of 
loops, for example incorrect conditions, incorrect use of variables, and 
difficulties related to the sequential nature of steps in a program. 
 

As described in this chapter, the implementation of the pilot study and its 
results provided vital information in preparation for the design of the teaching 
experiment of the first design cycle.  
 
During the pilot study, although the students were partly guided by the teacher 
or searched for support on the internet, the design gave little support for an 
appropriate instrumental genesis. For that reason, the concept of instrumental 
orchestration (Guin & Trouche, 2002) was introduced during the design of 
first design cycle concerning the orchestration of the teaching experiment.  
 
The concept of hypothetical learning trajectory (Simon, 1995) was also 
introduced as a part of the preliminary phase of the design in order to make 
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predictions regarding learning goals, learning activities, and the conjectured 
learning process and thus more clearly motivate the choices made during the 
design of the teaching experiment.  
 
The result of the pilot study also indicated a need to take into consideration 
aspects not covered by any framework but which still were regarded as 
important for the design. Therefore, the concept of didactical variables 
(Ruthven et al., 2009) was used during the design cycles to guide the design.  
 
Both the use of a hypothetical learning trajectory as well as the use of 
didactical variables was regarded as a way to foresee and consider as many 
aspects of the design as possible in advance during the teaching experiment of 
the first design cycle.  
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In this chapter, the design, implementation, and analysis of the first design 
cycle (DC1), guided by the methodological approach of design research, will be 
discussed in detail. The first section of the chapter concerns the hypothetical 
learning trajectory of DC1, which includes the stated learning goals, the design 
of the learning activity including the design of tasks, and the conjectured 
learning process (Simon, 1995). In the second section, the implementation of 
the teaching experiment will be described in more detail and the third and last 
section will provide a retrospective analysis based on the data collected during 
the teaching experiment. This analysis will compare the results of the teaching 
experiment to the hypothetical learning trajectory stated before the teaching 
experiment. The outcome of this analysis is considered as important since it 
affected the design of the second design cycle (DC2) of this study.  
 

According to Simon (1995), the hypothetical learning trajectory, as an 
important part of the preliminary design phases of design research, is based 
around the learning goals, the learning activity, and the conjectured learning 
process. In this section, a detailed description of these three different parts of 
the hypothetical learning trajectory (HLT) associated with the teaching 
experiment of DC1 will be highlighted.  
 

There were two specific learning goals concerning the teaching experiment of 
DC1 and the specific tasks presented to the students.  
 
The first more general learning goal, closely related to the first research 
question was for the students to develop an appropriate instrumental genesis 
in order to use the programming environment as an instrument when solving 
mathematical problems.  
 
The second learning goal was that the students should be exposed to, and be 
able to solve mathematical problems using a non-standard problem-solving 
strategy (e.g., an exhaustive trial) involving the use of a programming 
environment.  
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The learning activity of the first design cycle involved two mathematical 
problems which the participating students were asked to solve with the help of 
programming. The design of the learning activity was guided by the learning 
goals which in turn were closely related to the research questions of this study. 
But although the fundamental ideas of the Instrumental Approach guided the 
overall design of the learning activity, no conceptual framework could cover all 
aspects during the design. Therefore, the concept of didactical variables 
(Ruthven et al., 2009) was used to motivate design choices not covered by the 
conceptual framework of this study.  
 
During the teaching experiment, a programming environment (IDE) was 
intended to act as the main technical artefact for the students when trying to 
solve the mathematical problems. Programming environments are closely 
related to specific programming languages and Mannila et al. (2006) claim 
that the choice of programming language plays an important role when 
students learn to program. The result of their study showed that upper 
secondary school students using a more advanced programming language 
made more syntax errors as well as more logic errors than students using a 
simpler language. Mannila et al. (2006) conclude that the higher proportion of 
logic errors could be a consequence of the more complex syntax and that the 
students had spent more time learning the correct syntactic expressions at the 
expense of algorithms. The same conclusion was drawn by Koulouri et al. 
(2014) using an iterative methodological approach when studying students 
taking an introductory programming course at university level. 
 
The choice of programming language (Java) and programming environment 
(NetBeans 8.2) during the first design cycle, regarded as a didactical variable 
(DV1), was made based on the students’ prior experience. The programming 
language and the programming environment should be familiar to the students 
in order to reduce the number of syntactic errors and also, according to 
Mannila et al. (2006), reduce the number of logical errors. This allowed a 
clearer focus on how the students used programming concepts (e.g., selections 
and iteration) and tackled any logic and conceptual errors which could occur 
when solving the mathematical problems.  
 
Since the students involved in the study only had basic knowledge in 
programming, the mathematical tasks used during the teaching experiment 
should be possible to solve with the most basic programming concepts. After 
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consulting the students’ programming teacher, it was decided that solving the 
tasks would only require basic knowledge about variables, input/output, 
iterations (including the use of nested loops), and selections. Consequently, 
this didactical variable (DV2), relating to the use of specific programming 
concepts, affected the design of the tasks. 
 

Drijvers and Gravemeijer (2005) highlight the use of task design as a means 
for provoking instrumental genesis – in this case visualising students’ 
utilization schemes in order to understand the development of a mental 
scheme used to solve a particular mathematical problem with the help of a 
programming environment. Subsequently, the way students appropriate the 
tool in order to serve a given purpose will guide the iterative design process of 
the task (Ruthven, 2015). Since the use of the programming environment as a 
technical artefact was central in this study, the design of the tasks was affected 
by the artefact itself. For example, the design of the tasks was guided by the 
didactical variable concerning programming concepts (DV2).  
 
The mathematical tasks were also designed based on the idea that there should 
be a clear advantage of solving the problems with the help of the programming 
environment compared to other existing tools, for example calculators, 
dynamic geometry software, or by hand.  
 

The choice of the mathematical content could be regarded as another 
didactical variable (DV3). The non-standard mathematical problems chosen 
for the study were not connected to any specific mathematical content or area 
in the mathematics course that the students were taking, such as derivatives, 
integrals, or probability. The rationale behind this choice was to have a clear 
focus on the programming environment as a tool for mathematical problem 
solving. If the problems were too closely connected to a target mathematical 
concept of the course, as was the case in the pilot study, lack of mathematical 
understanding of the concept could hinder students from using the 
programming environment as a problem-solving tool. However, students 
partaking in the teaching experiment of the first design cycle did need basic 
knowledge in algebra and arithmetic in order to handle variables and 
mathematical expressions.  
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Two tasks/problems were presented to the students during the teaching 
experiment of the first design cycle. The problems were inspired by an exercise 
in the Swedish qualifications for the International Olympiad in Informatics in 
19932 and were connected to each other since the solution of the first problem 
was meant to be modified by the students in order to solve the second 
problem. The problems could not be solved using algebraic methods already 
known by the students. It should also be noted that the students were 
specifically asked to solve the two problems using programming. 
 

Problem 1 

When Cinderella was wandering in the woods, she met the good fairy. The fairy said 
to Cinderella: 

“Say what you want and I'll fulfil your wish”. 

“Then I wish to always stay at the age of today”, Cinderella responded. 

When Cinderella came home and told what had happened to her two older sisters, 
Begonia, 11 years older than Cinderella, became furious. She exclaimed: 

"You know, your stepfather gives us the product of our three ages in gold coins to 
share each year.” 

Fuxia, the mid sister, carried on: 

“That's right. With your selfish wish, we will together lose 432 gold coins the next 
year!” 

How old is Cinderella and her two sisters? 

 

Problem 2 

Suppose you did not know that Fuxia is the mid-sister. What would the solution of 
problem 1 then look like? 

 
One fruitful problem-solving strategy for solving the problems could be 
described as an exhaustive trial. It was presumed that the students had little 
experience in using exhaustive trials partly due to a lack of such exercises in 
commonly used Swedish textbooks which seldom encourage this kind of 
problem-solving strategy. As a consequence, students are unfamiliar with tools 
(e.g., programming environments) which could promote the use of exhaustive 
trials. The probable lack of an obvious problem-solving strategy and an 
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associated algorithm could therefore be said to make the task a non-standard 
mathematical problem for most of the students (Schoenfeld, 1983). 
 
Adjustments were made to the original problem in order to suit this study and 
could consequently be considered as another didactical variable (DV4). In the 
original version, the amount of gold coins the sisters lost was over a period of 
two years. In the revised version presented in this sub-section, the amount lost 
was over a period of one year. The rationale behind this decision was to make 
the algebraic expression describing the loss more straightforward. The value of 
the amount lost was also changed and also the age difference between 
Cinderella and Begonia. By making these changes, the first problem had two 
different solutions if students considered the possibility that two sisters may 
have the same age, compared to one solution if none of the sisters could have 
the same age. 
 

A way of guiding the students’ instrumental genesis and their mathematical 
problem-solving ability was by interrupting their work and letting chosen 
students show and explain their solution (or parts of the solution) to the rest of 
the class. Consequently, these students, which Guin and Trouche (1998) call 
sherpa-students, act as guides, assistants and mediators and their different 
solutions can generate a classroom discussion and lead to new insights for 
other students. In this way, the use of students’ work could serve as a part of 
the instrumental orchestration and also affect the design of the mathematical 
problems and its implementation. The visualizations of the work done by the 
sherpa-students for the rest of the class on the projector screen together with 
the subsequent discussion have the potential of promoting the development of 
students’ mathematical knowledge (Silver et al., 2005). It can also help to 
“compare different solutions and instrumented techniques and give 
information to the teacher on the instrumented action schemes being built by 
the students” (Guin & Trouche, 1998, p. 209) and may therefore act as a way of 
fostering appropriate instrumental genesis. Finally, it can act as a way of 
helping all pairs to move forward with their solution.  
 
The way that sherpa-students were intended to be used within this study 
slightly differs from how sherpa-students have been used previously (e.g. 
Drijvers & Trouche, 2008; Guin & Trouche, 2002; Trouche, 2004) where the 
ongoing work of a chosen sherpa-student using handheld CAS environments 
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has been displayed to the rest of the students during a specific teaching 
experiment. In this study, several students acted as sherpa-students during 
different parts of the teaching experiment. The criteria for choosing the 
sherpa-students was that they had accomplished important parts of the 
problem-solving process which they could describe to the rest of the class.  
 
The choice of which solutions (or parts of the solution) to display should not be 
seen as an easy task for the teacher and according to Silver et al. (2005), the 
teacher has to possess a “flexible knowledge of mathematical content and of 
student thinking” (p. 298). In this study, the teacher also had to possess 
complementary knowledge about programming and its relation to 
mathematical problem solving. During the teaching experiment, it was thereby 
important that the teacher took an active role in the classroom, meaning that 
s/he observed the work of students in order to decide when it was appropriate 
to interrupt that work and choose pairs who could act as sherpa-students. 
There were several factors that could affect the decision when to interrupt the 
work of students during the teaching experiment of the first design cycle: 
 

• If the teacher perceived that many pairs were experiencing the same 
difficulties during the problem-solving process, for example finding an 
appropriate problem-solving strategy or using specific computational 
concepts.  

• If the teacher perceived that some students were falling behind and 
there was a need to bring these students on.  

• If the teacher wanted to highlight a specific aspect during the problem-
solving process, for example a method for systematically vary values of 
variables. 

 
In the teaching experiment of the first design cycle, the use of sherpa-students 
thus acted as the main scaffolding and the role of the teacher was to act as 
“orchestra conductor rather than a one-man band” (Trouche, 2005b, p. 216). 
Even though the use of students’ solutions played an important role during the 
instrumental orchestration, the teacher could also help students out of 
deadlocks (Trouche, 2005b) without illuminating too much in order for the 
students to solve the problem on their own and foster their own instrumental 
genesis. 
 
Since the exact decisions about how to use sherpa-students in the end were 
taken by the researcher (acting as a teacher) during the ongoing teaching 
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experiment, the use of sherpa-students will be described in more detail in the 
section covering the teaching experiment of DC1.  
 

In preparation for the teaching experiment of the first design cycle, a 
conjectured learning process was established which described both the 
possible problem-solving process of the students when trying to solve the two 
mathematical problems but also an anticipated instrumented action scheme 
being used or developed by the students when solving the two problems. This 
anticipated instrumented action scheme will be described in this sub-section 
using different scheme components based on the detailed definition of a 
scheme given by Vergnaud (1998a) which also served as the analytic 
framework for the study. Although it could be expected that various 
components of a scheme would be used during the learning process, it is 
important to clarify that it cannot be expected that students, during a single 
teaching experiment, develop a scheme consisting of an “invariant 
organization of behavior[s] for a certain class of situations” (Vergnaud, 1998b, 
p. 229). Instead, the intention of the teaching experiment was to allow 
students to develop the embryo of a scheme or a proto scheme in order to use a 
programming environment to solve mathematical problems.  
 
To every aspect of the conjectured learning process as described below, the 
students will use rules of action as generative parts of the scheme. Every single 
aspect is also related to concepts-in-actions and allied propositions-in-action. 
These concepts and propositions may be developed during the problem-
solving process or be pre-existing but regardless, they need to be incorporated 
into a new instrumented action proto scheme related to the specific 
mathematical problems and the use of a programming environment.  
 
Since this study concerns students’ use of a programming environment as a 
mathematical tool for problem solving, the schemes used or developed by the 
students during the teaching experiment relate to the problem-solving process 
as a whole. Thus, the instrumented action scheme developed by the students 
concerns the actions in which the students conduct an exhaustive trial using 
programming when trying to solve a mathematical problem.  
 
Although the developed schemes may differ among students, the anticipated 
scheme serves as a way of visualising the components that are likely to be the 
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constituents of the scheme. It could be argued that the problem-solving 
process concerning the two mathematical problems could be divided into three 
different phases concerning algebraic formulas, exhaustive trials, and the use 
of loops and the control of variables. In these different phases of the problem-
solving process, there could be expected to be a progressive shift relating to the 
use of the programming environment, in which the role of the artefact 
becomes more significant for the students during the second and especially 
during the third phase of the problem-solving process. 
 
There is also a dialectic relationship between the conjectured learning process 
and the instrumental orchestration. Although the conjectures affected the 
design of the orchestration (e.g., the intended use of so-called sherpa-
students), the intended instrumental orchestration also affected the possible 
learning process. 
 
The two mathematical word problems involved information regarding the age 
of the three sisters and the loss of gold coins which could be mathematised 
algebraically. Although the problems presented to the students could be 
regarded as open-ended, it was still anticipated, due to the lack of pre-known 
algebraical methods, that the students would need to solve the problems by 
conducting a more or less exhaustive trial. Since the students were asked to 
solve the problems by using their programming environment, it was 
anticipated that the students would use the programming environment to 
conduct such a trial. It could thus be expected that students’ goals and 
anticipations (GaA) involved two components: 
 

GaA-1:  Solve the word problem (in this case concerned with finding the sisters' 
ages). 

GaA-2:  Make use of programming in doing so (in this case using the NetBeans 
environment). 

 

The understanding of the problems was not expected to cause any major 
difficulties for the students since everyday language was used and the 
requested quantity was familiar. The students could still experience difficulties 
to interpret how the loss of gold coins was related to the ages of Cinderella and 
her step-sisters. Another aspect concerning the understanding of the problems 
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was how to interpret that one sister is older than another sister. Could they still 
have the same age? 
 
A possible start of the problem-solving process would be for students to use 
pre-existing mathematical schemes (Artigue, 2002) to set up mathematical 
relationships which describe the problem and which contain the appropriate 
variables.  
 
The first phase of the problem-solving process was thus expected to concern 
the use of algebraic formulas (AF). This phase mainly involves an interaction 
between the subject(s) (student(s)) and the objects (the goals and the 
mathematical problems). It was therefore anticipated that the initial phase of 
the students’ problem-solving process involved algebraic actions based on the 
following concept-in-action (CiA): 
 

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or 
more) algebraic relationships between variables. 

 
It could be argued that this concept-in-action guides the following actions 
taken by the students. These rules of action (RoA) could be expressed as: 
 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 

RoA-AF2:  Express the word problem situation in algebraic terms. 

 

The second phase of the problem-solving process would presumably involve 
the idea of using exhaustive trials (ET) as a problem-solving strategy which 
could be the start of students’ use of the artefact. It was anticipated that this 
phase would be perceived as the most difficult by the students since it involved 
the search for an adequate problem-solving strategy but also since the choice 
of problem-solving strategy may be related to the possibilities (and 
constraints) offered by the artefact. Thus, the phase involved subject-object 
interactions as well as interactions between the object and the artefact (the 
programming environment). This process could involve the following 
concepts-in-action: 
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CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET2:  The idea of systematically combining variables.  

 
During this phase it was anticipated that the students’ actions should be 
guided by two propositions held to be true, that is, propositions-in-action 
(PiA):  
 

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1). 

PiA-2:  Systematically combining variables (CiA-ET2) is a means for 
conducting an exhaustive trial (CiA-ET1). 

 
The following rule of action is related to the development of an adequate 
problem-solving strategy: 
 

RoA-ET1:  Formulate the problem situation as amenable to solution through 
exhaustive trial. 

 

During the third and final phase of the problem-solving process, the use of 
loops and the control of variables (LC), the students were expected to use the 
programming environment to implement their problem-solving strategy. 
During this phase the students needed to integrate already existing schemes 
related to the use of the artefact, that is, the programming environment 
NetBeans, within their developing instrumented action scheme. It was 
anticipated that the students had developed these (usage) schemes (relating to 
DV2) during their ongoing course in programming. The phase thus involved 
subject-object interactions which were heavily mediated by the artefact.  
 
Since the kind of exhaustive trial associated with these mathematical problems 
involves a systematic variation of the value of two or three variables, so-called 
nested loops were expected to be used by the students, that is, a loop which is 
nested within another loop. Using a nested loop could be seen as a way of 
varying the value of one variable at the time. For novice programmers this part 
of the solution may lead to conceptual difficulties (Mladenović et al., 2018) in 
understanding how to use and interpret nested loops. Consequently, when the 
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students started to write code to solve the problems, several errors were 
expected to occur, many related to the use of loops. Highlighting solutions 
involving nested loops made by other (sherpa) students was seen as a possible 
way of orchestrating the lesson and guiding students in their attempt to solve 
the problems.  
 
When solving the problems, integer variables were the type which were 
presumably to be used. How the variables (ages) are related is a central part of 
the problems when stating different conditions. From a mathematical point of 
view this is connected to the ranges of the variables. Without being able to 
express these conditions the students will not be able to solve the problem and 
this was a factor which potentially could cause students difficulties (Ginat, 
2004). Different methods required different variable ranges. Moreover, 
variables should be assigned new values during the iterations. The solution 
process could also be more or less efficient depending on how the nested loops 
are used. By using the relationships between the variables, the number of 
calculations needed in order to solve the problems could be reduced.  
 
The generated code could also be dependent on how students perceived the 
problem and the number of possible solutions. Did students expect to find one 
single solution to the problem or were they open to the idea that the problem 
can have multiple solutions? The answer to this question may affect the design 
of the program.  
 
Based on the anticipated use of nested loops, it was therefore foreseen that the 
students’ actions were based on the following concepts-in-action: 
 

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable-related actions. 

CiA-LC3:  The idea of using conditions within loops and conditional operators in 
order to extract solutions within a given range during an exhaustive 
trial. 

 
These concepts-in-action in turn serve as the foundation for an essential 
proposition-in-action: 
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PiA-3:  Establishing a loop for each variable in play (CiA-LC1) and nesting 
these loops (CiA-LC2) is a means for systematically combining 
variables (CiA-ET2). 

 
The generative aspects of the scheme were then expected to involve several 
rules of action: 
 

RoA-LC1:  Declare computational variables and (where given) assign variables 
 values. 

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC3:  Create nested loops in order to systematically combine variables.  

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions 
in order to (b) perform different actions based on the validity of the 
given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

RoA-LC6:  Coordinate necessary rules of action (as efficiently as possible) so as to 
construct a solution procedure.  

 
A part of the instrumental genesis when programming is to develop strategies 
for debugging and checking for errors. Ducasse and Emde (1988) have 
developed a classification about the knowledge needed in order to be a 
successful debugger. This classification contains knowledge of the intended 
program function, knowledge of the actual program, knowledge of the 
programming language, programming expertise, and knowledge of the 
application domain, the debugging method and the errors. Although it could 
not be expected that novice programmers, such as the students participating in 
this study, possess these items of knowledge, they could still use simple 
strategies for debugging, for example print statements (Ahmadzadeh et al., 
2005). There was also a possibility that the students could use the debugger 
integrated in the programming environment.  
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Table 1: Scheme components of the anticipated instrumented action scheme during DC1 

 

Goals and anticipations 

GaA-1:  Solve the word problem (in this case concerned with finding the sisters' ages). 

GaA-2:  Make use of programming in doing so (in this case using the NetBeans environment). 
 

Concepts-in-action  

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or more) algebraic relationships between 
 variables. 

CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET2:  The idea of systematically combining variables.  

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to achieve an appropriate sequence of variable-
 related actions. 

CiA-LC3:  The idea of using conditions within loops and conditional operators in order to extract solutions within a given 
 range during an exhaustive trial. 
 

Propositions-in-action 

PiA-1:  Conducting an exhaustive trial is a means of solving a word problem situation involving algebraic relationships 
 between variables. 

  

PiA-2:  Systematically combining variables is a means for conducting an exhaustive trial. 

   

PiA-3:  Establishing a loop for each variable in play and nesting these loops is a means for systematically combining 
 variables. 

  

Rules of action 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 
RoA-AF2:  Express the word problem situation in algebraic terms. 

RoA-ET1:  Formulate the problem situation as amenable to solution through exhaustive trial. 

RoA-LC1:  Declare computational variables and (where given) assign variables values.  

RoA-LC2: Create an iteration and define conditions for the loop.

RoA-LC3:  Create nested loops in order to systematically combine variables.  

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions in order to (b) perform different actions 
 based on the validity of the given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

RoA-LC6:  Coordinate necessary rules of action (as efficiently as possible) so as to construct a solution procedure. 
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It is important to stress that the anticipated instrumented action scheme, 
described in the previous sub-sections, should be regarded as one example of a 
possible scheme (and consequently one possible learning process) developed 
by students. It is moreover intended to offer the reader an overall picture that 
describes an imaginary process in which an instrumented action scheme 
develops and of the possible components making up an instrumented action 
scheme. But, as will be described in more detail in the retrospective analysis, 
the schemes developed by the students during the teaching experiment 
involved components not included in the anticipated instrumented action 
scheme.  
 
Also, the components included in the anticipated instrumented action scheme 
are based on the idea of solving the problems by conducting an exhaustive trial 
using nested loops. But it is possible to conduct an exhaustive trial using only 
one single loop, a strategy which was used by one pair during the teaching 
experiment of DC1. The data gathered also revealed that the process in which 
this scheme evolves is not always straightforward and many students 
experienced difficulties during their problem-solving process.  
 
Table 1 summarize the components which make up the parts of the anticipated 
instrumented action scheme. 
 

The teaching experiment of the first design cycle in this study was conducted in 
March 2019 in a Swedish upper secondary school. One class of students 
participated during the teaching experiment which involved one single 
intervention. During the teaching experiment, the students were asked to solve 
the two mathematical problems, described in the previous section, with the 
help of programming.  
 
Although the mathematics teacher of the class attended the lesson, it was the 
researcher who conducted the lesson. The rationale behind this decision was 
primarily due to the fact that the mathematics teacher did not feel comfortable 
in conducting a lesson involving programming. 
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27 students (7 girls and 20 boys) participated during the teaching experiment. 
All the students were in the second year of the Technology Program and were, 
at the time of the teaching experiment, taking the third course in mathematics 
(Mathematics 3c) and a course in programming (Programming 1) using Java 
as the programming language and NetBeans 8.2 as their programming 
environment. The students participating were chosen based on the criteria that 
they would have knowledge of basic programming concepts and coding 
(including using nested loops) but little or no experience of using 
programming environments as mathematical tools within their ongoing course 
in mathematics. According to the students’ mathematics teacher, the students 
participating in the teaching experiment of DC1 had no prior experience of 
using programming environments as mathematical tools during the ongoing 
course in mathematics. 
 

During the whole teaching experiment of DC1, the researcher was taking the 
role as the teacher and was the one who mostly interacted with the students. In 
order for the students to engage in their own problem-solving process 
involving finding an adequate problem-solving strategy, the researcher was 
reluctant to help the students too much near the beginning of the lesson. 
Towards the end of the lesson, the researcher offered students more help in 
order for the students to have a possibility to implement an adequate problem-
solving strategy and generate code.  
 
As a part of the instrumental orchestration, students were due to work in pairs 
when solving the mathematical problems. This was regarded as a didactical 
variable (DV5) and Goos et al. (2003) argue that technology used in 
mathematical education could become a “stimulus for, and partner in, face-to-
face discussions when students work[] together in groups” (p. 87). The social 
interaction between peers using technology can thus promote a sharing of 
knowledge (Goos et al., 2000) and thereby serve as a way of supporting both 
the instrumental genesis as well as the development of problem-solving 
strategies. Before the teaching experiment, the class mathematical teacher 
formed the pairs. This afforded the teacher the possibility to put together 
students who work well together and also may have different and 
complementary strengths of knowledge which can allow an enrichment of the 
instrumentation process (Trouche, 2005b). Furthermore, the discussions 
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between students could also be regarded as a way to detect instrumental 
geneses (Buteau, Gueudet, et al., 2020). 
 
As mentioned, using sherpa-students was seen as a way of giving other 
students scaffolding in order to foster an appropriate instrumental genesis and 
from the students’ perspective, helping them solve the mathematical problems. 
The intention was therefore not to give away the complete solution but instead 
to discuss fruitful ideas which could be used as scaffolding for other students. 
The choice of visualizing the code presented by the sherpa-students on a 
projector screen was regarded as another didactical variable (DV6). It could be 
argued that visualizing the code generated by other students in front of the 
class could be perceived as the “answer” and hinder the other students from 
developing their own unique solution. But since the code only was intended to 
be visible on the screen for a limited time, the risk of other students using 
copy-paste without understanding the code was not regarded as likely.  
 

At the beginning of the teaching experiment, the students were handed two 
mathematical problems which they were asked to solve using programming. As 
mentioned earlier, the students worked in pairs in order for the researcher to 
capture the communication between students and the rationale behind choices 
made when solving the problems. Four pairs were followed particularly closely 
as their conversation and screens were recorded using the screen capturing 
software Screencast-O-Matic. This provided the researcher with the 
opportunity to both follow the activity on the screen but also to hear the 
mathematical discussion between the students. Using screen recording could 
be seen as less obtrusive than filming informants with a video camera (Tang et 
al., 2006) but still has the advantage of gathering detailed records of how the 
informants use programming when solving mathematical problems. During 
the teaching experiment, the researcher also wore a microphone in order to 
record conversations between the researcher and the students. At the end of 
the lesson, all students were asked to hand in their programming code via the 
learning management system used, together with any notes made with pen and 
paper. Due to technical difficulties related to the screen capturing software, the 
recording of the screen and conversation of one pair could not be used during 
the analysis. 
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The researcher (acting as a teacher) was responsible for facilitating the use of 
sherpa-students during the teaching experiment. How to use the sherpa-
students was an important part of the design of the teaching experiment which 
has previously been described as a part of the design of the learning activity. 
Yet, which students to use as sherpa-students and when to use them during the 
teaching experiment were ad-hoc decisions taken by the researcher. By trying 
to establish an overview of how far students had come in their problem-solving 
process and which difficulties the students experienced, the researcher chose 
sherpa-students who had overcome such difficulties and thus were able to 
describe parts of their solution for the rest of the class.  

Twice during the teaching experiment of the first design cycle, sherpa-students 
were used by the researcher (taking the role of a teacher) to present different 
aspects or rules of action viewed as important for the rest of the students 
regarding the problem-solving process.  
 
Just over 20 minutes into the lesson (which lasted for 90 minutes) the first 
pair of sherpa-students were asked by the researcher to show and describe the 
relationship they had established between the ages of the sisters and the loss of 
gold coins. This rule of action could be described as modelling the situation in 
algebraic terms. The students (denoted sherpa-student 1 and sherpa-student 
2) used Microsoft OneNote, to write the relationship on their own computer 
and share it with their teacher who was then able to display it on the projector 
screen at the front of the classroom. The relationship written by the sherpa-
students is shown in Figure 3. As, Fe, and Be denote the ages of Cinderella 
(named Askungen in Swedish), Fuxia, and Begonia respectively.  
 
Figure 3: Screen shot from OneNote showing the mathematical relationships presented by 
the first pair of sherpa-students. 

 
 
The researcher then asked sherpa-student 1 and sherpa-student 2 to describe 
the relationships. 
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Researcher:  I'll just interrupt a bit. Now you may have come a long way, 
but I just thought that the pair at the back would tell you a 
little about how you have thought about... Because you have 
established a relationship between the ages and the number of 
gold coins they lose. Can you tell us how... how you reasoned 
when you wrote this relationship? 

Sherpa-student 1:  Yes, we took some easy letters and wrote their age in that way. 
And then you first see the age that... that is, the product of 
everyone's ages that they would have been if not... yes, the 
fairy kept Cinderella’s age constant last year. And so, we take it 
minus what will happen when the age of Cinderella is still that 
age. And it should then... That difference should then be 432. 
[…] 

Researcher:  And As plus twelve then, what does that mean? 

Sherpa-student 1:  Yes, yes, that's the age of Begonia. 

Researcher:  Yes, and why is it plus twelve? 

Sherpa-student 1:  Yes, because her age will also change one step. 

Researcher:  Mm. Thanks so much. Then you may continue. 

 
The extract reveals that the sherpa-students used a variable strategy which 
depends on defining As (Cinderella) and Fe (Fuxia) as each referring to each 
sister's (unknown) age when Cinderella makes her wish. Ages the following 
year (and in either scenario) are then formulated accordingly. This implicitly 
declares the year of Cinderella's wish as the reference year for As and Fe, 
treated as specific unknown values. 
 
Just over 40 minutes into the lesson, a second pair of sherpa-students, 
denoted sherpa-student 3 and sherpa-student 4, were asked by the researcher 
to describe the rationale behind their use of an exhaustive trial as their 
problem-solving strategy and how they had implemented this idea into a code 
using nested loops. The code generated by the sherpa-students (see Figure 4) 
was also made visible to the rest of the class using OneNote. 
 

Researcher:  How did you plan to move on from... Like when you had this 
relationship, to solve this task. What is... What is the basic 
idea when you are going to solve this task? Can you describe 
it? 

Sherpa-student 3:  Our basic idea is that we first have... that a (age of Cinderella) 
increases... Or we have three... three integers. The three sisters 
and then we have one when... We run a WHILE loop, or a loop 
anyway. 

Researcher:  Yes 



 69 

Sherpa-student 3:  And then a increases by one all the time. And so, we have... 
Eh... Fuxia... Or we have that Begonia, who is eleven years 
older, then becomes a plus eleven. And then we have Fuxia 
who is the mid sister, so she is somewhere between there. 

Researcher:  Yes! 

Sherpa-student 3:  So, every time we increase a by one, we test... Eh... Fuxia's age 
twelve times... twelve times. Or eleven times in between. 

Researcher:  Okay. 

Sherpa-student 3:  And then we have an equation that we then... If... 

Researcher:  So, there will be another loop within the first loop? 

Sherpa-student 4:  Yes, we have a nested FOR loop so the first one... Eh... Or 
starting with a is zero and every time it goes around there a 
increases by one. But before that happens, b (the age of 
Begonia) is set to a plus eleven and then comes the next FOR 
loop which then tests every age between a and b, which is then 
the mid sister. And if this formula we came up with is true 
then the statements should stop... or stop with a BREAK 
statement and a should be printed. 

Researcher:  Okay so you... You can say, your basic idea is that you... With 
the help of programming, you test different values of the ages 
and see... find when it is right then? 

Sherpa-student 4:  Yes 

Researcher:  And you do that with nested loops. Then you can continue 
working. 

 
The presentation made by the second pair of sherpa-students consequently 
involved both the idea of an exhaustive trial and the use of nested loops in 
order to conduct the trial. Figure 4 shows how the variable a (the age of 
Cinderella) driving the outer loop, is initialised as 0, and, at the start of each 
iteration, is increased by 1. The variable b corresponding to the age of Begonia 
is then assigned a new value ( ) inside the outer loop based on the fact 
that Begonia is 11 years older than Cinderella. The inner FOR loop is driven by 
the variable f (the age of Fuxia) initialised as a, and is, at the start of each 
iteration, increased by 1. The inner loop runs as long as f is smaller than b. 
Based on these conditions it should be noted that the code allows for f and a to 
have the same value (i.e., Cinderella and Fuxia can have the same age) but f 
could not equal b meaning that Fuxia and Begonia are not allowed to have the 
same age.  
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Figure 4: Screen shot from OneNote showing the code presented by the second pair of 
sherpa-students. 

 
 
Within the inner loop, an IF statement tests if the difference between the 
product of the ages in each scenario equals 432 (the number of gold coins lost 
by the sisters the next year based on Cinderella’s wish). If so, the students use 
the command BREAK to stop the loop from running. It can be presumed, 
based on the extract, that the intention of the second pair of sherpa-students 
was for the BREAK command to stop both loops from running but in fact, only 
the inner loop will be interrupted.  
 
Although not stated explicitly, the transcribed talk and the key expression 
concerning the difference between the products within the IF statement 
indicates that this pair implicitly define each symbol as referring to the 
corresponding sister's (unknown) age when Cinderella makes her wish. 
Finally, when the nested loops have stopped running the value of the variable a 
is to be printed. It should be noted that the sherpa-students’ intention of 
stopping the loops from running when the condition within the IF statement is 
met indicates that the students expected the problem to only have one single 
solution.  
 
It could be argued that the presentation of the second pair of sherpa-students 
introduced a more complex emergent composite rule of action comprised of a 
number of simpler rules of action:  
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Using programming to test different possible combinations of unknows. 

Using FOR loops for two unknowns, over a suitably constrained range, and suitably 
nested.  

Using an IF statement to test whether a condition is satisfied and if so, stop the 
loops from running.  

 
The aim in advance of the teaching experiment of DC1 was to use sherpa-
students on more than two occasions but the fact that the mathematical 
problems were perceived as more difficult than anticipated affected the 
number of times that sherpa-students were used. The third rationale for using 
sherpa-students, stated earlier, was to highlight specific aspects of importance 
for solving the problem. The intention before the teaching experiment was 
therefore to compare the work of different (sherpa) students in order to 
discuss how choices made during the problem-solving process may have 
affected the construction of their program. But since many students spent 
much more time to find a usable problem-solving strategy than anticipated 
this part of the instrumental orchestration was relinquished.  
 

This section will provide a retrospective analysis which compares the stated 
hypothetical learning trajectory (involving the design and implementation of 
the learning activity together with the conjectured learning process) with the 
outcome of the students’ problem-solving process based on the data collected 
during the teaching experiment of DC1. The data analysed within this section 
concerns screen and voice recordings from chosen pairs of students together 
with the final code, submitted by all of the students at the end of the teaching 
experiment. Based on the code submitted, there was no indication that the 
students whose screens were recorded would not be representative of the rest 
of the class, for example concerning the range of work and strategies used. 
 
The comparison between the HLT and the outcome of the students’ problem-
solving process implicated the need to modify different parts of the HLT, 
modifications which will be described in the following sub-sections together 
with a concluding summary winding up the feed-forwards ahead of the second 
design cycle.  
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Twice during the teaching experiment of DC1, which was described in the 
previous section, sherpa-students were used since many students appeared to 
experience the same type of difficulties regarding the algebraic expressions and 
the use of an adequate problem-solving strategy and thus risked not making 
the desired progress. As a part of the instrumental orchestration, the first pair 
of sherpa-students described (just over 20 minutes into the lesson) the 
mathematical relationship involving the ages of the sisters and the loss of gold 
coins. The second pair of sherpa-students described (just over 40 minutes into 
the lesson) their rationale behind using nested loops to carry out an exhaustive 
trial.  
 

Based on the recorded conversations, the presentation of the first pair of 
sherpa-students did not always offer the other students new rules of action. 
Instead, the presentation was regarded as a confirmation that the rules of 
action used by the students were valid. 
 
Already before the presentation made by the first pair of sherpa-students, the 
students Anne and Bill had been able to state correct mathematical 
relationships involving the ages of the three sisters and the amount of gold 
coins lost due to the wish of Cinderella (Figure 5).  
 
Figure 5: Anne’s and Bill’s relationship involving the ages of the sisters and the loss of gold 
coins. A denotes the age of Cinderella whereas F denotes the age of Fuxia. Initially, the third 
factor in each term on the right side of the equal sign was F but was altered to F+1 after the 
presentation of the first pair of sherpa-students. 

 
 
After stating the mathematical relationships and also declaring computational 
variables in NetBeans relating to the ages of the sisters, Anne and Bill go back 
to using pen and paper to simplify the mathematical relationships. At this 
stage, they do not yet seem to have any clear view about how to use the 
programming environment as a mathematical tool since they have not come up 
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with an adequate problem-solving strategy to use. Some minutes later, Bill 
seems frustrated as he feels that they are “way off base”.  
 

[122] Bill:  It feels like it has worked before just calculating like this… if you 
think that... I think it is that we have to check... That you have to 
slowly come to a formula that gives a certain age. 

[123] Anne:  Yes exactly. You want to get a first really. Thus... 

[124] Bill:  But I'm thinking... I'm thinking of f, the mid sister. That it goes 
through all the stuff eh.... That it goes between one to eleven. 
Because it is the mid sister, so it can be between one and eleven. 
Or one and ten, I guess. Because otherwise they have the same 
ages. 

[125] Anne:  Yes, exactly! 

[126] Bill:  So, one to ten and that it goes through one to ten and sees when 
the product is 432. And when the product is 432 then... They 
have that age! 

[127] Anne:  Yes, exactly. 

[128] Bill:  So... But considering that, we should be able to come up with a 
formula for it. 

[129] Anne:  Exactly, because we... Yes, because I think we should take 
advantage of her being the mid sister. 

[130] Bill:  Yes. And that is kind of the last thing we should do is to create a 
formula to slowly go through... A FOR loop type. For example. 

 
Bill’s use of algebraic manipulations to simplify the equation has according to 
Bill “worked before” in order to “slowly come to a formula that gives a certain 
value”. He thus seems to believe that using socially accepted mathematical 
schemes of simplifying and manipulating an equation in order to generate an 
expression for the age of Fuxia based on the ages of the other sisters will be 
useful also in this situation. This is also the introduction of new concepts-in-
action and the students’ following actions indicate the use of corresponding 
rules of action relating to their algebraic efforts. These are scheme components 
not included in the anticipated instrumented action scheme described in the 
previous section. 
 

CiA-AF2:  The idea of manipulating a mathematical relationship to simplify it.  

CiA-AF3:  The idea of manipulating an equation to produce an expression for an 
unknown variable. 
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RoA-AF3:  (After expressing the word problem situation in algebraic terms) 
Simplify algebraic expressions. 

RoA-AF4:  (After expressing the word problem situation in algebraic terms) 
Manipulate algebraic expressions towards a solution state. 

 
Anne and Bill then continue to use established mathematical schemes to 
simplify the relationships even more and do not follow up their idea of what 
could be regarded as a systematic search. Anne then recalls that the 
instructions stated that programming should be used as a tool to solve the 
problems.  
 

[158] Anne:  Yes. But it... So... But they really want us to use... That's what 
makes me a little bit… They want us to use the programming, we 
really should generate a code… 

[159] Bill:  Yes, although we will do it afterwards, I think. 

[160] Anne:  ...that gives the answer. But it's like... Do they want us to do a 
code first and solve the exercise with the code or should we get an 
answer first and then generate a code? 

[161] Bill:  No clue. 

[162] Anne:  Neither do I, because they do not say that. 

 
In the previous extract, an idea about two possible relations between solving 
the problem and using the programming environment emerge, program as 
mechanism for solution through testing versus program as mechanism for 
checking solution. This could be regarded as indicative of a stage in the 
emergence of their scheme for solving mathematical problems using a 
programming environment. 
 
Although the pair at this stage loosely discuss how the programming 
environment could be used to solve the problem, they spend a lot of time using 
algebraic manipulations in order to simplify the mathematical relationships 
with the help of pen and paper. The presentation made by the first pair of 
sherpa-students appears to give encouragement to Anne and Bill to pursue 
further their adaptation of the algebraic expression to the word problem 
situation, in line with the pre-existing mathematical scheme(s) used by the 
students. 
 

[213] Bill:  We were pretty much on the right path. 
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[214] Anne:  Yes. It is exactly as far as we have come. That's where we are. 

[215] Bill:  Kind of. Then we can just refine. Because that's what we've done 
here. Though a little different.  

[216] Anne:  Mm… 

[217] Bill:  Because they have taken that it is... We have taken that it is ... a 
plus twelve, a plus one ... We have taken that Fe ... Yes, they have 
Fe we have F. 

[218] Anne:  Yes 

[219] Bill:  We don't take plus one because Fe it is the age next year. 

[220] Anne:  Yes exactly. But is it easier to take plus one there? 

[221] Bill:  It is probably easier to take plus one because now it will be very 
confusing. 

[222] Anne:  Yes, because then we have different variables that are different 
years. 

 
Just like Anne and Bill, the students Emilia and Fredrik had, at the time of the 
presentation made by the first pair of sherpa-students, already stated a correct 
relationship between the ages and the loss of gold coins. The presentation 
made by the sherpa-students was thus perceived as a confirmation that their 
initial relationship was correct. But as stated by Fredrik, it did not help the pair 
to move forward. 
 

[195] Fredrik:  Yes, it did not help us. 

[196] Emilia:  Although it did, because then we write... Anyway... 

[197] Fredrik:  It is exactly the same. 

[198] Emilia:  Yes, sort of. Although we have not written it in that way but we 
have meant exactly the same. 

 
After the presentation of the first pair of sherpa-students, Emilia and Fredrik 
just like Anne and Bill continue to use algebraic manipulations trying to solve 
the problem using pen and paper.  
 
Unlike the other two pairs, the students Christian and David initially stated a 
relationship between the ages of Fuxia (Fu) and Begonia (Be) and loss of gold 
coins; . This relationship was later used by the students to assign 
Fu new vales in their initial program. The relationship is correct if the 
unknowns concern the ages one year after the wish of Cinderella but this is 
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never articulated by the pair. The pair also stated a relationship between the 
age of Cinderella (As) and Begonia; . This relationship is valid the 
year of Cinderella’s wish but not the next year. Christian and David, who 
quickly realised that the first mathematical problem could be solved by 
conducting an exhaustive trial using programming, did not manage to create a 
program which solved the first problem due to the inconsistency in the 
reference point in time being used when defining the variable values. When the 
first pair of sherpa-students present their mathematical relationships, 
Christian and David struggle to understand why the first version of their 
program does not generate a correct set of ages. David suggests that they might 
use the statement presented by the sherpa-students: 
 

[252] David:  But should we make use of what they have done in some way? 

[253] Christian:  It might not be right ... It's not right. 

[254] David:  Why did he (the researcher) go and show it then, I wonder? 

[255] Christian:  I do not know. He probably thinks... I don't know. 

 
The presentation made by the first pair of sherpa-students had the potential to 
help Christian and David to correct their mistake regarding the relationship 
between the ages of the sisters and the loss of gold coins ( ). But 
Christian immediately regards the formula presented by the sherpa-student as 
incorrect although he does not justify its flaws. David, on the other hand, 
regards the fact that the sherpa-students were chosen by the researcher as a 
social affirmation of its appropriateness but he does not manage to convince 
Christian.  
 

After the presentation of the first pair of sherpa-students many of the students, 
as described in the previous sub-section, continued their efforts trying to solve 
the first problem using pen and paper. For Anne and Bill, it is not until the 
presentation made by the second pair of sherpa-students that they realise how 
the programming environment could be used to implement a problem-solving 
strategy based on the idea of an exhaustive trial. The following extract reveals 
the conversation between Anne and Bill just after the presentation of the 
second pair of sherpa-students: 
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[343] Bill:  It seems like a very reasonable method. 

[344] Anne:  Yes 

[345] Bill:  Better than ours. 

[346] Anne:  (laughing) 

[347] Bill:  I think we ended up in some bullshit territory here. I think we got 
off on the wrong track and bet on the wrong thing. 

[348] Anne:  Yes, I think we should go in for programming. 

 
Anne and Bill now abandon their prior work using algebraic manipulations 
and start to program in a quite straightforward way trying to implement the 
same problem-solving strategy as the sherpa-students involving the use of 
nested loops but without exactly copying their code. It could be argued that the 
rules of action presented by the second pair of sherpa-students concretized 
Anne’s and Bill’s hitherto vague ideas related to the concept-in-action 
concerning an exhaustive trial. 
 
Before the presentation of the second pair of sherpa-students, Emilia and 
Fredrik struggled to algebraically simplify the mathematical relationships 
arguing that the equation concerning the ages of the sisters and the loss of gold 
coins cannot be solved without some additional relationship between the ages 
of Cinderella and Fuxia. Emilia suggests that the pair could take advantage of 
the programming environment: 
 

[154] Emilia:  But can't we just... Hey you, what did Tommy (the student’s 
teacher in the ongoing programming course) show us, that maybe 
you can do something like this to increase by one for each lap 
until the sum.... Or until the product of their ages will be... Eh... 
432. 

[155] Fredrik:  Though… 

[156] Emilia:  Or no… 

[157] Fredrik:  Wait. We know that the stepfather gives us the product of our 
three ages in gold coins to share. 

[158] Emilia:  Mm… 

[159] Fredrik:  Mm, the product yes. Yes... What did you say, if you had...? 

[160] Emilia:  No, but you know he showed that you could sort of... Eh... add 
one to a number... 

[161] Fredrik:  A FOR loop sort of? Or? 
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[162] Emilia:  ...repeatedly. Yes, but sort of. 

 
Although Emilia, based on the previous extract, articulated the possibility of 
using loops to alter values of variables, she and Fredrik continued to use 
algebraic manipulations trying to solve the problem using pen and paper. The 
following presentation made by the second pair of sherpa-students was seen by 
Emilia and Fredrik as a confirmation that Emilia’s previous idea about 
conducting a trial was viable.  
 

[345] Fredrik:  Yes, you were right. 

[346] Emilia:  But I kind of can't remember how to create a WHILE statement 
because it was so long ago. 

[347] Fredrik:  Yes, I have been wrong about this whole thing I feel. I just sat 
with the formula. 

[348 Emilia:  Yes, but… 

[349] Fredrik:  Yes, it is true you can only test values. 

[350] Emilia:  Yes, but go... Remove this IF statement then. Ignore it. 

[351] Fredrik:  Yes, we do. So… 

[352] Emilia:  And then you go for a WHILE. 

[353] Fredrik:  A WHILE? 

[354] Emilia:  Yes 

[355] Fredrik:  Yeah right. If… WHILE… While what? 

[356] Emilia:  Eh... While... Wait now I have to think. Yes, but then... for... 

[357] Fredrik:  While... Wait. I’m doing it right, I think. 

[358] Emilia:  Okay. Go! 

[359] Fredrik:  While guldmynt_f3 is less than or equal to 432. Or? 

[360] Emilia:  Yes. 

[361] Fredrik:  As long as the loss is less than or equal to 432, it continues to test. 
Or wait... Loss... 

[362] Emilia:  Not equal but as long as it is less. 

 
It is notable that the presentation made by the second pair of sherpa-students 
turned Emilia’s and Fredrik’s attention towards conducting an exhaustive trial. 

 
3 guldmynt_f denotes the variable concerning the loss of gold coins 
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But unlike Anne and Bill; Emilia and Fredrik do not seem to be inspired by the 
code shown by the sherpa-students on the projector screen and the rules of 
action articulated by the students. When starting to code, Emilia and Fredrik 
use a WHILE loop and not a FOR loop (as used by the sherpa-students) and 
they also use the loss of gold coins within the condition of the loop instead of 
the age of one of the sisters. At this stage, Emilia and Fredrik do not have a 
clear view about how to systematically vary values of variables and they lack a 
rule of action related to the execution of an exhaustive trial. 
 
At the time of the presentation made by the second pair of sherpa-students, 
Christian and David had tried to find the deficiencies within their initial 
program, described earlier, for example by printing out values of 
variables/expressions but without any success. But the presentation made by 
the second pair of sherpa-students seemed to inspire Christian and David.  
 

[309] David:  Why does not the one (the code) we had from the beginning 
work...? The one we have written above? What's the problem with 
that? That's what I'd like to know. Because I think that here you 
have like... 

[310] Christian:  But Begonia... But these ages, they are true... so the relative ages 
they are true today? 

[311] David:  Yes 

[312] Christian:  But listen, this with the 432 I think I got the wrong way. 

[313] David:  Because it… No, with that… 

[314] Christian:  Because it was... thus with Fu's age. 

[315] David:  There you have it like... 

[316] Christian:  Yes but... Eh... But if we only have... We... Here we get the hint 
(from the code shown by the second pair of sherpa-students) that 
it is between zero and a thousand. So, then we can... 

[317] David:  It is just to use a FOR statement. 

[318] Christian:  Mm. This is not really the right way to write but... 

[319] David:  You have to improvise a little. 

[320] Christian:  The outer [loop] I can do... Wait no I dare not... Yes, we got the 
solution. 

[321] David:  But then we should have it... 

[322] Christian:  I think I got all the solutions actually. 
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[323] David:  Mm. But that (the conditions which test if Fuxia is the mid sister) 
should be included too? 

[324] Christian:  Yes. Good, then we have everything. 

[325] David:  There. Yes it... But it's just the one that they (the second pair of 
sherpa-students) talked about, that FOR loop inside which 
checks all possible values on Fu. 

 
Figure 6: Screen shot from Christian’s and David’s use of NetBeans.

 
 
At this stage, Christian seems to realise that the pair’s calculation of the age of 
Fuxia is incorrect. But instead of developing their existing code and replacing 
the inaccurate calculation, the pair abandons their use of one single WHILE 
loop and starts using nested loops in a straightforward way inspired by the 
ideas presented by the second pair of sherpa-students. Figure 6 shows the code 
of Christian’s and David’s final program. It should be noticed that the pair does 
not use the same condition as the sherpa-students for the inner loop. The latter 
used the fact that Fuxia (Fu) was the mid sister to limit the number of loops, 
whereby Christian and David test all values of Fu between 0 and 999. It is also 
noticeable that the first condition within the IF statement (line 11) is similar to 
the mathematical relationship presented by the first pair of sherpa-students. 
 

In several cases described in the previous sub-sections, the presentations of 
the sherpa-students did not offer students new rules of action. Instead, the 
presentations were regarded as a confirmation that the rules of action or the 
problem-solving strategy used by the students were valid. When the first pair 
of sherpa-students presented the mathematical relationships involving the 
ages of the three sisters, Bill regarded this as confirmation that the pair were 



 81 

“pretty much on the right path” and, analysed from the perspective of 
Vergnaud’s theory, that they are using adequate rules of action regarding the 
mathematical relationships and its importance in solving the problem. It may 
therefore be regarded as if the sherpa-students offered the other students an 
externally stimulated way of checking for errors. Anne and Bill also used the 
information given by the sherpa-students to make some adjustments to their 
existing relationship. The approach presented by the sherpa-students was thus 
used to make refinements of Anne’s and Bill’s existing components of the 
scheme concerning the mathematical relationship. Since the design of the 
teaching experiments did not offer any other scaffolding, this type of 
confirmation could still be seen as vital for students during their problem-
solving process. The fact that content discussed by the sherpa-students was 
chosen by the researcher could also have served as a social affirmation of its 
appropriateness among the students. When Christian doubted the correctness 
of the relationship presented by the first pair of sherpa-students, David said: 
“Why did he (the researcher) go and show it then?” 
 
Yet, these types of confirmations were not only beneficial for the students. 
When the first pair of sherpa-students presented the mathematical 
relationships involving the ages of the sisters and the loss of gold coins, Anne 
and Bill as well as Emilia and Fredrik also considered this a validation that 
they were on the right path although the students at that stage had spent much 
time trying to simplify the relationships in order to solve the problem 
algebraically using pen and paper. The presentation of the first pair of sherpa-
students may therefore have reinforced the students’ perception that the 
problem could be solved algebraically using pre-existing mathematical 
schemes (Artigue, 2002) and temporarily obscured the role of the 
programming environment instead of turning their focus towards the use of 
the artefact and the development of an instrumented action scheme related to 
the problem.  
 
The emergent rules of action described by the sherpa-students had the 
possibility to guide other students' work and consequently contribute to their 
instrumental genesis. Anne and Bill as well as Emilia and Fredrik had vaguely 
been discussing the possibility of conducting some sort of test, but it was not 
until the presentation of the second pair of sherpa-students that the two pairs 
fully realised that an exhaustive trial could be used as a problem-solving 
strategy and how the programming environment could be used to 
systematically vary the values of variables when conducting such a trial.  
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However, this meant that neither Anne and Bill nor Emilia and Fredrik were 
given any time to independently reason about how the programming 
environment could be used to implement the problem-solving strategy 
described by the sherpa-students. The code then generated by Anne and Bill 
had great similarities with the code presented by the sherpa-students. Emilia 
and Fredrik on the other hand had great difficulties trying to create a code to 
systematically vary the values of the sisters’ ages. The pair did not seem to be 
inspired by the code presented by the sherpa-students, nor did they have a 
clear idea about how to use loops to systematically vary the values of the 
variables in question. Yet, they immediately started coding in what could be 
described as an unsystematic way of trying to use loops in order to find a 
solution to the first problem.  
 
It could be called into question whether the second pair of sherpa-students 
should have been allowed to present, at the same time, both their problem-
solving strategy and the implementation of the strategy. This may have 
prevented other students from independently reasoning about how the 
described problem-solving strategy could be implemented and how the 
programming environment could be used to systematically vary the values of 
the sisters’ ages. This reasoning could be seen as an important part of the 
instrumental genesis since it involves interactions between the mathematical 
object and the technical artefact.  
 
For Christian and David, the presentation of the second pair of sherpa-
students offered them an alternative way of conducting the exhaustive trial 
using nested loops. Still, the common and pragmatic decision to totally 
abandon their initial ideas (Papert, 1980) concerning the implementation of 
the exhaustive trial meant that the pair never fully grasped how a small 
deficiency within their original code hindered them from solving the first 
problem. So, while the use of sherpa-students may “collectively tak[e] care of a 
part of the instrumental genesis” (Guin & Trouche, 2002, p. 210), it may not 
always allow students to learn from their mistakes. 
 
Although the presentation of the first pair of sherpa-students was regarded as 
important since it offered the students the possibility to break a potential 
deadlock relating to the declaration of the mathematical relationships, it could 
be argued that the presentation should have been conducted at an earlier stage 
during the teaching experiment. This would have made it possible for all the 
participating students to more quickly state correct mathematical relationships 
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involving the three ages. The use of a second pair of sherpa-students could 
then have taken place at an earlier stage during the teaching experiment which 
would have prevented some students from spending up to 40 minutes using 
existing mathematical schemes relating to the use of algebraic manipulations. 
The extensive use of these manipulation/schemes was not expected by the 
researcher but the data collected during the teaching experiment revealed that 
these actions should be taken into consideration when stating the conjectured 
learning process and that the related anticipated instrumented action scheme 
should involve scheme components concerning the use of algebraic 
manipulations.  
 
The important role played by the researcher (acting as a teacher) when 
orchestrating the use of the sherpa-students should also be highlighted. The 
second pair of sherpa-students’ erroneous use of the command BREAK during 
the teaching experiment of the first design cycle could have affected Anne’s 
and Bill’s view regarding the number of solutions (which will be described in 
more detail later in this text) and caused the students difficulties when 
designing their code. An important part of a teacher’s didactical performance 
is thus not only to choose sherpa-students whose ideas could contribute to the 
social dimension of the instrumental genesis, but also to make sure that code 
described by the sherpa-students is correct and does not risk to mislead other 
students. 
 

The codes handed in by the participating students at the end of the teaching 
experiment revealed that 12 of 13 pairs (see Appendix A) tried to create a 
program with the intention of using loops to conduct an exhaustive trial in 
order to solve the first problem. Yet, only six of these pairs managed to create a 
program which actually solved the first mathematical problem. As anticipated, 
and despite the presentation made by the second pair of sherpa-students, the 
use of nested loops caused many pairs difficulties, often related to how to vary 
the values of variables systematically, that is, vary the value of one variable at 
the time. These difficulties are illustrated by the conversation between the 
students Emilia and Fredrik. After the presentation made by the second pair of 
sherpa-students, who introduced the idea of nesting loops in order to conduct 
an exhaustive trial, Emilia and Fredrik started coding with the intention of 
conducting such a trial. But the students experienced several difficulties trying 
to implement the problem-solving strategy.  
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Figure 7: Screen shot from Emilia’s and Fredrik’s use of NetBeans. 

 
 
After an unfruitful attempt of using only a single WHILE loop, the students 
added a FOR loop within the WHILE loop (Figure 7). The outer WHILE loop 
runs as long as the variable guldmynt_f (denoting the loss of gold coins) is less 
than or equal to 432 (the number of gold coins lost by the sisters the next year 
based on Cinderella’s wish). Within the statement of the inner FOR loop the 
variable i is initially assigned the value 0 and the loop should run, just as the 
outer loop, as long as guldmynt_f is less than or equal to 432. Every time the 
loop runs, the value of i is increased by one. In line 18, Fredrik has added a 
calculation in order to assign new values to b (the age of Begonia) using the 
value of i and in line 20, guldmynt_f is assigned a new value based on a 
relationship involving the variables a (the age of Cinderella) and f (the age of 
Fuxia).  
 
The conditions controlling both loops (guldmynt_f <= 432) could be regarded 
as problematic since it seems to be based on an assumption that the value of 
guldmynt_f will increase for each new combination of ages. Also, the 
calculation of b in line 18 will not increase the variable by one each time the 
loop runs and the values of the variables a and f are not assigned new values 
within the loops. Emilia and Fredrik initiate a discussion about how to 
systematically alter the ages. 
 

 [442] Fredrik:  Then we will increase this. Right? We should increase everyone? I 
think. 
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[443] Emilia:  No, but we just need... We just need to increase the age of 
Cinderella because the others increase automatically because we 
have written a plus twelve there and a little something else as 
well. 

[444] Fredrik:  Yes but ... We still need to increase f. 

 
Fredrik deletes the calculation involving b in line 18 in Figure 7 and writes 

 instead. He also adds the new calculation  in line 19.  
 

[445] Emilia:  With one yes, and we already do that. 

[446] Fredrik:  Eh… No. 

[447] Emilia:  Yes 

[448] Fredrik:  Eh... Or yes... Is this... 

[449] Emilia:  This is how old she is... Yes f-sister... How old she will be in one 
year; this is how old the Cinderella would be in one year and this 
is how old that... (referring to the calculation in line 20) 

[450] Fredrik:  Exactly 

[451] Emilia:  ...would be in one year compared to that. 

[452] Fredrik:  But we need to find out what year it is. 

[453] Emilia:  Why do we need to find out which year? 

[454] Fredrik:  Because now they are zero years old, it's not about next year. 

[455] Emilia:  Yes, but… 

[456] Fredrik:  That's why we have to test values all the time. 

[457] Emilia:  Yes, yes but look here. Yes... But it should only be tested until 
guldmynt_f is 432. I don't even think we need to have 432 here 
you know. (refers to the subtraction of 432 in the calculation in 
line 20) So, then we just have to do... So, the thing is that the 
answer to that… It... 

[458] Fredrik:  Exactly 

[459] Emilia:  ...should be 432, that is when it is 432, so I think... It is done. 
Because I don't think this is necessary. (referring to the 
calculations of new values of f and a in line 18 and 19 added by 
Fredrik) 

[460] Fredrik:  But then nothing down here increases. 

[461] Emilia:  Yes, but it does. 

[462] Fredrik:  No. 
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Based on the two previous extracts, Fredrik seems to realise that their present 
code does not alter the values of a and f and that they “should increase 
everyone” because “now they are zero years old”. Emilia on the other hand 
seems to believe that calculation in line 20 also increases the values of the 
variables. 
 
Emilia and Fredrik then remove the WHILE loop in line 16 and add an output 
command after the FOR loop which should print the ages of the sisters. They 
try to run their program but it generates incorrect values of the ages. Despite 
having been described and visualised by the second pair of sherpa-students, 
Emilia and Fredrik, at this stage, do not fully grasp how to systematically vary 
values of two variables and how to use the nested loops. 
 
Figure 8: Screen shot from Emilia’s and Fredrik’s use of NetBeans. 

 
 
Emilia now creates a new inner loop in order to vary values of f (the age of 
Fuxia). Figure 8 shows the code containing their new version of nested loops. 
But there are still several reasons why the code does not solve the problem. For 
example, the calculation of guldmynt_f is not located within the inner loop 
and their use of the condition guldmynt_f <= 432 in the definition of the outer 
loop is still problematic since the value of guldmynt_f can exceed 432 for 
combinations of ages in which a is less than 12 (which is the correct answer). 
Also, the relationship between a and b only applies in line 11 which means that 
the inner loop always runs for integer values of f between 0 and 10. Emilia now 
realises that the values of b never change.  
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[638] Fredrik:  Okay a increases by one. So, it is the age of the Cinderella. When 
this becomes 432... So, I don't understand why this is wrong. 

[639] Emilia:  Yes, do you know why? 

[640] Fredrik:  No. 

[641] Emilia:  Up there, we have written a b up there. We have no b here (in the 
loops) at all. So, it can't know if b will be bigger because there is 
no b. So, if we were to write a plus twelve there (instead of b in 
line 18) maybe it would be better. 

[642] Fredrik:  Yes, I try that. Yes... Then it is very stupid that we print b there 
(line 25) too. 

[643] Emilia:  Yes, it might be. Yes, it is. 

[644] Fredrik:  For look at it now. Now we print 0 plus 11. It will always be 11. 

[645] Emilia:  Yes 

[646] Fredrik:  The other two might be right, I don't know. But can't we do it like 
this? Then this increases and this increases and this increases. 

 
In line 18 in Figure 8, Fredrik now writes a + 12 instead of b. But he thereafter 
changes it back and instead he adds b++ in line 19.  
 
Based on their conversation and the code generated by the students, it could be 
argued that Emilia and Fredrik struggle to articulate and make use of three 
important concepts-in-action vital for the development of their instrumented 
action scheme: 
 

CiA-ET2: The idea of systematically combining variables.  

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable-related actions. 

 
Even though the attempt of using nested loops is loosely based on the idea of 
systematically combining variables (CiA-ET2), the inconsistent way that the 
pair varies variables indicates that the students lack well-functioning rules of 
action relating to these concepts. Consequently, there is also a lack of 
important propositions-in-action guiding the pair’s actions. 
 
It could also be argued that one of the biggest obstacles for Emilia and Fredrik 
in order to solve the problem is their lack of checking for errors and debugging. 
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Their method for solving the first problem could be categorized as trial and 
error. Often, one of the students has an idea which is tested and when the idea 
does not generate the desired outcome, the pair swiftly tries another idea often 
without reflecting on why their prior idea did not function. The only way the 
pair checked for errors was by using the ages, generated when the program was 
executed, to manually calculate the loss of gold coins. This made it possible for 
the students to decide whether the generated ages were correct or not.  
 

The example involving parts of Emilia’s and Fredrik’s problem-solving process 
illustrates how difficulties related to the use of nested loops prevented students 
from using the programming environment to carry out an exhaustive trial in 
order to solve the mathematical problems. These difficulties were also 
exemplified within the codes handed in by all the participating students where 
12 of 13 pairs tried to solve the problems using loops but only six pairs 
managed to create a program which actually found the correct ages of the 
sisters.  
 
The students’ potential use of nested loops concerned the didactical variable 
relating to the programming concepts (DV2) that the students were expected 
to master in order to solve the designed mathematical problems. Little 
evidence indicated that the difficulties experienced by the students were due to 
insufficient knowledge concerning the syntax used when defining the loops. 
Instead, as illustrated in the example involving Emilia and Fredrik, many pairs 
of students were unable to use nested loops to systematically vary the values of 
the variables involved and also struggled to establish a pragmatically 
appropriate relationship between the control variable and the computations 
made (and variables used) within the loop. Previous research also confirms 
that these types of difficulties are common among novice programmers 
(Alzahrani et al., 2018; Cetin, 2015; Ginat, 2004; Yarmish & Kopec, 2007). 
 
Since nested loops could be regarded as an important concept when using an 
exhaustive trial as a problem-solving strategy, scaffolding concerning the use 
of nested loops had to be strengthened in the second design cycle. 
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The first problem given to the students during the teaching experiments had 
only one single solution if the students did not allow two of the sisters to have 
the same age but two solutions if two of the sisters (more specific Cinderella 
and Fuxia) were allowed to have the same age.  
 
The summary (see Appendix A) of the codes handed in by the participating 
students at the end of the teaching experiment showed that 6 of 13 pairs 
created a program seemingly based on the idea that there only existed one 
single solution to the first problem and six pairs created a program which 
would be able to generate multiple solutions. Three of these pairs also allowed 
for two sisters to have the same age. Two of these pairs manage to create a 
program which generated correct solutions to the first problem. It should be 
noted that it was not obvious that the construction of the code was based on a 
clear view about the possible number of solutions, that is, the program may 
allow for multiple solutions but the students may not anticipate that the 
problem could hold more than a single solution. The common and 
unanticipated use of the BREAK command (which stops a loop from running), 
which may have been affected by the presentation made by the second pair of 
sherpa-students, still indicated that many pairs, already from the start, 
anticipated that the first problem only had one single solution.  
 
Figure 9: Screen shot from Emilia’s and Fredrik’s use of NetBeans. 

 
Although not stated verbally by either of the students during the recording, the 
code produced by the students Emilia and Fredrik indicated that the pair 
envisaged only one solution to the first mathematical problem. In their code 
(Figure 9), Emilia and Fredrik use a condition for the outer loop (line 17) 
which states that the loop should run as long as the loss of gold coins 
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(guldmynt_f) is less than or equal to 432. This indicates that the students 
perceive that the loss increases when the variables a (the age of Cinderella) and 
f (the age of Fuxia) are varied and that the search for a correct set of ages 
should stop when the loss has exceeded 432. Another indication that Emilia 
and Fredrik only expect one single solution to the first problem is that they 
place the output command outside the nested loop (line 25). This means that 
there will only be one single output, which will be executed immediately after 
the loops have stopped running.  
 
The students Anne and Bill, discuss, at a stage during the problem-solving 
process when checking for errors in NetBeans, the allowed values of the 
variable k, which is defined as the difference between the age of Cinderella (a) 
and the mid sister Fuxia (f). At this point, k is allowed to take values between 0 
and 11 in the code, meaning that Anne and Bill allow Fuxia to have the same 
age as Cinderella or Begonia (who is 11 years older than Cinderella).  
 

[529] Bill:  And then… f is a plus... 

[530] Anne:  …k 

[531] Bill:  ...k which is the difference from 0 to 11... 

[532] Anne:  Exactly 

[533] Bill:  ...which is true because she is the middle sister so it can only be 0 
to 11. 

[534] Anne:  But it can't be eleven though. It cannot be equal to 11. Because it 
is... 

[535] Bill:  But it... But it's a matter of interpretation so I don't think it 
matters. 

[536] Anne:  Okay 

 
In the extract, Anne and Bill discuss the possible values of k, that is, the range 
of the variable. Anne argues that the integer k cannot be equal to 11 which 
implies that she does not consider it possible for Begonia and Fuxia to have the 
same age. This comment is an indication that she realises that the conditions 
within a loop, and in this case the range of k may affect the possible solution(s) 
of the problem. This can be regarded as the introduction of a concept-in-
action: 
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CiA-LC3:  The idea of using conditions within loops and conditional operators in 
order to extract solutions within a given range during an exhaustive 
trial. 

 
But it is also noticeable that Anne does not argue that k must be greater than 0 
which indicates that this concept-in-action cannot yet be seen as well-
developed. Bill’s response that it is “a matter of interpretation so I don't think 
it matters” indicates that he believes that different boundaries of k would not 
affect the possible solution(s). It should also be noted that the students earlier 
in their problem-solving process had agreed that the variable describing the 
age difference could hold integer values between 1 and 10 and not between 0 
and 11 since “otherwise they have the same ages” which implies that Anne and 
Bill acknowledged at this earlier point that the admissible range of a variable 
must be analysed and given precisely.  
 
Anne and Bill initially use the command BREAK which stops a loop from 
running. The intention of Anne and Bill is that both loops should break if the 
exhaustive trial finds values of the ages which fulfil the condition that the 
variable concerning the loss of gold coins (förlust) equals 432. This approach 
resembles the initial ideas of Emilia and Fredrik although the latter tried to use 
statements within the outer loop to stop the loops from running when finding a 
solution. The use of the command BREAK indicates that Anne and Bill reckon 
that there only exists one single solution to the problem. It should be noted 
that the second pair of sherpa-students who described how they used an 
exhaustive trial as their problem-solving strategy, also initially used BREAK, 
which may have inspired Anne and Bill. The problem for Anne and Bill is that 
BREAK, in the way it is being used, only breaks the inner loop and not, as the 
pair intended, both loops which Anne and Bill realise after a discussion with 
the researcher.  
 
Consequently, Anne and Bill exclude the BREAK command and instead 
complete a full test of all possible combinations (within the given boundaries) 
which is shown in their code presented in Figure 10. When Anne and Bill then 
test their program, they become a little surprised. 
 

 [602] Anne:  Oh 

[603] Bill:  Oh, there were two answers. It printed twice. 

[604] Anne:  Is that good? 
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[605] Bill:  It... It happened both when Cinderella was 12 and when she was 
15. For Cinderella is the youngest. 

 

Figure 10: Screen shot from Anne’s and Bill’s use of NetBeans. 

 
Due to prior difficulties regarding the code, the program prints only the age of 
Cinderella and Begonia. Bill now modifies the output command (line 24) in 
order for the program to also print the age of Fuxia. 
 

[615] Bill:  Ok wait... See what it says. 12 24 17 (the number indicates the 
ages of Cinderella, Begonia, and Fuxia). 

[616] Anne:  Okay 

[617] Bill:  15 27 15 

[618] Anne:  Ouch 

[619] Bill:  It's a little less logical. 

[620] Anne:  She cannot be… Well… 

[621] Bill:  But 15 27 15 or 12 24 17. High five! It might be wrong but… 

[622] Anne:  But why two answers? 

[623] Bill:  Because it's possible when the other sister is... 

[624] Anne:  …equally old. 
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[625] Bill:  …equally old, but she is the mid sister... So, our program can 
calculate that when she has the same age… 

[626] Anne:  Yes 

[627] Bill:  But it really can’t be. 

[628] Anne:  No exactly and we have to fix that. 

[629] Bill:  So, in other words we can only put... 

[630] Anne:  She can’t be… 

[631] Bill:  ...k equals one. That we start with one. 

[632] Anne:  Yes, that’s… Mm… Mm… 

[633] Bill:  Reasonable... See what it says then. 

[634] Anne:  12 24 17. Ok then it was the only one. 

 
It should be noted that the solution 12 24 17 is not correct since Begonia is 12 
years older than Cinderella. This error is due to the fact that the pair use the 
incorrect calculation  in order to assign b (the age of Begonia) a new 
value given the age of Cinderella (a). This is later corrected by the students.  
 
Based on their reaction and their initial use of a BREAK command, Anne and 
Bill did not seem to expect more than one solution to the first problem. It is 
not until they chose to print all three ages that the students realise that one of 
the solutions contains a combination of ages where two of the sisters have the 
same age. Due to its perceived incongruity, Anne and Bill change the condition 
for the initial value of k (changed from 0 to 1) in the condition of the inner loop 
(line 16 in Figure 10). It could be argued that this action contributes to the 
strengthening of the concept-in-action regarding the idea of using conditions 
within loops and conditional operators in order to extract solutions within a 
given range (CiA-LC3). At the same time, the fact that Anne and Bill do not 
change the upper boundary for k means that their code still would allow Fuxia 
and Begonia to have the same age.  
 
After solving the first problem, Anne and Bill read the second problem in 
which Fuxia no longer needs to be the mid sister. They quickly realise that 
without the condition stating that Fuxia is the mid sister, they only need to 
change the conditions of the inner loop (line 16 in Figure 10) so that it runs for 
values of f between 0 and 100. 
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[707] Anne:  But let's start looking a little... Suppose you did not know that 
Fuxia... Fuxia... Fuxia is the mid sister. How would the solution to 
the task then be? 

[708] Bill:  I imagine... Eh... that there are more solutions then. Because we 
got one more solution... 

[709] Anne:  Yes 

[710] Bill:  ...when... when she could be both the younger and older sister. 

[711] Anne:  Exactly 

 
Even before they have executed their program Anne and Bill now seem to 
agree that the second problem should have multiple solutions. 
 

[721] Anne:  Yes, right but then I think we will get more answers. 

[722] Bill:  Yes, many more answers, I think. 

[723] Anne:  Then we don't just have one single answer. 

[724] Bill:  No, probably... Or yes it should... it should be like maybe three 
answers and then it ends sort of. 

 

The ways that some students used the artefact during the teaching experiment 
indicated that these students already initially had the view that the first 
problem only could have one single solution, for example illustrated by the 
statement within the definition of the loop used by Emilia and Fredrik, by the 
way that Anne and Bill used the command BREAK, and by the way these 
students placed the output command after the loops. It could be argued that 
placing the output command after the loop(s) has resemblances to the way 
students solve mathematical problems, in which the last act of a problem-
solving process is to state and print the correct answer. It should be noticed 
that the students’ choice of locating the output command outside of the loop 
could also have been related to under-developed usage schemes concerning 
nested loops since Alzahrani et al. (2018) argue that novice programmers often 
struggle to use output commands correctly when nesting loops.  
 
The open-ended problems used in the study also allowed for different 
interpretations, for example regarding how old Cinderella could have been in 
order to make such wish or if two sisters could have the same ages or not. After 
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some guidance from the researcher, the students Anne and Bill managed to 
generate a program which solved the first problem and allowed for multiple 
solutions. When the program generated two solution Bill regarded this as 
“little less logical”. After adjusting the conditions for the loops which 
prohibited two sisters to have the same age, the program only generated one 
single solution which seemed to please the pair. Although, the fact that the pair 
initially obtained two solutions to the first problem seems to have affected 
their perception about the possibility of multiple solutions when solving the 
second problem. This could be seen as a development of their conceptual 
understanding regarding the possibility of multiple solutions to mathematical 
problems solved by using an exhaustive trial.  
 
Yet, the fact that Anne and Bill, by adjusting the conditions of the loops not 
allowing two sisters to have the same age, managed to reduce the number of 
solutions to one may have strengthen their beliefs that this type of problem 
only should have one single solution. It could be argued that exposing the 
students to the use of an exhaustive trial as a problem-solving strategy (the 
second learning goal stated in the HLT) would not only involve the idea of 
testing all possible combinations but also the idea that more than one of these 
combinations could fulfil the conditions given in the mathematical problem. If 
the students assumed that the wordings “mid sister” and “older sister” meant 
that two sisters could not have the same age (which can be considered the 
natural interpretation), they would not experience more than one solution to 
the first problem regardless of whether the program allowed for multiple 
solutions or not. 
 
A re-design of the problem, allowing multiple solutions irrespective of 
students’ perception regarding the possibility of two sisters having the same 
age, would also offer the researcher an advantageous opportunity to study 
students’ perceptions relating to the number of solutions to the problems.  
 

The retrospective analysis concerning the hypothetical learning trajectory, 
based on the data collected during the teaching experiment, revealed that the 
outcome of the teaching experiment did not always correspond to the initial 
intentions stated in the HLT. These differences between the expected and 
actual outcome of the teaching experiment have been described in this section 
and the feed-forward provided the foundation of a revised HLT during the 
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second design cycle, involving revisions concerning the design of the learning 
activity as well as the conjectured learning process. 
 
The two main learning goals were related to the research questions within this 
research project. It could be argued that the teaching experiment of the first 
design cycle offered the students the opportunities to develop an appropriate 
instrumental genesis (or at least initiating the process of instrumental genesis). 
The students were also exposed to non-standard problem-solving strategies 
involving the use of a programming environment.  
 
During the design of the learning activity, didactical variables (Ruthven et al., 
2009) were used to take into consideration aspects not directly related to the 
conceptual framework of this study. In this section, based on the data collected 
during the teaching experiment of DC1, aspects concerning specific didactical 
variables has already been discuss in more detail. Table 2 provides a summary 
concerning all of the didactical variables used during the design of the learning 
activity including short comments in which the design choices concerning each 
didactical variable are compared to the outcome of the teaching experiment 
and the students’ problem-solving process.  
 
Based on the results of the teaching experiment of the first design cycle, the 
conjectured learning process related to the students’ problem-solving process 
corresponded relatively well with the outcome. But the search for an adequate 
problem-solving strategy was a more time-consuming process than expected. 
Instead, it could be argued that for many students, at an early stage, the 
problem looked as if it could be solved in a familiar way: set up an equation, 
simplify (and perhaps substitute) to give an arithmetic expression for the 
target variable, and so solve the problem. But eventually it turned out that the 
information available was insufficient to complete this strategy. Consequently, 
the role of the programming environment was initially vague to the students 
and instead, this initial part of the problem-solving process involved several 
scheme components relating to the students’ algebraic efforts which were not 
included in the anticipated instrumented action scheme. It was not until the 
presentation made by the second pair of sherpa-students that the possibility of 
conducting an exhaustive trial became clear to many of the students.  
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Table 2: An evaluation of the didactical variables taking into considerations during the 
design of the learning activity of DC1. 

Didactical variables Comments 

Programming language and 
programming environment (DV1) 
 
The participating students were to use a 
programming language and a 
programming environment familiar to 
the students. 

No evidence indicated that the students experienced any major 
technical difficulties related to the use of the programming 
environment and its associated programming language. This 
didactical variable is therefore believed to have served its purpose. 

Programming concepts (DV2) 
 
To solve the mathematical problems 
would require basic knowledge 
concerning variables, input/output, 
iterations (including nested loops), and 
selections. 

The collected data revealed that many of the difficulties 
experienced by students were related to their use of nested loops 
which sometimes prevented them from solving the mathematical 
problems. It could thus be argued that the design of the learning 
activity in DC1 provided insufficient scaffolding concerning the use 
of nested loops. 

Mathematical content (DV3) 
 
Solving the mathematical problems 
would require knowledge in algebra and 
arithmetic in order to handle variables 
and mathematical expressions. 

No evidence indicated that the students experienced any major 
difficulties related to the handling of mathematical variables and 
expressions or that the mathematical content of the problems 
obscured the students’ problem-solving process. This didactical 
variable is therefore believed to have served its purpose. 

Specifying the problem (DV4) 
 
Making the algebraic expression 
describing the loss of gold coins more 
straightforward compared to the 
original problem. Changing the age 
difference between Cinderella and 
Begonia as well as the number of lost 
coins in order for the first problem to 
have two different solutions if students 
considered the possibility that two 
sisters may have the same age.  

The collected data revealed that several students did not consider 
the possibility that the first problem could have multiple solutions. 
Modifying the numbers concerning the loss of gold coins and the 
age difference between Cinderella and Begonia, so that the first 
problem always has two solutions, could therefore have the 
potential to further highlight the necessity to construct a program 
which allows for multiple solutions when using an exhaustive trial 
as a problem-solving strategy. 
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Students working in pairs (DV5) 
 
Working in a pair was considered as a 
way of sharing of knowledge and served 
as a way of supporting the development 
of both instrumental genesis and 
problem-solving strategies. 
 
Discussions between students were also 
regarded as a way to detect students’ 
instrumental geneses. 

No difficulties were noted during the teaching experiment 
regarding students’ ability and willingness to work in pairs. 
Instead, it could be argued that the use of pairs did serve as a way 
of accessing the emergence of the mental schemes developed by the 
pairs through the conversations and screens which were recorded. 
This offered the researcher a rich and plentiful quantity of data to 
be analysed. When working in pairs, the students had to discuss 
with each other and thereby articulate and justify their reasoning. 
This articulation served as an identification of more or less stable 
behaviours (Buteau, Gueudet, et al., 2020) when studying the 
students' instrumental genesis. This didactical variable is therefore 
believed to have served its purpose. 

Displaying the code (DV6) 
 
Sherpa-students were able to display 
their code to the rest of the students (on 
the projector screen in front of the other 
students). 

Displaying the code presented by the sherpa-students aligned with 
the didactical intentions since the recorded conversations between 
students revealed how the code shown on the projector screen was 
regarded as an inspiration rather than the final solution.  
 
Therefore, this didactical variable was not revised although it is 
regarded as important that the teacher/researcher reviews the code 
before it is being shown to the rest of the students and, if necessary, 
excludes parts of the code irrelevant for the presentation since the 
second pair of sherpa-students’ incorrect use of the command 
BREAK might have misled other students and given rise to 
computational difficulties.  

 
In the retrospective analysis it has been highlighted that involving sherpa-
students at an earlier stage during the teaching experiment would be a possible 
way of preventing the students from spending an extensive amount of time 
using algebraic manipulations. But the use of sherpa-students and the timing 
when to use this type of scaffolding is an act of balance since it may risk 
affecting the independent problem-solving process of the other students. This 
was highlighted by the presentation of the second pair of sherpa-students who 
did not just present the rationale for using an exhaustive trial but also how 
they had implemented this problem-solving strategy.  
 
The retrospective analysis concerning the hypothetical learning trajectory of 
the first design cycle presented in this section formed the basis for a revised 
HLT during the second design cycle of this study. This revision, which 
concerned aspects relating to both the learning activity and the conjectured 
learning process, together with the teaching experiment and the retrospective 
analysis of the second design cycle will be presented in the following chapter.
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The design of the second cycle (DC2) of this design-based research project 
takes its starting point in the hypothetical learning trajectory and the 
retrospective analysis of the first design cycle. The theoretical principles 
guiding the design of the second design cycle are the same as for the first cycle 
where the Instrumental Approach serves as the conceptual framework and 
didactical variables are used to take into consideration aspects not covered by 
the conceptual framework. Consequently, the second design cycle will not be 
described in as much detail as the first design cycle due to their resemblances. 
Instead, the focus when describing the hypothetical learning trajectory of DC2 
will mainly be on the changes made in the design compared to the first design 
cycle, changes based on the retrospective analysis of DC1 presented in the 
previous chapter.  
 
According to the original plan, the teaching experiment of DC2 would take 
place in March 2020. But one week before the researcher would meet the 
participants to inform about the study, the Swedish government announced 
March 17th 2020 that all Swedish upper secondary schools and universities 
would have to close their premises until further notice due to the ongoing 
COVID-19 pandemic and that all teaching should be conducted online. 
Consequently, the planned teaching experiment had to be postponed. Due to 
the uncertainty about when the schools would be allowed to reopen their 
premises and due to the time frame of the research project, the researcher 
decided to try to conduct the teaching experiment online with the same 
participants as intended. Instead of conducting the teaching experiment in a 
physical classroom the teaching experiment was conducted using the video 
communication software Zoom. Although the researcher, in accordance with 
the characteristics of design research, tried to preserve the original ideas 
concerning the design and the implementation of the learning activity, the fact 
that the teaching experiment was held online obviously affected aspects of the 
second design cycle. The use of the communication software Zoom and the 
overall set-up and implementation of the design will be described in an 
upcoming section concerning the teaching experiment of DC2. 
 
In the retrospective analysis, the changes made in the design of the learning 
activity of DC2 will be scrutinised and evaluated based on the data collected 
during the teaching experiment. This analysis will also provide feed-forward 
ahead of a prospective third design cycle.  
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Based on the retrospective analysis of DC1, the hypothetical learning trajectory 
of DC2 was modified, both related to the design of the learning activity as well 
as to the conjectured learning process. In this section, these modifications will 
be described in more detail.  

The learning goals of the teaching experiment were not revised after the first 
design cycle. Thus, the learning goals were for the students to develop an 
appropriate instrumental genesis in order to use the programming 
environment as an instrument when solving mathematical problems using a 
non-standard problem-solving strategy.  
 

The configuration of the learning activity of the second design cycle resembled 
that of the first design cycle. In particular, the didactical variables concerning 
the choice of programming language and programming environment (DV1) as 
well as the choice of mathematical content (DV3) were not altered or revised. 
However, the retrospective analysis of DC1 revealed the need to modify aspects 
relating to both the use of specific programming concepts (DV2) as well as to 
the design of the mathematical tasks/problems (DV4). These modifications 
will be the focus of the following sub-sections.  
 

In preparing the design of the learning activity in DC1, the choice of 
programming concepts was regarded as a didactical variable (DV2). The 
retrospective analysis of the data collected during the teaching experiment of 
the first design cycle revealed that several students experienced difficulties 
relating to the use of nested loops in order to systematically vary values of 
variables. In order to facilitate students’ use of nested loops when solving the 
problems concerning Cinderella and her sisters, a preparatory task was created 
and carried out before the teaching experiment of the second design cycle. This 
preparatory task was given to the students at the same occasion as the 
researcher informed the participants about the research project and also 
served as a way for the students to become familiar with the video 
communication software Zoom. It was not communicated to the students that 
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the preparatory task was related to the problems which were to be solved 
during the upcoming teaching experiment.  
 
Since the preparatory task was handed out to the students before they had 
given informed consent to participate in the study, no data was collected when 
the students solved the task. As a consequence, no hypothetical learning 
trajectory was articulated relating to this preparatory learning activity. 
 

The preparatory task was not believed or intended to facilitate students’ search 
for a problem-solving strategy during the teaching experiment but was 
perceived as an aid to facilitate their use of nested loops in order to 
systematically vary values of variables when conducting an exhaustive trial.  
 

Task 

Create a program which prints the multiplication tables from 1 to 100 (up to 100). 
The output of your program should have the following appearance: 

1 x 1 = 1 

1 x 2 = 2 

… 

1 x 100 = 100 

2 x 1 = 2 

2 x 2 = 4 

… 

100 x 98 = 9800 

100 x 99 = 9900 

100 x 100 = 10000 

 
The design choice of generating multiplication tables up to 100 was regarded 
as a way to force students to use nested loops to systematically vary values of 
variables and thus to avoid for students to create one loop for each 
multiplication table which would have been more manageable if, for example, 
the program should print multiplication tables from 1 to 10.  
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By solving the preparatory task, it was intended that the students would have 
to use an important proposition-in-action related to the use of nested loops in 
order to systematically vary the values of variables.  
 

PiA-3:  Establishing a loop for each variable in play (CiA-LC1) and nesting 
these loops (CiA-LC2) is a means for systematically combining 
variables (CiA-ET2). 

 
This proposition-in-action could be considered to be based on three concepts-
in-action: 
 

CiA-ET2:  The idea of systematically combining variables.  

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable-related actions. 

 
These operational invariants were also meant to activate the use of associated 
rules of action: 
 

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC3:  Create nested loops in order to systematically combine variables. 

 

During the teaching experiment of the first design cycle, several students tried 
to use the command BREAK in order to stop a loop (or loops) from running. 
The way the command was used indicated that the students expected that the 
first mathematical problem only had one single solution.  
 
The problems presented to the students during the teaching experiment of 
DC2 were modified so that the first problem always generated two solutions 
irrespective of whether two of the sisters were allowed to have the same age or 
not. This revision was made by changing the amount of lost gold coins and the 
age difference between Cinderella and Begonia (bolded in the following 
presentation of Problem 1) and concerns the didactical variable specifying the 
problem (DV4). It was believed that these modifications allowed for a 
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discussion relating to how different ways of constructing the program may 
affect the number of solutions generated by the program.  
 

Problem 1 

When Cinderella was wandering in the woods, she met the good fairy. The fairy said 
to Cinderella: 

“Say what you want and I'll fulfil your wish”. 

“Then I wish to always stay at the age of today”, Cinderella responded. 

When Cinderella came home and told what had happened to her two older sisters, 
Begonia, 15 years older than Cinderella, became furious. She exclaimed: 

"You know, your stepfather gives us the product of our three ages in gold coins to 
share each year.” 

Fuxia, the mid sister, carried on: 

“That's right. With your selfish wish, we will together lose 480 gold coins the next 
year!” 

How old is Cinderella and her two sisters? 

 

Problem 2 

Suppose you did not know that Fuxia is the mid-sister. What would the solution of 
problem 1 then look like? 

 

Based on the implementation of the first design cycle, changes were made 
concerning when, during the teaching experiment, the sherpa-students were to 
be used. It was perceived that the students, during the teaching experiment of 
DC1, spent too much time on their own searching for an adequate problem-
solving strategy before given any guidance. Therefore, the intention was to use 
sherpa-students at an earlier stage during the teaching experiment of DC2. 
 
During the teaching experiment of DC1, the second pair of sherpa-students 
presented both their choice of problem-solving strategy as well as how they 
had used nested loops to implement this strategy. In order to give students 
time to independently develop ideas regarding how to implement an 
exhaustive trial using the programming environment it was decided not to ask 
sherpa-students to present both their choice of problem-solving strategy and 
the implementation of this strategy at the same occasion. 



 104 

In the following sub-sections, the intended use of sherpa-students during the 
teaching experiment of DC2 will be described in more detail.  
 

Since the focus of the teaching experiment concerns students use of non-
standard problem-solving strategies and their use of the programming 
environment as an artefact in order to implement the chosen strategy, 
students' possible difficulties regarding the algebraic relationships should be 
resolved quickly. As a consequence, a first pair of sherpa-students was 
intended to be used about 10 minutes into the lesson in order to describe how 
they have stated the mathematical relationships between ages themselves and 
between the ages and the loss of gold coins. These relationships could be 
visualised by sharing screens within Zoom.  
 

The presentation made by the second pair of sherpa-students during the 
teaching experiment of DC1 included both a description of a problem-solving 
strategy as well as a computational method for implementing the strategy. The 
intention during the teaching experiment of DC2 was to separate these two 
parts. As a consequence, a second pair of sherpa-students was to be used to 
solely describe the rationale behind their ideas of using the programming 
environment in order to conduct an exhaustive trial. During this presentation 
the teacher/researcher must take an active role since it was regarded as 
important that the sherpa-students described their choice of problem-solving 
strategy in general terms without revealing how they may have started to 
implement their strategy (e.g., using nested loops). In order to accomplish this 
purpose, it was planned that the teacher/researcher should lead the discussion 
by asking the students questions regarding the ideas which had guided their 
work: 
 

• In words, can you describe the basic idea for the strategy you will use to 
solve the problem? 

• What made you chose this strategy?  
• Did you try to use any other strategy before trying to conduct an 

exhaustive trial? If yes, why did you abandoned this strategy? 
 
The presentation regarding the possible use of an exhaustive trial was intended 
to be conducted about 20-30 minutes into the lesson. Since this second pair of 
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sherpa-students should not reveal how they intended to implement their 
problem-solving strategy, it allowed for the other students to independently 
think about how to apply the ideas presented by the second pair of sherpa-
students.  
 

The third pair of sherpa-students was intended to be used in order to give an 
example on how they had used loops in order to conduct the trial. The focus of 
the presentation should be on how to systematically vary values of variables 
using nested loops. If there existed different ways of using loops among the 
students, the teacher/researcher could ask two different pairs to describe the 
ideas behind their differing code. This presentation was intended to be 
conducted about 40-50 minutes into the lesson. The code presented by the 
sherpa-students was to be shared with the rest of the students for a limited 
amount of time.  
 

The results from the first design cycle revealed that the two mathematical 
problems were perceived as more difficult by the students than anticipated. 
This meant that sherpa-students were used less frequently than intended. 
Nothing indicated that the problems would be perceived as less difficult during 
the teaching experiment of DC2. As a consequence, it was expected that there 
would not be enough time to use more than the three pairs of sherpa-students 
presented in the previous sub-sections. But if time permitted, sherpa-students 
could be used to discuss the following topics: 
 

• Different ways of conducting the exhaustive trial, in particular, the use 
of one single loop together with an integer test strategy, if present in the 
class.  

• How the construction of the programs allows for one single solution or 
for multiple solutions.  

 
These presentations would ideally be conducted before the end of the lesson so 
that other students would have time to revise their own code after the 
presentations.  
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The conjectured learning process for the teaching experiment of the second 
design cycle has many resemblances with the conjectured learning process 
described in the previous chapter although the analysis of the teaching 
experiment of the first design cycle led to minor revisions which will be the 
main focus of this sub-section. Just like in the previous chapter, the students’ 
conjectured learning process will be divided into three themes; algebraic 
formulas, exhaustive trial, and the use of nested loops and control of variables. 
 

It was presumed that students would start their problem-solving process using 
pre-existing schemes to set up mathematical relationships. If the students did 
not have a clear view about how to use the programming environment it was 
conjectured, based on the result of the teaching experiment of the first design 
cycle, that they would try to simplify (and perhaps substitute) to give an 
expression for a target variable based on two rules of action: 
 

RoA-AF3:  (After expressing the word problem situation in algebraic terms) 
Simplify algebraic expressions. 

RoA-AF4:  (After expressing the word problem situation in algebraic terms) 
Manipulate algebraic expressions towards a solution state. 

 
These rules of actions are based on two corresponding concepts-in-action: 
 

CiA-AF2:  The idea of manipulating a mathematical relationship to simplify it.  

CiA-AF3:  The idea of manipulating an equation to produce an expression for an 
unknown variable. 

 
If students straightaway started to conduct an exhaustive trial, the use of 
algebraic manipulations would play a minor role during the initial part of their 
problem-solving process.  
 

The idea of conducting an exhaustive trial using the programming 
environment is closely related to the choice of problem-solving strategy. Based 
on the data collected during DC1 and due to their limited experience of using 
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this method as a problem-solving strategy, it was conjectured that students 
initially may struggle to grasp the role of the programming environment and 
how it could be used as a tool in order to conduct an exhaustive trial.  
 

It was anticipated that students needed to use a single or several loops in order 
to conduct a more or less exhaustive trial. Observations made during the 
teaching experiment of the first design cycle showed different ways of 
conducting this sort of trial. The presentation of the second pair of sherpa-
students may have influenced many students to use nested loops as a way of 
systematically vary the values of the variables in play. When using nested 
loops, students tried to take advantage of the relationships between the ages of 
the sisters as well as the relationship between the three ages and the loss of 
gold coins. Based on the data collected during the teaching experiment of DC1, 
it was conjectured that the process of systematically varying the control 
variables within the nested loops would cause the students difficulties although 
the preparatory task presented to the students before the teaching experiment 
had the potential to highlight the use of specific scheme components related to 
these actions.  
 
During the teaching experiment of DC1, one pair of students was observed 
trying to conduct an exhaustive trial using only one single loop by taking 
advantage of the fact that the ages of the sisters were perceived to take integer 
values. Another pair of students used a problem-solving strategy in which they 
randomized the ages of two of the sisters. This pair used a single loop to repeat 
this random (but non-exhaustive) trial. 
 
As described earlier, it could be expected that students may construct 
programs based on the assumption that the problem only could hold one single 
solution. These programs may be constructed with the intention of terminating 
the running of the loop(s) when a solution is found. This action may cause 
students difficulties, especially when using nested loops since all loops must be 
terminated simultaneously. 
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Table 3: Scheme components of the anticipated instrumented action scheme during DC2 

Goals and anticipations 

GaA-1:  Solve the word problem (in this case concerned with finding the sisters' ages). 

GaA-2:  Make use of programming in doing so (in this case using the NetBeans environment). 
 

Concepts-in-action  

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or more) algebraic relationships between 
 variables. 

CiA-AF2:  The idea of manipulating a mathematical relationship to simplify it. * 

CiA-AF3:  The idea of manipulating an equation to produce an expression for an unknown variable. * 

CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET2:  The idea of systematically combining variables.  

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to achieve an appropriate sequence of variable-
 related actions. 

CiA-LC3:  The idea of using conditions within loops and conditional operators in order to extract solutions within a given 
 range during an exhaustive trial. 

 

Propositions-in-action 

PiA-1:  Conducting an exhaustive trial is a means of solving a word problem situation involving algebraic relationships 
 between variables. 

  

PiA-2:  Systematically combining variables is a means for conducting an exhaustive trial. 

   

PiA-3:  Establishing a loop for each variable in play and nesting these loops is a means for systematically combining 
 variables. 

  

 

Rules of action 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 
RoA-AF2:  Express the word problem situation in algebraic terms. 

RoA-AF3:  (After following RoA-AF2 with apparent success) Simplify algebraic expressions. * 

RoA-AF4:  (After following RoA-AF2 with apparent success) Manipulate algebraic expressions towards a solution state. * 

RoA-ET1:  Formulate the problem situation as amenable to solution through exhaustive trial. 

RoA-LC1:  Declare computational variables and (where given) assign variables values. 

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC3:  Create nested loops in order to systematically combine variables.  

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions in order to (b) perform different actions 
 based on the validity of the given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

RoA-LC6:  Coordinate necessary rules of action (as efficiently as possible) so as to construct a solution procedure. 
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In the previous sub-sections, the conjectured learning process of DC2 has been 
compared to the correlated learning process of DC1. Minor revisions have been 
discussed and Table 3 illustrates the components of an anticipated 
instrumented action scheme. The additional components of the scheme, 
compared to DC1, related to the students anticipated use of algebraic 
manipulations have been marked with an asterisk (*). Although the use of 
these additional scheme components (related to pre-existing mathematical 
schemes) would not be necessary in order to conduct an exhaustive trial, it 
could be argued that when searching for a usable problem-solving strategy, the 
students’ extensive use of algebraic manipulations may help them realise that 
the first problem could not be solved by using analytical methods pre-known to 
the students.  
 
It should be noted that the anticipated instrumented action scheme concerns 
the idea of conducting an exhaustive trial by systematically varying values of 
variables using nested loops. A solution based on using a single loop together 
with additional conditions related to the possible values taken by the 
computational variables would of course involve other scheme components 
than presented in Table 3. Yet, it was regarded that this computational method 
of conducting the trial was less likely to be used by the students than the 
method involving nested loops.  
 

The teaching experiment of the second design cycle in this study was 
conducted in May 2020 in a Swedish upper secondary school. Just like during 
DC1, one class of students participated during the teaching experiment which 
involved one single lesson in which the students were asked to solve the two 
mathematical problems with the help of a programming environment.  
 
As described earlier, the design of the learning activity of DC2 was partly 
affected by the fact that the teaching experiment was held online due to the 
ongoing COVID-19 pandemic. The mathematics teacher of the class attended 
the online lesson (in the same physical room as the researcher) but it was the 
researcher who conducted the lesson. Although the mathematics teacher also 
had good knowledge in programming, the teacher did not feel comfortable 
conducting an online lesson partly due to her inexperience of using the 
communication software Zoom in similar situations. 
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In accordance with the DC1, the upper secondary school students participating 
in the teaching experiment of DC2 were chosen based on the criteria that they 
would have basic knowledge of programming concepts and coding but little 
experience of using a programming environment as a mathematical tool within 
their ongoing mathematics course.  
 
15 students (3 girls and 12 boys) participated in the teaching experiment. All 
the students were in the second year of the Technology Program and were, at 
the time of the teaching experiment, taking the third course in mathematics 
(Mathematics 3c) and an introductory course in programming (Programming 
1) using Java as the programming language and NetBeans 8.2 as their 
programming environment. According to their mathematics teacher, the 
students had used programming only once during their ongoing course in 
mathematics. 
 

During the teaching experiment of DC2, the communication software Zoom 
was used to hold an online session and to communicate online with the 
participating class of students. The software also offered the opportunity to 
allow students to work in pairs in so-called Breakout rooms. Within these 
online rooms, the students had the possibility to share screens and the 
software also offered the possibility for the students to work together within 
the same application. This allowed for both of the students in a pair to write 
code within the programming environment. The researcher, as the host of the 
meeting, also had the possibility to enter the Breakout rooms and thus 
communicate with the pairs. The researcher also had the possibility to gather 
or redirect all the students into the meeting’s main room which offered the 
possibility for discussions in which all students could participate. The 
researcher could allow students to share their screens in the main room which 
offered the possibility for students to show their code for the rest of the class.  
 
In the end of April 2020, the researcher met the participating students online 
using Zoom in order to inform the participants about the research project and 
their roles in the forthcoming teaching experiment. During this meeting, the 
students were also given the possibility to try out and use the functionalities of 
Zoom. They were divided into pairs and directed to different Breakout rooms, 
and asked to solve a preparatory programming task, which has been described 
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earlier in this chapter. Based on a manual written by the researcher, the 
students were asked to share the screen of the computer being used by one of 
the students, and to give the other student permission to control that computer 
by way of their own mouse and keyboard. This allowed both students to write 
code in the programming environment and thus offered a greater possibility 
for collaboration, a procedure which was to be used during the upcoming 
teaching experiment. The functionality to share the screen with the rest of the 
students was also practiced during this initial meeting when one pair of 
students (acting as sherpa-students) was asked to share their screen in order to 
illustrate and describe for the rest of the students how they had solved the 
preparatory task using nested loops. 
 
The teaching experiment of DC2 was held in May 2020, two weeks after the 
initial information meeting. When all the students participating in the teaching 
experiment were connected to the Zoom meeting, the researcher informed the 
students about the teaching experiment and the two problems which the 
students were asked to solve using the programming environment NetBeans. 
After this information, the researcher sent the students to different Breakout 
rooms in order for the students to be able to work in the same pairs as during 
the initial information meeting. To communicate with the students, the 
researcher needed to join each Breakout room separately. When the researcher 
intended to use sherpa-students to present different parts of the problem-
solving strategy, the researcher redirected all students back into the main 
room. After these presentations, all the students were sent back to their 
Breakout rooms.  
 
It is of course important to stress that conducting the teaching experiment of 
DC2 online due to the pandemic affected the design in an undesirable way 
contrary to the basic principles within design research. Yet, using Zoom 
offered the possibility to preserve important aspects of the initial design, for 
example the use of sherpa-students, the possibility for students to share their 
screen with the rest of the class (DV6), and the way students could work in 
pairs using programming in trying to solve the problems (DV5). During the 
retrospective analysis of DC2, the effects of the involuntary changes of the 
design due to the ongoing pandemic will be discussed in more detail.  
 



 112 

Using Breakout rooms in Zoom also offered the possibility to record the 
conversations between the students inside the Breakout rooms as well as the 
screen shared by any of the students. Accomplishing this required an external 
computer for each Breakout room which was to be recorded. The additional 
computers used to record the actions taken by chosen pairs in different 
Breakout rooms also allowed the researcher to visually follow these pairs on 
separate screens. Four pairs (Breakout rooms) were followed particularly 
closely as their conversation and the shared screen were recorded within each 
Breakout room. Due to technical difficulties related to one of the computers, 
the recording of the screen and conversation of one pair could not be used 
during the analysis. 
 
During the teaching experiment, the researcher’s screen and voice were also 
recorded. This allowed recording of all conversations between students and the 
researcher (acting as a teacher) as well as screens shared by the students in the 
Breakout rooms or in the main room during these conversations. Compared to 
the teaching experiment of DC1, this offered the researcher an opportunity not 
only to record the conversations between himself and the students whose 
screens were not recorded but also to capture any code shown on the students’ 
shared screens. The recording of the researcher’s screen also captured the 
presentations made by the sherpa-students.  
 
At the end of the teaching experiment, all students were asked to hand in their 
programming code via the learning management system used by the students. 
Since this teaching experiment was conducted online, students were not asked 
to hand in any notes made using pen and paper.  
 
The analysis of the data collected during the second design cycle followed the 
method used during the first design cycle. Consequently, the voice recordings 
collected during the teaching experiment were transcribed using NVivo. Then, 
in accordance with the analysis of the teaching experiment of DC1, these 
transcriptions were analysed and coded using the detailed definition of a 
scheme described by Vergnaud (1998a), which served as the analytic 
framework within this study. 
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In preparation for the second design cycle, and as a part of the iterative process 
of design research, the intended use of the sherpa-students was slightly 
modified. The fundamental ideas behind this re-design were to use the sherpa-
students earlier during the teaching experiment and to divide the second 
sherpa presentation held during the teaching experiment of DC1 into two 
parts. So, after the first pair of sherpa-students had presented their established 
relationship between the ages of the sisters and the loss of gold coins, the 
second pair of sherpa-students presented only their overarching ideas 
concerning the use of an exhaustive trial as a problem-solving strategy without 
presenting any code. The third and last pair of sherpa-students presented how 
(nested) loops could be used in order to conduct such a trial. During this 
presentation, they showed part of their code to the rest of the students. The 
rationale behind this re-design was to allow the rest of the students to utilize 
the ideas regarding the use of an exhaustive trial before presenting how the 
trial could be conducted using loops. The three presentations will now be 
described in more detail.  
 
Figure 11: The mathematical relationship in line 7 was shown and described by the first 
pair of sherpa-students to the rest of the class. 

 
 
About 25 minutes into the lesson, the researcher asked two students (sherpa-
student 5 and sherpa-student 6) to show and describe their stated 
mathematical relationship to the rest of the class. The sherpa-students showed 
the relationship (line 7 in Figure 11) to the rest of the students by sharing their 
screen.  
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Researcher:  So, now I think everyone should be back in the main room. I 
have moved around a bit and... It's a bit complicated to state a 
correct relationship between these lost gold coins and the 
ages. I thought that [name of sherpa-student 6] and [name of 
sherpa-student 5]... If you could tell a little bit about the 
equation you’ve stated. If maybe you could then share screen 
so we could look at that equation, if that's okay? […] There you 
have marked something yes. If you were to describe... If you 
were to take it step by step here... the one that is in grey now 
then, in line 7. The first, a plus... Or what is a firstly? 

Sherpa-student 5:  a is Cinderella. 

Researcher:  Cinderella…? 

Sherpa-student 6:  The age of Cinderella. 

Researcher:  Yes. And what does a plus 16 mean then? 

Sherpa-student 6:  It's... The one starting with B... 

Researcher:  Begonia 

Sherpa-student 6:  ...age next year then. 

Researcher: “Okay.  So, Begonia's age after one year. And why is it plus 16 then? a 
plus 16? 

Sherpa-student 6:  Because now she is 15 years older and next year, she will be... 
16 years older if Cinderella stays her age. 

Researcher:  Mm. So, 15 years older this year. Will be 16 years older next 
year then. a plus 1... Next... What is... What does a plus 1 stand 
for then? What do you think...? 

Sherpa-student 6:  It is Cinderella's age next year if she were to age. 

Researcher:  Yes. And f plus 1? 

Sherpa-student 6:  It's... the one that starts with F... 

Researcher:  Fuxia 

Sherpa-student 6:  …age. 

Researcher:  So Fuxia's age next year? 

Sherpa-student 6:  Yes 

Researcher:  So, all the first three, you could say that... It's the sisters' ages 
the next year if everyone were to age as usual? 

Sherpa-student 6:  Yes 

Researcher:  Yes. And minus... And what's next? Next product? 

Sherpa-student 6:  It... It's the same thing except that Cinderella does not age. 

Researcher:  Okay. Is that what they would get in gold coins if she did not 
age? 
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Sherpa-student 6:  Yes 

Researcher:  And the difference between these two [products] will then be 
480, because that was how much they lose if she does not age. 
So much more they would get if... if she had aged. So, it is an 
equation that you can say describes this text a little and that 
may then be useful. So, this could be a tip for the rest of you. 
Then you can express it in different ways. You choose to use a 
to express Begonia's age one year later, a plus 16. You can do it 
differently but this is one way to do it. 

 
During this presentation it could be argued that the sherpa-students 
introduced a rule of action which could be described as modelling the situation 
in algebraic terms.  
 
About one hour into the lesson, the researcher asked another two students 
(referred to as sherpa-student 7 and sherpa-student 8 as well as the second 
pair of sherpa-students) to describe the basic ideas concerning the problem-
solving strategy used by the students. It should be noted that the students did 
not specify any code at this stage. 

Researcher:  If you could just explain, you do not have to explain the code 
itself that you have written but... How did you think... What 
was like the basic idea when you started programming. How... 
What are you trying to do with the programming? 

Sherpa-student 8:  It is to find all the possibilities that it could be... 

Researcher:  Yes 

Sherpa-student 8:  As we got stuck in... in actually solving it mathematically. So, 
we had still got a pretty good function then... with... but too 
many unknowns. So, we started testing with the two 
unknowns and see what different possibilities you can get. 

Researcher:  Okay 

Sherpa-student 8:  Combinations 

Researcher:  So, you can say that when you got stuck with the fact that 
there were too many unknowns then... So, instead, you gave in 
to programming and tried to test. 

Sherpa-student 8:  Yes 

Sherpa-student 7:  Exactly 

Researcher:  And... Can you say something, just a little bit briefly, how... 
how you...? How did you reason when you were going to 
conduct a... a test that was not just like random but so that it 
would be a bit systematic? What did you do then? 
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Sherpa-student 8:  So, we had first removed Begonia. You could only use 
Cinderella then. So, then you had... Yes, Cinderella a and 
Fuxia f. And then you can just use FOR loops and go through... 
like from... Fuxia we said that she was 100… That was the 
maximum age we used… We thought... Because... of course 
maybe it works but... it felt a little shady. Right… we also knew 
that Fuxia could not be more than 15 years older than 
Cinderella. 

Researcher:  No, exactly. You could say, you used loops to somehow vary 
the values of these variables and then test if it matched this 
relationship that [name of sherpa-student 5] and [name of 
sherpa-student 6] showed. Can you say that? 

Sherpa-student 8:  Yes 

Researcher:  So, it may well be something to think about for the rest of you 
if it is like... as [name of sherpa-student 7] and [name of 
sherpa-student 8] said that... that this equation you got… it 
has too many unknows in order to solve it algebraically and 
that you might then be able to use programming... to instead 
do some kind of test and several of you whom I talked to have 
also mentioned that you could test. So, there is a role for 
programming to play. So, this can be an inspiration for you 
who have not really started coding. What it might look like... 
I'm sending you to the rooms again now. 

 
Based on the preceding extract it could be argued that the presentation made 
by the second pair of sherpa-students comprises an emergent rule of action to 
use programming to test different possible combinations. It could be argued 
that this composite rule of action is comprised of a number of more elementary 
rules of action: 
 

If too many unknowns, reduce number as far as possible. 

Using programming to test different possible combinations.  

Using a FOR loop for each unknown, over a suitably constrained range. 

 
About 85 minutes into the lesson (which lasted for 100 minutes) sherpa-
student 7 and sherpa-student 8 were once again used as sherpa-students (also 
referred to as the third pair of sherpa-students). This time they were asked to 
show how they had used nested loops in order to systematically vary the values 
of the variables. The researcher specifically asked the students to remove the 
conditions within the declaration of the IF statement (see Figure 12) so as not 
to reveal the complete solution to the rest of the students.  
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Researcher:  So, I’m thinking that [name of sherpa-student 7] and [name of 
sherpa-student 8] would once again show a little bit how far 
they have come. Because many of you are into this to test in 
some way but may not have really gotten the hang of how to 
do it with the help of programming. [name of sherpa-student 
7] and [name of sherpa-student 8], could you share your 
screen with the others and describe a little how... how you 
have... Now I have... I asked you to omit what is in the IF 
statement there but... Can you just describe how the loops 
work? 

Sherpa-student 8:  Yes, we have two FOR loops that go through all the 
Cinderella's ages and then for the mid sister as well. All ages ... 
And then we check if the difference between them is 480. And 
then it prints it. 

Researcher:  Mm. And what is this summa1 and summa2? 

Sherpa-student 7:  Yes, it calculates how many gold coins they would get... the 
first year... and the second year. And then depending on if 
Cinderella’s age has changed or not. 

Researcher:  Yes, okay. So summa1 minus summa2 is... 

Sherpa-student 7:  Yes 

Researcher:  ...that is the relationship we got earlier as well? 

Sherpa-student 7:  Yes, it should be 480 and then it prints their ages. 

Researcher:  Right. So, you have a small condition there that I asked you to 
cut off so as not to reveal everything, but in the IF statement, 
there are the conditions that must be met... and if it is correct, 
it prints everything. 

Sherpa-student 7:  Yes 

Researcher:  Mm. So, this could be something. And as I said, it's a loop 
within another loop and you've used that... Now you do not 
have Begonia's age anywhere in the loops there, do you? 
Instead, you express her age with the help of... 

Sherpa-student 7:  Yes, it's a plus 16 which is her age. 

Researcher:  Yes... the next year yes. Right. Because she was 15 years older 
than Cinderella and so it goes one year. Mm. So this may be an 
inspiration for the time that is left. We will not continue for 
that long, but take a closer look at this code, how to then first 
vary the value of Cinderella's age. 0 up to 999. And then... For 
each such value, you check different values for Fuxia's age. 
From 0 up to 999. Calculate how many gold coins they would 
have received, summa1, if Cinderella had aged, summa2, if she 
does not age then... and the difference between these two 
should then be 480 if it should match the example we have. 
And if all the conditions are met, then it should print out these 
ages. 
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Figure 12: The code which the third pair of sherpa-students showed to the rest of the class. 
The condition within the IF statement in line 27 was deliberately removed in order not to 
reveal the entire code to the other students.  

The outer loop within the program presented by the third pair of sherpa-
students (Figure 12) controls the variable a, denoting the age of Cinderella, 
which can take values from 0 to 999. The inner loop controls the variable f, 
denoting the age of Fuxia, which also can take values from 0 to 999. The 
variables summa1 and summa2 are assigned values corresponding to the 
number of gold coins given to the sisters the next year if Cinderella becomes 
one year older or not. The variable skillnad is assigned a value corresponding 
to the difference between summa1 and summa2, that is, the number of gold 
coins that the sisters would lose if Cinderella did not age. The following IF 
statement is used to test if each combination of ages fulfils the given conditions 
involving the ages of the sisters and the loss of gold coins, and if so, print the 
current values of the variables corresponding the ages of the three sisters. It 
could be argued that the presentation made by the third pair of sherpa-
students extends the emergent complex rule of action associated with the 
previous presentation:  
 

If too many unknowns, reduce number as far as possible. 

Using programming to test different possible combinations. 

Using a FOR loop for each unknown, over a suitably constrained range, and suitably 
nested.  

Using an IF statement to test whether condition is satisfied.  

 
The intention before the teaching experiment was also to compare ways of 
solving the problems. But since the two mathematical problems were perceived 
as difficult by the students; it was decided that there was no time for such a 
comparison.  
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How the modified use of the sherpa-students may have affected the problem-
solving process of other students will be described in more detail in the 
following retrospective analysis. 
 

During the preliminary phase of DC2, three aspects relating to the design of 
the learning activity were modified compared to the learning activity of DC1. 
The first change was related to how and when to use sherpa-students during 
the teaching experiment. The second change in the design was related to the 
task design and the specification that the first mathematical problem should 
always have multiple solutions. The third change concerned the difficulties 
experienced by the students relating to their use of nested loops. The design of 
the learning activity of DC2 therefore involved a preparatory task given to the 
students which were to be solved using nested loops.  
 
The retrospective analysis of the second design cycle, presented in this section, 
will thereby focus on how these changes in the design may have affected the 
outcome of the students’ problem-solving process.  

In preparation for the teaching experiment of the second design cycle, the 
intended use of sherpa-students was slightly modified. Although the 
presentation of the first pair of sherpa-students were used in a similar way as 
during DC1, the second pair of sherpa-students only presented the rationale 
behind their choice of problem-solving strategy while the third pair of sherpa-
students visualised how nested loops could be used in order to systematically 
vary values of variables. During the teaching experiment of DC1, choice of 
problem-solving strategy and how it had been implemented were presented at 
the same time by the second pair of sherpa-students. The reason for this 
modification was to allow for other students to independently reason about 
how the described problem-solving strategy could be implemented and how 
the programming environment could be used to carry out an exhaustive trial. 
 

At the time of the presentation of the first pair of sherpa-students, the students 
Ian and Jacob had stated correct mathematical relationships between the ages 
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of the sisters and the loss of gold coins. Then, the students had tried to reduce 
the number of unknowns by substituting variables. But their final equation 
(only involving one unknown) was derived based on incorrectly executed 
algebraic manipulations together with a substitution involving replacing a 
variable with an expression derived from the same equation as it was 
substituted into. Although the students appreciated the fact that they had 
managed to get an equation involving only one single unknown, the equation 
was regarded as complicated by the students. The algebraic difficulties which 
arose when trying to solve the equation together with the presentation made by 
the first pair of sherpa-students meant that Ian and Jacob abandoned their 
initial ideas about how to solve the first problem. Instead, they started coding 
using the programming environment which is illustrated by the following 
conversation in which Ian and Jacob, after the presentation made by the first 
pair of sherpa-students, reflect on their problem-solving strategy:  
 

[133] Jacob:  Yes, our thinking was... a little advanced maybe? 

[134] Ian:  It depends… Okay. No, I'm done wrong somewhere. So, let’s start 
over. It will surely be great. You know what, screw this, Jacob. 

[137] Jacob:  Yes. How the hell are we going to make a code for this? 

[138] Ian:  That's what I'm trying to figure out now. We take what they (the 
first pair of sherpa-students) had. a plus 1... This... Right. I have 
to declare a and it is equal to... y equals a plus 15. If we put this in 
a FOR statement... […] If we insert this... a equals 0. […] Is it 
comma or... This is how it will be, right? As long as a is less 
than... I do not know... We do not need that immediately. We still 
have to declare f, what f is equal to. For now, it is only 0, which it 
is not. Yes anyway... Let us say that a is less than 100 just to have 
something. a plus, plus. So, in that FOR statement here... […] 
Then we got... We add another INT here... INT chek. Just to see 
what... chek... No, it's going to be chek equals, right? I hope that 
works. Then we check here... in this FOR statement here we have 
two... one IF [statement]. chek is the same as s... Out... Does it 
look okay this far? 

[147] Jacob:  Yes 

[156] Ian:  So, it just goes around like this until it finds that this is true. Now 
we just have to define f. 

 
The code shown in Figure 13 illustrates how the students used the 
mathematical statement (line 12) for the amount of lost gold coins presented 
by the first pair of sherpa-students in order to construct a semiautomated 
program which were able to search for solutions based on a specific value of 



 121 

the variable a (denoting the age of Cinderella). In line 9 in Figure 13, f (the age 
of Fuxia) is given the value a + 2 but the calculation of f was then manually 
altered by increasing the term added to a by one each time the program was 
run. The FOR loop in line 11-17 is controlled by the variable a. The loop is 
intended to run as long as a is less than 30 but the students have stated this 
condition incorrectly meaning that the loop will never run. Later on, this error 
was corrected by the students. In line 12 the variable chek is assigned a value 
based on the mathematical statement presented by the first pair of sherpa-
students involving the values of a, f, and b which denote the ages of the three 
sisters. The following IF statement checks if chek equals the variable s which 
has been assigned the value 480 (the amount of lost gold coins) when being 
declared. If this condition is fulfilled, the program should print the current 
value of a. The code was later modified and improved by the students 
themselves in order to conduct an exhaustive trial by systematically varying 
the values of all the variables in action. Based on the conversation between Ian 
and Jacob, the presentations made by the second and third pair of sherpa-
students which took place after Ian and Jacob had introduced the ideas of 
using NetBeans to conduct an exhaustive trial, did not seem to offer the pair 
any new insights. Based on the previous extract, it is therefore only evident 
that Ian and Jacob took advantage of the mathematical relationship presented 
by the first pair of sherpa-students. 
 
Figure 13: Screen shot from Ian’s and Jacob’s use of NetBeans.  

 
 
Before the presentation made by the first pair of sherpa-students, the students 
Karim and Liam had stated a correct mathematical relationship involving the 
ages of the sisters together with the loss of gold coins. The two students had 
also used the dynamical mathematical software GeoGebra to simplify the 
relationships and to solve an equation with respect to one of the unknowns. 
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After the presentation made by the first pair of sherpa-students, Karim and 
Liam reflect on the relationship presented by the sherpa-students, which was 
not completely similar to the one stated earlier by themselves:  
 

[140] Karim:  It was kind of like we did. 

[141] Liam:  Yes. So, theirs felt... So, I do not know... They made it a little 
easier somehow and I do not think theirs would really work. 

[142] Karim:  Theirs? 

[143] Liam:  Yes. Or… I don’t know. 

[144] Karim:  No, I do not really know. How should you be able to solve this 
then? 

[145] Liam:  Hm… 

[146] Karim:  That’s the thing… We’ve got two unknowns. 

[147] Liam:  Yes 

[148] Karim:  Can you write something like this... Some kind... What is it called 
then? Equation system. You can get... That in the end you only 
get one unknown. 

[149] Liam:  Mm… 

[150] Karim:  Right? We're redoing it so that it's a little... The one they (the 
sherpa-students) had I think was pretty... I guess it's okay. 

 
The presentation did not seem to offer Karim and Liam any new insights 
although Karim reflects that it was “kind of like we did”. Liam, on the other 
hand, seems more uncertain if the relationship presented by the sherpa-
students was correct.  
 
After the presentation of the first pair of sherpa-students, Karim and Liam 
used GeoGebra to assign the unknown x, corresponding to the age of 
Cinderella, integer values in order to calculate the corresponding values of 
another unknown y (the age of Fuxia) based on a given relationship between 
the two unknowns. If y held integer values for a given integer value of x, then 
Karim considered these combinations as possible solutions to the problem. 
After a discussion with the researcher, Karim and Liam tried to use NetBeans 
in order to construct a program based on the ideas guiding their work using 
GeoGebra. When the second pair of sherpa-students presented their ideas 
concerning the problem-solving strategy, Karim and Liam had only just started 
to use NetBeans and had not yet implemented their ideas concerning an 
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exhaustive trial. After the presentation, Karim and Liam reflect on the 
resemblances to their own ideas.  
 

[313] Karim:  That was how we… 

[314] Liam:  Yes 

[315] Karim:  …had done too. Wait… 

[316] Liam:  Okay 

[317] Karim:  Wait. I continue on this because... Then it's like this... 

 
Karim and Liam seem to regard the presentation made by the second pair of 
sherpa-students as a confirmation that they are using a viable problem-solving 
strategy and the students then continue to program using NetBeans.  
 
Figure 14: Screen shot from Karim’s and Liam’s use of NetBeans.  

 
Figure 14 shows the code generated by the students prior to the presentation 
by the third pair of sherpa-students. The FOR loop controls the variable x 
referring to the age of Cinderella, the value of which is used to assign the 
variable y, referring to the age of Fuxia, a new value on each iteration. The 
students realise that they need to conduct some sort of test in order to 
determine if the calculated value of y takes an integer value, which is regarded 
as a condition based on the given problem. Since the variable x is declared as 
an integer and since no other decimal numbers are involved in the calculation, 
the quotient in line 15 automatically takes an integer value (not rounded) 
regardless of whether the variable y is declared as an integer or a real. This is 
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something that the students do not seem fully aware of and, at this stage, 
Karim and Liam do not seem to possess any pre-existing usage scheme relating 
to the idea of testing whether a computational variable holds an integer value 
or not. Then, the third pair of sherpa-students present their way of using 
nested loops in which they test if each combination of ages fulfils given 
conditions involving the loss of gold coins and the ages. Although the 
statement within the IF statement was excluded from the code presented by 
the sherpa-students, their oral presentation revealed that the expression 
involving the ages of the sisters “should be 480 and then it prints their ages “. 
This seems to inspire Karim. 
 

[461] Karim:  Yes. But you could do it like that. 

[462] Liam:  Mm… 

[463] Karim:  Wait, then you have... IF... Firstly, if x is greater than y. 

[464] Liam:  Yes 

[465] Karim:  And then you take an IF statement within it. IF... x times y, 
times... x plus 16... 

[466] Liam:  Yes 

|467] Karim:  ...is equal to... No. We know that... 

[468] Liam:  Yes, the other… 

[469] Karim:  No wait. x... No, this is the one you enter then. 

[470] Liam:  Mm… 

[471] Karim:  We can do it like this... This is the one, you enter. Yes, I take an 
extra equal sign there. 

[472] Liam:  Mm… 

[473] Karim:  If it's equal to that... 

[474] Liam:  Then sort of… […] Yes. 

 
As shown in Figure 15, Karim adds another IF statement within the already 
existing one (line 20). The new IF statement performs a test which checks if 
the values of x and y generated in the definition of the loop and by the 
calculation in line 15 respectively fulfil the relationship concerning the loss of 
gold coins. This action could be seen as a rather elegant way of solving the 
previous difficulties encountered by the students concerning testing if a 
variable holds an integer value. Although the calculation in line 15 always 
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generates integer values for y, only those values of y that are mathematically 
equal to the quotient in line 15 will fulfil (together with the corresponding x 
value) the condition in line 20. However, based on the conversation between 
the students it is not possible to determine if the students fully realised why 
this action solved their previous difficulties. Instead, it could be argued that 
Karim and Liam were just inspired by the way that the third pair of sherpa-
students had used such an IF statement without realising how it would affect 
their own program. 
 
Figure 15: Screen shot from Karim’s and Liam’s use of NetBeans.  

 
 

The intention, based on the analysis of the teaching experiment of DC1, was for 
the researcher to use the sherpa-students at a much earlier stage during the 
teaching experiment. This decision was based on the conclusion that the 
students, during the teaching experiment of DC1, spent too much time on 
algebraic manipulations instead of focusing on the role of the programming 
environment as a problem-solving tool. But contrary to the design intentions, 
the sherpa-students were used later during the teaching experiment of DC2. 
The first pair of sherpa-students presented the mathematical relationship 
involving the loss of gold coins and the ages of the sisters 25 minutes into the 
lesson (which lasted 100 minutes). One hour into the lesson, the second pair of 
sherpa-students described their intention of using an exhaustive trial as a 
problem-solving strategy and 85 minutes into the lesson the same pair of 



 126 

students showed how they had used nested loops in order to implement this 
strategy.  
 
The decisions, mainly taken by the researcher (acting as a teacher), not to use 
sherpa-students as early during the teaching experiment as intended was 
based on two reasons. First, the problems seemed to be perceived as more 
difficult by the students participating in the teaching experiment of DC2 then 
by those participating during the teaching experiment of DC1 and as a 
consequence it was decided (ad-hoc) to use the sherpa-students at a later stage 
during the teaching experiment of DC2 since none of the pairs quickly stated 
correct mathematical relationships nor were able to articulate an adequate 
problem-solving strategy to use. Secondly, the online environment affected the 
way that the researcher could monitor the work done by the students. When 
conducting the first teaching experiment within a physical classroom, the 
researcher (also acting as a teacher) found it easier to get an overview of the 
students’ work and it also allowed the researcher to overhear discussions 
among different pairs of students. During the teaching experiment of DC2, the 
researcher was restricted to communicating with one pair at the time, not 
allowing the researcher to overhear other discussions. Furthermore, it was 
perceived that the students were more reluctant to ask questions online 
although Zoom had a functionally in which the students digitally could raise 
their hands. In total, the use of Zoom made it more difficult to get an overview 
of students' work, which also delayed the use of sherpa-students.  
 

Based on the limited data, it is not possible to draw any far-reaching 
conclusions concerning how the modification of the use of sherpa-students 
affected students' instrumental genesis. But it could be argued that the choice 
not to immediately reveal how the idea of an exhaustive trial could be 
implemented into code allowed Ian and Jacob as well as Karim and Liam to 
develop and apply their own ideas into code. In the case of Ian and Jacob, their 
final program had many resemblances to the code presented by the third pair 
of sherpa-students. But the development of their program was not a 
straightforward process and their code evolved from a semi-automated 
program using a single loop into a program using nested loops in order to 
systematically vary the values of variables. This development and consequently 
this part of their instrumental genesis would have probably been different and 
less independent if the second pair of sherpa-student had also presented rules 
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of action involving the use of nested loops. Moreover, Karim and Liam, who 
regarded the presentation made by the second pair of sherpa-students as a 
validation that they were using a viable problem-solving strategy, managed to 
develop their own ideas about how to conduct an exhaustive trial which 
differed from the code later presented by the third pair of sherpa-students. Yet, 
this third presentation was vital for Karim and Liam since it inspired them to 
add another IF statement within their code which made it possible to decide if 
a combination of variable values fulfilled a given condition.  
 
Consequently, it could be argued that the modified use of sherpa-students to a 
higher extent allowed for Ian and Jacob as well as Karim and Liam to develop 
their own way of implementing a problem-solving strategy into code whereas 
for example Anne and Bill, during the teaching experiment of DC1, were not 
given any time to reflect upon how an exhaustive trial could be implemented. 
The decision to separate the presentation made by the second pair of sherpa- 
students during the teaching experiment of DC1 into two separate 
presentations focusing on the choice of problem-solving strategy and the use of 
nested loop respectively was thus regarded as fruitful. It gave the other 
students time to develop their own methods or instrumented action schemes 
concerning the implementation of an exhaustive trial using NetBeans, a 
development which could be regarded as an important part of the students’ 
instrumental genesis.  
 
Another aspect of the modified design concerning the use of sherpa-students 
was that the sherpa-students were intended to be used at an earlier stage 
during the teaching experiment. But, as described in the previous sub-section, 
the outcome was the opposite due to the use of an online environment and due 
to the fact that the mathematical problems were regarded as more challenging 
by the students partaking during DC2 compared to the students partaking in 
the teaching experiment of DC1. In contrast to the intention of the modified 
design regarding the earlier use of sherpa-students, this meant that the 
students’ search for an adequate problem-solving strategy (just like during the 
teaching experiment of DC1) became a challenging and a time-consuming 
process. Based on the first learning goal of the HLT, which states that the 
students should develop an appropriate instrumental genesis in order to use 
the programming environment as an instrument when solving mathematical 
problems, it could be argued that the time-consuming search for a problem-
solving strategy obscured the role of the artefact as a possible mathematical 
instrument and thus impeded the fulfilment of this learning goal. On the other 



 128 

hand, based on the second learning goal which had a clearer focus on the 
problem-solving process and the use of non-standard problem-solving 
strategies, it could be argued that the students extensive use of algebraic 
manipulations was a natural part of this problem-solving process. When the 
students were exposed to the problem, they tried to use pre-existing 
mathematical schemes related to analytical methods familiar to the students 
which involved the use of algebraical manipulations. When realising that their 
initial problem-solving strategy was not fruitful, they were forced to turn their 
attention toward other strategies which potentially could involve a technical 
artefact such as a programming environment. The researcher’s idea, relating to 
the second learning goal, of giving all the students time to test different 
problem-solving strategies (potentially not involving the use of the 
programming environment) may therefore have affected the late use of sherpa-
students during the teaching experiments of each cycle.  
 
It could thus be argued that the intention to use sherpa-students at an earlier 
stage during the teaching experiment of DC2 created a conflict between the 
two learning goals stated in the HLT which consequently made it challenging 
to implement the modified design.  
 
The design of the learning activity of a prospective third design cycle, could 
instead involve changes regarding the initial information given to the students 
before starting to solve the mathematical problems. During the teaching 
experiment of DC1 and DC2, the students were asked by the researcher to solve 
the mathematical problems using programming with the intention of directing 
the students’ attention towards the technical artefact (the programming 
environment). This exhortation was for example recognised by the student 
Anne during the teaching experiment of DC1 (described in chapter 6) who 
remember that “[t]hey want us to use the programming, we really should 
generate a code…”. Yet, Anne and her partner Bill continued their algebraic 
efforts trying to solve the first problem using pen and paper.  
 
A possible way to reinforce the role of the programming environment as a 
mathematical artefact and at the same time prevent students from spending 
too much time using algebraic manipulations, would be to also instruct the 
students that the mathematical problems given to them could not be solved 
using analytical methods known to the students. Although this information 
would restrict the number of possible problem-solving strategies considered by 
the students and thus affect their independent problem-solving process as a 
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whole (associated to the second learning goal), the students search for an 
adequate non-standard problem-solving strategy linked to the use of the 
programming environment would still be regarded as non-trivial. This 
additional information given to the students (together with the original 
information that the problems should be solved using the programming 
environment) would thus be a part of the re-design of the learning activity and 
could therefore be regarded as a new didactical variable (DV7). The use of this 
additional didactical variable could have the potential of supporting the initial 
phase of the students’ instrumental genesis by directing their attention toward 
the artefact. As a consequence, this would presumably, and in accordance with 
the intention of the modified design, allow sherpa-students to present ideas 
relating to a possible problem-solving strategy at an earlier stage during the 
teaching experiment.  
 

Based on the generated codes and the students’ reactions during DC1, many of 
the students did not expect the first mathematical problem to have more than 
one single solution, although the wording of the problem did not rule out the 
possibility of multiple solutions. It could be argued that an important aspect of 
using an exhaustive trial as a problem-solving strategy would be to create code 
that takes into consideration the possibility of more than one solution. 
Consequently, the first mathematical problem given to the participating 
students during the teaching experiment of DC2 was slightly re-designed in 
order to always generate two solutions irrespective of whether the students 
allowed two of the sisters to have the same age or not. The codes handed in by 
the students at the end of the teaching experiment revealed that six out of eight 
pairs (see Appendix B) did generate a code which could allow for multiple 
solutions, for example by using nested loops in order to test whether each 
possible combination of ages fulfilled the conditions given by the problem. It 
should be noted that none of the pairs during the teaching experiment of DC2 
used the command BREAK trying to stop loops from running. The recorded 
conversations between the students, which are reproduced in the following 
paragraphs, reveal how the students reacted when their programs generated 
more than one solution.  
 
When the students Karim and Liam started coding trying to conduct an 
exhaustive trial using a single loop, they restricted the age of Cinderella to a 
range between 10 and 29. This restriction meant that the program did not 
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generate the solution in which Cinderella was 8 years old. But in order to solve 
the second mathematical problem, Karim and Liam had to modify their 
existing code by, among other things, allowing the variable relating to the age 
of Cinderella to take values between 0 and 99. Karim and Liam then realised 
that they did not save the code solving the first problem. They therefore 
deleted some statements within the code related to the conditions of the 
second problem. But before they changed the conditions within their single 
loop, they ran the program in which the FOR loop (see Figure 16) controls the 
variable x (the age of Cinderella), which can hold any integer values between 0 
and 99 (line 14). In line 15, the variable y (the age of Fuxia) is assigned a value 
based on a calculation involving the current value of x. Then the students used 
several IF statements in order check if the values of x and y fulfilled the 
conditions given by the problem. If so, the program should print the values of 
the three ages. When executing the program, the students realised that the 
program now generates several solutions.  
 

[579] Karim:  But on this one (the code concerning the first problem), if you 
take this (x) between zero and 100… 

[580] Liam:  Yes... Or you get a few more... answers. 

[581] Karim:  You can have an IF statement within the IF statement here then. 
So, and so you take IF... y (the age of Fuxia) is less than... x plus 
15. Right? 

[582] Liam:  Mm… 

[583] Karim:  That's how it must be. I have to do another (IF statement) then. 
Wait... Then 8 may be right then too. 

 
Figure 16: Screen shot from Karim’s and Liam’s use of NetBeans. 
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The previous conversation reveals how the students notice that the program, in 
which the range of x is different compared to the first version, now generates 
four solutions. However, Karim realises that there exist solutions in which 
Fuxia (the mid sister) is older than Begonia. Consequently, Karim adds 
another conditional statement (line 20 in Figure 16). When executing the 
program again, it generates only two solutions. The first solution is the one 
that the students’ original program generated. The second solution, in which 
Cinderella is 8 years old, is not regarded by the pair as valid (although it is 
mathematically correct).  
 

[585] Karim:  But then... Then we take... We make... assume that she is... The 
Cinderella is older than 10 years old. 

[586] Liam:  Yes 

[587] Karim:  And then it will be right anyway. 

[588] Liam:  Yes, exactly. 

[589] Karim:  She is between… Cinderella is between 10 and 100. 

[590] Liam:  Mm… 

[591] Karim:  So... We do not want her to be 8 because then that will be correct 
too. 

 
Karim consequently changes the initial value of x within the condition of the 
loop (line 14 in Figure 16) from 0 to 10 in order for their program to only 
generate the single solution given by the students’ initial program.  
 
However, when later solving the second problem the students seem to accept 
that the problem could have multiple solutions. Towards the end of the lesson 
the pair discuss which of the solutions generated by the program solving the 
second problem that they regard as valid. 
 

[601] Karim:  May one think, which may be reasonable? 

[602] Liam:  Right… 

[603] Karim:  Maybe… 

[604] Liam:  Between… Yes, 8 and then… 

[605] Karim:  These three. Sort of… 

[606] Liam:  Yes, exactly. 
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[607] Karim:  These three feels like they can be reasonable. 

 
Figure 17: Screen shot from Karim’s and Liam’s use of NetBeans. 

Figure 17 shows which of the solutions that Karim highlights in NetBeans and 
views as reasonable. What is notable is that both students now regard the 
solution in which Cinderella (Askungen in Swedish) is 8 years old as plausible 
which they did not when solving the first problem. 
 
Another example of how students were confused when their program 
generated two answers is given by George and Henrik: 
 

[550] George:  But then ... We have solved it. Or? 

[551] Henrik:  […] No we have two possible [solutions]. We should get it down 
to one. It's just one age. 

[552] George:  Maybe there are two possible? 

[553] Henrik:  Yes, but is there any way we can reduce it to more... to less than 
that? 

Later during the teaching experiment, the discussion regarding the number of 
solutions continues: 
 

[671] Henrik:  Is there something that makes it work improperly? Personally, I 
lean toward 14 because it feels weird that Cinderella is 8. 

[672] George:  We cannot just assume... LOL... That... Yes, she's probably 14. 

[673] Henrik:  I think they have varying ages. It's like the age of mind and... 
physical age. 
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[674] George:  This must be true, right? These must be the right answers, right? 
The sum... Yes... I do not really know what can be wrong. Okay, 
we can remove this. 

[675] Henrik:  Is there a rule we break or...? Is there a rule we do not follow? […] 

[676] George:  Yes, I do not know. It's the mid child... The equations are correct 
then? a plus 1, a plus 16, f plus 1. Looks to be true… 

 
In the end, the students accepted that the first problem could have two 
different solutions. 

In the two previous examples, the students did not seem to expect that the first 
problem could generate more than one solution. The student Jacob also 
expressed that it “doesn’t make sense”. But for his co-worker Ian, as revealed 
in the following extract, the possibility of multiple solutions seemed more 
reasonable.  
 

[299] Jacob:  What is the answer? Is she 0 years... 8 years? 8 and 14? 

[300] Ian:  a1 equals 14, a2 equals 8. Is there an a3? 

[301] Jacob:  It doesn't make sense Ian. 

[302] Ian:  Yes, it does! 

[303] Jacob:  How? 

[304] Ian:  Because there are several ages for which she could have run into 
the fairy. 

[305] Jacob:  Well, that’s true. 

The conversations presented in the previous sub-section revealed that several 
of the students were surprised that the first problem could generate more than 
one solution. It could be argued that the nature of the first problem, that is, a 
word problem concerning finding the ages of three sisters, may have 
contributed to the view that there could only exist one single combination of 
ages that fulfilled the conditions stated within the problem.  
 
Based on the conversations, it is not possible to conclude why the students 
Karim and Liam rejected the second solution of the problem. It should be 
noticed that the students, in the first version of their program, considered 
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Cinderella to be older than 10 years which may have influenced their decision 
to change the condition within the statement of the loop. However, based on 
the final version of the program, they still allowed x to take values up to 99 
despite stating in their first version of the program that Cinderella could not be 
older than 29. Consequently, it could be argued that the pair only expected one 
single solution to the problem and therefore changed the conditions for the 
loop in order to achieve this. Also, the pair had previously tested and knew that 
the solution in which Cinderella was 14 years old fulfilled the condition stated 
in the first problem.  
 
As in the case of Anne and Bill during the teaching experiment of DC1, the 
possibility of multiple solutions of the first problem seemed to affect the 
students’ perception regarding the possible number of solutions in the second 
problem. Karim and Liam, who modified the code in order for the first 
problem to only have one solution, accepted the fact that the second problem 
had multiple solutions. Furthermore, they regarded one of the solutions as 
valid although they had earlier rejected the same solution when solving the 
first problem.  
 
It could be argued, based on the collected data, that the modifications made 
regarding the task design, as a part of the instrumental orchestration of DC2, 
allowed students to perceive the possibility that word problems solved using 
exhaustive trial could have multiple solutions to a greater extent than during 
the teaching experiment of DC1. Also, the altered conditions within the second 
problem (compared to the first problem) may have allowed students to 
consider the possibility of multiple solutions although they initially had 
expected only a single solution to the first problem.  
 
But despite the fact that the first mathematical problem was re-designed in 
order to always generate two solutions regardless of whether the two sisters 
were allowed to have the same age or not, students still managed to adjust 
other conditions in order for the program to only generate one single set of 
ages. The actions taken by for example Karim and Liam, illustrated how the 
simplicity of changing conditions within the code and then directly executing 
the program offered students the possibility to easily alter and modify 
conditions within the code in order to match their predetermined perception 
regarding the number of solutions. It can thus be argued that there is a need 
for a joint follow-up at the end of the teaching experiment in order to highlight 
these aspects relating to the number of solutions. During such a follow-up, 
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different perceptions regarding the number of solutions could be discussed 
and illustrated by the codes generated by different pairs of students. This also 
align with the additional use of sherpa-students which was proposed as a part 
of the design of the learning activity of DC2.  
 
But as described earlier in this retrospective analysis, the difficulties 
experienced by the students relating to the mathematical problems together 
with the ineffective use of sherpa-students inferred that no time were given to 
concluding discussions highlighting different types of solutions. It could be 
argued that, in preparation for a possible third design cycle, these types of 
discussions involving sherpa-students should be prioritised since they allow all 
students, including those who did not solve the problems, to take part of 
different types of solutions. This could also be regarded as an important part of 
the social dimension of the instrumental genesis (Rabardel, 2002) since it 
illustrates the use of different types of instrumented actions schemes involving 
different scheme components. The modifications relating to the use of sherpa-
students previously suggested in preparation for a possible third design cycle 
could also infer that the lesson time is used more efficiently and that sherpa-
students thus could also be used for joint and concluding discussions. 
 

During the teaching experiment of DC1, many students experienced difficulties 
related to the use of nested loops and conditions and relationships between 
variables within the loops. As a part of the modified design of the learning 
activity during DC2, a preparatory task involving the use of nested loops was 
given to students before the teaching experiment. The preparatory task served 
as an aid to facilitate their use of nested loops to systematically vary the values 
of variables when conducting an exhaustive trial during the following teaching 
experiment. Although, it should be reiterated that it was not communicated to 
the students that the method used to solve the preparatory task could be 
helpful when solving the two mathematical problems during the teaching 
experiment.  
 
Based on the code handed in by all students at the end of the teaching 
experiment (see Appendix B), six out of eight pairs tried to construct a 
program using nested loops in order to solve the first mathematical problem 
and five of these pairs also succeeded in creating a program that solved the 
first problem.  
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In the recordings collected during the teaching experiment, only one pair of 
students, Ozan and Peter, explicitly referred back to this preparatory task 
when trying to conduct an exhaustive trial. After the presentation of the second 
pair of sherpa-students, the researcher discussed the possibility of using the 
programming environment in order to conduct an exhaustive trial with the two 
students. 
 

[628] Researcher:  If you think about programming and think that you would do 
something that tests and that varies the values of... of variables to 
test. What do you think about then in programming? Which like 
programming commands show up? 

[629] Ozan:  Eh... What the hell is that name? 

[630] Peter:  But will it not be almost the same as we did last time? So, a... Or 
not exactly... like similar in any case. 

[633] Researcher:  Yes 

[634] Peter:  Similar to the things we did last time. 

[635] Researcher:  Loops? 

[636] Peter:  But previously it was that you wrote down the whole 
multiplication table up to 100 times 100. But if you change it to 
sort of... Yes, something times something times something then? 
And then… 

[637] Researcher:  Absolutely 

 
During the conversation, Peter remembers that the students used nested loops 
during the previous meeting to systematically vary values of variables in order 
to print out multiplication tables. Peter also seems to recognise that this 
method could be useful when varying the ages of the sisters. The researcher 
ends the discussion and encourages the students to take advantage of these 
ideas. It should be noted that the students Ozan and Peter, in the end, did not 
manage to take advantage of their experiences gained during the 
implementation of the preparatory task in order to solve the two problems.  
 

Based on the recorded conversations between students and between students 
and the researcher (acting as a teacher), direct evidence of the influence of the 
preparatory task is limited although observation of the proficiency of students 
in making use of loops during the teaching experiment can provide an indirect 
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estimation of any influence. The codes handed in by the students at the end of 
the teaching experiment revealed that a high proportion of the students who 
tried to use nested loops in order to solve the first mathematical problem 
actually succeeded in this venture although it is not possible to determine the 
significance of the preparatory task for this result.  
 
The introduction of the additional didactical variable (DV7) relating to the 
information given to the students at the beginning of the teaching experiment 
could also be beneficial for the students’ use of nested loops. Acknowledging 
the students that the mathematical problems cannot be solved using pre-
existing analytical methods could potentially steer the students’ attention 
towards the use of the programming environment at an earlier stage during the 
teaching experiment. This would offer the students more time developing 
programs using nested loops and it would also enable an earlier use of sherpa-
students describing their use of loops in order to systematically vary the values 
of variables. Moreover, this may also enable the use of additional sherpa-
students presenting different ways of conducting an exhaustive trial. 
 
It should also be pointed out that the difficulties experienced by the students 
during the teaching experiment of DC2, related to the use of nested loops, were 
in many cases similar to the difficulties experienced by the students during the 
teaching experiment of DC1. Due to these resemblances, the students use of 
nested loops will be discussed in more detail in the next chapter, which 
provides a summative analysis of the participating students’ instrumental 
genesis.  
 

The retrospective analysis of the second design cycle has mainly focused on 
how the revised design, compared to the first design cycle, affected the result 
of the students’ problem-solving process. However, it should be reiterated, 
based on the limited amount of data, that it is difficult to draw any far-reaching 
conclusions regarding how this re-design affected the outcome of the teaching 
experiment and the students’ instrumental genesis.  
 
In accordance with the teaching experiment of DC1, the search for an adequate 
problem-solving strategy proved to be a time-consuming endeavour for the 
students and confirms, as described by Lester and Kehle (2003), that 
mathematical problem-solving is a complex process which involves more than 
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just the recall of pre-known facts and procedures. It could be argued that this 
complexity also affected the prospect to achieve both of the two learning goals 
during one single intervention which was also emphasised by the difficulty 
relating to the researcher’s ad-hoc decisions concerning when to use sherpa-
students. A possible modification concerning the design of the learning 
activity of a prospective third design cycle would be to more clearly direct the 
students’ attention toward the use of the programming environment by 
informing the students at the beginning of the teaching experiment that the 
mathematical problems could not be solved by using analytical methods 
known to the students. As a consequence, the first learning goal concerning the 
students’ instrumental genesis will have a more prominent role at the expense 
of the second learning goal relating to the problem-solving process. But this 
choice could still be justified by the aim of this particular study and the 
associated research questions focusing on students’ instrumental genesis. This 
additional introductory information could thus be regarded as an additional 
didactical variable (DV7) relating to design choices.  
 
Table 4 provides a summary concerning all of the didactical variables used 
during the design of the learning activity of DC2 together with the new 
proposed variable DV7, including short comments in which the design choices 
concerning each didactical variable are discussed.  
 
Based on the results of the teaching experiment of DC2, the conjectured 
learning process related to the students’ problem-solving process 
corresponded well with the outcome. The search for an adequate problem-
solving strategy was, as expected and in accordance with the outcome of the 
teaching experiment of DC1, a time-consuming endeavourer. What was not 
anticipated, and consequently not highlighted when describing the conjectured 
learning process, was the students’ reactions to the fact that the first 
mathematical problem could generate two possible sets of ages due to a re-
design relating to DV4 (see Table 4). Several students argued, in accordance 
with Jacob, that this did not “make sense” and the students Karim and Liam 
even changed conditions within the statement of their loop in order to limit the 
number of solutions to a single one. These expectations, relating to the number 
of solutions, may thus affect the students’ problem-solving process and the 
ways they construct their code and should therefore be acknowledged when 
describing a conjectured learning process. During a prospective third design 
cycle, these expectations should be taken into account and joint follow-up 
discussions in the end of the teaching experiment could serve as a way of 
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highlighting the students’ different perceptions regarding the possible number 
of solutions to the first mathematical problem.  
 
In the retrospective analysis of DC2 it has also been reiterated that several 
students, just like during the teaching experiment of DC1, experienced 
difficulties relating to their use of nested loops in order to systematically vary 
the values of variables. The late use of the third pair of sherpa-students also 
meant that the scaffolding offered to the students during the teaching 
experiment was limited. The suggested introduction of a new didactical 
variable (DV7), used during a prospective third design cycle, in order to steer 
the students’ focus towards the role of the programming environment may 
potentially reduce the time which the students spend on conducting algebraic 
manipulations and enable more focus on the use of the technical artefact. 
Consequently, this would also enable prior use of sherpa-students presenting 
ideas relating to their use of nested loops.  
 
Table 4: An evaluation of the didactical variables taking into considerations during the 
design of the learning activity of DC2. 

Didactical variables Comments 

Programming language and 
programming environment (DV1) 
 
The participating students were to use a 
programming language and a 
programming environment familiar to 
the students. 

This didactical variable was unchanged during the design of the 
learning activity of DC2 and is believed to have served its purpose 
during DC2. 

Programming concepts (DV2) 
 
To solve the mathematical problems 
would require basic knowledge 
concerning variables, input/output, 
iterations (including nested loops), and 
selections. 

In accordance with DC1, the data collected during the learning 
activity of DC2 revealed that many of the difficulties experienced by 
students were related to their use of nested loops which sometimes 
prevented them from solving the mathematical problems.  
 
Direct evidence of the influence of the preparatory task was limited. 

Mathematical content (DV3) 
 
Solving the mathematical problems 
would require knowledge in algebra and 
arithmetic in order to handle variables 
and mathematical expressions. 

This didactical variable was unchanged during the design of the 
learning activity of DC2 and is believed to have served its purpose 
during DC2. 
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Specifying the problem (DV4) 
 
Making the algebraic expression 
describing the loss of gold coins more 
straightforward compared to the 
original problem (DC1). Changing the 
age difference between Cinderella and 
Begonia as well as the number of lost 
coins in order for the first problem to 
have two different solutions irrespective 
of whether two sisters were allowed to 
have the same age or not (DC2).  

Due to the revision, it is believed that more students were faced 
with the fact that the first mathematical problem could have 
multiple solutions. The revision of the didactical variable is thus 
believed to have served its purpose. 
 
Yet, conversations between students revealed that students still 
questioned whether both of the solutions could be valid. 

Students working in pairs (DV5) 
 
Working in a pair was considered as a 
way of sharing of knowledge and served 
as a way of supporting the development 
of both instrumental genesis and 
problem-solving strategies. 
 
Discussions between students were also 
regarded as a way to detect students’ 
instrumental geneses. 

This didactical variable was unchanged during the design of the 
learning activity of DC2 and is believed to have served its purpose 
during DC2. 

Displaying the code (DV6) 
 
Sherpa-students were able to display 
their code to the rest of the students 
(using screen sharing in Zoom). 

This didactical variable was unchanged during the design of the 
learning activity of DC2.  
 
However, during DC2, the researcher reviewed the code, which was 
to be displayed, more carefully and also made active choices to 
remove parts of the code not to give away a complete solution to the 
rest of the students. The didactical variable is therefore believed to 
have served its purpose during DC2. 

Introductory information to the students 
(DV7) 
 
The participating students should be 
informed at the beginning of the 
teaching experiment that the 
mathematical problems could not be 
solved by using any analytical methods 
known by the students and that the 
problems should be solved by using the 
programming environment. 

This didactical variable was the outcome of the retrospective 
analysis of DC2 and could thus be taken into action during a 
prospective third design cycle.  

 
In chapter 6 and chapter 7, the two design cycles of this study have been 
described in detail and the retrospective analysis of each cycle has analysed the 
outcome of the teaching experiments in relation to the HLT stated during the 
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preliminary design phase of each cycle. But over the two cycles there has also 
been an accumulation of data and results which describe general issues 
relating to the students’ instrumental genesis. These issues and the students’ 
instrumental genesis as a whole will be in focus in the following chapter. 
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During two teaching experiments, Swedish upper secondary school students 
with basic knowledge of programming, were asked to solve two mathematical 
problems with the help of the programming environment NetBeans. In this 
chapter, verbatim extracts together with students’ code from the teaching 
experiments of both design cycles will be used to highlight important aspects 
of the students’ instrumental geneses. The development of students’ 
instrumented action schemes is thus of special interest within the analysis in 
this chapter since the formation of an instrument concerns the development of 
schemes related to the use of the artefact (Rabardel, 2002) and thus 
“[i]dentifying schemes (which integrate conceptual and technical knowledge of 
the use of an artefact toward a mathematical goal) are key in instrumental 
genesis analysis” (Buteau, Muller, et al., 2020, p. 368). 
 
Since the data presented within this chapter only involves ongoing discussions 
between students during a specific teaching experiment, the researcher makes 
no claim to regard the scheme(s) used/developed by the students as “invariant 
organization of activity for a certain class of situations” (Vergnaud, 1998a, p. 
167). In order to make such claims, the researcher would have had to follow 
the students' use of the programming environment in similar problem-solving 
situations over a period of time. However, it can be claimed that the students, 
when solving the mathematical problems, generated proto schemes or schemes 
in progress. These proto schemes could in turn be built on existing schemes 
relating to mathematical objects or on existing schemes related to the use of 
the artefact. Although it is not possible for the researcher to assert with 
certainty that the students possessed such schemes, it is still reasonable to 
assume that pre-existing schemes, used by the students, have been developed 
during the students' completed and ongoing courses in mathematics and 
programming. 
 
Consequently, while the concepts-in-action and propositions-in-action which 
are described in this chapter are potential operational invariants, the limited 
scope of this study does not permit a stronger claim that they have indeed been 
established as operational invariants. Yet, the researcher argues that using the 
scheme components described by Vergnaud (1998a) still offers a fruitful way to 
describe different aspects of the students’ proto schemes in more detail and 
that these concepts-in-action and propositions-in-action thus could be 
regarded as operational invariants in progress. It could be claimed that the 
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development of these proto schemes4 together with the artefact initiate the 
construction of the instrument. This is exactly the process of instrumental 
genesis.  
 
The following sections of this chapter will focus on students’ instrumental 
genesis and the development of instrumented action schemes relating to the 
problem-solving process in which the students tried to solve the two 
mathematical problems concerning finding the ages of three sisters by using a 
programming environment as a technical artefact. The screen recordings and 
the recorded conversations between students serve as a way to capture the 
rationale for choices made by the students during their problem-solving 
process and will be used to describe important aspects of students’ 
instrumental genesis. The recorded conversations between students will thus 
be used to illuminate parts of the process in which the students’ instrumented 
action schemes were formed and some of the difficulties related to this 
formation. Chosen aspects relating to students’ problem-solving process and 
their instrumental genesis will be analysed in detail. During this analysis, the 
focus will be on students’ use and/or development of rules of action, concepts-
in-action, and propositions-in-action. The other scheme components, that is, 
the goals and anticipations as well as the possibilities of inferences will not be 
analysed or discussed in detail. 
 
The description of schemes made by Vergnaud (1998b) will be used to label 
different components which builds up the students’ instrumented action 
scheme in accordance with how it has been used by Buteau, Gueudet, et al. 
(2020), who claim that the use of these components when analysing the 
students’ instrumental genesis when solving mathematical tasks using 
programming “allows us to deepen our understanding of what is at stake in 
terms of students’ learning in this particular context” (p. 17).  
 
Due to the resemblance of the problems used in both teaching experiments, 
data from both design cycles will be presented alternately in the following 
sections. In the text it will be indicated if the data relates to the first design 
cycle (DC1) or to the second design cycle (DC2).  
 

 
4 In the following sections, proto schemes used/developed by the students will be referred to just as schemes. 
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The first part of the problem-solving process involved expressing algebraic 
relationships relating to the first mathematical problem, that is, a relationship 
between the ages of the sisters and the loss of gold coins, a relationship 
between the age of Begonia and Cinderella, and possibly an inequality 
concerning the order of the ages of the three sisters. Based on the recorded 
conversations between the students, stating these relationships could be 
considered as a relatively straightforward process. But as described in 
connection with the retrospective analysis of each cycle, the next step of the 
problem-solving process, in which the students tried to find an adequate 
problem-solving strategy, proved to be much more time-consuming than 
expected. In this section, students’ conversations will be used to highlight how 
the students’ search for a viable problem-solving strategy was guided by the 
existence of pre-existing schemes. 
 

Just like the pair George and Henrik (DC2), whose initial work will be 
described in the following paragraphs, many students firstly used a lot of time 
trying to simplify the mathematical relationships, sometimes with the hope of 
solving the first mathematical problem using pen and paper. At an early stage 
during the teaching experiment, George and Henrik discuss their initial ideas 
and their stated mathematical relationships, involving the ages of the three 
sisters, with the researcher: 
 

[78] George:  Yes, just have to figure out how to get this to programming code. 
But... 

[80] Researcher:  How did you think when you stated that relationships? 

[82] George:  Yes, we set up a system of equations for this year and next year. 

[83] Henrik:  Mm. The problem is we have three [unknowns] now but I do not 
know if we can... manage it anyway with programming. By testing 
sort of... 

 
George and Henrik then continue their discussion about how to solve the 
problem: 
 

[88] George:  But we have three unknowns then. 
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[89] Henrik:  Yes 

[90] George:  It's not possible. 

[91] Henrik:  No. Or it usually does not work. But now we have NetBeans. 
Maybe... I do not know. Hope so. 

 
Based on the two previous extracts, George’s comment “It's not possible” 
seems to be related to the fact that the system of equations stated by the 
students involves too many unknowns. Henrik, on the other hand, seems to 
realise that the programming environment may offer the pair an opportunity 
to solve the equation system by “testing”. At this stage, the students are not 
able to specify how such a trial would be designed using NetBeans. Instead, 
they return to the mathematical relationships.  
 
Figure 18: Mathematical relationships stated by George and Henrik. 

 
 
Figure 18 shows the relationships stated by the pair at this stage5. The first 
relationship in line 9 concerns the product of the three ages at the time of 
Cinderella’s wish where a represent the age of Cinderella (Askungen in 
Swedish), f the age of Fuxia, and x the product. The students express the age of 
Begonia as a + 15 based on the information given in the word problem. The 
relationship in line 10 represent the product (y) of the ages the next year if all 
three sisters become one year older and the relationship in line 11 represent 
the product of the ages the next year if the age of Cinderella is not altered. It 
should be noted that the relationships in line 10 and 11 are inaccurate due to 
missing parentheses. The students later correct this inaccuracy. At this stage, 
the actions taken by the students are based on a vital concept-in-action. 
 

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or 
more) algebraic relationships between variables. 

 
 

5 In order to effectively collaborate online, the pair shared a screen and used NetBeans as a notebook. The 
relationships in Figure 18 should therefore not be regarded as programming code. 
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The above-mentioned concept-in-action gives birth to the corresponding rules 
of action guiding the students' work.  
 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 

RoA-AF2:  Express the word problem situation in algebraic terms. 

 
Henrik now suggests that they should try to simplify the relationship stated in 
line 10 (Figure 18).  
 

[131] Henrik:  We can simplify the second one... 

[132] George:  Yes, but it doesn’t matter. 

[133] Henrik:  …a bit. It matters. It will be easier to visualise. 

[134] George:  No 

[135] Henrik:  Yes, it will 

[136] George:  No, it will not. 

[137] Henrik:  It will. 

[138] George:  We still have to reduce it into as many variables so that we can 
solve it. Okay we do not need b. 

[139] Henrik:  The second one, a squared... a squared plus 17 a plus 16 times f 
plus 1. The first which is a plus 1... 

[140] George:  It will still not be possible to solve. 

[141] Henrik:  No, but it's simplified so it's a little bit easier to think about then. 

 
In the extract above, Henrik introduces a concept-in-action and uses a 
corresponding rule of action: 
 

CiA-AF2:  The idea of manipulating a mathematical relationship to simplify it. 

RoA-AF3:  (After expressing the word problem situation in algebraic terms) 
Simplify algebraic expressions.  

 
Henrik’s comment that a simplified relationship is “easier to think about” is 
reinforced a moment later: 
 

[151] Henrik:  I think it's much easier if we simplify then... 
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Henrik’s comments seemed to be based on the idea that simplifying 
mathematical relationships often is a viable way forward when solving 
problems including unknowns and relationships between these. George, on the 
other hand, seems focused on trying to solve the problem analytically using a 
system of equations. He therefore does not view Henrik’s ideas as helpful since 
they do not lead to a reduction of the number of unknows.  
 
Other students such as Anne and Bill (DC1), whose work has been described in 
chapter 6, even tried to generate an expression for the age of one of the sisters. 
These actions involved the use of two additional scheme components. 
 

CiA-AF3:  The idea of manipulating an equation to produce an expression for an 
unknown variable. 

RoA-AF4:  (After expressing the word problem situation in algebraic terms) 
Manipulate algebraic expressions towards a solution state. 

 
For George and Henrik, it’s not until they discuss their ideas with the 
researcher, that the pair fully realises how testing could be used as a problem-
solving strategy and how the programming environment could act as a tool for 
conducting such a trial. 
 

[298] Researcher:  But you are thinking about solving it using an equation system? 

[299] George:  Yes 

[301] Henrik:  It's about finding the connection between... That's what I'm 
thinking about... It's programming so you have to include it in 
some way... Test in some way but I do not really know how to use 
the programming, it is what I’m thinking about, in the back of my 
mind so... 

[302] Researcher:  Yes. When you say test then. What do you think then? 

[303] Henrik:  I don’t know. We... I have been thinking about whether you can 
kind of test here... the function in some way and find the only 
one... If there is an optimal solution then... as a (the age of 
Cinderella) should be. 

[304] Researcher:  Yes 

[305] Henrik:  So, what I'm thinking is, if there's anything... kind of the 
derivative is zero sort of. It's a quadratic function. So, if it's 
something that aims to... But then it would work in the head as 
well so it cannot test. So, I do not really know how testing actually 
would help. 
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[307] Researcher:  But you still said that you should test to find the optimal. What 
would be the optimal then? 

[308] Henrik:  When a times f (the age of Fuxia) times f is the sum. So, you can 
test which ones actually work. 

[309] Researcher:  Exactly 

[310] Henrik:  It is... You'll probably get two then probably… Or if it's... Either 
two or one because it's a quadratic function. But at the same time, 
I do not know... It should not be like that because it is about 
programming… Because then you would not need programming. 

[313] Researcher:  No 

[314] Henrik:  Because then it is no longer testing if it is what I am thinking of 
now. 

 
Henrik has difficulties trying to articulate how his idea of testing should be 
conducted. Instead, he tries to apply his knowledge about quadratic functions 
when he talks about the possible number of solutions and he also relates the 
idea of an optimal solution to the vertex of a quadratic function. It should be 
noted that the two students had not discussed quadratic functions before the 
conversation between the students and the researcher. Then, the researcher 
asks the students to explain in more detail what they have done.  
 

[329] Researcher:  And now you have tried to expand and multiply and... 

[330] George:  Yes 

[331] Henrik:  Yes, expanded it, multiplied. Kind of to get even more removed... 
I took... Replaced f in the first so you only got a. But I do not 
know if it helps. But it is in the back of my mind that you have to 
test because I do not know what else you would use programming 
for. 

[334] Researcher:  No, that may be wise. To... 

[335] Henrik:  But I do not know what to test in that case. 

[336] Researcher:  No, but you mentioned that you wanted to test so that you sort of 
could find the optimal... so that it was true. 

[337] George:  Yes, but I do not know how to do it. If you... No, I do not know... 

[338] Researcher:  Because then it might be important to test with different values 
for a and different values for f and... and see if you... you can find 
a combination that works. 

[339] Henrik:  Yes. George, we could actually do that. We ignore everything 
we've done so far. 
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After ending the discussion with the researcher, George and Henrik continue 
their discussion.  
 

[344] Henrik:  We write a program that kind of finds all the possibilities it can 
be. All numbers sort of... It may be like a hundred combinations, 
but then we have reduced it to a hundred different ones. 

[345] George:  Wait. So, we have two equations. It should find the solution. 

[346] Henrik:  What I'm thinking about is if you can, with FOR loops, go 
through all possible values because we know that it is a... We 
know that it can only be 15. Right? It's... Because a is greater 
than... Or f... a plus 15 is greater than f and f is greater than a. So, 
we know it must be a 15 radius. Right? 

[347] George:  A radius? 

[348] Henrik:  No not radius but... Within a certain number then. 

[349] George:  Yes 

[350] Henrik:  So, we… 

[351] George:  Shall we go through all... We go through zero to... something a... 

[352] Henrik:  a… 

[353] George:  ...and then we can only start with the others. But it is... Will be... 
There are infinitely many solutions. 

[354] Henrik:  Exactly. But… 

[355] George:  We can do it until Fuxia is 100. Or? 

 
After this conversation the students start coding in NetBeans in a 
straightforward way. During the discussion with the researcher, the pair 
realised that the programming environment could be used to vary the values of 
the variables in order to conduct a trial. Henrik also expresses that they should 
“write a program that kind of finds all the possibilities it can be” which 
indicates the use of an important concept-in-action relating to the idea of using 
a trial to solve the problem: 
 

CiA-ET1:  The idea of conducting an exhaustive trial.  

 

While George and Henrik, Anne and Bill, as well as many other pairs initially 
struggled to find an adequate problem-solving strategy, Christian and David 
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(DC1) had a clear view from the start how to use the technical artefact to solve 
the problems. Christian’s experience of using programming outside of the 
educational context (revealed during a conversation between the students and 
the researcher) is immediately apparent when he and David discuss how to 
solve the problems. After reading the description of the first problem, 
Christian says: 
 

[8] Christian:  Actually, you could set it up mathematically. 

[9] David:  Oh, yeah? 

[10] Christian:  Or... and then just use brute force by testing lots of different 
combinations with the computer. 

 
Christian later during the lesson describes how he has used brute force (testing 
all possible combinations) before in order to solve a mathematical problem 
outside of school.  
 

[336] Christian:  That's how I solved it... it was kind of a stuff for Mattekollo (a 
camp for Swedish students interested in math and 
programming). As a thing for the admission. I just solved... I just 
tested all combinations instead of solving it algebraically. 

 
The suggested use of brute force could be seen as the introduction of an 
important concept-in-action guiding the formation of an important 
proposition-in-action: 
 

CiA-ET1:  The idea of conducting an exhaustive trial. 

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1). 

 
Thereafter Christian quickly and, it seems, without any prior calculations state 
the relationship  between the loss of gold coins and the ages of 
Fuxia (Fu) and Begonia (Be). This relationship is correct, based on the 
assumption that the two variables concern the ages of the sisters one year after 
the wish of Cinderella, but this is never articulated by either Christian or 
David.  
 



 152 

[22] Christian:  Well, but then we know that... Eh... Be times Fu is 432. 

[23] David:  Because? 

[24] Christian:  Eh... because if As (the age of Cinderella) decreases by... If As 
increases by one then this should increase by 432. 

[25] David:  Yes, of course. Ah! 

 
David then articulates the relationship between the ages of Begonia and 
Cinderella. 
 

[51] David:  Be is equal to As plus eleven, but... 

 
It could be argued that Christian and David use the following concept-in-
action and its associated rules of action when initiating their problem-solving 
process by stating mathematical relationships:  
 

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or 
more) algebraic relationships between variables. 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 

RoA-AF2:  Express the word problem situation in algebraic terms. 

 
After stating mathematical relationships, Christian and David start using the 
programming environment (the artefact) NetBeans and begin their work by 
declaring variables and assigning these variables values if necessary. Then the 
pair creates a single loop involving three variables corresponding to the age of 
each sister (Figure 19). The variable driving the loop is As (the age of 
Cinderella), initialised as 0, and, at the start of each iteration, increased by 1. 
Thus, the loop systematically examines what happens as Cinderella's age 
increases from 1. Within the single loop, the age of Begonia is then specified as 

, which would be valid if the variables As and Be refer to the 
sisters' ages at the time at which Cinderella made her wish, but invalid if they 
refer to the sisters' ages one year after Cinderella's wish takes effect. The third 
variable Fu is then calculated as  which would be valid if the 
variables Be and Fu refer to the sisters' ages one year after Cinderella's wish 
takes effect, but invalid if they refer to the sisters' ages at the time at which 
Cinderella made her wish. So, there is inconsistency in the reference point in 
time being used in defining the variable values. Thus, the flaw in the students' 
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strategy arises from failing to pay attention to the relationship of each age 
variable not just to a person but to a point in time. Even though it could be 
argued that the relationship between the ages of Begonia and Cinderella has 
been incorrectly stated by the students, the fact that the students do not argue 
that the variables represent the ages of the sisters one year after the wish of 
Cinderella makes it more likely that the relationship between Fu and Be is 
based on some sort of misconception.  
 
Figure 19: Screen shot from Christian’s and David’s use of NetBeans. 

 
 
It could be argued that the code generated by the pair is based on two 
important concepts-in-action: 
 

CiA-ET3:  The idea of systematically varying one variable and deriving linked 
variables from relationships between them and it. 

CiA-LC3:  The idea of using conditions within loops and conditional operators in 
order to extract solutions within a given range during an exhaustive 
trial. 

 
Based on the actions taken by the students, it could also be argued that CiA-
ET3 together with the idea of conducting an exhaustive trial form a 
proposition-in-action guiding the students’ work: 
 

PiA-4:  Systematically varying one variable and deriving values of linked 
variables from relationships between them and it (CiA-ET3) is a means 
of conducting an exhaustive trial (CiA-ET1). 
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Since the anticipated instrumented action scheme presented in the previous 
two chapters was based on the idea of conducting the trial using nested loops, 
it should be noted that neither CiA-ET3 nor PiA-4 were components of that 
anticipated instrumented action scheme. The generative part of the scheme of 
Christian and David involves several rules of action used by them when 
working in the programming environment: 
 

RoA-LC1:  Declare computational variables and (where given) assign variables 
values.  

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions 
in order to (b) perform different actions based on the validity of the 
given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

RoA-LC6:  Coordinate necessary rules of action (as efficiently as possible) so as to 
construct a solution procedure. 

 
Christian’s interest in programming and his prior use of brute force to solve 
similar problems, indicates that he possesses an already pre-existing 
instrumented action scheme to which he straightforwardly manages to 
assimilate this new situation. Their further developed scheme also involves a 
vital concept-in-action (CiA-LC3) related to the use of conditions within the IF 
statement to test if the calculated value of Fu takes integer values (line 12 in 
Figure 19). The deficiency of the program is not related to the use of the 
artefact but concerns the mathematical relationships stated by the students. 
Although Christian has the ability to assimilate this new situation to a pre-
existing instrumented action scheme, the two students thereafter struggled to 
use an efficient strategy for debugging which, in the end, meant that they were 
unable to locate the cause of the error. Instead, they reconstructed the whole 
program and conducted the exhaustive trial using nested loops, seemingly 
inspired by the presentations made by the two pairs of sherpa-students.  
 

The conversations presented in this section demonstrate how students like 
George and Henrik initially struggled to find an adequate problem-solving 
strategy to use when solving the first mathematical problem. The initial part of 
George’s and Henrik’s problem-solving process is seen as representative for 
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many of the students partaking during the teaching experiments (e.g., the 
students Anne and Bill, whose work has been analysed in the retrospective 
analysis of DC1).  
 
Although all the students were told at the beginning of the teaching 
experiments that they were to solve the mathematical problems using 
programming, lack of pre-existing instrumented action schemes related to the 
use of the programming environment (the artefact) as a mathematical 
instrument seems to have meant that many students, like George and Henrik, 
instead tried to assimilate this new situation into pre-existing mathematical 
schemes (Artigue, 2002). Taking advantage of these pre-existing schemes, 
relating to actions in which students used algebraic manipulations in order to 
simplify the mathematical relationships, had according to the student Bill 
“worked before” and Henrik argued that “it's much easier if we simplify”. 
Accordingly, students' desire trying to assimilate the mathematical situation 
into pre-existing mathematical schemes should not be surprising since it could 
be argued that these schemes have previously offered the students the 
possibility to solve similar problems involving for example system of 
equations.  
 
The students’ initial use of mathematical schemes could also have been 
affected by existing norms within the mathematical classroom on how to solve 
similar problems using pen and paper. Such mathematical norms seldom 
involve the use of technical artefacts (Artigue, 2002) such as a programming 
environment.  
 
As the algebraic efforts did not yield the results that these students had initially 
desired, they started to discuss alternative ways of solving the first problem 
which to varying degrees involved the use of the programming environment. 
Although George’s and Henrik’s, as well as Anne’s and Bill’s attention initially 
was not directed towards the use of the artefact, both pairs articulated that the 
programming environment could be used to “test” or “slowly go through” in 
order to find the solutions to the first problem. But at this stage during their 
problem-solving process, the pairs struggled to develop these ideas further 
which is in line with the conclusions drawn by Winslow (1996) who argues that 
novice programmers often experience difficulties when trying to translate their 
solution ideas into a program. Later, after a discussion with the researcher (in 
the case of George and Henrik) and after the presentation made by sherpa-
students (in the case of Anne and Bill) both pairs started to program in a 
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straightforward way and thus started the development of an instrumented 
action (proto) scheme related to the mathematical object. Despite the fact that 
both of the pairs later experienced minor difficulties when programming 
(which will partly be described later in this chapter) their use of NetBeans 
revealed that the students did possess pre-existing usage schemes related to 
the use of the programming environment which presumably had been 
developed during their ongoing programming course.  
 
So, rather than due to underdeveloped mathematical schemes or 
underdeveloped usage schemes relating to the use of the programming 
environment, it could be argued that for example George’s and Henrik’s initial 
struggle was due to their inability to realise the mathematical possibilities 
offered by the artefact. It could be claimed that this inability was strongly 
related to the students’ inexperience of instrument-mediated activities 
(Rabardel, 2002) in which the artefact had been used to act upon 
mathematical objects. This inexperience meant that the students lacked a set 
of pre-existing instrumented action schemes in which the programming 
environment could be used as an instrument when solving mathematical 
tasks/problems. As a consequence, the students’ initial activities only 
concerned actions between themselves (the subjects) and the mathematical 
object. The lack of instrumented action schemes relating to the use of a 
programming environment as a mathematical instrument also meant that it 
became difficult for the students to assimilate the new situation, experienced 
when solving the two mathematical problems, into pre-existing instrumented 
action schemes, a process which could be regarded as important during the 
instrumental genesis and the formation of the mathematical instrument. So, 
instead of trying to assimilate the new mathematical situation into an existing 
instrumented action scheme, it could be argued that students like George and 
Henrik essentially had to try to accommodate mathematical schemes and 
usage schemes relating to programming into a complete new instrumented 
action scheme in order to use the programming environment for “testing". It 
could be claimed that the formation of completely new instrumented action 
schemes by accommodating different pre-existing schemes relating to the 
artefact and the mathematical object respectively is a more challenging 
endeavour than assimilating a new situation within an already existing 
instrumented action scheme.  
 
How the existence of related instrumented action schemes made it possible for 
students to assimilate the mathematical situation into such existing schemes 
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became evident when studying the work of the students Christian and David. 
Although the initial program created by the two students contained an 
important deficiency relating to inconsistent use of variables, their 
straightforward way of coding illustrated how already existing instrumented 
action schemes closely related to the object of interest could be assimilated 
into a new scheme used to act upon this new object. Christian quickly called 
upon an existing instrumented action scheme which he previously seemed to 
have used when solving a similar mathematical problem using brute force. 
Consequently, the student possessed instrumented action schemes relating to 
situations in which equations could be solved using the programming 
environment and these pre-existing schemes was then, according to the view of 
Rabardel (2002), adapted by Christian and David and “implemented in the 
form of a procedure relevant to the particularities of the situation” (p. 85). For 
George and Henrik as well as for Anne and Bill, due to their lack of pre-existing 
instrumented action schemes related to similar mathematical objects, such 
assimilation or adaptation was not possible. Instead, they were, as described, 
forced to try to accommodate pre-existing but non-instrumented mathematical 
schemes and usage schemes related to the use of the artefact into a new 
instrumented action scheme related to the given mathematical objective.  
 
It should be noted that especially Christian, based on his articulated interest of 
programming, could be categorised as an advanced beginner when it comes to 
programming (Dreyfus et al., 1986) meaning that he possessed a more 
extensive set of instrumented action schemes than many of the other students 
taking part in the teaching experiment. This may consequently have affected 
his ability to assimilate these specific real-world problems with situational 
features to his pre-existing schemes. The other students, whose screens and 
conversations were recorded, could on the other hand still be categorised as 
novice programmers using the vocabulary of Dreyfus et al. (1986).  
 

A vital part of the students’ instrumental genesis regarded the process in which 
their problem-solving strategy should be implemented using the technical 
artefact, that is, the programming environment NetBeans. Although all the 
students taking part in the teaching experiments had prior experience of using 
nested loops in their ongoing programming course, the use of such loops was 
expected to cause the students some difficulties. The screen and voice 
recordings confirmed this expectation but also revealed how the students used 
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different approaches when started to program, some of which will be described 
in this section. Since it could be argued that these different approaches are 
associated with the development of specific instrumented action schemes, the 
different components of these proto schemes will be presented as a part of the 
following descriptions. 
 

The students Sophie and Richard, who acted as the second pair of sherpa-
students during the teaching experiment of DC1, managed to implemented 
their problem-solving strategy of conducting an exhaustive trial into a program 
in a relatively straightforward way. During the presentation, Sophie described 
the code generated by the pair: 
 

Sophie:  Yes, we have a nested FOR loop so the first one... Eh... Or starting 
with a is zero and every time it goes around there a increases by 
one. But before that happens, b (the age of Begonia) is set to a 
plus eleven and then comes the next for loop which then tests 
every age between a and b, which is then the mid sister. And if 
this formula we came up with is true then the statements should 
stop... or stop with a BREAK statement and a should be printed. 

 

Figure 20: Screen shot from OneNote showing the code presented by Sophie and Richard. 

 
 
The program (Figure 20), which has been described in more detail in chapter 
6, is constructed based on the idea of using nested loops in order to 
systematically vary the values of the variables a (the age of Cinderella) and f 
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(the age of Fuxia). The corresponding value of b (the age of Begonia) is 
calculated based on the given relationship between a and b. The IF statement 
within the inner loop tests if the relationship concerning the loss of gold coins 
equals 432 for each combination of ages. The command BREAK was intended 
to stop both loops from running but, by the way it was used, only terminated 
the inner loop.  
 
Based on the conversation and the code, several concepts-in-action of the 
students’ developing instrumented action scheme can be identified: 
 

CiA-AF1:  The idea of expressing a word problem situation in terms of (one or 
more) algebraic relationships between variables. 

CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET2:  The idea of systematically combining variables. 

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable-related actions. 

CiA-LC3:  The idea of using conditions within loops and conditional operators in 
order to extract solutions within a given range during an exhaustive 
trial. 

 
These concepts-in-action are the foundations for the propositions-in-action 
used by Sophie and Richard: 
 

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1). 

PiA-2:  Systematically combining variables (CiA-ET2) is a means for 
conducting an exhaustive trial (CiA-ET1). 

PiA-3:  Establishing a loop for each variable in play (CiA-LC1) and nesting 
these loops (CiA-LC2) is a means for systematically combining 
variables (CiA-ET2). 

 
The following rules of action could also be identified: 
 

RoA-AF1:  Analyse the problem situation as one involving unknown quantities. 

RoA-AF2:  Express the word problem situation in algebraic terms. 
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RoA-ET1:  Formulate the problem situation as amenable to solution through 
exhaustive trial. 

RoA-LC1:  Declare computational variables and (where given) assign variables 
values. 

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC3:  Create nested loops in order to systematically combine variables.  

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions 
in order to (b) perform different actions based on the validity of the 
given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

RoA-LC6:  Coordinate necessary rules of action (as efficiently as possible) so as to 
construct a solution procedure. 

 
Later during the teaching experiment, Sophie and Richard managed to adjust 
their code and created a program which solved both mathematical problems. 
This modified version did not include the use of the command BREAK but 
carried out an exhaustive trial which tested all possible combinations of ages 
(based on the conditions given by the problems). 
 

The students George and Henrik, whose initial struggle to find an adequate 
problem-solving strategy has been described in the previous section, had at 
this stage during their problem-solving process realised that an exhaustive trial 
could be used to solve the first problem and that the programming 
environment offered them the possibility to implement these ideas using FOR 
loops. Before starting to code, Henrik suggests that the pair should assign the 
computational variable a (the age of Cinderella) a specific value. 
 

[356] Henrik:  I thinking about Cinderella... What could she be? We... We just 
start putting Cinderella to 20. She's 20 years old. Okay? She is 20 
years old. 

 
Figure 21 illustrate the first version of George’s and Henrik’s program. In 
accordance with Henrik’s last comment, the pair assigns a (the age of 
Cinderella) the value 20. The single loop is controlled by the variable f which 
corresponds to the age of Fuxia which initial value is set equal to 20 since 
Fuxia cannot be younger than Cinderella. The loop runs as long as f is less than 
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36 since the upper limit of f is constrained by the fact that Begonia (15 years 
older than Cinderella) is the oldest sister. The variables summa1 and summa2 
are assigned values corresponding to the number of gold coins given to the 
sisters the next year if Cinderella becomes one year older or not. The variable 
skillnad is assigned a value corresponding to the difference between summa1 
and summa2, that is, the number of gold coins that the sisters would lose if 
Cinderella did not age. The IF statement is used to test if skillnad equals 480 
and if that is the case, the program should print the value of the variables a 
and f.  
 
Figure 21: Screen shot from George’s and Henrik’s use of NetBeans. 

 
Although the students’ program at this stage only can find solutions in which 
Cinderella is 20 years old, the generated code reveals the use of several rules of 
action relating: 
 

RoA-LC1:  Declare computational variables and (where given) assign variables 
values. 

RoA-LC2:  Create an iteration and define conditions for the loop. 



 162 

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions 
in order to (b) perform different actions based on the validity of the 
given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

 
When the program does not generate an output, George and Henrik are aware 
of its limitation and start modifying the program.  
 

[454] George:  It will probably not find anything because it is not 20. No... 

[455] Henrik:  She's not 20 then. But then we can only test upwards. 

[456] George:  We... Or we do another FOR loop. 

[457] Henrik:  Do... Do... Do another FOR loop now. 

[458] George:  We start at zero. 

[459] Henrik:  Yes, start at zero. And so, we go to... To... 

[460] George:  a is less than… 

[461] Henrik:  …30 or something. 

[462] George:  She might be old, you never know. 

Figure 22: Screen shot from George’s and Henrik’s use of NetBeans. 

 
The modified version of the code based on the adding of another loop is shown 
in Figure 22. The pair adds a FOR loop which controls the values of the 
variable a (the age of Cinderella). The new loop is nested with the already 
existing loop for which the students altered the conditions. The initial value of 
f (the age of Fuxia) is set to 15 which is not fitting. It could be argued that the 
students may have mixed up the age of the mid sister with the age of the oldest 
sister Begonia who is 15 years older than Cinderella. It should also be noted 
that the program lacks any condition testing if Fuxia is the mid sister. When 
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executing the program, it generates four different outputs (0, 29), (4, 23), (8, 
19), and (14, 15).  
 
Although the code has deficiencies, the actions taken by the students introduce 
important concepts-in-action and propositions-in-action together with 
corresponding rules of action: 
 

CiA-ET2:  The idea of systematically combining variables.  

CiA-LC1:  The idea of establishing a loop to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable actions.  

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1).  

PiA-2:  Systematically combining variables (CiA-ET2) is a means for 
conducting an exhaustive trial (CiA-ET1). 

PiA-3:  Establishing a loop for each variable in play (CiA-LC1) and nesting 
these loops (CiA-LC2) is a means for systematically combining 
variables (CiA-ET2).  

RoA-ET1:  Formulate the problem situation as amenable to solution through 
exhaustive trial. 

RoA-LC3:  Create nested loops in order to systematically combine variables. 

 
The pair then starts discussing the validity of the four answers.  
 

[496] George:  Yes, then we have four answers here... Yes... 

[497] Henrik:  But it is not true. 

[498] George:  Someone... Some of these must be true? Don’t you think so? 

[499] Henrik:  14 and 15 could work. It's the only one that works. 

[500] George:  Why couldn't Cinderella be... Cinderella could be 8? 

[503] Henrik:  […] No, I was joking. She can be 8 or she can be 14. But 23 and 4, 
and zero and 29 do not work. 

[504] George:  Why not? 

[505] Henrik:  Try to take 29 minus zero, it's greater than 15. Right? And 23 and 
4... 23 minus 4 is also greater than 15. So, Cinderella is 8 or 14. 
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Henrik realises that two answers does not fulfil the condition that Fuxia is the 
mid sister. George then adds  as a second condition within the IF 
statement. This eliminates two of the four solutions but it should be noted that 
the program still allows solutions in which Cinderella (a) is older than 
Fuxia (f). Also, the condition within the inner loop still does not allow f to take 
any values less than 15. Yet, Henrik’s previous insight could be regarded as a 
rule of action: 
 

RoA-LC7:  Make sure that the program takes account of all the information in the 
problem statement. 

 
At this stage, the code contains inaccuracies relating to the conditions within 
the inner loop which is common among novice programmers (Alzahrani et al., 
2018; Ginat, 2004).  
 

When the students Ian and Jacob started to implement the ideas of conducting 
an exhaustive trial using the programming environment, they started off, just 
like George and Henrik, by using only one single loop. But while George and 
Henrik only ran their single-loop program once before they started to take 
advantage of nested loops, Ian and Jacob kept the single loop and constructed 
a semi-automated program.  
 

[162] Ian:  What we can do is to guess. Because we know... the other sister 
(Begonia) is 15 years older, we know she (Fuxia) is between 
Cinderella and her. So, we say that f is equal to a plus 1 in the 
beginning. Run it. If we do not get an answer, doesn’t print... You 
want to take... […] As long as a is less than...? What shall we say? 
30? 

[163] Jacob:  Mm… 

[164] Ian:  Oh. So! So now this should work, right? If we state that f equals a 
plus 1. Shift F6 (executing the program), let’s go. No, it found no 
answer. 

[165] Jacob:  Yes, run successful. 

[166] Ian:  We take a plus 2. Shift F6. 

 
Figure 23 shows the generated code discussed by the students in the previous 
extract. The FOR loop in line 11-17 is controlled by the variable a (denoting the 
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age of Cinderella). Based on the conversation between the students, the loop 
should run as long as a is less than 30 but the students have stated this 
condition incorrectly meaning that the loop will never run. Later on, this error 
was corrected by the students. In line 12 the variable chek is assigned a value 
based on the values of a, b, and f which denote the ages of the three sisters. The 
following IF statement checks if chek equals the variable s which has been 
assigned the value 480 (the amount of lost gold coins) when being declared. If 
this condition is fulfilled, the program should print the current value of a.  
 
Figure 23: Screen shot from Ian’s and Jacob’s use of NetBeans.  

 
 
The first time the program was executed the variable f was assigned the value 
of a + 1 in line 9 and the second time the program was executed f was given the 
value a + 2 and so on. Thus, the fundamental idea is to manually alter the 
calculation for f in line 9 from  up to . It should be noted that, at 
this stage, neither the variable b nor the variable f are assigned new values 
within the loop (based on the value of a) since the calculations of b and f are 
situated outside the loop in line 9. 
 
Although the code contains several inaccuracies, the construction of the 
program is loosely based on the idea of varying values of variables and testing 
if these combinations of variable values fulfil a given condition, an action 
based on an important concept-in-action: 
 

CiA-LC3:  The idea of using conditions within loops and conditional operators in 
order to extract solutions within a given range during an exhaustive 
trial. 

 
The students have also applied several rules of action when starting to code.  
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RoA-LC1:  Declare computational variables and (where given) assign variables 
values. 

RoA-LC2:  Create an iteration and define conditions for the loop. 

RoA-LC4:  Make use of the conditional operator IF to (a) evaluate given conditions 
in order to (b) perform different actions based on the validity of the 
given conditions. 

RoA-LC5:  Create an output which shows the values of variables. 

 
After realising that the calculation of b and f must be placed inside the loop, 
the students modified their program. Figure 24 displays the changes made by 
the students which include a modified statement for the loop. In the code, f is 
assigned a value one greater than a, meaning that this version of the program 
will only find possible solutions in which Fuxia is one year older than 
Cinderella. The fundamental idea is still to manually alter the calculation for f 
in line 14 from a + 1 up to a + 14.  
 
Figure 24: Screen shot from Ian’s and Jacob’s use of NetBeans. 

Although it could be argued that the program is ineffective since it has to be 
executed 14 times, it is still based on the idea of conducting an exhaustive trial 
by systematically combining variables. These ideas are based on several 
concepts-in-action, including one, not included in the anticipated 
instrumented action scheme, relating the students’ idea of manually altering a 
specific calculation within the code each time that the program was executed 
(CiA-L4): 

CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET3:  The idea of systematically varying one variable and deriving linked 
variables from relationships between them and it. 
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CiA-LC4:  The idea of establishing a loop relating to one of the variables in play 
and then manually altering a relationship involving the calculations of 
a linked variable. 

The concepts-in-action have also formed propositions-in-action guiding the 
actions taken by the students: 

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1). 

PiA-4:  Systematically varying one variable and deriving values of linked 
variables from relationships between them and it (CiA-ET3) is a means 
of conducting an exhaustive trial (CiA-ET1). 

During this part of the problem-solving process, the pair’s action was also 
guided by a new rule of action: 

RoA-ET1:  Formulate the problem situation as amenable to solution through 
exhaustive trial. 

 
In the second problem, Fuxia was no longer bound to be the mid sister. Thus, 
the method of manually varying a specific number within the calculation of f 
becomes too ineffective which Ian seems to realise. Instead, he adds another 
loop which is nested with the existing loop. His intention by adding the new 
loop is to automatically vary the number which the students manually altered 
when solving the first problem. The nested loops created by Ian are shown in 
Figure 25. The outer loop controls the variable x which initially is set to 0 and 
the loop runs as long as x is less than 150. The value of x is then used within 
the inner loop in order to calculate the value of f.  
 
When Ian executes the program, it generates four answers. At this stage, the 
program does not allow for f (the age of Fuxia) to take values less than a (the 
age of Cinderella) meaning that the program only prints solutions in which 
Fuxia’s age is greater than or equal to Cinderella’s age. During a conversation 
with the researcher, the pair first describes the program that solved the first 
problem.  
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Figure 25: Screen shot from Ian’s and Jacob’s use of NetBeans. 

 
 

[356] Ian:  Yes, but then we did not have x there. We just inserted 1... Or 
then we only had 1... So, we put ... only changed to… up to 15. 

[357] Researcher:  Well so you did it manually so to say? 

[358] Ian:  Yes. I just didn’t think about adding another FOR statement. 

[359] Researcher:  Yes, okay. Then I understand. So... Okay. So, you ran the 
program 15 times and got... 

[360] Ian:  Yes, the two answers. 

 
At this stage, Ian seems to realise how nested loops could have been used to 
solve the first problem more effectively. Later during the teaching experiment, 
he also realises that the second condition within the statement of the outer 
loop in Figure 25 should be changed to x < 15 in order to solve the first 
problem.  
 
After the discussion with the researcher, Ian also seems to realise that the 
program does not test combinations where f is less than a (when trying to solve 
the second mathematical problem). He first changes the initial value of x in the 
outer loop (line 11 in Figure 25) to (0 – a). It could be assumed that Ian 
realises that if x initially holds the value -a, the first value assigned to f in line 
14 would be 0. But since a is declared inside the conditions of the inner loop, 
the program cannot be executed. Ian realises that the difficulties could be 
solved if the outer loop controls the variable a and the inner loop controls the 
variable x. Consequently, he changes the order of the two FOR statements (see 
Figure 26). 
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[372] Ian:  I think I've solved it. No. Okay, if I change places on these FOR 
statements then? So... Then... Delete that... Control-C... So... See! 
What do you think about this? This should work. Right, Jacob?  

[373] Jacob:  Yes […] 

 
Figure 26: Screen shot from Ian’s and Jacob’s use of NetBeans. 

The program now allows for the loop controlling the variable a to run as long 
as a is less than 150. After these modifications, Ian and Jacob have managed to 
create a program which also solves the second problem. The use of nested 
loops could be seen as actions based on new concepts-in-action: 
 

CiA-LC1:  The idea of establishing a loop relating to each of the variables in play. 

CiA-LC2:  The idea of nesting loops (and statements within them) in order to 
achieve an appropriate sequence of variable-related actions. 

 
The concepts-in-action also form propositions-in-action which guide the 
actions taken by the students when solving the second problem:  
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PiA-2:  Systematically combining variables (CiA-ET2) is a means for 
conducting an exhaustive trial (CiA-ET1). 

PiA-3:  Establishing a loop for each variable in play (CiA-LC1) and nesting 
these loops (CiA-LC2) is a means for systematically combining 
variables (CiA-ET2). 

 
The actions taken by the students are thus based on a related rule of action:  
 

RoA-LC3:  Create nested loops in order to systematically combine variables. 

The previous examples have highlighted different ways of using loops in order 
to conduct an exhaustive trial. Sophie and Richard did not belong to those 
students whose screens and conversations were recorded and consequently the 
researcher was not able to follow their problem-solving process in detail. 
Despite the fact that their initial program was constructed based on the idea of 
only generating one single solution and the corresponding misuse of the 
BREAK command, it could be argued that Sophie and Richard had come a long 
way in the development of a well-functioning instrumented action scheme 
related to the given mathematical problem (object) which was also evident 
based on the scheme components that Sophie and Richard brought into action. 
The way that the students implemented their problem-solving strategy using 
the artefact also revealed that the students possessed well-developed usage 
schemes relating to the use of nested loops which was exemplified by the way 
they managed to insert the control variable (a) for the outer loop within the 
statement of the inner loop, a difficulty often experienced among novice 
programmers (Ginat, 2004). However, it could be claimed that the students’ 
initial use of the command BREAK indicates that Sophie’s and Richard’s pre-
existing usage scheme relating to the use of the command did not include 
breaking nested loops. 
 
The students George and Henrik initially developed a program which 
conducted a trial based on a constant value of one of the ages. For George and 
Henrik this choice seemed to allow the students to focus on the development of 
the inner loop and testing the program before creating the outer loop. It could 
thus be regarded as an intermediate step in their overall construction of a code 
allowing the students to conduct an exhaustive trial. For Ian and Jacob on the 
other hand, their use of one single loop was not regarded by the students as an 
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intermediate step in their problem-solving process but rather an important 
part of the pair’s construction of their semi-automated program. Based on the 
data presented in this section, it could be argued that the method of starting 
with a single loop and varying other values manually is a viable staging post in 
the instrumental genesis of the nested loop since it allowed the students to 
decompose the problem into smaller parts. Thus, using this step-by-step 
method to generate a code which systematically varies values of variables, a 
decisive part of an exhaustive trial which involves more than one variable, 
could be seen as a viable way of developing an instrumented action scheme. 
This may also have helped the students view the inner loop as a totality (i.e., as 
an encapsulated object), which according to Cetin (2015) is an important 
prerequisite for the students in order to realise how to nest a loop within 
another loop.  
 
The different ways of using loops in order to conduct the exhaustive trial, were 
also guided by different propositions-in action. While Sophie’s and Richard’s 
work was guided by the proposition-in-action arguing that establishing a loop 
for each variable in play and nesting these loops was a means for 
systematically combining variables (PiA-3), the corresponding proposition-in-
action initially used by Ian and Jacob was based on the idea that systematically 
varying one variable and deriving values of linked variables from relationship 
between them and it was a means of conducting an exhaustive trial (PiA-4). 
This implies that although schemes used in order to solve the first 
mathematical problem may involve many similar concepts-in-action, the effect 
of applying the schemes towards an object could differ due to different 
propositions-in-action formed by those concepts-in-action.  
 
In the end, it could also be argued that the task design and especially the use of 
the second mathematical problem forced Ian and Jacob to develop their initial 
ideas concerning the construction of the semi-automated program and to make 
use of nested loops. Consequently, the instrumental orchestration concerning 
the task design may have served a (although unforeseen) purpose in directing 
students' thinking toward the use of concepts-in-action important in order to 
introduce an additional proposition-in-action related to the idea of using 
nested loops (PiA-3). 
 
The examples presented in this sub-section, together with the examples given 
in the two previous chapters concerning the difficulties experienced by the 
students when nesting loops, also highlight how incorrectly stated conditions 
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within statements relating to loops or IF statements in some cases meant that 
the programs generated combinations of ages which did not fulfil all 
conditions given in the mathematical problems. Students’ struggle to define 
adequate statements for the loops is common among novice programmers 
(Ginat, 2004; Rigby et al., 2020), and Ginat (2004) especially highlights 
students' difficulties in understanding how the statements of the outer and 
inner loops are related when nesting two loops. George and Henrik, as well as 
Ian and Jacob experienced such difficulties when nesting the two loops. In 
George’s and Henrik’s initial program, using a single loop (Figure 21), the 
conditions within the statement of the loop were specific in such a way that if 
the value of a was altered, the students also were required to adjust conditions 
within the statement of the loop. When George and Henrik added the outer 
loop controlling the variable a they did not manage to adjust these conditions 
within the statement of the inner loop correctly which according to Ginat 
(2004) is a common difficulty experienced by novice programmers. The 
students Ian and Jacob also experienced difficulties when trying to nest two 
loops. As has been described, these difficulties were related to the conditions 
used within the statements of the loops in order to systematically vary values 
of variables. 
 
Based on the conversation between George and Henrik, and between Ian and 
Jacob, together with the pairs’ generated code, it could be argued that the 
students, although introducing important concepts-in-action and in some 
cases propositions-in-action, sometimes lacked well-functioning rules of action 
relating to the creation of nested loops and especially concerning how to write 
code in order to systematically vary values of variables. It could be claimed that 
the absence of well-functioning rules of action is due to under-developed pre-
existing usage schemes relating to loops and nested loops, meaning that the 
students struggled when trying to implement their problem-solving strategy. 
The difficulties experienced by the students and the lack of well-functioning 
rules of action are also in line with claims made by Lahtinen et al. (2005) that 
novice programmers often experience difficulties trying to apply basic 
programming concepts even if they theoretically understand the meaning of 
them. It could also be argued that these difficulties may be related to gaps in 
the students' mathematical knowledge and/or inexperience in stating variable 
ranges, especially in the case when ranges of different variables are related to 
each other.  
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During the teaching experiments, the students were specifically asked by the 
researcher to solve the two problems concerning the age of Cinderella and her 
sisters using their programming environment NetBeans. However, this did not 
prevent some students from bringing another artefact into action whose 
mathematical affordances were more familiar to the students. How two 
students’ initial use of an additional technical artefact, in this case the 
dynamical mathematical software GeoGebra, affected their program-solving 
process and eventually their use of the programming environment will be 
described in this section.  
 

When many of the students, like Anne and Bill as well as George and Henrik 
whose initial work has been described earlier, spent a lot of time to simplify the 
mathematical relationships using pen and paper, Karim and Liam took use of 
another technical artefact, the dynamical mathematical software GeoGebra. 
After stating mathematical relationships involving the ages of the sisters, the 
students discuss how these relationships could be simplified. 
 

[52] Liam:  Can this be extracted using GeoGebra? 

[53] Karim:  I think so. I do it. Oh... What is happening? CAS... How was it 
then…? 

[54] Liam:  Yes. Karim, I will share screen. I came up with something like 
this with my GeoGebra. 

 
Figure 27: Screen shot from Liam’s use of GeoGebra. 

 
 
Figure 27 shows how Liam used the command solve (Lös in Swedish) to solve 
an equation with respect to the variable x. The equation describes the 
relationship between the ages of the sisters and the loss of gold coins. In Figure 
27, x denotes the age of Cinderella (when making her wish), and y denotes the 
age difference between Cinderella and the mid-sister Fuxia the year of 
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Cinderella’s wish. The left side of the equation represents the gold coins given 
to the sisters the next year if Cinderella did not become one year older and the 
product on the right side represents the amount of gold coins given to the 
sisters the next year if Cinderella did become one year older. Since this product 
should be 480 greater than the product on the left side, the students subtract 
480 on the right side in the equation. The solutions seem to deter the students. 
 

[57] Karim:  Okay. It looks a little strange. 

[58] Liam:  Yes 

 
Karim also starts using GeoGebra, and after a short while he shows Liam what 
he has accomplished (Figure 28). 
 

[67] Karim:  Or I do not know... if you can do this... Yes ... I do not really know 
if you can do this but then... Well, because I took everything 
minus sort of. 

 
Figure 28: Screen shot from Karim’s use of GeoGebra. 

 
 
Karim uses the CAS view (computer algebra system) in GeoGebra. Line 2 in 
Figure 28 shows the expanded version of the relationship in line 1 and line 4 
shows the expanded version of the relationship in line 3. The two relationships 
which have been expanded is related to the equation stated by Liam in Figure 
27. In line 5, Karim investigates the difference between the relationships but, 
based on the conversation, he seems unsure if this is the right thing to do.  
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The use of GeoGebra is based around the idea to simplify algebraic 
relationships which involves concepts-in-action and rules of action: 
 

CiA-AF2:  The idea of manipulating a mathematical relationship to simplify it.  

CiA-AF3:  The idea of manipulating an equation to produce an expression for an 
unknown variable. 

RoA-AF3:  (After following RoA-AF2 with apparent success) Simplify algebraic 
expressions. 

RoA-AF4:  (After following RoA-AF2 with apparent success) Manipulate algebraic 
expressions towards a solution state. 

RoA-AF5:  Use a computer algebra system (CAS) to conduct demanding (in terms 
of time, effort, etc.) algebraic manipulations. 

 
Since it was not expected or intended that any of the students should use 
GeoGebra, the rule of action associated with the use of this additional artefact 
(RoA-AF5) was not a part of the initial anticipated instrumented action scheme 
presented as a part of the hypothetical learning trajectory (HLT) in the two 
previous chapters.  
 
Later, during a conversation with the researcher, Karim presents another 
mathematical relationship which he briefly has mentioned to Liam at an 
earlier stage.  
 

[117] Karim:  Then we now thought that... Because she does not... Since 
Cinderella does not get a year older.... it feels like ... If they are to 
lose 480 kronor next year, the product of the two sisters must be 
180... 480... next year... 

 
Although Karim’s explanation is a little bit vague, he seems to argue that the 
product of the ages of Fuxia and Begonia one year after the wish of Cinderella 
would equal 480. It is not possible to tell how Karim came to this conclusion 
although the equality could be derived using the relationships involving the 
three ages and the loss of cold coins which was stated earlier by the students. 
Karim then tries to solve this equality with respect to x using GeoGebra (line 7 
in Figure 29). The pair comments on the result. 
 

[129] Karim:  That was kind of what you got. 

[130] Liam:  Yes 
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[131] Karim:  Right? So, if you do this then. Now it's easier. 

[132] Liam:  Yes, yes! 

 
Figure 29: Screen shot from Karim’s use of GeoGebra.

 
Instead of expressing the age of Fuxia as x + y (where y denotes the age 
difference between Cinderella and Fuxia) as in line 7, Karim now denotes the 
age of Fuxia just as y. When once again trying to solve the equation with 
respect to x, using GeoGebra, the expression for x becomes “easier”: 
 

 

 
Although the use of GeoGebra may have helped the students to derive a 
simplified relationship between the variable x (the age of Cinderella) and the 
variable y (the age of the mid-sister Fuxia), the pair still struggles to 
understand how to solve the problem. But after reading the second problem, 
Karim gets an idea:  
 

[156] Karim:  In problem 2... it says that: If you did not know that Fuxia is the 
mid sister.... So, it must be that we should... We... We know that 
she is... that she is the mid sister and we should use that 
somehow. 

[157] Liam:  Mm… 
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[158] Karim:  How should you be able to use it then? Wait... If you just do this... 
If this could work. I test, if you got... You get a function... When 
you take x plus 16, times z... Or yes... y plus 1 equal to 480... 

[159] Liam:  Mm… 

[160] Karim:  ...when you take... multiply... multiply the age of the sisters 
together you get 480, that's what you would lose... You get a 
function. If you know the function and then we say that it must 
be an integer. 

[161] Liam:  Mm… 

[162] Karim:  Right? 

[163] Liam:  Yes, that’s true. 

[164] Karim:  So, then you search for integers. 

[165] Liam:  Yes 

[166] Karim:  I take... What if I do... We should start... She must be at least 10. 
14, we get an integer. 

[167] Liam:  Yes. That could be correct. 

[168] Karim:  16 we get an integer. I do this then. 14, 16, 24. Can she be older 
than 24 years? 

[169] Liam:  Yes, she can. 

[170] Karim:  32… 

[171] Liam:  Mm… 

[172] Karim:  Or wait, how do I think now? Yes, I guess it must be... It should 
be something like that. But then we have 14, 16, 24, 32. 8... 
Exactly. 

 
At this stage, Karim introduces a key idea, namely that the students should 
search for solutions to the equation which hold integer values. Then, when 
speaking to the researcher, Karim explains his method in more detail. 
 

[183] Karim:  So... I... I think I came up with a way to do. To... Now... You... 
When you multiply together... the age of the sisters... ... then you 
get 480 which was what you would lose when you took minus one 
at Cinderella's age. 

[186] Researcher:  Mm… 

[187] Karim:  And then, then you get a function. And then you search for 
integers, I think… 

[188] Researcher:  Okay. 
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[189] Karim:  Then I got... We think she (Cinderella) cannot be older than 32. 

[190] Researcher:  Yes. How did you come to that conclusion? 

[194] Karim:  Yes, it does not feel reasonable that Cinderella is over 32. 

[195] Researcher:  Well, okay. Yes… 

[196] Karim:  Yes. And... And about the sister... If the other sister is to be older 
than Cinderella, I now found out that Cinderella is 14 and the mid 
sister... and the other sister is 15. 

[197] Researcher:  And how did you get that? 

[198] Karim:  Through the function and testing different ages of Cinderella. 

[199] Researcher:  Okay. Did you test by hand then or how...? 

[200] Karim:  I had the function in GeoGebra and entered... changed the x 
values. 

 
Based on the conversation, it seems as if Karim used the relationship between 
x and y and entered this as a function in GeoGebra. He then uses the function 
to calculate values of y corresponding to integer values of x. If the calculated 
values of y are integers, Karim regards these as possible solutions to the 
problem. At the end of the discussion, the researcher asks the students to try to 
implement their idea using programming. 
 
The described problem-solving strategy used by Karim could be regarded as 
more or less exhaustive trial. In the end, he also takes into consideration that 
Fuxia is the mid sister which limits the possible number of solutions into a 
single one (Cinderella is 14 years old and Fuxia is 15 years old). Although not 
stated, a possible reason for not allowing Cinderella’s age to take any values 
greater than 32 could be that Karim realises that his method, involving a single 
calculation for every possible age of Cinderella, is time consuming.  
 
When the pair then continues to test using GeoGebra, Karim discovers another 
possible solution. The students then start using NetBeans. 
 

[228] Karim:  Although if she was younger... 4, no... 8... 11... It feels if she 
(Cinderella) also could be 8. She's not 8 years old, is she? 

[229] Liam:  No, I don’t think so. 

[230] Karim:  Though, you could insert a... Or can you take a FOR statement... a 
FOR statement for this... for this function? 

[231] Liam:  Yes. Or…? 
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[232] Karim:  And test... Can you get it to be an integer? Well, you can insert... 
an IF statement within the FOR statement if... 

[233] Liam:  Yes, if it’s not an integer… 

[234] Karim:  If y is ... You increase one... x by one all the time... 

[235] Liam:  Mm… 

[236] Karim:  …between 10 and 30… 

[237] Liam:  Yes 

[238] Karim:  ...we say. And if... And so, you take... if... and then you take an IF 
statement... if y is equal to... or if y... is an integer... that is greater 
than x. Could it work? 

[239] Liam:  Yes, I think so. 

 
At this stage, the computational ideas presented by Karim in the extracts are 
based on concepts-in-action relating to the idea of conducting an exhaustive 
trial (based on the stated range of x). 
 

CiA-ET1:  The idea of conducting an exhaustive trial. 

CiA-ET3:  The idea of systematically varying one variable and deriving linked 
variables from relationships between them and it. 

 
It could also be regarded that these ideas formed propositions-in-action which 
guided the student’s work. 
 

PiA-1:  Conducting an exhaustive trial (CiA-ET1) is a means of solving a word 
problem situation involving algebraic relationships between variables 
(CiA-AF1). 

PiA-4:  Systematically varying one variable and deriving values of linked 
variables from relationships between them and it (CiA-ET3) is a means 
of conducting an exhaustive trial (CiA-ET1). 

 
When Karim and Liam start coding, they create one single loop which vary the 
value of x, corresponding to the age of Cinderella (Figure 30). The 
corresponding value of y (the age of Fuxia) is calculate in line 15. The following 
IF statement (line 15) is intended by the students to be used to test if the value 
x is smaller than the value of y. But at this stage, it becomes evident that the 
two students struggle to generate code which could perform a test to determine 
if a calculated value of the variable y (the age of Fuxia) takes an integer value, 



 180 

an action vital for the students’ problem-solving strategy, which was conducted 
manually by Karim when using GeoGebra. 
 
Figure 30: Screen shot from Karim’s and Liam’s use of NetBeans. 

 
 

[387] Karim:  I do not really know how it will work because each... will not be... 
Or what if it is... When it is not... When it... will not be an integer? 

[388] Researcher:  Yes. So, we must assume that the ages should still be integers, 
right? 

[389] Karim:  Yes, I know. 

[390] Researcher:  Yes 

[391] Teacher:  But how will it be programming-wise? Or? 

[392] Karim:  Yes […] 

[397] Researcher:  And then it's a bit tricky because then... Then there is a risk that 
you get like an answer like... 

[398] Karim:  That we get several answers that are wrong. 

[401] Researcher:  Mm… 

[402] Karim:  Then it's just that... Is there any way to guarantee... or that it 
must be integers? 

 
The conversation reveals that the students Karim and Liam lacked a pre-
existing usage scheme relating to integer tests and it was not until the 
following presentation of the third pair of sherpa-students that Karim and 
Liam managed to overcome this difficulty by inserting an additional condition 
within their IF-statement.  
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Although no other pair of students used GeoGebra to the same extent as Karim 
and Liam, the data offered other examples in which students discussed the 
possibility of using an external artefact. After listening to the first pair of 
sherpa-students, the students Ozan and Peter (whose screens were not 
recorded during the teaching experiment of DC2) had managed to state correct 
relationships involving the ages and the loss of gold coins. But the students 
struggled to find an appropriate problem-solving strategy to use and the role of 
the programming environment was still vague. The researcher asks the 
students about how they intend to solve the first problem. 
 

[236] Researcher:  How do you think you would sort of solve this now then? When 
you have the equation. 

[237] Peter:  Trying to solve... Wait... 

[238] Ozan:  I... I'm a little unsure but damn... I think there was a... Eh... On 
the calculator... Something with Texas (the brand of the 
calculator used by the students). That could calculate those kinds 
of weird equations. So, I thought I'd try to... Yes... type it onto the 
calculator and see if it works. 

[239] Researcher:  Yes. What are the difficulties regarding the equation right now? 

[240] Ozan:  That we have several unknowns... What is it called? Yes, you can 
say number. 

[241] Researcher:  Yes… Yes… 

[242] Ozan:  And that’s… 

[243] Researcher:  Mm. You have to think about it... 

[244] Peter:  It's easier to calculate it on... What the hell is the thing called? 
GeoGebra! 

[245] Researcher:  Yes? 

[246] Peter:  I'm making a graph... I don’t know how to write this as a 
program... as a program. That is the problem. 

 
It is evident that the students are uncomfortable with using programming as a 
mathematical tool. Instead, they try to use pre-existing schemes (or parts of 
schemes) relating to the use of other technical artefacts (the calculator and 
GeoGebra), more familiar to the students. Later during the teaching 
experiment, the researcher returns to Ozan and Peter who still seem to 
struggle in their efforts to find a useful problem-solving strategy.  
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[610] Researcher:  Would it be possible to use the power of the computer in the way 
they (the second pair of sherpa-students) explained, namely that 
you test. For example, does it work if Cinderella's age is 1 year 
and Fuxia's age is 2 years...? 

[611] Ozan:  Yes, but that's what I was talking about before. You could do in 
GeoGebra. 

[612] Researcher:  Yes 

[613] Ozan:  To make it into a graph. 

 
Although Ozan does not articulate how a graph in GeoGebra would have been 
used to solve the problem, the example of Ozan and Peter shows how students 
may turn their attention towards other artefacts for which it could be expected 
that the students have developed instrumented action schemes related to the 
mathematical object in question. 
 

During their problem-solving process, Karim and Liam introduced another 
technical artefact, namely the dynamical mathematical software GeoGebra. In 
the beginning, the artefact was used to overcome difficulties related to the 
simplification of mathematical relationships and the result of the students’ 
efforts was a relationship between x and y (corresponding to the ages of 
Cinderella and Fuxia respectively). The students’ initial use of GeoGebra may 
have inspired Karim to also use the software to perform calculations with the 
help of the derived functional rule. The key idea guiding the following work of 
the pair was to search for integer values, that is, integer values of x 
corresponding to an integer value of y. This idea seemed to have inspired 
Karim to manually calculate values of y corresponding to integer values of x 
using GeoGebra (based on the extracts it is not possible to determine how 
Karim used GeoGebra to conduct these calculations since Karim did not, at 
this stage, share his screen). Consequently, the dynamical mathematical 
software GeoGebra played a vital role when the students began to articulate 
and develop a problem-solving strategy based on the idea of an exhaustive 
trial. It could be argued that existing utilization schemes related to how to 
solve equations, how to expand mathematical expressions, and how to handle 
functional rules in GeoGebra led to inferences which offered the students the 
possibility to assimilate this new mathematical situation into these pre-
existing utilization schemes. This assimilation process, potentially leading to 
adaptations of existing schemes, is, according to Vergnaud (2009), a strong 
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property for mental schemes. It could thus be argued that Karim’s and Liam’s 
pre-existing schemes, relating to the use of GeoGebra as a mathematical 
instrument, were adapted by the two students into a new instrumented action 
scheme specifically related to the use of GeoGebra to conduct an exhaustive 
trial.  
 
After speaking to the researcher, the students then started a process in which 
they tried to associate this instrumented action scheme to a new technical 
artefact, the programming environment NetBeans. Although the two 
components comprising an instrument, the artefact and the scheme, are 
closely related to each other, the same scheme could, according to Rabardel 
(2002), be assigned to different types of artefacts. In the case of Karim and 
Liam, their adapted instrumented action (proto) scheme, related to the use of 
GeoGebra, consequently had the potentiality to serve as a bridge between the 
mathematical problem (the object) and the primary artefact, that is, the 
programming environment, allowing them to implement a problem-solving 
strategy using NetBeans. But the last conversation presented between Karim, 
the teacher, and the researcher also revealed that this kind of bridging was not 
a straightforward process. The lack of developed pre-existing usage schemes, 
relating to the use of the programming environment to test if a variable holds 
integer values, made it difficult for the students to fully transfer the 
instrumented action scheme from one artefact (GeoGebra) to another 
(NetBeans). As a consequence, it became evident that the developed 
instrumented action scheme relating to the use of GeoGebra had to be adjusted 
in order to be used together with the programming environment. It could be 
argued that especially the rules of action of an instrumented action scheme are 
more closely related to the artefact itself than the concepts-in-action and the 
propositions-in-action.  
 
The example of Karim and Liam has illustrated how the unexpected use of an 
additional technical artefact helped the students to overcome difficulties 
related to algebraic manipulations. But even more interesting was the role 
played by GeoGebra in trying to find a problem-solving strategy to use in order 
to solve the two problems which in turn led to the use or development of 
important concepts-in-action and the propositions-in-action associated with 
the chosen problem-solving strategy. These operational invariants were then 
the foundations of the new instrumented action scheme being developed by 
the students relating to their use of the programming environment as a 
problem-solving tool. But although some of the fundamental concepts-in-
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action and propositions-in-action generated by Karim and Liam were relatively 
generic in that sense that they were related to the specific problem-solving 
strategy rather than to a specific artefact, the rules of action associated with the 
use of GeoGebra were not directly transferable to the programming 
environment. 
 
The conversations between Karim and Liam and their use of GeoGebra also 
illustrates how their focus on solving the specific mathematical problem 
guided their actions rather than the specific choice of a problem-solving 
artefact. So, despite the researcher’s exhortation to use the programming 
environment as a mathematical tool, the students’ exploration for pre-existing 
schemes, adequate for solving the problems, meant that the students 
considered exploiting other technical artefacts, such as GeoGebra.  
 
The student Ozan’s ideas of using GeoGebra during the problem-solving 
process may also indicate that the students participating in the teaching 
experiment of the second design cycle had well-developed utilization schemes 
relating to the use of GeoGebra.  
 

During the teaching experiments and the problem-solving process, the 
students had to translate their mathematical ideas into code using the 
programming language Java and the programming environment NetBeans. 
Although it could be argued that there exist many resemblances between 
programming and mathematics (Papert, 1980), the transformation of 
mathematical notations and ideas into programming code caused some 
students difficulties. Examples of such difficulties, relating to the differences 
between computational variables and mathematical unknowns, the meaning of 
the equal sign, and the sequential nature of steps in a program, will be 
highlighted and analysed in the following sub-sections. 
 

During a discussion between the student Nasir (who was not in any of the pairs 
whose screens and conversations were recorded during the whole teaching 
experiment of DC2) and the researcher, the student discussed how to state 
computational variables within NetBeans. 
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[206] Nasir:  I have a problem with the variables. Because... I really want to 
have... INT Askungen (Cinderella in Swedish) is equal to... Can 
you see our screen? 

[207] Researcher:  Yes, absolutely. 

[208] Nasir:  Yes. I really want Askungen equal to x. But it is not possible. You 
cannot use letters if it is INT. 

[209] Researcher:  Ah you think like that. Okay, that it (x) would be like an unknown 
variable? 

[210] Nasir:  Mm. But I do not know... If you write [equal to] zero, does it 
(Askungen) become an unknown then or is it zero? 

[211] Researcher:  No, then it gets the value zero. But... 

[212] Nasir:  Yes. That's not good. How to make an unknown variable then? 

[213] Researcher:  No, that's probably what's a little difficult then in... in... So, if you 
give a value to a... to a variable in programming, then it gets that 
value. 

[214] Nasir:  You can change... Can you not change that value in...? 

[215] Researcher:  Yes 

[216] Nasir:  ...the program then too. Yes, because that's what I was thinking. 
That you can change it afterwards. 

 
Based on the conversation with the researcher, Nasir had declared an integer 
variable in the programming environment which he denotes Askungen 
(Cinderella in Swedish). Nasir then wanted the variable Askungen to be set 
equal to x, a variable which Nasir seems to attribute the meaning of a 
mathematical unknown. But, during the discussion with the researcher, Nasir 
seems to realise that his wish to use a variable in the sense of a mathematical 
unknown is not compatible with the way in which computational variables are 
used in NetBeans.  
 

The different meaning of the equal sign in programming and mathematics is 
known to cause novice programmers difficulties (du Boulay, 1989; Kohn, 
2017). Such difficulties arose for the students Emilia and Fredrik (DC1) who 
initially spent much time trying to simplify their stated mathematical 
relationships. But when the algebraic manipulations of the relationships were 
not regarded as successful Fredrik says:  
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[261] Fredrik:  Then I think you should do a program in NetBeans. Or what do 
you think? 

[262] Emilia:  Yes maybe. But can't we just write this (the equation stated by the 
students concerning the loss of gold coins)? 

 
Stating a mathematical equation inside the code (line 14 in Figure 31) in the 
way Emilia and Fredrik did is not compatible with the meaning of the equal 
sign in programming where a single equal sign is used to assign, for instance, a 
variable a specific value and not to represent a mathematical equality. 
Consequently, NetBeans, which gives instant feedback to the user via error 
messages occurring in front of the lines in which the errors take place, 
indicates an error.  
 
Figure 31: Screen shot from Emilia’s and Fredrik’s use of NetBeans. 

 
 
The red circle in front of line 14 reveals such an error message. The students 
discuss the reason for this message.  
 

[327] Fredrik:  Ugh why does it not work. I cannot take it. Not a statement (the 
error message). 

[328] Emilia:  What is not a statement? 

[329] Fredrik:  We do it like this… But please! 

 
At this stage, Fredrik switches places between the expression at the left side of 
the equal sign and 432 at the right side of the equal sign. NetBeans still 
indicates an error. 
 

[330] Emilia:  But what is it that does not... 
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[331] Fredrik:  It's wrong. You may have to take... Wow. So, we take INT... 
Oops... Wait. How to do this? How do I save the answer from this 
one in it? I'll save this in this one. 

[338] Emilia:  guldmynt_f? 

[339] Fredrik:  And I want it to be 432. We do this... minus 432. 

[340] Emilia:  Yes 

The last extract reveals how Fredrik wants to “save the answer from this one in 
it” and how he wants the mathematical expression for the loss of gold coins, 
involving the ages of the sister, “to be 432”. Based on the conversation and the 
screen capturing, it could be argued that Emilia and Fredrik were trying to find 
a way of storing the mathematical equation within the code. In the last part of 
the extract, Fredrik first states that the variable guldmynt_f (denoting the 
amount of lost gold coins) should be assigned a value based on the 
mathematical expression for the loss of gold coins, involving the ages of the 
sister. But Fredrik still “want it to be 432” and therefore subtracts 432 from the 
expression (line 15 in Figure 32). 
 
Figure 32: Screen shot from Emilia’s and Fredrik’s use of NetBeans. 

  
 

Despite having a clear idea about how to use nested loops in order to conduct 
an exhaustive trial, the students Anne and Bill (DC1) experienced difficulties 
when coding of which many can be related to an insufficient understanding 
about the initialisation of computational variables and the sequential nature of 
steps in a program, that is, that a program is executed line-by-line. 
Ahmadzadeh et al. (2005) argue that difficulties related to the sequential 
nature of steps in programming are common among novice programmers.  
 
When beginning to program, Anne and Bill declared integer variables for the 
three ages of the sisters. Then, Bill writes the relationship between the age of 
Begonia (b) and Cinderella (a); b = a + 12 (although initially incorrect since 
Begonia is eleven years older). The programming environment indicates an 
error with the error message “variable a might not have been initialized”. This 
error message concerns cases when a variable (in this case the variable a), used 
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in, for example, a calculation, has not been assigned a value or if there exist a 
risk that a variable will not be assigned a value. The latter could arise if a 
variable is set to be assigned its initial value within a loop and later being used 
in a calculation outside the loop. Then, if the loop does not run the variable will 
not be given a value and the calculation cannot be conducted. Anne and Bill 
discuss the error message. 
 

[352] Anne:  No, but that's wrong because a has no value. What do you want to 
do? 

[353] Bill:  I don’t know. What do you mean? Well, it's wrong because we 
don't have any values, although we will give it a value. 

 
Anne seems to recognize that in order to calculate the value of b, the variable a 
(on which it depends) must have been assigned a value. Bill’s answer, “we don't 
have any values, although we will give it a value”, could be interpreted as if he 
is about to give a value to a but he does not. Based on that, it could instead be 
understood as if Bill argues that a will be assigned a value at a later stage in the 
program which then makes it possible to calculate b using the existing 
calculation.  

Another example is chosen from the sequence when Anne and Bill try to create 
the inner loop (Figure 33) and where they run into trouble. Initially, they 
intend to create a loop which tests different values of f (the age of Fuxia). 
 

[373] Bill:  Here, then, what should we do then? Then we will have another 
FOR loop. 

[374] Anne:  Exactly 

[375] Bill:  FOR… and this should be… f… 

[376] Anne:  Mm 

[377] Bill:  …equals zero. Or no. 

[378] Anne:  No 

[379] Bill:  f… How should we define f in such cases? How do we define f? 

[380] Anne:  f is greater than ... Greater than a but smaller than b. It is really 
how we can define f. 

[381] Bill:  Mm. So that's a plus 1 to 10. 

[382] Anne:  Yes 
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[383] Bill:  So, f equals a plus… 

[384] Anne:  No 

[385] Bill:  Should we use a new variable k then? 

[386] Anne:  Take… 

[387] Bill:  If we take INT k which is equal to zero. Eh... INT... Or maybe we 
should define f up here instead. f equals a... a plus k. What does 
this [error message] say? 

 
Figure 33: Screen shot from Anne’s and Bill’s use of NetBeans. 

 
Bill now “defines” the variable f as the sum of a and k and writes this 
computational calculation in front of the nested loops (line 8 in Figure 33). The 
variable k denotes the age difference between Cinderella and Fuxia. The 
students realise that the initial error message occurs because k is being 
declared and given a value on line 10, that is, after the calculation of f. They 
move the calculation of f and place it on line 11 below int k = 0. An error 
indication still occurs since a has not yet been given a value. Anne and Bill 
ignore this message for the moment and continue to define the conditions for 
the inner loop. The fact that Anne and Bill moved the calculation and initially 
placed it after the declaration of k, may imply an understanding about the need 
for variables to be declared before being used in calculations. But still, the pair 
does not acknowledge the fact that f cannot be calculated since a has no value.  
 
The following conversation extract illustrates how Anne and Bill later use the 
error messages generated by NetBeans to correct the errors previously 
described. At the beginning of the conversation, Anne and Bill try to correct 
the error indicated by NetBeans in line 10 in Figure 34 concerning the 
calculation of b: 
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[480] Anne:  But I'm thinking here... Do we even have to define it (the variable 
b), can we remove it instead? 

[481] Bill:  No, but it will be easy for the output later on. 

[482] Anne:  No because then it will be wrong here. 

[483] Bill:  Well, if we put this... 

[484] Anne:  Ah, smart! 

 
Bill moves the calculation b = a + 12 and places it after the nested loop and just 
above the IF statement in line 24 but does not give any rationale why. It could 
be, although not stated, because Bill realises that a must have a value before 
calculating b but it could also be an attempt to solve a problem by simply 
testing to remove a statement and place it later in the code. 
 
Figure 34: Screen shot from Anne’s and Bill’s use of NetBeans. 

 
 
The inner loop in line 16-18 in Figure 34 will run for values of k between 0 and 
11. Within the inner loop, the loss of gold coins is calculated using a formula 
containing the ages of Cinderella and Fuxia. But the calculation of the age of 
Fuxia (i.e., the sum of the age of Cinderella and the age difference k) is, as 
described earlier and just like the calculation of b, initially only located before 
the nested loops. The value of f (the age Fuxia) is thereby not calculated within 
the inner loop and would not be given new values if the loop runs. Anne and 
Bill do not seem to acknowledge this specific problem but after removing the 
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calculation of b, NetBeans indicates an error related to the calculation  
f = (a + k) in line 12 since the variable a has not been assigned a value.  
 

[485] Bill:  Although f equals a... Variable f... If we... If we put this 
statement... What does this say? 

[486] Anne:  But it is... You must have f up there. 

[487] Bill:  Yes, I know but if we put the definition of f inside the FOR loop... 
Because otherwise it will not believe that a is defined. 

 
Bill now moves the calculation of f in line 12 and places it directly after the 
definition of the inner loop and above the calculation of the variable förlust, 
denoting the loss of gold coins (see Figure 34). It is worth noticing that Bill’s 
rationale behind this decision is “because otherwise it will not believe that a is 
defined”. On the one hand it shows that Bill realises that f cannot be calculated 
until a has been given a value. At the same time, Bill does not express any 
insight about the fact that the calculation of f should be located inside the loop 
in order to assign new values to f. It could be claimed that the reason why Anne 
and Bill initially only placed the calculations of b and f before and not within 
the loop(s) is that they regarded these calculations as mathematical 
relationships valid globally within the code, that is, that whenever the variable 
a was assigned a new value in the loop the variables b and f would 
automatically be assigned new values based on the mathematical relationships 
stated in the beginning of the code. 
 

When Ian and Jacob began coding in order to construct a program based on 
the idea of conducting an exhaustive trial, the students created a loop which 
controlled the variable a (the age of Cinderella). Within this loop (Figure 35) 
the variable chek is assigned a value corresponding to the loss of gold coins. 
The students then use an IF statement to test if chek equals s (i.e., 480) for 
different values of a, b (the age of Begonia), and f (the age of Fuxia). The 
students then realise that they also have to vary the value of f. 
 

[156] Ian:  So, it just goes around like this until it finds that this is true. Now 
we just have to define f. 

[159] Jacob:  a... Should you not state f as an interval then? 

[160] Ian:  Could you do that? 
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[161] Jacob:  I think you can. Haven't we done that before? 

 
Figure 35: Screen shot from Ian’s and Jacob’s use of NetBeans. 

 
 
It seems as if Jacob wants to use the concept of intervals within their code. But 
instead, the students (as described earlier) manually altered the value of f 
which meant that they had to run the program 14 times in order to conduct a 
complete trial. Later, Jacob seems to think that the idea of altering the 
calculation of f manually is time-consuming and therefore suggests another 
way of altering the value of f.  
 

[173] Jacob:  Yes, okay. Three (f = a + 3). This is very mathematical... (ironic) 

[174] Ian:  But that's not how we should solve it now. We should write a code 
so this works. 

[175] Jacob:  Try f and write an interval instead. 

[176] Ian:  Okay how do you do that then? 

[177] Jacob:  You put f in the middle then. Then you write... How the hell did 
you do this? 

[178] Ian:  Well, you mean sort of... f is the same as... Or is... a is less than f. 
Oops... a is less than f, but f is less than... 

[179] Jacob:  …b 

[180] Ian:  a plus 15. Yes, b. 

[181] Jacob:  b! 

[182] Ian:  b… Does this really work? 

[183] Jacob:  I think you can write f is equal to that but instead of f in the 
middle you type x. 
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[183] Ian:  Eh…? 

[184] Jacob:  No clue… 

 
When trying to declare such an interval using mathematical notations (line 9 
in Figure 36), NetBeans indicates an error and the pair abandons the idea. 
 
Figure 36: Screen shot from Ian’s and Jacob’s use of NetBeans. 

 
 
Moreover, Ian’s and Jacob’s way of placing the calculations of b and f in front 
of the FOR loop (line 9 in Figure 35) is similar to the case of Anne and Bill. 
Based on the code shown in Figure 35, the variables b and f are never assigned 
new values when the value of a is altered in the loop. As for Anne and Bill it 
could be claimed that Ian and Jacob initially regard these computational 
calculations as mathematical relationships valid globally within the code. 
Later, Ian and Jacob move the calculations and place them within the loop.  
 

In the previous sub-sections, examples have illustrated how students 
unsuccessfully tried to transfer mathematical notations directly into their 
programming code. Many of these students started their problem-solving 
process by stating mathematical relationships involving mathematical 
unknowns. These unknows were later used when the students started to code 
and the analysis of the data reveals that the dissimilarities between 
mathematical unknowns and computational variables were not clear to all 
students. The data also provides examples of how students did not 
comprehend the different meaning between the equal sign used in 
mathematics and the single equal sign used when programming.  
 
The student Nasir initially wished to assign computational variables the same 
properties as mathematical unknowns although the former refers to storage 



 194 

locations holding specific values. The different meaning between 
computational variables and mathematical unknowns (variables) is known to 
cause novice programmers difficulties (du Boulay, 1989; Kohn, 2017). It could 
be argued that Nasir tried to incorporate an existing scheme from mathematics 
concerning mathematical unknowns into his developing instrumented action 
scheme, but that the mathematical scheme was not compatible with the way 
variables are used within programming. It could be claimed that the 
mathematical scheme may have involved concepts-in-action based on the idea 
that the variable x is an unknown that can take different values given the 
situation. Based on his knowledge about programming, Nasir also describes a 
usage scheme in which he considers the variable Askungen as a computational 
variable that stores values. Although Nasir, during the discussion with the 
researcher, seemed to realise that his wish to attribute a mathematical 
meaning to computational variables was not possible he still seemed unsure 
about how his mathematical relationships and his mathematical ideas could be 
used and translated into a programming code.  
 
The students Emilia and Fredrik experienced difficulties when they tried to 
add a mathematical equation to their code. In accordance with the finding 
made by Bayman and Mayer (1983), it could be claimed that the students’ 
attempt to transfer this mathematical equation into a computational 
assignment was a way of trying to store a mathematical relationship between 
mathematical unknowns in the memory of the computer. This attempt 
indicated that the different meaning of the equal sign in mathematics and 
programming was not clear to Emilia and Fredrik. Also, the idea of a 
computational variable was not well linked to (and differentiated from) that of 
an algebraic unknown. During their discussion, neither of the two students 
articulated how they intended to use the mathematical equation within their 
code.  
 
Ian’s and Jacob’s attempt to add a mathematical interval within their code 
with the intention of declaring the range of the variable f could be regarded as 
another example of students trying to apply a mathematical way of stating 
relationships and consequently trying to use pre-existing mathematical 
schemes when coding. Instead of running their semi-automated program 14 
times, Jacob argued that they should define an interval for the variable f. It 
could be argued that Jacob believed that by stating a mathematical interval for 
f, the program would vary the value of the variable according to the boundaries 
stated by the interval. Consequently, Jacob seemed to attribute mathematical 
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intervals the same meaning as computational iterations which can alter the 
value of a given variable within a given range. This type of computational 
error, which Rigby et al. (2020) would refer to as a misconception, generated a 
bug which could be categorised as an egocentrism bug (Pea, 1986) since Jacob 
also seems to “presupposes that the computer can do what it has not been told 
to do in the program” (p. 30). 
 
During their work it could be argued that the students Anne and Bill, as well as 
Ian and Jacob interpreted the computational calculations of the variables b 
and f within their codes as mathematical relationships between variables and 
that these “definitions” were regarded by the students as valid throughout the 
code. This was also reinforced by the fact that Bill used the word “define” 
(definiera in Swedish) when stating these calculations. Hence, Bill did not 
seem to regard or  as computational calculations which 
assign variables new values but as mathematical relationships which should be 
defined to the program, that is, the assumption is that the formula applies 
globally over the whole course of the ensuing program, rather than only locally 
within the specific instruction in that step in the program. There may therefore 
be a conflict between the use of the single equal sign as, on one hand, a way of 
assigning new values to variables in programming and, on the other hand, as a 
way to indicate an equality in mathematics. Neither Anne and Bill, nor Ian and 
Jacob articulated that they regarded the computational calculations in the 
beginning of their codes as mathematical definitions and it is therefore not 
possible to claim that the pairs truly viewed these calculations as globally valid 
throughout the code. But the fact that both pairs declared and assigned the 
computational variables values, based on given mathematical relationships, 
before the loop(s) and in addition excluded these calculations within the 
loop(s) indicates that the codes initially were constructed based on the 
incorrect ideas of deferred evaluation (Kohn, 2017) and a lack of 
understanding about the sequential nature of steps within a program 
(Ahmadzadeh et al., 2005; du Boulay, 1989). As noted by Kohn (2017), the 
misconception regarding deferred evaluation, that is, that a computational 
assignment applies globally within the program, could be due to the 
resemblances between symbols and signs used in both programming and in 
mathematics. In mathematics, it is, according to Kohn (2017), also common 
for students to start their problem-solving process by defining variables and 
stating mathematical relationships involving these variables, relationships 
which the students later could return to and use to, for example, calculate a 
value of a specific variable. The mathematical problems used during the 
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teaching experiments in this study required such actions in which the students, 
before started coding, had to define mathematical relationships between the 
variables in question. It could therefore be argued that when students later 
used these relationships within their programming code, they still consider 
them as mathematical relationships or definitions and not as computational 
calculations. Using the words of Pea (1986), the difficulties experienced by 
Anne and Bill, as well as by Ian and Jacob could also be regarded as so-called 
parallelism bugs based on the assumption that two lines in a program could be 
active at the same time, that is, that new values of the variable b could be 
calculated at the same time as the variable a is given a new value, using a 
formula stated earlier in the program. 
 
It could be claimed, based on the given examples, that using a programming 
environment as a technical artefact within mathematics education may lead to 
difficulties when students try to impose mathematical schemes relating to 
mathematical notations on to the programming environment when coding. 
Thus, the similarities between programming and solving mathematical tasks, 
which Papert (1980) highlights as an argument for integrating programming 
into mathematics teaching, may lead students to an overgeneralised notion of 
correspondence between the two, resulting in lack of attention to the 
differences which exist. It could therefore be argued that an important part of 
the instrumental genesis, in which the use of the programming environment 
(the artefact) is directed towards mathematical objects (problems), is for 
students to be able to accommodate usage schemes related to the 
programming environment and schemes concerning the use of mathematical 
unknowns and mathematical relationships within their developing 
instrumented action schemes.  
 

In this chapter and the chapters concerning the two design cycles of this study, 
different parts of the students’ problem-solving process and instrumental 
genesis have been described using different types of scheme components. In 
Table 5, the scheme components used or developed by the students (whose 
screens and conversations were recorded during the teaching experiments of 
DC1 and DC2) are summarised. A&B denote the students Anne and Bill who 
solved both problems using nested loops. C&D denote Christian and David 
who initially tried to solve the problems with the use of one single loop, as 
described earlier. Due to the inconsistency in the reference point in time being 
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used when defining the variable values, the pair’s initial program did not 
generate correct values. Instead, the students, seemingly inspired by the 
presentation made by sherpa-students, used nested loops in order to solve 
both of the problems. In order to visualise how these two different approaches 
brought into action different scheme components, and consequently represent 
two different instrumented action schemes, C&D1 in Table 5 highlights the 
scheme components used or developed when trying to solve the problems 
using a single loop whereas C&D2 highlights the scheme components used or 
developed when solving the problems using nested loops. E&F denote Emilia 
and Fredrik who struggled to create nested loops in order to systematically 
vary values of variables which, in the end, meant that the students did not 
solve any of the two problems. G&H denote George and Henrik who solved 
both problems using nested loops. I&J denote Ian and Jacob who, as described 
earlier, used a semi-automated program to solve the first problem in which 
they manually altered a calculation each time the program was executed. 
However, when solving the second problem, the pair used nested loops to 
systematically vary the values of variables, and consequently, both the 
propositions-in-action PiA-3 and PiA-4 are part of the students’ instrumented 
action scheme. K&L denote Karim and Liam who, partly based on their initial 
use of GeoGebra, developed programs which solved both the problems using a 
single loop. 
 
In Table 5, each scheme component not included in the anticipated 
instrumented action scheme presented in chapter 6 has been marked with an 
asterisk (*). 
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Table 5: Scheme components used or developed during the teaching experiments of the first 
and second design cycles.  

Concepts-in-action  A&B C&D1 C&D2 E&F G&H I&J K&L 

CiA-AF1:  The idea of expressing a word problem situation 
 in terms of (one or more) algebraic relationships 
 between variables. 

√ √ √ √ √ √ √ 

CiA-AF2:  The idea of manipulating a mathematical 
 relationship to simplify it. * 

√ √ √ √ √ √ √ 

CiA-AF3:  The idea of manipulating an equation to produce 
 an expression for an unknown variable. * 

√ √  √ √ √ √ 

CiA-ET1:  The idea of conducting an exhaustive trial. √ √ √ √ √ √ √ 

CiA-ET2:  The idea of systematically combining variables.  √  √  √   

CiA-ET3:  The idea of systematically varying one variable 
 and deriving linked variables from relationships 
 between them and it. * 

 √    √ √ 

CiA-LC1:  The idea of establishing a loop relating to each of 
 the variables in play. 

√  √  √ √  

CiA-LC2: The idea of nesting loops (and statements within 
 them) in order to achieve an appropriate 
 sequence of variable-related actions. 

√ √ √ √ 

CiA-LC3:  The idea of using conditions within loops and 
 conditional operators in order to extract solutions 
 within a given range during an exhaustive trial. 

√ √ √  √ √ √ 

CiA-LC4:  The idea of establishing a loop relating to one of 
 the variables in play and then manually altering a 
 relationship involving the calculations of a linked 
 variable. * 

     √  

 
Propositions-in-action 

 
A&B 

 
C&D1 

 
C&D2 

 
E&F 

 
G&H 

 
I&J 

 
K&L 

PiA-1:  Conducting an exhaustive trial is a means of 
 solving a word problem situation involving 
 algebraic relationships between variables. 

  

√ √ √ √ √ √ √ 

PiA-2:  Systematically combining variables is a means for 
 conducting an exhaustive trial. 

   

√  √  √ √  

PiA-3:  Establishing a loop for each variable in play and 
 nesting these loops is a means for systematically 
 combining variables. 

  

√  √  √ √  

PiA-4:  Systematically varying one variable and deriving 
 values of linked variables from relationships 
 between them and it is a means of conducting an 
 exhaustive trial. * 

   
 

 √    √ √ 
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Table 5 provides a summary which highlights the scheme components of the 
instrumented action (proto) schemes used or developed by the students whose 
screens and conversations were recorded during the teaching experiments.  
 
The initial phase of the students’ problem-solving process, which involved 
stating mathematical relationships and, if necessary, manipulating these 
relationships, was similar for many of the pairs and thus often involved the 
same set of scheme components. Although, the students who devoted an 
extensive amount of time to algebraic manipulations also brought into action 
other components relating to such analytical efforts (CiA-AF3 and RoA-AF4).  

 
Rules of action 

 
A&B 

 
C&D1 

 
C&D2 

 
E&F 

 
G&H 

 
I&J 

 
K&L 

RoA-AF1:  Analyse the problem situation as one involving 
 unknown quantities. 

√ √ √ √ √ √ √ 

RoA-AF2:  Express the word problem situation in algebraic 
 terms. 

√ √ √ √ √ √ √ 

RoA-AF3:  (After following RoA-AF2 with apparent success) 
 Simplify algebraic expressions. * 

√  √ √ √ √ √ 

RoA-AF4:  (After following RoA-AF2 with apparent success) 
 Manipulate algebraic expressions towards a 
 solution state. * 

√ √  √  √ √ 

RoA-AF5:  Use a computer algebra system (CAS) to conduct 
 demanding (in terms of time, effort, etc.) algebraic 
 manipulations. * 

      √ 

RoA-ET1:  Formulate the problem situation as amenable to 
 solution through exhaustive trial. 

√ √ √  √ √ √ 

RoA-LC1:  Declare computational variables and (where given) 
 assign variables values. 

√ √ √ √ √ √ √ 

RoA-LC2:  Create an iteration and define conditions for the 
 loop. 

√ √ √ √ √ √ √ 

RoA-LC3:  Create nested loops in order to systematically 
 combine variables.  

√  √  √ √  

RoA-LC4:  Make use of the conditional operator IF to (a) 
 evaluate given conditions in order to (b) perform 
 different actions based on the validity of the given 
 conditions. 

√ √ √  √ √ √ 

RoA-LC5:  Create an output which shows the values of 
 variables. 

√ √ √ √ √ √  

RoA-LC6:  Coordinate necessary rules of action (as efficiently 
 as possible) so as to construct a solution procedure. 

√  √  √ √  

RoA-LC7:  Make sure that the program takes account of all the 
 information in the problem statement. * 

√  √  √ √ √ 



 200 

It is also evident, based on the summary in Table 5, how different ways of 
conducting the exhaustive trial were guided by different operational invariants 
and corresponding rules of action. For example, Karim’s and Liam’s (K&L) as 
well as Christian’s and David’s (C&D1) attempts to solve the first mathematical 
problem by only using one single loop were based on the use of instrumented 
action schemes which did not involve operational invariants and rules of action 
relating to the use of nested loops. Instead, the idea of systematically varying 
one variable and deriving linked variables from relationships between them 
and it (CiA-ET3) guided much of the students’ work when trying to conduct the 
trial.  
 
Of the six pairs whose screens and conversations were recorded, only the 
students Emilia and Fredrik did not succeed in solving the first mathematical 
problem. Many of the difficulties experienced by the two students were related 
to their inability to use loops in order to systematically vary the values of 
variables and Table 5 also shows how the instrumented action scheme which 
the students tried to develop lacked important concepts-in-actions linked to 
ideas concerning the implementation of an exhaustive trial. The lack of such 
well-developed concepts-in-action, for example relating to the idea of 
systematically varying the values of variables (CiA-ET3) and to the idea of 
nesting loops (CiA-LC1 and CiA-LC2), also made it difficult for the students to 
articulate important propositions-in-actions (e.g., PiA-3) which could be 
regarded as necessary in order to solve the problems. It could also be argued 
that their instrumented action scheme in progress lacked important rules of 
action relating to the use of loops which could be due to underdeveloped usage 
schemes relating to computational concepts such as nested loops. Based on the 
lack of many important scheme components it could thus be argued that the 
students Emilia and Fredrik, in the end, were unable to develop an 
instrumented action scheme useful in order to solve the two mathematical 
problems.  
 
The components of a scheme described by Vergnaud (1998b) have in this study 
served as an analytical framework when describing the students’ instrumental 
genesis. The use of scheme components has also, as argued by Buteau, 
Gueudet, et al. (2020), made it easier to recognize “what is at stake in terms of 
students’ learning in this particular context” (p. 17). It could thus be argued 
that the summary of the components brought into action by the students 
during their problem-solving process, presented in Table 5, also has 
demonstrated the complexity of the instrumented action schemes that needed 
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to be used or developed by the students during the teaching experiments. 
Moreover, the use of this analytical framework has also made it possible to 
search for differences and similarities among the partaking students’ 
developing proto schemes.  
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In this chapter, the outcome of this design study will be discussed from 
different perspectives. The discussion will start with a section in which the 
methodological approach of the study as well as the frameworks used during 
the study will be discussed. The second section will provide an overview of the 
key findings of this study by linking the first research question of the study to 
the two processes of instrumental genesis; the instrumentalization process and 
the instrumentation process. In this section, the outcome of instrumental 
orchestration will also be discussed which relates to the second research 
question of the study. In the third section, the trustworthiness of the study will 
be reviewed followed by a section in which the contribution of the study will be 
summarised from an academical and professional point of view. In the final 
section, the researcher looks ahead and, based on his own study, reflects on the 
need for further research.  
 

In this study, the Instrumental Approach has been used as the overarching 
conceptual framework and design research served as the methodological 
approach for investigating students’ instrumental genesis. The study has 
involved two complete design cycles. During the analysis of the collected data, 
the detailed definition of schemes introduced by Vergnaud (1998b) has served 
as an analytical framework in order to describe the evolution of the students’ 
instrumented action schemes. In this section, the conceptual and analytical 
frameworks’ impact on this study will be discussed together with how the 
choice of methodological approach has affected the study.  
 

The Instrumental Approach (Verillon & Rabardel, 1995) has been used as the 
conceptual framework of this study with the aim of studying students’ 
instrumental genesis through which students learn how to use a programming 
environment as a mathematical instrument. The Instrumental Approach has 
frequently served as a conceptual framework in order to describe students’ 
handling of technical mathematical artefacts such as computer algebra systems 
or dynamical mathematical software (e.g., Drijvers, 2003; Fahlgren, 2015; 
Trouche, 2005a) whereas the research by Buteau, Gueudet, et al. (2020), 
Buteau, Muller, et al. (2020), and Misfeldt and Ejsing-Duun (2015) are rare 
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examples where the framework has been used in relation to students’ use of 
programming in mathematics education. It is important to stress the 
difference between, on the one hand, computer algebra environments or 
dynamical mathematical software specifically designed to lend themselves to 
mathematical activities and, on the other hand, traditional text-based 
programming environments which are not in themselves mathematical 
artefacts (Buteau, Gueudet, et al., 2020). I claim that this far from given link 
between such programming environments (artefacts) and mathematical 
objects made the instrumental genesis even more challenging for the upper 
secondary school students taking part in this study. But I also argue that this 
challenging endeavour has illustrated that the Instrumental Approach, as a 
conceptual framework, has an important role to play within further research in 
order to describe this potentially complex process in which a programming 
environment, together with associated utilization schemes, evolves into a 
mathematical instrument. 
 
It should be stressed that this study only involved studying the students’ 
instrumental genesis during one single intervention. What has been described 
in this study could therefore only be regarded as the initial stage of the 
students’ instrumental genesis and not the process as a whole. It is thus not 
possible to claim that the students’ instrumented action schemes, which have 
been described and analysed in chapter 8, could be regarded as “invariant 
organization[s] of activity for a certain class of situations” (Vergnaud, 1998a, p. 
167). Instead, they are referred to as schemes in progress or proto schemes. 
Yet, I argue that studying this initial stage of students’ instrumental genesis 
still is of great importance since it potentially is the most challenging stage of 
the instrumental genesis due to the students’ lack of pre-existing schemes 
closely related to mathematical objects.  
 
In this study, the programming environment as a whole has been regarded as 
the artefact of interest. This meant that the handling of the artefact involved 
both the coding (including the use of computational concepts) as well as the 
handling of additional functionalities in NetBeans. I have avoided referring to 
programming as an artefact since I regard programming as a broader concept 
and as a functionality within technical artefacts such as NetBeans, Excel, or 
GeoGebra.  
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The development and/or use of instrumented action schemes has been central 
when analysing and describing the initial phase of the students’ instrumental 
genesis, involving the use of a programming environment in order to solve 
mathematical problems. To analyse the instrumented action schemes in more 
detail, the schemes used or developed have been decomposed into different 
components as defined in general by Vergnaud (1998b). This way of analysing 
students’ instrumental action schemes has previously been used by Buteau, 
Gueudet, et al. (2020) and their study thus served as a source of inspiration 
when defining the analytical framework of this study. I argue that the use of 
scheme components offered the researcher the possibility to be specific when 
describing the proto schemes developed or used by the students during the 
teaching experiments. Decomposing the students’ instrumented action proto 
schemes into a variety of rules of action and operational invariants also 
illustrates the complexity of the students’ instrumental genesis (Buteau, 
Gueudet, et al., 2020).  
 
It was also evident how different ideas relating to the implementation of an 
exhaustive trial brought into action different concepts-in-action leading to the 
formation of different propositions-in-action. Furthermore, the analysis also 
revealed how some specific rules of action and operational invariants were 
central in almost every scheme analysed by the researcher. I therefore argue 
that the use of scheme components offers a researcher an opportunity to define 
specific concepts-in-action, propositions-in-action, and rules of action 
essential in the development of an instrumented action scheme relating to a 
specific situation or a mathematical objective. Also, the use of scheme 
components offered the researcher the opportunity to search for similarities 
and differences among different schemes and to analyse how missing 
components affected the possibility to use the proto schemes in order to act 
towards the mathematical objects (problems).  
 
An important goal during the implementation of the analytical framework was 
to define specific scheme components expressed and brought into action by the 
students during their problem-solving process. It should be stressed that 
defining these components was not a straightforward process. During the 
iterative analysis process, scheme components were rephrased as well as 
added and removed by the researcher. When defining the components, there 
was also an act of balance between, on the one hand, being generic enough in 
order to search for commonalities between different schemes and, on the other 
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hand, being specific enough in order to be able to identify the characteristics of 
each scheme. This act of balance is also a consequence of the novelty of using 
this type of scheme analysis in order to investigate students’ instrumental 
genesis when lending themselves to mathematical problem-solving using 
programming. This means that it is likely that different researchers would 
formulate the scheme components in different ways, which is exemplified by 
how concepts-in-action are phrased differently in this study compared to the 
study of Buteau, Gueudet, et al. (2020).  
 
It also should be stressed that the students’ instrumental genesis could have 
been described using other analytical frameworks involving a different 
terminology. For example, Drijvers and Gravemeijer (2005) argue that 
students’ instrumental genesis is best described by analysing the instrumented 
techniques used by the students. They draw on ideas of Lagrange (1999b) and 
argue that an instrumented technique is the technical part of the instrumental 
genesis which could be regarded as a “set of rules and methods in a 
technological environment that is used for solving a specific type of problem” 
(Drijvers & Gravemeijer, 2005, p. 169). Since the mental schemes are more or 
less hidden for the researcher inside the minds of the users, Drijvers and 
Gravemeijer (2005) argue that the instrumented techniques are the visible 
part of the students’ instrumental genesis and therefore should be the interest 
of the researcher. Describing students’ instrumental genesis by defining 
technical and conceptual elements relating to the instrumented action scheme 
followed by an analysis of students’ instrumented techniques relating to these 
elements would also have been a potential analytic framework for this study. It 
could be argued that the use of such analytical framework, in which the study 
of the students’ instrumented techniques is central, is less dependent on 
students articulating the rationales for their different choices and actions 
during the problem-solving process. Yet, it would still have required the 
recording of the students’ computer screens in order to be able to follow the 
different instrumented techniques used by the students during the teaching 
experiments.  
 
Although studying the students’ instrumented techniques when using 
programming environments in order to solve mathematical problems would 
have been a viable way of analysing students’ instrumental genesis, I still argue 
that describing students’ instrumented action schemes using operational 
invariants and rules of action offered the researcher a sound way of analysing 
the development of these schemes and thereby identifying the “characteristics 
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of situations that subjects truly take into consideration” (Rabardel, 2002, p. 
79) during their instrumental genesis. I claim that there also exist similarities 
between these two analytical frameworks. It could be argued that rules of 
action are the psychological correlate of the technical elements, and concept-
in-action the psychological correlate of the conceptual elements, with 
proposition-in-action bridging between the two. On this basis, Vergnaud’s 
framework could be considered more nuanced, highlighting the interweaving 
within instrumental genesis of what others refer to as technical and conceptual 
aspects of mathematical capability. 
 
Finally, it should also be stressed that I have avoided to decompose the 
instrumented action scheme into sub-schemes (Lagrange, 1999a) since I argue 
that the use of scheme components (Vergnaud, 1998b) partly fulfils this 
purpose. 

The research questions of this study imply that the aim of the study has not 
only been to investigate the students’ instrumental genesis, when trying to use 
a programming environment as a mathematical instrument, but also to gain 
more knowledge on how the instrumental orchestration of the learning 
situations could affect the instrumental genesis. Since this orchestration is not 
only related to the actions taken by the teacher during the teaching experiment 
but also concerns various design choices made by the researcher (or the 
teacher), the use of design (based) research as the methodological approach 
became a natural choice. Based on the classification of general research 
functions made by Plomp (2013), it could be argued that this design study, 
besides from including the overall design function, also involves an advisory 
function specifically relating to the instrumental orchestration and the second 
research question of the study. This advisory nature of design research 
(Bakker, 2018), which in this study aims to contribute to new theoretical 
insights, also involves a predictive function. Furthermore, the methodological 
approach of this study includes a descriptive function relating to students’ 
instrumental genesis and the first research question. I argue that a challenging 
aspect of using design research is that this methodological approach often 
involves several different layers or research functions. In this study, it has been 
especially challenging to ensure that the design itself is linked both to the aim 
of being descriptive regarding the students’ instrumental genesis as well as to 
the aim of being advisory regarding the instrumental orchestration.  
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This study has involved two complete cycles. In order to make stronger claims 
regarding the students’ instrumental genesis, the same students should have 
been followed by the researcher over a longer period of time. In retrospect, it 
could therefore be argued that, if the students who participated during the 
teaching experiment of DC1 also had been involved during the teaching 
experiment of DC2, it would have been possible for the researcher to draw 
more far-reaching conclusions regarding the initial development and evolution 
of the students’ instrumented action schemes. But this alternative approach 
would have affected the task design which then should have been based on 
more general principles inferring that an important part of the preliminary 
phase of DC2 would have been to develop a complete new task based on these 
principles and the retrospective analysis of DC1. But it should be stressed that 
although two separate interventions involving the same students may have 
offered the students the possibility of developing their proto schemes further 
by assimilating a new mathematical situation into these schemes, it would still 
not have allowed the researcher to regard the schemes as a “structured set of 
the generalizable characteristics of artefact utilization activities” (Verillon & 
Rabardel, 1995, p. 12). 
 
In the following sub-sections additional aspects relating to the methodological 
approach of design research used in this study will be discussed.  
 

The starting point when designing the learning activities was the articulation 
of a hypothetical learning trajectory (Simon, 1995). Stating the HLT during the 
preliminary phase of each design cycle obliges the researcher to be precise and 
take different aspects into consideration (Bakker, 2018). I argue that being 
specific when developing the HLT also meant that the outcome of the teaching 
experiment was less likely to lead to any major surprises which in turn implied 
a clearer focus on the students’ problem-solving process, their instrumental 
genesis, and the effects of the instrumental orchestration. 
 
In retrospect, it could be argued that the teachers of the participating students 
should, to a greater extent, have been involved in the formation of the HLT and 
especially the design of the learning activity. This would have offered the 
researcher the opportunity to take more aspects of the learning ecology (Cobb 
et al., 2003) in the classroom into consideration. When presenting the 
fundamental ideas to the teachers before the teaching experiments, they were 
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asked by the researcher to provide feedback on the design. The limited amount 
of feedback given by the teachers could be due to the fact that they had not 
been involved in the design process at an earlier stage. The fact that none of 
the teachers had used programming to any great extent within their 
mathematics courses may also have made them less comfortable with 
providing specific feedback concerning the design. 
 

Didactical variables were used to take into consideration aspects of the design 
which was not covered by the conceptual framework (Ruthven et al., 2009). 
This design tool allowed the researcher to shed light on different choices made 
during the design of the learning activity. Furthermore, it forced the researcher 
to evaluate these aspects during the retrospective analysis of each cycle. I 
therefore argue that the use of didactical variables has the potential of making 
the design more thorough and stable. In this study, the evaluation of the 
didactical variables revealed a need to modify some of the variables, and 
identified an additional didactical variable that needed to be taken into 
consideration during the re-design of the learning activity. 
 

The oral presentations of students, referred to as sherpa-students, served as 
the main scaffolding during the teaching experiments. As described by Guin 
and Trouche (1998) the intention was to use sherpa-students in order to guide 
other students' work during the teaching experiments. But unlike Guin and 
Trouche (2002), who allowed the other students to follow the ongoing work of 
the sherpa-students on the projector screen, the researcher in this research 
project (taking the role as the teacher) specifically asked chosen pairs of 
students to present specific and different parts of their ongoing work to the 
rest of the class.  
 
I argue, in accordance with Guin and Trouche (2002), that the use of sherpa-
students reinforced the social dimension of the instrumental genesis. By 
allowing students to present their solutions, the instrumental genesis became a 
collective process taking place among the students in the classroom. I argue 
that this collective aspect of the instrumental genesis would have been less 
prominent if the teacher herself/himself had made the same presentations, 
although it could be argued that the fact that the sherpa-students were chosen 
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by the researcher implied a social affirmation regarding the relevance and 
correctness of the work presented by the students.  
 
The role of the sherpa-students will also be highlighted further in the next 
section, when discussing the outcome of the instrumental orchestration of the 
teaching experiments. 
 

An important part of design research is the retrospective analysis in which the 
outcome of the teaching experiment is compared to the HLT. In this study, the 
role of this retrospective analysis was two-fold. First, the analysis served as a 
way to analyse and evaluate the design of the learning activity based on the 
learning goals stated in the HLT which in turn was related to the instrumental 
orchestration. Secondly, the analysis also concerned the students’ instrumental 
genesis and the associated development and/or use of instrumented action 
schemes. Since this design study has concerned one specific learning activity, 
there was also a need to merge the outcomes of the retrospective analysis of 
the two cycles together into a summative analysis of the students’ instrumental 
genesis which has been presented in chapter 8. This choice is also in line with 
the argumentation of Bakker (2018) who claims that such additional analysis 
often is needed in order to avoid both an extensive focus on small details 
relating to the HLT as well as the risk of “losing sight of other things that 
matter” (p. 62). I argue that this dual focus both on details relating to the 
design of the HLT as well as on the overall aims and research questions of the 
study made it challenging to present data and results in a clear and 
straightforward way. The retrospective analysis in chapter 6 and 7, focusing on 
the outcome of the design compared to the stated HLT, was also related to the 
students’ instrumental genesis which was later the main focus of the additional 
analysis in chapter 8. I therefore agree with Bakker (2018) that the cyclic 
approach of design research involving its three phases (Drijvers, 2003) places 
great demands on researchers regarding how to present the analysis and the 
results of design studies.  
 

First of all, it is important to emphasise that the design of this study was in 
several ways affected by the Swedish context in which the study took place. 
Focusing on the use of programming environments as mathematical artefacts 
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during problem-solving activities was related to the content of the current 
syllabus (Skolverket, 2021a) for mathematics in Swedish upper secondary 
schools which stated that the students should be given the possibility to use 
programming as a digital tool when solving mathematical problems. I claim 
that the students who participated in this study was representative for Swedish 
upper secondary school students at the Technology Program and the Natural 
Science Program (where the use of programming is included in the 
mathematics courses) in that sense that they had extremely limited experience, 
if any, of using a programming environment during their ongoing courses in 
mathematics. However, the participating students were not representative in 
the sense that they had basic knowledge about computational concepts and the 
handling of the programming environment due to their ongoing course in 
programming (which is not taken by all students at the programs). The 
decision to involve students with prior experience of programming was based 
on the idea of reducing the number of syntactic errors allowing the students 
and the researcher to have a clearer focus on the students’ problem-solving 
process.  
 
The findings described in the previous chapters revealed several difficulties 
which arose during the students’ problem-solving process. Initially, many 
students struggled to find a usable problem-solving strategy and instead 
started to use what could be described as social pre-existing schemes based on 
an accepted idea that the use of algebraic manipulations could serve as a way 
of solving the problems. Consequently, the role of the programming 
environment was at this stage vague for many of the students. These initial and 
hopeless efforts (together with the following presentation of the second pair of 
sherpa-students) may eventually have forced the students to reconsider how 
the programming environment could be used as a technical mathematical 
artefact in order to conduct an exhaustive trial. This could be regarded as the 
start of the students’ instrumental genesis and the development of important 
concepts-in-action formed into propositions-in-action which guided their 
upcoming work. Several examples have illustrated the difficulties experienced 
by students during the part of the problem-solving process which included the 
use of loops and the control of variables, of which many were related to the 
students’ attempts to transfer their mathematical ideas into programming 
code. These difficulties could be due to under-developed pre-existing usage 
schemes relating to the use of loops and conditions within the loop(s) together 
with the students’ abilities of nesting loops. The findings also revealed how 
students tried to use mathematical notations within their code in a way not 
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compatible with the way a code is executed. This illustrated how the students 
had difficulties trying to merge together existing schemes from both 
mathematics and programming into a new instrumented action scheme. The 
findings also gave an example of how students, inexperienced in using a 
programming environment as a technical mathematical artefact, instead tried 
to use an additional technical artefact (GeoGebra) to solve the problems. This 
additional artefact was initially used to help the students to carry out algebraic 
efforts but was later used to develop and implement a problem-solving strategy 
based on the idea of an exhaustive trial.  
 
The retrospective analysis also revealed that the presentations made by the 
sherpa-students affected students’ problem-solving process in different ways. 
While some students fully embraced the rules of action presented by the 
sherpa-students, other students seemed less affected by the possible guidance 
offered. As another part of the instrumental orchestration, it was revealed how 
the design of the tasks/problems could have affected students’ perception 
regarding the number of solutions to the problems.  
 
In the following sub-sections, the focus will be on linking the outcome of this 
study to its two research questions: What are the instrumental geneses of 
upper secondary school students’ use of programming environments in 
trying to solve mathematical problems pre-designed to lend themselves to 
programming? and How can instrumental orchestration of learning 
situations - where students use programming environments as mathematical 
problem-solving artefacts - act as a way of fostering appropriate 
instrumental genesis? 
 

The first research question concerned the nature of students’ instrumental 
genesis when using a programming environment in trying to solve 
mathematical problems. The discussion relating to this genesis (or geneses) 
will be divided into two parts. The first part concerns the instrumentalization 
process which is directed towards the artefact (Trouche, 2004). During this 
process the user has to personalise and even modify or transform the artefact 
in order to fit her/his needs and in order to discover its possibilities and 
constraints. The second process of the instrumental genesis is the 
instrumentation in which the artefact prints its marks on the user and “allows 
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him/her to develop an activity within some boundaries” (Trouche, 2004, p. 
290), where such boundaries are related to the constraints of the artefact itself.  
In the following two sub-sections, these two processes will be used in order to 
illustrate general and important parts of the instrumental genesis of the 
students participating in this study.  
 

Rabardel (2002) argues that the instrumentalization process is an important 
part of the instrumental genesis during which the subject personalises the 
given artefact for herself/himself and sometimes even modify the artefact in 
order to fulfil her/his needs.  
 
As discussed in the previous chapters, the initial part of the students’ problem-
solving process involved stating mathematical relationships followed by 
algebraic manipulations to a varying extent. At this stage, the role of the 
programming environment was vague to many of the students partly due to 
the fact that they still had not been able to articulate an adequate problem-
solving strategy suitable for solving the first mathematical problem. But I 
argue that the role of the programming environment also was vague due to the 
students’ inexperience of using this artefact in a mathematical context in order 
to act upon mathematical objects. The analysis has illustrated that this 
inexperience impeded the students’ instrumental genesis since they were 
unable to assimilate this new mathematical situation into pre-existing 
instrumented action schemes relating to the use of the programming 
environment as a mathematical instrument. 
 
Since the vast majority of the syntax-based programming languages and the 
associated programming environments are not designed as mathematical tools 
(Buteau, Gueudet, et al., 2020), I argue that during the instrumentalization 
process students must be given opportunities to personalise and modify the 
programming environment in that sense that they need to modify the artefact 
from just being used to write and execute programming code into a technical 
mathematical artefact which could be used to act upon given mathematical 
objects. Trouche (2004) also argues that one stage of the instrumentalization 
process involves discovering the artefact and searching for relevant functions, 
in this case functions within the artefact that could be used to act upon such 
mathematical objects. 
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The data collected during the teaching experiments in this study also made it 
evident that students struggled when trying to implement their initial idea of 
“testing” using the programming environment. Previous research (Bonar & 
Soloway, 1985; Robins et al., 2003; Winslow, 1996) has highlighted how novice 
programmers often struggle to translate their problem-solving ideas into code 
and I argue that this struggle was further hampered since this translation also 
involved mathematical ideas and the use of mathematical notion/notations. 
Some of the difficulties experienced by the students, when trying to implement 
the idea of conducting an exhaustive trial, were related to their inability to 
coordinate their use of mathematical and programming notations. There are 
both similarities and differences between the ways in which these 
notions/notations are handled within the two fields (du Boulay, 1989; Kohn, 
2017) and it was evident, based on the collected data, that the students brought 
distinct understandings of variables and equalities developed through their 
previous (and separated) experience of doing mathematics and doing 
programming.  
 
I argue that an important part of students’ instrumental genesis during the 
teaching experiments was that they were, when trying to solve the 
mathematical problems, given an opportunity to start modifying and 
personalising the artefact in order for it to also become a technical 
mathematical artefact. This involved the exploration of the mathematical 
possibilities and constraints given by the programming environment. During 
this stage of the instrumentalization process, many of the students initially 
struggled but later started to realise that the programming environment could 
be used as a mathematical artefact in order to conduct an exhaustive trial. I 
also argue that an important part of students’ instrumentalization process, was 
that students had to develop a coordinated use of mathematical and 
computational notions/notations, appropriately differentiated between the two 
fields. This aspect is also related to what Balacheff (1996) refers to as 
computational transposition in which students need to “fit the requirements of 
symbolic representations and computations” (p. 8) when, in this case, using 
the programming environment for mathematical purposes. As a part of the 
computational transposition, the students had to translate mathematical ideas 
into code which could be interpreted by the programming environment. 
During this part of the instrumentalization process, I argue that the students, 
in a mental way, personalised and modified the artefact in order to serve their 
mathematical purposes and in order for the programming environment to 
develop into a mathematical artefact. At this stage, the instrumented action 
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schemes started to form and comprised of scheme components relating to both 
mathematical and computational aspects. 
 
Based on the difficulties experienced by the students participating in this 
study, I argue that an important part of the initial instrumentalization process 
is to give students a sufficient amount of time to explore the mathematical 
possibilities and limitations of the artefact. In order to support this important 
part of students’ instrumental genesis, the curricular design is vital where the 
teacher (or the researcher in this study) must play an active role in order to 
both offer the students scaffolding when handling the artefact but also to serve 
as a designer of the artefact (Rabardel, 2002) in order to facilitate the students’ 
instrumentalization process. Consequently, using the programming 
environment as a technical artefact during mathematical problem-solving 
could prove to be a too challenging endeavour for students inexperienced in 
using a programming environment as a technical artefact for mathematical 
purposes. Especially since mathematical problem solving by itself is regarded 
as a challenging enterprise (Lester & Kehle, 2003).  
 

The second process of the instrumental genesis is called the instrumentation 
process during which “the artifact prints its mark on the subject, i.e., allows 
him/her to develop an activity within some boundaries (the constraints of the 
artifact)” (Trouche, 2004, p. 290). It is also during the instrumentation 
process that the instrumented action schemes are developed through 
assimilation or where pre-existing schemes also are adapted to serve new 
purposes (Rabardel, 2002). So how did the programming environment print 
its mark on the students in this study?  
 
First, I argue that the programming environment offered the students a new, 
or at least reinforced insight, about the possibility of using a trial when solving 
mathematical problems. It could be presumed that the students had prior 
experience of, more or less systematically, testing possible solutions when 
solving mathematical problems/exercises which is also highlighted by Pólya 
(1971) as a heuristic strategy used during mathematical problem solving. But 
by using the power of a computer, the idea of testing was extended and 
involved an exhaustive trial in which all, and not just some chosen, potential 
solutions were tested. By stating correct conditions within loops and IF 
statements, the students could thus be sure that their program generated every 
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single solution to the mathematical problem. Consequently, I argue that as a 
part of the instrumentation process within students’ instrumental genesis, the 
use of the programming environment as a mathematical artefact may offer 
students insights regarding new ways of solving problems involving equations 
or system of equations using exhaustive trials. These insights were made 
visible in the students’ instrumented action schemes as a proposition-in-action 
(PiA-2 or PiA-4). 
 
Second, when implementing the idea of an exhaustive trial, many of the 
difficulties experienced by the students participating in this study were related 
to their use of nested loops and more specific to stating adequate conditions 
within the loops and within the IF statements inside the loops. Stating such 
conditions, specifically related to the wording of the mathematical problem, 
could be regarded as an important part of the development of students’ 
instrumented action schemes. But it could be argued that this part of the 
students’ problem-solving process was perceived as challenging since the 
development of instrumented action schemes also was interwoven with the 
development of usage schemes relating to the use of nested loops. Although the 
students had experience of using nested loops, I argue that the findings of this 
study revealed that the students lacked stable usage schemes associated with 
this computational concept. But I also argue that these difficulties, when 
solved, may have illustrated, to the students the importance of variable ranges 
and the importance of being specific when stating these ranges, an action 
associated with an important concept-in-action (CiA-LC3). Incorrectly stated 
conditions could mean that the students’ trial involved erroneous sets of ages 
or that not all possible combinations of ages were tested which in the end could 
affect the output generated by their program. I claim that students’ use of 
conditions within loops and IF statements, when using a programming 
environment as a technical artefact, could potentially be an important part of 
the instrumentation process and consequently part of the students’ 
instrumental genesis since the use of the artefact and the instant feedback 
given by it clearly illustrates to the students the importance of stating correct 
mathematical variables ranges relating to the variables in action. I argue that 
this part of the students’ instrumental genesis therefore may involve the 
development of a more conceptual scheme relating to the significance of 
correctly stated variable ranges. 
 
Third, the aspect of being specific when coding is, of course, not only related to 
conditions within loops or IF statements but to the coding process as a whole. 
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When the students used the artefact to implement their mathematical ideas, 
they had to develop a computational algorithm describing the step-by-step 
procedure of the code which was regarded as an important rule of action (RoA-
LC6) in the students’ instrumented action schemes. But this computational 
algorithm must in turn be based on its mathematical counterpart which also 
needs to be articulated in detail in order to be translated into code. It could 
thus be argued that an important part of the instrumentation process is for 
students to appreciate the necessity of developing and articulating both 
computational as well as mathematical algorithms during problem-solving 
activities. This is also emphasised by Misfeldt and Ejsing-Duun (2015) who 
argue that using programming in mathematics education could help promote 
students’ thinking in algorithmic terms.  
 

The second research question of this study, which will be discussed in this sub-
section, concerned how the instrumental orchestration of learning situations 
could support students’ instrumental genesis. Drijvers et al. (2009) define an 
instrumental orchestration as “the intentional and systematic organisation and 
use of the various artefacts available in a[…] learning environment by the 
teacher in a given mathematical task situation, in order to guide students’ 
instrumental genesis” (p. 1350). Although it could be claimed that all aspects 
relating to the design of the learning activity were parts of the overall 
instrumental orchestration, I argue that the use of sherpa-students, the fact 
that students worked in pairs, and the task design were the aspects of the 
instrumental orchestration that played the most prominent role during the 
students’ problem-solving activity. These three aspects will be discussed in the 
following sub-sections. 
 

Since the teaching experiments in this study were designed around a problem-
solving activity, a balance was required between allowing the students to 
engage in an independent problem-solving process (involving the search for an 
adequate problem-solving strategy and the implementation of this strategy 
using the programming environment as the technical artefact) and providing 
the students with necessary guidance in order to support their instrumental 
genesis. The scaffolding was thus intended to offer the students guidance in 
order to overcome potential difficulties associated with different parts of the 
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problem-solving process but at the same time not guide the students’ work to 
such an extent that it impeded the students’ independent search for solutions 
to the problems. The use of so-called sherpa-students, who presented chosen 
parts of their solution to the rest of the class, served, during the teaching 
experiments, as the main scaffolding offered to the participating students. 
 
It could be argued that the presentations made by the sherpa-students offer 
the other students specific rules of action central for the development of an 
adequate instrumented action scheme. But it could also be claimed that in 
order to apply these rules of action (without copying the exact code) the 
students have to be able to articulate relevant concepts-in-action as well as 
propositions-in-action which form the basis of the specific rules of action. I 
therefore argue in accordance with Guin and Trouche (2002) that sherpa-
students may “collectively tak[e] care of a part of the instrumental genesis” (p. 
210) and also strengthen the social dimension (Rabardel, 2002) of this 
process. 
 
Based on the analysis in the chapters concerning the two design cycles, I claim 
that the use of sherpa-students could affect and support students’ instrumental 
genesis in different ways, depending on the degree of congruence between the 
presentations of the sherpa-students and the ideas developed by the other 
students. Inasmuch as there was congruence between these, the presentations 
could serve to confirm that what the students had achieved so far was relevant, 
that is, that they had used appropriate rules of action. Inasmuch as there was 
incongruence, the sherpa-presentations could also serve as a prompt to adjust 
or modify parts of their solution based on the information provided by the 
sherpa-students. These modifications were related to, for example, the 
mathematical relationships given by the problems or to the use of conditions 
within loops or IF statements. The presentations of the sherpa-students could 
also serve as a way for other students to expand their existing ideas. Many 
students initially had vague ideas of “testing” in order to find sets of ages that 
fulfilled the condition given by the first mathematical problem and it was not 
until the presentation of the second pair of sherpa-students that these ideas 
could be expanded and articulated as a detailed problem-solving strategy. 
Finally, I argue that ideas presented by the sherpa-students served as a way to 
build new ways of thinking relating to both the choice of problem-solving 
strategy as well as to ways of implementing such a strategy. It was not until the 
presentation by the second pair of sherpa-students that Anne and Bill were 
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able to comprehend that the use of nested loops could serve as a way of 
systematically varying the values of variables.  
 
It could be argued that the appearance of the different types of affordances 
offered by the sherpa-students’ presentations are related to the timing of the 
use of the sherpa-students. This study has illustrated that the late use of 
sherpa-students implied that for many of the other students the presentations 
only served as a confirmation that they were on the right path while for the 
students who struggled in order to find and implement an adequate problem-
solving strategy, the late presentations meant that time to then build on the 
ideas presented by the sherpa-students was limited.  
 
I argue that the timing of use of sherpa-students was the most challenging part 
of the design since it involved ad-hoc decisions made by the researcher (acting 
as a teacher) during the ongoing teaching experiment. These decisions were 
difficult to plan in advance since they were based on how the students’ 
problem-solving process evolved. Since the teaching experiment specifically 
focused on mathematical problem-solving, there was also, as mentioned 
earlier, an act of balance between, on the one hand, allowing the students to 
engage in their problem-solving process and, on the other hand, providing 
support in order to break possible deadlocks relating to different aspects of the 
mathematical problems. Consequently, the decisions about when to use 
sherpa-students were dependent on the researcher’s ability to overview the 
students’ work which was more difficult during the second design cycle when 
the teaching experiment was held online. The decisions about when to use 
sherpa-students could be further hampered by the fact that a group of students 
tends to be heterogenous when it comes to their mathematical and 
computational abilities. It could therefore be argued that the complexity of the 
learning ecology (Cobb et al., 2003) in a classroom needs to be taken further 
into consideration when designing for using sherpa-students as intended in 
this study. As noted in the retrospective analysis of the second design cycle, it 
could also be debated if the idea of letting students independently engage in a 
problem-solving process is consistent with the idea of offering a shared 
scaffolding in order to support the social dimension of the collective 
instrumental genesis.  
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When analysing the problem-solving activities during the teaching 
experiments, the voice and screen recordings served as the primary data. In 
retrospect, I argue that the choice to let students work in pairs fulfilled two 
important purposes. First, working in pairs forced the students to articulate 
the rationales for their actions and thus state important operational invariants 
within their developing schemes which guided their problem-solving process. 
This was regarded as important from an analytical perspective since utilization 
schemes are mental constructions which sometimes make them hard to 
identify (Drijvers & Gravemeijer, 2005). Secondly, I argue that the choice of 
letting students work in pairs strengthened the social dimension of the 
instrumental genesis. During their ongoing discussion, it could be argued that 
the students (in most cases) together were developing a mutual instrumented 
action scheme where important concepts-in-action were highlighted and 
discussed and then jointly formed into propositions-in-actions important 
during the students’ problem-solving process. I argue that from an educational 
perspective, such social dimensions (Rabardel, 2002) must be considered as 
important during students’ instrumental genesis. This is also in line with the 
conclusion drawn by Goos et al. (2003) who argue that collaboration involving 
the use of technology in mathematical education could promote face-to-face 
discussions and as a consequence a sharing of knowledge. During the teaching 
experiments in this study, this was related to sharing of mathematical 
knowledge as well as the sharing of knowledge relating to the use of the 
technical artefact as a mathematical instrument. 
 

The task design was based on two overarching principles. First, the tasks 
should be regarded by the students as mathematical problems, that is, there 
should not be a clear and obvious path towards the solutions (Schoenfeld, 
1983). Second, there should be an advantage in solving the tasks/problems 
with the help of the programming environment compared to other existing 
tools such as calculators, dynamic geometry software, or by hand. The pilot 
study also revealed how the mathematical content could potentially risk 
overshadowing the problem-solving aspect and obscuring the role of the 
programming environment as a mathematical artefact. Consequently, a 
didactical variable relating to the mathematical content (DV3) was used when 
designing the tasks/problems used during the teaching experiments of the two 
design cycles.  
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Based on the analysis of the students’ problem-solving process, I claim that the 
task design should be regarded as an important part of the instrumental 
orchestration since it plays a part in supporting students’ instrumental genesis. 
I also argue that this study has revealed two important aspects or dimensions 
that the designer should take into consideration when designing mathematical 
tasks lending themselves to be solved using programming. First, should it be a 
standard type of task (an exercise) or a non-standard type of task (a problem)? 
Since this study was conducted in a Swedish context, in which the use of 
programming in upper secondary school mathematics education was (at the 
time of the two teaching experiments) linked to problem solving (Skolverket, 
2021a), the task design was guided by the idea that the tasks should be 
perceived by the students as mathematical problems. Second, what 
mathematical content should the students need to apply in order to solve the 
task(s)? As noted earlier, the mathematical content should be sufficiently 
accessible to students so as to provide adequate scope for them to develop 
instrumented mathematical actions expressed in programming terms.  
 
The task used during the pilot study demanded the use of several potentially 
complicated mathematical concepts recently introduced to the students. The 
mathematical content then obscured the search for a problem-solving strategy 
as well as the potential role of the programming environment as a 
mathematical artefact which meant that the task was perceived as too 
challenging to the students. During the teaching experiment of each design 
cycle, the mathematical content was instead well-known to the students but 
the tasks were still designed with the intention of being mathematical 
problems. Based on the outcome of the teaching experiments, and the initial 
difficulties experienced by the students during their problem-solving process, 
it could be argued that the problem-solving aspect of the tasks implied that the 
role of the programming environment for many students was initially still 
vague which consequently affected and delayed the students’ instrumental 
genesis.  
 
I therefore argue that, as a part of the instrumental orchestration, it is 
important that the researcher (or teacher) takes into consideration both the 
aspect of the mathematical content involved as well as whether the task should 
be a mathematical exercise or a problem. Based on the results of this study, it 
could be claimed that for students inexperienced in using programming in 
mathematics education, the use of routine tasks only involving well-known 
mathematical concepts may be more beneficial for the students’ initial 
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instrumental genesis since this will direct the students’ focus towards the 
programming environment as a potential mathematical instrument. 
Furthermore, this will imply a greater focus on the mathematical possibilities 
and constraints offered by the artefact. It could therefore be argued that the 
decision taken by the Swedish National Agency for Education to extend the 
scope of programming in mathematics at upper secondary school level to also 
include the use of programming in relation to data processing or the 
application of numerical methods (Skolverket, 2021b) is sensible. I argue that 
this expanded area of use would offer teachers the opportunity to introduce the 
use of programming in a way that would ease the students’ instrumentalization 
process. 
 

In this section, the important aspect of the trustworthiness of the study will be 
discussed. Schoenfeld (2007) argues that the quality of empirical research is 
dependent on the trustworthiness of the processes through which the 
researcher collects, represents, analyses, and interprets data. He defines five 
important aspects of trustworthiness when conducting empirical research 
which will be the starting points of the discussion in this section: 
 

• Descriptive and explanatory power, 
• Prediction and falsification, 
• Rigor and specificity, 
• Replicability, and 
• Triangulation 

 

Throughout this thesis, the intention has been to describe the study, including 
its implementation and the analysis of the collected data, in as much detail as 
possible. According to Schoenfeld (2007) an important aspect of being 
trustworthy is to make it clear to the readers how the studied phenomena took 
place (descriptive power) and why the outcome of the study went the way it did 
(explanatory power). The aim with the chapters concerning the two design 
cycles, was to provide the readers with a detailed description about the design 
of the teaching experiments, the educational settings in which the experiments 
took place, as well as the analysis of the outcome of the teaching experiment. 
Chapter 8 also provided the readers with a summative analysis of students’ 
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instrumental genesis based on the data collected during both teaching 
experiments. The intention has also been that conclusions generated through 
the research process should align well with the observed phenomena in order 
to increase the internal validity of this study, which according to LeCompte 
and Goetz (1982) could be seen as the strength of qualitative research.  
 
External validity, that is, the possibility to generalize the result of the study in 
wider social settings is more difficult when conducting modest design studies 
(Schoenfeld, 2007). It is important to stress that this is a small-scale study only 
involving 42 students in total (27 students during DC1 and 15 students during 
DC2). During each cycle, only three pairs of students were followed in detail by 
recording their screens and conversations. It is thus not possible to draw any 
general and far-reaching conclusions based on this data from limited numbers 
of student pairs and situations and the focus of this study has instead been on 
trying to explain the initial instrumental genesis of these specific students 
through fine-grained analysis of the rich data available. In order to draw more 
general conclusions, the study would have had to include more students and 
taken a more longitudinal approach. Yet, the ambition has been that the 
analysis of the data and the conclusions drawn based on the analysis should 
describe and explain the actions taking place during the teaching experiments 
and that these conclusions could serve as a piece of a puzzle in the further 
research concerning students’ use of programming environments as technical 
artefacts in mathematics education.  
 

Well-founded predictions can play an important role in research projects as it 
gives the researcher better knowledge about what the expected outcome of the 
study can be. Schoenfeld (2007) also argues that even when a prediction does 
not work it still “play[s] a role in theory refinement [because] then one has 
reason to look for alternative explanations” (p. 86). In design research 
predictions play an important role during the development of the hypothetical 
learning trajectories (Drijvers, 2003; Simon, 1995). The predictions about 
students’ HLT were, in this study, based on prior research and other 
experiences. Based on the retrospective analysis of each design cycle, some 
predictions stated in the HLT did not match the outcome of the students’ 
problem-solving process which implied a revision of the HLT during the next 
design cycle. Since the predictions related to the HLT were stated by the 
researcher himself, it was important during the retrospective analysis of each 
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cycle to stay neutral when comparing the outcome of the teaching experiment 
to the stated HLT. This neutral approach was regarded as important in order 
to be able to falsify aspects of the HLT based on the analysis of the collected 
data.  
 

The intention throughout the study has been to be rigorous, when explaining 
theories, methods, and data with the intention of making the research clearer 
and more understandable. In order to avoid misconceptions and ambiguities 
the need for rigor and specificity (Schoenfeld, 2007) is of great importance in 
order to make the research trustworthy. Schoenfeld (1992b) argues that the 
method used should be described so thoroughly that other researchers should 
be able to replicate and use exactly the same method.  
 
Prediger et al. (2015) argue that design research tends to be criticised for not 
being a well-defined research method. They therefore call for “specification in 
each study of how their methods were tailored to the individual purpose and 
context” (p. 883) which I have tried to illustrate to the readers in chapter 6 and 
7, where a large amount of space has been given to describe the design, the 
implementation, and the retrospective analysis of the two cycles in detail.  
 
Presenting the study as a monograph, rather than as a compilation thesis, has 
also allowed me to include an extensive amount of data in terms of verbatim 
extracts and screenshots of the students’ code. It could be argued that this 
strengthens the rigour and the trustworthiness of the study (Hammer & 
Berland, 2014) and, according to Schoenfeld (1992b), it also allows for the 
readers to: “analyze [the data] on their own terms, to see if their sense of what 
happened in it agrees with the author's, and […] employ the author's method 
and see if it produces the author's analyses” (p. 181).  
 
Another part of being rigorous is for the researcher to let other researchers 
analyse the data in order to reach an inter-observer consistency (Bryman, 
2012) and an internal reliability. The data collected during the two teaching 
experiments was initially grouped by the researcher into themes relating to 
different parts of the students’ problem-solving process. During the next step 
of the analysis the themes were coded using the detailed definition of a scheme 
developed by Vergnaud (1998a). This coding process could be described as an 
iterative process where my two supervisors at a regular basis took part of the 
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analysis and provided feedback which was used to re-code the data during the 
next round of analysis. This feedback was both related to the process of 
defining different scheme components as well as to how to apply these 
components when analysing the data. Furthermore, during mandatory 
seminars in this research project, other researchers have been given the 
opportunity to take part of the data analysis and have provided feedback later 
used to sharpen the analysis and make the research clearer. It is therefore 
considered that this study has reached a relatively high internal reliability. 
 

Schoenfeld (2007) argues that if the researcher attempts to make any claims of 
generality by the results from empirical research, these claims should be 
possible to test in other studies in order to make the results trustworthy. 
LeCompte and Goetz (1982) denote this as a measure of the external reliability.  
 
It should be stressed that the design of the teaching activities and the set-up of 
the teaching experiments was clearly influenced by the Swedish context and 
the prior knowledge of the participating students. But although Schoenfeld 
(2007) acknowledges the difficultly of replicating educational research, there 
are some aspects of the study which should be possible to replicate, for 
example, the designed tasks/problems, the intended use of sherpa-students, 
the didactical variables, and the ways of collecting data. Still the complexity 
within each educational setting makes it difficult to replicate the study as a 
whole and consequently to reach a high external reliability.  
 

During the analysis in this study, the screen and voice recordings (involving 
the conversations between chosen pairs of students as well as between 
students and the researcher) collected during the teaching experiments have 
served as the primary data. In addition, the code generated by all students was 
collected at the end of each teaching experiment. Since this data only revealed 
the final versions of the students’ code, it was merely used to summarise the 
end products of the students’ problem-solving process. Schoenfeld (2007) 
argues that “the use of multiple lenses on the same phenomena is essential” (p. 
87) and highlights the importance of using different sources when collecting 
data. This triangulation will help the researcher to double check the findings 
and increase the quality of the collected data (Robson & McCartan, 2016). It 
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could be argued that additional follow-up interviews with the participating 
students, whose screens and conversations were recorded, would have allowed 
for a triangulation in order to study the correspondence between the 
information gathered using different types of data and thereby increase the 
validity of the study. Follow-up interviews could consequently have had the 
potential to confirm or contradict interpretations made by the researcher 
based on the screen and voice recordings. There were several reasons why such 
follow-up interviews were not conducted. First, and foremost, it was 
considered that the screen and voice recordings provided the researcher with 
detailed data. When working in pairs, the students had to justify their actions 
or their claims to their partner which often provided the researcher with 
important rationales for the choices made by the students. A second reason for 
not conducting follow-up interviews was the time frame of this study. It was 
regarded that preparing, conducting, and analysing such interviews would 
have been a too time-consuming endeavour based on the time restrictions of 
this research project. Furthermore, unless such interviews can be conducted 
very quickly after the events in question, and even if they are, there is a danger 
of interviewees reporting not their thinking at the time of the preceding events 
but their post hoc rethinking. 
 

This section will, based on the discussions in the previous sections of this 
chapter, summarise the potential contributions of this study, from a 
professional point of view as well as from an academical point of view.  
 
First and foremost, I argue that this design research study has been successful 
in refining and validating the design (and associated instructional theory) of an 
introductory lesson for students at secondary level on the use of programming 
in mathematical problem solving. The design involved the design of tasks as 
well as the instrumental orchestration of the learning situation. Didactical 
variables were also used as a design tool in order to guide the design. I argue 
that the implementation of this cyclic methodological approach will be of 
interest and value to practitioners as well as to other researchers. 
 
Beyond this, I argue that the study has made further contributions more 
specifically to the research field. As discussed in section 9.1, this study 
contributes to the conceptual and methodological resources for researching the 
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use of programming in mathematics education by offering insights into several 
currently under-researched topics: 
 

• Use of the Instrumental Approach as an analytic framework in studying 
the use of programming in mathematics education. 

• Operationalisation in depth of Vergnaud's construct of scheme in 
conducting such analyses.  

• A template for design research suitable for use by practitioners carrying 
out such investigations. 

 
As set out in 9.2, I also argue that this study contributes with findings which 
confirm and extend those already available in the field, notably concerning: 
 

• Challenges encountered by students in mastering the use of 
programming techniques. 

• The early stages of instrumental genesis in relation to the use of 
programming in mathematical problem solving. 

• The instrumental orchestration of lessons (both in-class and online) in 
order to support such genesis.  

 
Finally, as shown in section 9.3, these contributions have been underpinned by 
a rigorous research process. 
 
The final contribution that this study can make is to give ideas for further 
research in the field, and the next section will examine this. 
 

Despite not being a new phenomenon, the use of programming in primary and 
secondary school got a real boost during the 2010’s when many countries 
highlighted knowledge in programming as an important ability in a digital 
society. In some countries, the revision of curricula meant that programming 
now should be learnt and used within mathematics education. Although a lot 
of previous research had been done concerning the use of programming in 
mathematics education, especially during the 1970’s and 1980’s, there was a 
need for state-of-the-art research. My intention has been to contribute to new 
knowledge concerning the use of programming within mathematics education. 
But the results of this study have also highlighted the need for further research 
related to this topic, which will be discussed in the last part of this thesis.  
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Since this study only followed the work of the students during one single 
intervention, the study has only focused on the initial stage of the students’ 
instrumental genesis involving the development of instrumented action proto 
schemes. The analysis has illustrated how the students’ inexperience of using 
programming during mathematical learning activities impeded their 
instrumental genesis since they were unable to assimilate this new 
mathematical situation into pre-existing instrumented action schemes relating 
to the use of the programming environment. It could therefore be argued that 
there is a need to follow upper secondary school students’ instrumental genesis 
over a longer period in time in order to investigate their instrumental genesis 
in more detail, similar to studies made among university students using 
programming within their mathematics courses (Buteau, Gueudet, et al., 
2020; Buteau, Muller, et al., 2020) and similar to studies made regarding 
students’ instrumental genesis in relation to other technical artefacts such as 
handheld calculators using CAS (Drijvers, 2003). Based on such further 
research, it would be possible to study the development of stable schemes and 
how students, when having developed a battery of instrumented action 
schemes relating to the use of a programming environment during 
mathematical activities, then may with greater ease be able to assimilate new 
situations into these pre-existing and stable schemes.  
 

During the design of the learning activities in this study, a didactical variable 
was used relating to the choice of the programming language and the 
programming environment used during the teaching experiments (DV1). Since 
the students participating in this study, at the time of the teaching 
experiments, were taking a course in programming, it was natural to allow the 
students to use the same programming language and the same programming 
environment during the teaching experiment as they used in their 
programming course. Since the students seldom experienced any major 
difficulties related to the syntax of the programming language or to the 
technical handling of the programming environment, it was regarded that the 
didactical variable had served its purpose.  
 
But if students have little or no prior experience of programming, which has 
been the case for most Swedish upper secondary school students, the choice of 
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programming language and programming environment is not as 
straightforward.  
 
There exists a lot of previous research in computer science regarding the 
choice of the programming language when students should learn how to 
program. Mannila et al. (2006) as well as Koulouri et al. (2014) have shown 
that the complexity of the programming language does not only correlate to 
the number of syntactic errors made by students when learning to program. 
Their research also illustrated how the number of logical errors increased 
when the students coded using a more complex programming language. But I 
claim that there is also a need for new research within mathematical 
educational research concerning the choice of programming languages and 
associated programming environments when students with no or limited 
experience of programming should learn how to use a programming 
environment, not primarily to become a proficient programmer but as a 
technical artefact in order to act upon mathematical objects when solving 
mathematical tasks/problems. What programming languages and 
programming environment are preferable in mathematics education in lower 
and upper secondary schools in order to reduce the number of syntactic errors 
so as to have a clearer focus on the mathematics itself? It is thus interesting to 
follow research projects such as the one carried out by Pejlare (2021) and her 
colleague who are investigating upper secondary students’ use of the 
programming language Mathematica which is, in a larger respect than 
traditional text-based programming languages such as Java, designed to be 
used as a technical mathematical artefact. It could be argued that the use of 
such programming languages would have the potential to ease the students’ 
instrumentalization process.  
 

Throughout this study, scheme components, as generally defined by Vergnaud 
(1998b), served as a way of describing the development of students’ 
instrumented action schemes and consequently their instrumental genesis. 
Since the work of Buteau, Gueudet, et al. (2020) could be regarded as the only 
example of using this type of scheme analysis for this purpose, I argue that 
there is a need for additional research using this analytical framework in 
similar situations in order to further explore its possibilities and its 
constraints.  
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Due to the novelty of this analytical framework, there is a real possibility that 
different researchers, working independently, would produce different models 
for analysing the development of students’ schemes. As exemplified earlier in 
this chapter, the way different scheme components were phrased differed 
when comparing the analysis conducted in this study and the analysis made by 
Buteau, Gueudet, et al. (2020). I therefore argue that there is also a need for 
further research which tries to identify parallels between such models and 
based on those parallels tries to provide a basis for synthesis of them. Such 
synthesis would provide a more robust analytical framework for studying 
students’ instrumental genesis which in the long run can contribute to an 
increased understanding of the potentiality of using technical artefacts such as 
programming environments during mathematical activities.  
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The students worked in 13 pairs. One student chose to work alone but in order 
to simplify the summary presented in Table 6, this student was regarded as a 
pair. All pairs but one generated some code which they handed in at the end of 
the lesson. The pair which did not hand in any code is not included in Table 6.  
 
During the teaching experiment, two pairs of sherpa-students were used. The 
first pair of sherpa-students (pair 13 in Table 6) described the mathematical 
relationship between the ages of the three sisters and loss of gold coins, and 
the second pair of sherpa-students (pair 6 in Table 6) explained their use of 
nested loops in order to conduct an exhaustive trial. It is therefore reasonable 
to assume – and indeed the instrumental orchestration intended – that the 
presentations made by these students affected the results generated by the rest 
of the class.  
 
Pair 10 (Anne and Bill), pair 11 (Christian and David), and pair 12 (Emilia and 
Fredrik) were, during the teaching experiment, followed particularly closely as 
their conversations and screens were recorded using the screen capturing 
software Screencast-O-Matic. 

Table 6: A compilation of the work done by the students during the teaching experiment of 
the first design cycle when trying to solve the mathematical problems. 

Component of strategy 
Pair Total 

1 2 3 4 5 6 7 8 9 10 11 12 13  

Formulate mathematical 
relationships               

established a correct mathematical 
relationship between the ages of the 
sisters and the loss of gold coins 

√ - √ √ √ √ √ √ - √ √ √ √ 11 

tried to use the relationship between 
the ages in order to reduce the 
number of (variables and so) 
iterations needed. 

- √ √ - - √ √ √ √ √ - - √ 8 
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Create program(s) which solve 
problem(s)               

created a program which solved the 
first problem - - √ - √ √ - - - √ √ - √ 6 

created a program which solved the 
second problem 

- - - - - √ - - - √ √ - √ 4 

Use exhaustive trial strategy               

created a program with the intention 
of using loops to conduct an 
exhaustive trial in order to solve the 
problem 

√ √ √ √ - √ √ √ √ √ √ √ √ 12 

Use random trial strategy               

created a program which randomized 
ages of the sister and tested if each 
combination fulfilled the conditions 

- - - - √ - - - - - - - - 1 

Recognise multiple solutions               

created a program based on the idea 
that there only existed one single 
solution to the first problem 

√ - - ? √ - √ - √ - - √ √ 6 

created a program which would be 
able to generate multiple solutions 

- √ √ ? - √ - √ - √ √ - - 6 

Recognise possibility of equal 
ages               

stated conditions within the program 
which allowed for two of the sisters to 
have the same age 

√ - √ ? - √ - √ √ - - √ - 6 

created a program which did not 
allow for sisters to have the same ages - √ - ? √ - √ - - √ √ - √ 6 

 

The students worked in 8 pairs. All pairs generated some code which they 
handed in at the end of the lesson.  
 
The first pair of sherpa-students (pair 4 in Table 7) described the mathematical 
relationship between the ages of the three sisters and loss of gold coins. The 
second pair of sherpa-students (pair 1 in Table 7) explained their use of an 
exhaustive trial as a problem-solving strategy. The third pair of sherpa-
students (once again pair 1 in Table 7) described how they had use nested 
loops in order to conduct an exhaustive trial. It is therefore reasonable to 
assume – and indeed the instrumental orchestration intended – that the 
presentations made by these students affected the results generated by the rest 
of the class.  
 



 245 

Pair 1 (George and Henrik), pair 2 (Ian and Jacob), and pair 3 (Karim and 
Liam) were, during the teaching experiment, followed particularly closely as 
their conversations and screens were recorded using the video communication 
software Zoom. 
 
Table 7: A compilation of the work done by the students during the teaching experiment of 
the second design cycle when trying to solve the mathematical problems. 

Component of strategy 
Pair Total 

1 2 3 4 5 6 7 8  

Formulate mathematical relationships          

established a correct mathematical relationship between the ages of 
the sisters and the loss of gold coins 

√ √ √ √ - - √ √ 6 

tried to use the relationship between the ages in order to reduce the 
number of (variables and so) iterations needed. √ √ √ √ - - √ √ 6 

Create program(s) which solve problem(s)          

created a program which solved the first problem √ √ √ √ - - - √ 5 

created a program which solved the second problem √ √ √ √ - - - - 4 

Use exhaustive trial strategy          

created a program with the intention of using a single loop to conduct 
an exhaustive trial in order to solve the problem. - - √ - - - - - 1 

created a program with the intention of using nested loops to conduct 
an exhaustive trial in order to solve the problem. 

√ √ √ √ - - √ √ 6 

created a program with the intention of using loops together with the 
use of manual input to conduct an exhaustive trial in order to solve the 
problem. 

- √ - - - - - - 1 

Use random trial strategy          

created a program which randomized ages of the sister and tested if 
each combination fulfilled the conditions - - - - - - - - 0 

Recognise multiple solutions          

created a program based on the idea that there only existed one single 
solution to the first problem - - - - - - - - 0 

created a program which would be able to generate multiple solutions √ √ √ √ - - √ √ 6 

Recognise possibility of equal ages          

stated conditions within the program which allowed for two of the 
sisters to have the same age 

? ? - ? - . ? - 0 

created a program which did not allow for sisters to have the same 
ages ? ? √ ? - - ? √ 2 



Designing for the incorporation of 
programming in mathematical education

This study explored Swedish upper secondary school students’ use of 
programming for mathematical purposes. The aim of the study was to investigate 
the process through which students learn how to use a programming environment 
as a technical artefact during mathematical problem solving and how the 
orchestration of such learning situations could facilitate this process. In order to 
study the students’ use of the programming environment, design-based research 
was used as the main methodological approach and the Instrumental Approach 
served as the theoretical framework. The design involved the development of 
mathematical tasks to be tried out with students, as well as the orchestration 
of the learning situation within the classroom. The findings revealed how the 
students experienced several difficulties when trying to use the programming 
environment as a technical mathematical artefact. These difficulties were related 
to the fact that the mathematical affordances offered by the programming 
environment initially were unclear to many of the students, as well as to the 
handling of more specific computational concepts such as nested loops. The 
findings also revealed that the transformation of mathematical notations and 
ideas into programming code caused students difficulties.
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