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Abstract

Motivated by the study of the hypoxia problem in cancerous tissues, we propose a
system of coupled partial differential equations defined on a heterogeneous, periodically
perforated domain describing the flux of oxygen from blood vessels towards the tissue
and the corresponding oxygen diffusion within the tissue. Using heuristics based on
dimensional analysis, we rephrase the initially parabolic problem as a semi-linear elliptic
transmission problem. Focusing on the elliptic case, we are able to define a microscopic
e-dependent problem that is the starting point of our mathematical analysis; here ¢ is
linked to the scale of heterogeneity.

We study the well-posedness of the microscopic problem as well as the passage to
the periodic homogenization limit. Additionally, we derive the strong formulation of the
two-scale macroscopic limit problem. Finally, we prove a corrector estimate. This specific
ingredient allows us to estimate, in an a priori way, the discrepancy between solutions to
the microscopic and, respectively, macroscopic problem. Our working techniques include
energy-type estimates, fixed-point type iterations, monotonicity arguments, as well as the
two-scale convergence tool.

Keywords: oxygen, hypoxia, elliptic pde, homogenization, two-scale convergence,
corrector estimate.
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Introduction

The aim of this work is to introduce a mathematical model describing the flux of
oxygen from blood vessels to tissues. The main application of the model we propose is
the hypoxia problem. The presence of hypoxia, that is low concentration of oxygen in
cells, can be related to other pathologies such as cancer [10], Alzheimer’s disease [31]
and diabetes [I1]. Therefore, studying the hypoxia problem can help understanding and
solving other correlated medical issues. For instance, the presence of hypoxia can affect
the curability of solid tumors [33]. The presence of hypoxia corresponds to de-oxygenated
human body tissues invaded by cancer. Indeed, solid tumors are less well-oxygenated than
the normal tissues from which they arose [9]. For this reason, the model we propose and
analyze can be directly adapted to the medical study of tumors.

The oxygen problem has been studied from the mathematical modelling and compu-
tational perspective by many authors; we refer for instance to [19], [30], [20], [23], [25],
31, [22].

In chapter one, we present the first model, which consists of a system of two parabolic
partial differential equations, with Dirichlet, Neumann and Robin boundary conditions.
(Clearly, the two equations we introduce at the beginning describe the flux of oxygen in
the blood vessels and tissues, respectively. Therefore, they will be defined in two dif-
ferent domains that communicate to each other through an interface. The unknowns of
our problem are the concentrations of oxygen in the blood vessels and tissues, respec-
tively. For what concerns the flux of oxygen in the tissues, we consider a non-linear term
corresponding the the Michaelis-Menten type consumption rate [32]. Once the model
is introduced, we proceed with a dimensional analysis of all the mathematical quanti-
ties involved in the model. This procedure will be the idea behind the passage from
the parabolic problem to an elliptic problem. Since the latter is not the main aim of
our discussion, we just present an heuristic procedure that can be made mathematically
rigorous. The main interest of our work is to apply two-scale convergence and homoge-
nization techniques to an elliptic microscopic model, that we present in sections 1.3 and
1.4. The microscopic problem is meant to take into account the micro-oscillations in the
concentration of oxygen. This oscillating behavior can be applied to the study of the
hypoxia problem. Indeed, as we mentioned before, we are dealing with de-oxygenated
zones that can be mathematically represented through an heterogeneous concentration
of oxygen.

In chapter two, we study the well-posedness of the microscopic problem. Namely,
once we obtain the weak formulation of the microscopic problem, we prove the existence,



uniqueness and energy estimates related to the solution of the microscopic problem. The
main difficulty of this part relies on the fact that our model is non-linear. For instance,
to prove the existence of solution for the microscopic problem, we rely on an iteration
scheme.

In the third chapter, after introducing main results regarding homogenization and two-
scale convergence, we proceed with the homogenization of our problem. The final goal is
to obtain the macroscopic two-scale elliptic limit system related to our original problem.
Clearly, we show that the solution of the macroscopic system exists and is unique. Finally,
we will prove a corrector estimate, which is the most interesting mathematical result of
the whole work. Indeed, the solution of the microscopic problem presents some oscillating
features, while the two-scale limit problem is meant to average those oscillations. When
it comes to the corrector estimate, the main question is how much information have we
lost after the averaging process is done? In order to prove the corrector estimate, we will
use both functional analysis results and geometrical arguments, that are correlated to the
geometrical reasoning behind the formulation of the microscopic problem.

Finally, we present the last chapter "Conclusion and Outlook”, in which we sum up
all the most interesting results of this work together with some additional comments and
remarks. Moreover, we also leave some questions open regarding how we can improve our
work, also by touching other fields such as numerical analysis and simulations.

It is important to point out that the whole analysis of our work is in 2D, even though
the oxygen problem lives in a 3D setting. We made this decision to simplify the whole
discussion. However, it is possible to adapt the whole analysis to the 3D case. We do not
set all the assumptions on data from the beginning, but we prefer to add extra-assumption
on the moment we need to use them. This is meant to highlight those very assumptions
in the moment we require them.



Chapter 1

Modelling

In this chapter, we propose a mathematical model to describe the concentration and
flux of oxygen from the blood vessels to the tissue where cells are located. Namely,
we start from a system of two parabolic partial differential equations with associated
boundary conditions of Dirichlet, Neumann and Robin type. The first step is the nondi-
mensionalization of the problem, with the goal of eliminating the time dependence in the
two parabolic equations, to eventually obtain a system of two elliptic equations. When
this step is done, the final aim of the modelling section is the formulation of the e-problem,
involving a perforated domain that will be defined in terms of the initial domain.

1.1 From a parabolic problem to the elliptic problem

We consider the following geometry:

Q; ry

FN

Figure 1.1.1: Description of the geometry of the problem

We denote our domain as €2, with Lipschitz boundary I'. We then consider a partition
of 2, namely Q = Q, U Qy, with Q, N Qy = 0.
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(2 is the zone corresponding to the blood vessels, while 2, is the region in which the
oxygen enters from the blood vessels. Let v and u denote the concentration of oxygen
in Q; and € respectively. Let S = (0,T}:,), with T, > 0. The following equation
describes the oxygen flow through the blood vessels:

0w+ V- (=Dy(x)Vv+ Bv) =0 in Qf x S, (1.1.1)

where D, = D,(z) is the non-singular diffusion matrix corresponding to v. The right
hand side of equation ((1.1.1]) is zero because we do not consider any source term related
to the oxygen flow in the blood vessels.

Regarding the situation in €2, we propose the following equation
Ou+ V- (=Dy(z)Vu) = —F(u) in Qs x 5, (1.1.2)

where D,, = D, (z) is the non-singular diffusion matrix corresponding touw and F' : R — R,

with or

, ifr>0

F(ry={ B+r (1.1.3)
0, ifr<0

with

e «a maximum rate of oxygen consumption, a € (0, 00);

« [ oxygen concentration at which F(r) = fa, 8 € (0,00).

Expression ([1.1.3)) corresponds to the well-known Michaelis-Menten— type consumption
rate (see [32]) . The term —F(r) acts as a sink. This is due to the fact that the flow of
oxygen coming from the blood vessels needs to be balanced, otherwise there would be an
accumulation of oxygen in the domain 2.

Considering now the external boundary I', we set Dirichlet boundary conditions on
the left and right edges and Neumann conditions on the remaining two edges. Therefore,
we rewrite [' = I'? UT? UTY, and we suppose that the oxygen flows from the left edge
I'P to the right edge I'?.

We define J, := —D,Vv+ Bv and J, := —D,Vu to be the fluxes related to v and u,
respectively. In this scenario, we are able to formulate the boundary conditions on I':

uw=p; onT? (1.1.4)
uw=p, onI'’ (1.1.5)
Ju-n=0onTN\ 9Q; (1.1.6)
Jy-n=0 onI NoQy, (1.1.7)

with p,. > p, > 0 and n is the outward normal vector. Notice that in the third boundary
condition we had to exclude 0€); since we were considering J,,, that is the flux related to
the domain €.



However, we still need boundary conditions on the set 92 \ I', that will allow us to
describe how the oxygen flows from € to {2;. We indeed want that the flux exiting from
(24 is conserved when entering (25, we require:

Jy-n=—J,-n onoQ\T. (1.1.8)

Since there is mass exchange of oxygen through the boundary of the blood vessels, it
is important to specify also a relation between u and v when the oxygen crosses the
boundary 022\ I". Let H be the Henry constant (see [5]) and let o be a positive constant.
We have the following relation

Jy-n=oc(u— Hv) ondQ\T. (1.1.9)
Finally, we need to set the initial conditions, namely

u(z,0) = ug(x) (1.1.10)
v(x,0) = vo(x), (1.1.11)

for all z € Q.

Summarizing, our hypoxia model is composed of equations (1.1.1)), (1.1.2), (1.1.4),
(LLE), (1.1.6), 1.7, (L.1.8), (L.1.9), (1.1.10) and (L.1.1I1). Now that the problem is
set, we want to nondimensionalize it; in order to do so, we first provide a dimensional
analysis of all the mathematical objects involved in the problem. We proceed as in [26].

e [D. = [D,) = L*T7", [B] = LT, [ug) = [vo] = ML™3, [p)] = [p;] = ML™2,

Notice that here we consider the problem as in a 3D setting, since we are referring to
the physics of the problem, and not on the modelling. We take z,.; := diam(2) to be the
characteristic length. The characteristic time scale t,.; will be chosen later. We choose

tres = max { ol (@), [|91l] (o)1) }

and
Uref = ||vo]| 2o (-
Let QS = Lsta Qf = ! Qf7 f = 1 I' and T: ffi
Tref Lref Tref ref
Let F': R — R be defined by
~ = , ifr>0
F(r)y=968+r (1.1.12)
0, if r <0,



where @ = o and 3 = £-. We rewrite D, as D,(z) := D,D,(z), where D,(z) is a

Uref
dimensionless matrix and D, is a positive diffusion constant. We substitute in ((1.1.1))
and (1.1.11) t 1= t,ef7, T 1= Tpep2, and v := v,V and obtain

el 9V Y, - (—szv + BUWV) =0 in Q) x (0,7) (1.1.13)
tref xref Lref
V(z,0) = U;’<Z) in Q. (1.1.14)
ref

We then do the same by setting u := ;U and D,(z) := D,D,(z) in (1.1.2), (1.1.10),
(L.1.4), (1.1.5) to obtain

1;:]{07(] +V.- (—WVZU> = —FU) inQ, x (0,7 (1.1.15)
U(z,0) = ui(j) in O, (1.1.16)

Ulz,7) = u’:if on T2 x (0,7 (1.1.17)

Ulz,7) = u’::f on ' x (0,7). (1.1.18)

xref

Setting 0 = 0,0, with 0,¢p = , and using the same reasoning for the boundary

ref
conditions (|1.1.6]), (1.1.7)), (1.1.8)) and (1.1.9), we end up with

D.D ~ A
(_“;(Z)umfvz(]> n=0onI™"\9Q; (1.1.19)
ref

D,D DA oc
(_vv(z)“refvzv + Bvrer> n=0onl' N0y, (1.1.20)

Lref

DUDU re Duﬁu re A 2
(—WVZV + BvTer> n = <(2)uszU> -non0Q\ T, (1.1.21)
Tref Tref
Dvﬁv re ~ A -
(—x@f)vaz‘/ + BvTer> N = Opef0 (UrefU — HupefV) on0Q\T.  (1.1.22)
The goal is to identify some parametric region where the hypoxia problem is a system
2
of two coupled elliptic equations. We multiply (1.1.13) and (|1.1.15)) by DIA and
’U,UT’G
x? !
el respectively. We obtain
Duuref
:Ezef A BJZ’T@f A ~
OV 4V, (—DU(Z)VZV~I— v) —0 i x (0,7) (1.1.23)
thref Dv
Tres 0:U+ V.- (—=Du(2)V.U) Tres FU) inQ, x (0,T) (1.1.24)
T 2\ 7 u z = = s X ) . <L
Dutref N Duuref o



We consider the Robin boundary condition ((1.1.22) and rewrite it as

A B re refUre 0 re re A ™
(—Dv(z)vzwr v fv) cp = LresOresOet (1r el ) on g0 B (1.1.25)
Dv D'uvref Uref

In order to obtain a couple of elliptic equations, we need to get rid of the terms involving
the partial derivative with respect to time in (1.1.23) and (|1.1.24]). This translates into
x%ef ‘r%ef
and
thref Dut'r’ef
main interests is the analysis of the concentration of oxygen in the domain €2,, where the
flux of oxygen is slower than the one in €2, we can actually choose t,.; to be arbitrarily
large in order to get a meaningful result. Therefore, we can set the problem such that
the two quantities mentioned before are negligible. However, we still want to keep the

information contained in (1.1.25)). In order to do so, we observe that

assuming that the terms are sufficiently close to zero. Since one of our

x%ef _ OrefLref ~0
th’r‘ef Dv
and )
xref _ OrefLref ~0
D tref Du

Oref0

Since we want the coefficient —e/Zre/9%ref # 0, we just set Uy >> vp so that the
vUref

ratio is balanced and the whole quantity does not go to zero. Another way to say this is

that the concentration of oxygen in the tissue is bigger than the one in the blood vessels.

Eventually, we end up with the following elliptic problem

A

V. (- D()VV+BV)_01an
V. (=Du(2)V.U) = =&, F(U) inQ,
(=Dy(2)VV + BV) -n = ®y(D,(2)V.U) - n on dQ\ T

A

( )
( )
( )
(~Du(2)V.V + BV) -n = @36 (U~ HV) on dQ\ T (1.1.29)
( )
( )
( )

(=Du(2)V.U) -n =0 on TN\ 99y 1.1.30
(=Dy(2)V.V +BV)-n=0 onT NaQ; 1.1.31
U(z) = 24 on P 1.1.32
Upef
U(z) =2 onTP, (1.1.33)
Uref
where
x? D,u Upe fOre L
« & — ref & ref (13 refUreflref
! Duuref’ 2 D Uref 5T D vUref
o =gl po Bl

uref7 Dv



The heuristic procedure used here to reduce the parabolic hypoxia problem to an
elliptic situation can be made mathematically rigorous. However, we do not do this here
as we prefer to study in details the homogenization problem.

1.2 Formulation of the microscopic problem

We open this section with a question:
What does "microscopic problem” mean and why do we need to introduce it?

We remind that we want to be able to apply our model to the hypoxia problem. This
means that the concentration of oxygen in the tissues appears to be heterogeneous and
characterized by a lot of fluctuations. Introducing a microscopic model means to take
into account all of those fluctuations in the solution of our problem and in the diffusion
matrices as well. The first step in the formulation of the microscopic problem is to identify
and separate the different scales, that can be referred to as macro-scale and micro-scale.
The macro-scale takes into account the general behavior of our solution in the whole
domain, while the micro-scale takes into account the fluctuations and micro-oscillation
of the solution itself. What we said until now justifies the idea behind the mathematical
reason why we should introduce the microscopic model as starting point our analysis.
However, how do we actually take the micro-scale into account?

We notice that our geometry in Figure|l.1.1| presents a periodic structure. We consider
the period of our geometry as a cell and we denote it with Y (see Figure . We can
consider a partition of our cell, namely Y = Y; UY,UX, with Y; NYs =0, X =Y NY,.
Clearly, Y} corresponds to the part of the cell where the blood vessels are located, while
Y, corresponds to the tissue and X corresponds to the interface in between Y and Y5.

Figure 1.2.1: Periodic Cell Y

We now have to introduce a parameter, called e, which is a real parameter taking
values in a sequence of positive rational numbers tending to zero. It is important to
underline that ¢ has a geometrical meaning. Indeed, one could take into account the
number of times the periodic cell Y is contained in 2. Mathematically, if we consider

l
L := diam(2) and [ := diam(Y"), we can define € := T This means that, when studying

the microscopic model, we fix ¢ and we study the problem in an actual microscopic
prospective, since we are interested in what happens in the single cell. Our final aim is



to obtain the two-scale limit elliptic system as ¢ goes to zero. This means that, after
studying the microscopic problem, we want to "eliminate” the oscillatory characteristic
of the solution, considering a final averaged system, involving averaged quantities, that
takes into account only the general behavior of the solution itself. When it comes to the
applications, this procedure allows us to study complicated problems, such as the hypoxia
problem, in a simplified setting. Moreover, starting from the microscopic model, we use
two-scale convergence and homogenization techniques, that automatically guarantee the
well-posedness of the limit problem.

We now formulate the e-dependent microscopic problem (we also refer to [I5]). Let
xs(y) and xf(y) be the characteristic functions of Y; and Yy in Y, respectively.

We define the sets Qi = {z € Qs;Xs (i) = 1}, A? = {z € Qf;xf (i) = 1}, QF =
Qs U5 and 90, \ T = {zEQ;g € 90\ T'}.

We also define B. := B (Z), Dye(z) :== D, (Z) and ﬁus(z) .= D, (z> We suppose
€ £ 5
that

« D, and D, are Yy-periodic and Y-periodic, respectively;

e there exist m, M > 0, m < M, such that

2
ml¢P< Y Di&g; < MIEP, (1.2.1)
i,j=1
2 A ..
ml¢fP< Y DY&g; < Mg, (1.2.2)
i,j=1

for all £ € R?;

« D Did e L®(Y) for all i,j € {1,2}%

e D, and D, are symmetric.

We now present the e-problem: Find the couple (u., v.) satisfying the following system

9



V. -(—A (2)V.v. + Bou) =0 in Q5
2 (—Dye(z )V u.) = = F(u.) in QO
(=Dye(2)V. vg—l—Bvs) n = ®y(Dye(2)Vaoue) - n on 0\ T

A

(1.2.3)
(1.2.4)
(1.2.5)
(=Dye(2)V,ve + Bava) -n =eb30 (ue — ﬁve) on 9§)° \ r (1.2.6)
(1.2.7)
(1.2.8)
(1.2.9)

(=Dye(2)Vaous) -n =0 on IV \ 8@; 1.2.7
(—f)vg(z)vzvE + Bgva) n=0onlnN 8@‘} 1.2.8
us(z) = P on v 1.2.9

Uref
us(z) = L on o, (1.2.10)

Uref

where u.(z) = u <Z, i) and v.(z) = v <Z, z>

We want now to reformulate the microscopic problem such that we have homogeneous
Dirichlet boundary conditions. Without loss of generality, we consider {2 such that Q=
[0, L]2 ¢ R?, with L > 0. Let us define a continuous function g : 0, — R,

Pr Pe <1 pe
= = — — . 1.2.11
0(e) = glen ) = (£ - L) o 2 (1211

Since z; = 0 and z; = L correspond to ff’ and f}? , respectively, we have

g(Z) - & on f‘KD7
Upef
g(z) = Pr on rp.
Uref
Pr Pe 1 . ~
Moreover, we have that V,g = — T 0] := w. Therefore, we can reformu-
Uref Upef

late problem (|1.2.3))-(1.2.10]) taking into account u.(z) = wu.(z) — g(z). Notice that, in
order to define 7., we need to consider the function g restricted to the perforated domain

Eventually, we end up with the following problem: Find the couple (u.,v.) (we still
write u. instead of @, to simplify the notation) satisfying the following system

10



V., - (—ﬁvs(z)vzva + 351)6) =0 in Q?
V.- <_DUE<Z)VZ<UE +9) = _q)lﬁ(ue +9) in Qi

A [} N A A
(Dyue(2)V(u: + g)) -n = 5536 (ue +9-— va) on 0\ I’
2

(—Dus(z)vzve + Eeve) -n =ecP30 (ue +g-— ]:Iva) on 9§)° \ r
(—Due(2)V(us + g)) -n =0 on IV \ 005
(=Dye(2)V,0e + Bov) -n=0 onI'N 8{23}
u(z) =0 on TP
u(z) =0 onT'P.
Remark. We notice that the function g defined in is C”(Qi). Therefore, the

transformation u. = u. — g is well defined. Indeed, when we will consider the weak
formulation of our problem, we will ask H' reqularity for .

1.3 Summary of equations of the microscopic model

For simplicity, we remove the " notation, therefore from now on we will refer to the
following microscopic problem: Find the couple (u.,v.) satisfying the following system

V. (=Dwe(2)V.v: + Bovg) = 0 in Q5 (1.3.1)
V. (=Dye(2)V.(u: + g)) = =91 F(u: + g) in QS (1.3.2)
P
(Due(2) V. (ue + g)) -0 = g(}{’a (ue + g — Hv.) on 9\ T (1.3.3)
2
—Loe zVe ele = 30 (Ue - € -J.
(=Dye(2)V,ve + Bove) - n = e®36 (u. + g — Hu.) on 99\ T (1.3.4)
(—=Due(2)V:(us + 9)) -n=0 on TV \ 905 (1.3.5)
(=Dye(2)V.ve + Bove) -m =0 on I' N 9% (1.3.6)
u.(z) =0 on TP (1.3.7)
u.(z) =0 on T2, (1.3.8)

Remark. The set 00 \ T' is the oscillating surface, that corresponds to the interface
between 25 and Q. When defining the micrscopic problem (1.5.1 —(1.3.3), we need to
consider € multiplying the right hand side of and (1.8.4]). The reason why will be

clearer when we will discuss the homogenization of our problem.
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Chapter 2

Well posedness of the microscopic
model

The first aim of this chapter is to derive the weak formulation of the problem (I.3.1])-
(1.3.8). After this step is done, we will use the weak formulation to prove the well
posedness of the microscopic problem. Namely, we will prove the existence and uniqueness
of weak solutions and an energy estimate. We list those results in section 2.2 and we
reserve section 2.3 for the proofs.

2.1 Weak formulation

Let H}Q) = {6 € H'(Q2):6 = DonTP}, HIOE) = {6 € H'(22):6 = DonTP}
and H}.(QS) := H N H}.

We consider the problem (1.3.1)-(1.3.8). Let ¢ € H'(Q5) and let us multiply the left
hand side of ([1.3.1) by ¢ and integrate in Q%; we get

V- (=DyeVve + Bove)pdz = / (DyeVve — Bev: )V dz + 5@3&/ (ue + 9 — Hoz)pdo,
Q

Q5 < 90\

(2.1.1)
where we used the boundary conditions (|1.3.4) and (1.3.6).

We then consider the left hand side of the equation ((1.3.2)), we multiply by ¢ € H} (Q%)
and integrate over 2.

[V (-Due(Vu: + g))pdz

o
_ / DoV (u. + g)Vdz — 5—35/ (ue + g — Ho.)o do,
Q. P oQe\T

2

®
:/ DUEVuEV¢dz—|—/ w. Ve dz —8—3&/ (e + g — Ho)do,,  (21.2)
Qs Qs ®y  Jooe\r

2

13



with w.(2) := D,.(2)w and where we used (1.3.3), (1.3.4), (1.3.5)), (1.3.7) and (1.3.8).
Definition 2.1.1. A weak solution of the problem -(1.5.8) is a couple

(ue,ve) € Hélr(Qi) X Hl(Qif)

that satisfies the following system:

/ (Dy.Vv. — Bov.)Vdz + €CI>36/ (4. + g — Hv)pdo, =0 (2.1.3)
0 89\
d
/ Dy.VuNVodz — 5—36/ (ue + 9 — Hv.)pdo, = B(ue, @), (2.1.4)
Qs Dy Joqs\r

for all o € Hy(Q5), ¢ € H}.(Q5), with
B(ue, ¢) = —/Q Oy F(u. + g)pdz —/Q w.Vodz,

with F defined in :

2.2 Statement of the main results concerning the mi-
croscopic model

Lemma 2.2.1. Let p > 1. Assume §2 is bounded and O0S) is Lipschitz. Then there exists
a bounded linear operator
T :Wh(Q) — LP(09)

such that

(i) Tu = ulgq if u € WH(Q) N C(Q)

and

(i) |Tull vy < Cllullwie) for each u € WHP(Q), with the constant C depending
only on p and Q.

See [I7] and chapter 5 of [14] for details on the proof of Lemma [2.2.1]

Lemma 2.2.2. Let p € H'().). Then there exists a constant ¢ > 0, independent of ¢,
such that the following inequality holds:

ellellzz 0. < elleline.): (2.2.1)

See [27] for the proof.

Lemma 2.2.3. Let p > 1. Assume § is open and bounded with OS) Lipschitz. Let
u € WHP(Q). Then there exists ¢ = c(n,p) such that

[ull o)< el Vullpr(g)- (2.2.2)

14



We refer the reader to chapter 9 of [7] for details on Lemma [2.2.3]
Remark. Notice that, as a consequence of , we have that, if u € H* (), then the
norms ||ul| gy and |[Vul|L2) are equivalent. Indeed
IVullfz@)< [ullfng= lullzz @+ Vullfa@ < (1+ oI Vullizq)- (2:2.3)
Proposition 2.2.1. Let B. € L>(Q3) with ||B.||p>~(qs) arbitrarily small and let & > 0
be arbitrarily small as well. Then the following inequalfity holds:
||Us||§11(Q;)+||Ue||12ql}r((zg)§ 7||9||§{1(QS)+5||F||007 (2.2.4)
where 7,0 > 0 depend on 7,91, 5 and P3, but are independent of ¢.

Proposition 2.2.2. Assume the hypothesis of Proposition to hold. If there exist a
weak solution (ug,v.) to the problem -[1.5.8), then it is unique.

We now want to show that there exists a weak solution (u.,v.) € H'r(Q7) x H'(Q3)
of problem (2.1.3)-(2.1.4). In order to do so, we will construct an iteration scheme which
will converge to the solution of our problem. We refer the reader to [18] for the application

of the iteration scheme in a similar context. Let us refer to problem ([1.3.1))-(1.3.8)), we
define the following iteration scheme:

Let {uf}ren and {vf}ren be two sequences of functions in Hy,.(€5) and H'(953), re-
spectively. Let u? = v? = 0. We have

V. (=Due(2)V.0F + Bwk) =0 in Q5
V. (=Du(2)V.(uf +g)) = =1 F(ul ™" +g) in Qf

d
(Due(2)V(uf + ) - n = 5536 (uf’l +g— va’l) on 0Q°\ T 2.2.7
2
(=Dye(2) V0" 4+ Book) - n = e®35 (™ + g — va’l) on 0\ T
—Dye(2)V.(uf + g)) -n =0 on TN\ 095 (2.2.9
(—=Due(2)V.0E 4+ Bawk) -n =0 on T NOQS (2.2.10

u(z) =0 on 'Y (2.2.11
uf(2) =0 on T2, (2.2.12

€

The weak formulation related to (2.2.5))-(2.2.12)) reads as follows:

Definition 2.2.1. For all k € N, a weak solution of the problem (2.2.5)- is a
couple

(uf, vf) € Hj, (Q5) x H'(Q5)

) Ve
that satisfies the following system:

/ (D Vv — Bao")Vpdz + €<I>35/ (uF' + g — HuFYpdo, =0 (2.2.13)
o 895\

Py
Dy VUtV dz — 7~/ Mg — HoP Yo do, = B(uh! 2.2.14
/Qg urVodz £5.0 am\rma g v o do (U™, 9), ( )

2
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for all o € Hy(Q5), ¢ € H;,(Q3), with
Bur 1 ¢) = — [ @ F(ubt + g)pdz — / w. - Védz,
Qg Qg

with F' defined in .

Lemma 2.2.4. Let H be an Hilbert space and assume that
B:HxH-—>R
is a bilinear form, for which there exist constants m, M > 0 such that
| Blu, v]|< M||ul|g||v||g Yu,v € H, (2.2.15)

and
m||ul|% < Blu,u] Yu € H. (2.2.16)

Let f: H— R be a bounded linear functional on H. Then there exists a unique element
u € H such that

Eﬂu,v]::<f,v>,
forallv e H.

We refer the reader to chapter 6 of [14] for the proof of Lemma

Lemma 2.2.5. Let B, € L*>(Q5) with HBEHLOO(Qi) arbitrarily small. There exists a
unique solution of (2.2.15)-(2.2.14) for k = 1.

Theorem 2.2.1. Let B, € L>(3) with ’|BEHLOO(Q§) arbitrarily small and let G > 0 be
arbitrarily small as well. Then the sequences {u’}ren and {vF}ren are Cauchy in H}.(92)
anthhl(Q;), respectively. Moreover, there exists a constant n € (0,1) independent of €
such that

k+r

[z .

= €l gy I = o
k r

(1 =n")

< O (el o) sl o) +HIE N, (2.2.17)
with k,r € N, ¢y, cp, C positive constants independent of €, k and r.

Corollary 2.2.1. Under the same assumptions of Theorem [2.2.1], there exists a weak
solution of the problem (u ' Moreover, the following estimate holds:

CnfF

1 (ol gy Ity o) HIF =), (2:2.18)

[ve = Uf”%{l(ﬂ;)"‘””a - U§||§{gr(nf)<

with n € (0,1) independent of e, k € N, C positive constant independent of € and k.
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2.3 Proofs of the main results concerning the micro-
scopic model

Proof of Proposition [2.2.7]

Combining (|1.2.2)) and (2.2.3)), there exists a constant a > 0 such that

a””s“%ﬂ(ﬁ;)ﬁ /Qs Dvevvsvve dz.
f

Therefore, considering ¢ = v. in (2.1.3) and applying the triangular inequality, we get

a|]vg||§11(9;)

<cts | [ lwoddo.t [ lovddo,t [ [ do |+ 18190
995\ 895\ 995\

e : I

< ®atr | e 3oy (1L + H)lloclaqom) 5 N9 2o | + g (190 [+ ec]?)
. |5l

< 03 1.3 g+ L+ H)lloclncopy Hlo oo | + P = ellbnesy (23:)

1Bl

where we used Young’s inequality and (2.2.1). Bringing [@35’6(1 +H)+ H’Ug”?’{l(ﬂ?)

to the left hand side of (2.3.1)), and assuming that & and || B.||. are sufficiently small

; Be |l
such that ¢ :=a — ®36¢(1+ H) — I 2”

> (0, we obtain

Ello- 3 ) < 256 el el s )] (232)

We consider ¢ = u. in (2.1.4). Combining (1.2.1) and (2.2.3)), there exists a constant
b > 0 such that

bllucllfy o)< [ DueVuusVu dz

P
<e25 [/ u?do, + \gu.| do, + / | Hv .| dO'Z]
P, 9Qs\T 9Q=\T 9Qs\T

+/Q <I>1F(u€+g)|u5|dz+/ﬂ lw. V| dz. (2.3.3)

Let n > 0 be arbitrarily small. We notice that

(1)1 1 (1)1 1
[, ot ol = < B LFP o] < 5 |04l o)

and

/|wEVug|dz
0z
< nHwEHH(Qg)"‘WH uellz2(qs)

1
< <nHwellizmgﬁnllusqulmg)> |
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We apply (2.2.1)) in (2.3.3]) and we obtain

(I)S ~ (I)l 1
ol o)< €25 (Il ony Hollscop) ) + G IF ot e agasy (23.0)

d O
with ¢,, ;= b — —177 3c,—

5 <I> o —mn > 0. Summing up (2.3.2) and (2.3.4)) we end up with
2

D3

é”“e”%ﬂ(a;)“‘cﬁ”Ue”%Il}r(gg)_‘bﬁé”ue||%1;T(Qg)_c* o, ||Us||H1 Q%)

< 02 b,y 1
< ©35¢|gll7 @ ateg, 5119115 @5, 1 F oot —llwellZ2(a),
n n
where we used
91l 0) < l9ll )
We adjust the coefficients in a proper way and choose & such that ¢; := ¢ — ¢,—6 > 0
Q5 : . D3 .
and ¢y 1= Cpy — c*aa > 0. Moreover, defining v := [ ®36¢ + c*ao /min{cy, c2} and
2 2
~ 2npmin{cy, cp}
Proof of Proposition [2.2.2]

, we prove the result. O

Assume that there exist (u.,v.) and (., ?.) weak solutions of the problem (1.3.1)-
(1.3.8). This means that both (u.,v.) and (@, 0.) satisfy (2.1.3) and (2.1.4). We then
consider (2.1.3)) in terms of (u., v.) and we subtract (2.1.3) written for (4., v.). We choose
Y := v, — U, to obtain

allve — 775||H1(Q;)§ /Q D,V (ve — 1)V (v — 0.) dz < A B.(v. — 0.)V (v — 0.) dz+
7 7

_c®,5H (v. — 7.) do, + B35 / e — i [ve — .| do.
9Q=\T 9Qe\T
(2.3.5)

We have that

: : 1B, 1o
VB0 = 00V (0 = )] 2 < 5 ol

Since we can choose || B.||o arbitrarily small, we can then use the same argument as in
the proof of Proposition [2.2.1]

Moreover, it holds
cBy5 /ms\F e — 1| [v. — 3| do, < 8Dy5 [||u5 A A A B

where we first used Young’s inequality and then (2.2.1). Controlling & in an analogous
way as we did in the proof of Proposition [2.2.1] (2.3.5) allows us to write

~ ~ \2 ~ ~ ~ 2
al|ve — Tel 7 (0) < —e®36H - (ve — V)" do, + P30 ||u. — uEHHzlr(Qg), (2.3.6)
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with @ > 0. Setting ¢ := u. — u. in (2.1.4]), we get
bllue — el o)< /Q DV (e — 1)V (1. — @) dz

<=0 [ (Flu.+g)— Fliic +g)) (u: — i) dz

s

0]
+ 5;:5/ (ue — @)% do, + He—?’&/ lue — i [v. — .| do, (2.3.7)
90\ dy  Joqs\r

Relying on similar arguments, (2.3.7)) yields:

bllue — el < —®1 [

Q3

d
(F(ua + 9) - F(ﬂa + g)) (ua - ﬂa) dz + H6525||Ua - ﬁa”%ﬂ(Q;)
(2.3.8)

We notice that F'(r) = aﬁ)2 > 0, therefore (F(ry 4+ g) — F(ra +g)(r1 —re) >0

B
Vry,ro € R, Summing up (2.3.6) and (2.3.8)), adjusting correspondingly the terms and

choosing ¢ > 0 properly, we obtain
ar||ve — 17€||§{1(Q§)+b1||u5 — ﬂ€\|§{}7mg)§ —e®30H - (ve — 0.)* do+

-0, /QE (F(ue + g) — F(t. + g)) (ue — ) dz <0, (2.3.9)

s

with ai,b; > 0. Relation (2.3.9)) directly implies u. = @. and v. = 0. almost everywhere
in 5, and respectively, in 3, which means that there exists an unique weak solution of
the problem. O

Proof of Lemma We observe that, for & = 1, (2.2.14)) can be written in the

following form:
|8+ 9)DuVulVod:

=25 /agze\rg(ﬁ +g)pdo, — /Qg b agpdz — /Qg (B + g)w:Vodz. (2.3.10)

Indeed, we can just start from equations (2.2.6)), (2.2.7), (2.2.9), substitute u? = v? = 0,
multiply both sides by (5 + ¢) and then go on with the usual procedure to obtain the
weak formulation. From the definitions, we have that 3 is a positive constant and, since
pr > pr > 0, from (1.2.11)) we have g(z) > 0 for all z € Q. This, together with property

(1.2.1) of D,., implies that the form

| (8+9)DuVul Vo dz

is bilinear, bounded and coercive. Moreover, from the linearity of g, we have that the
right hand side of is linear and bounded for all € > 0. Therefore, using Lemma
2.2.4] we conclude about the existence and uniqueness of the solution u! € H} ().
Similarly, considering £ = 1 in (2.2.13]), we get

/ (D V! — Ba)Vpdz = —ei)g&/ gpdo,. (2.3.11)
oA 09\
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We have
(a = 1Bt llet o)< [ (DeVel = B Vel dz,
f
and we can choose || B|| L>(;) arbitrarily small so that (a — || B:||Le(0=)) > 0. Therefore,
applying again Lemma [2.2.4] we can conclude about the existence ané uniqueness of the

weak solution v. € H'(Q3) of problem (2.3.11)).

d
Proof of Theorem [2.2.1]
Let wf = uf—uf~ and wf = vF—vF~!. We rewrite the respective weak formulations

(2.2.13)-(2.2.14)) for (uf,vf), (ub~1, vF1), we subtract them and we substitute ¢ = Gwk_
and ¢ = wy_:

/ (DpeVw¥ — BowF )Vuw® dz + 8<I>36/ (Wt — Hw* Yk do, =0, (2.3.12)
Q? 1> € £ aQS\F € £ £

Py
& | DyVw® VuF dz = 5—02/ wht — HwP Yk do,
Qg € £ 2 OQE\F £ € €

- &/ O (F(uf™" + g) — F(uf 2 + g)uk_dz. (2.3.13)
o8

From ([2.3.12)) we have

(@ = 1 Bellzoeos))llwy. | o)

8(1)35' _ _
< 7 (||w§ 1||%2(ane\r)+(1 + H)HwﬁsH%z(am\r)JrHHwﬁg 1||%2(age\r))

< 6043 (kB L+ ED et s oy + 0 e )

where we used Young’s inequality and (2.2.1). Assuming || B:|| (@) and & to be arbi-
trarily small, there exists a constant ¢; > 0 such that

crllwh I oy < 68 (k- o)+ H 0l oy ) (23.14)
Similarly, from ([2.3.13]) we obtain
bt 12 0 < 2ot [0 ooy e ooy
uellH} (Q5)= 20, ue 11L2(8Qe\TI) uellL2(9Qe\T)

by B
+ SEHJQ [Hwﬁg 1H%Q(ags\l")—i_uwﬁaH%Q(BQE\F)}

oy
2
where we used Young’s Inequality and ¢ > 0 is arbitrarily small. We use ([2.2.1)) in (2.3.15))
to obtain

2
S IF I+l I3 | (2.3.15)

T B16\ 4 1o
U<b— o, (1+H)—7 el (o)

50,
0

cP3 _,

< 3.0 s 3 oy HH IS 5 0n)] + = I1F 1172 (2.3.16)
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cP30 d,0
Assuming ¢ and J to be arbitrarily small so that ¢y := & (b i (1+H)— 21> > 0,
2
we obtain
c<I>30 Uq)l
ol I < o (I s oy + 0 ey ) + 5 IF I (2:3.07)
Summing up ([2.3.14]) and (2.3.17)), we obtain
et sy 0 W ey < 7 (N sy Wy HIF I ) (23.18)

(s Dy H GO
with 7 := max { 6By, ébya H, o0 C377 7L
b, ' By o

We can still choose ¢ arbitrarily small so that n < 1. Let r € N, we obtain

k+r k+r

e f|vz*" = vl [ sy Heallu

- Uf”?q,;m@
< Ot —oft 1\’H1(9;)+--- + [lofHt — Uf”%ﬂ(ﬂ;)

I = BT P ey [ — ] o)

E]

S C(nk+r71 T +77k)(

< 077]“(11_—777’)(

} sy Hlud = 2l oy F )

lv
HviH%{l(g;fr”u;H?{}T(Qg)ﬂLHFH%w)’

where C' is a positive constant independent of €, k and r. O

Proof of Corollary From we have that {uf}reny and {vF}rey are
Cauchy sequences in Hj,(Q7) and H'(Q5), respectively. Since Hj,(Q) and H'(Q5) are
complete spaces, {u*}rey and {vF}ren converge strongly to u. and v, respectively. Taking
r — 400 in , we obtain

Cn*
||U€ —Uf”%1(g?)+||us _UIEC'G{}T(Q@ 1—

77(HU1HH1(QE)+HUIHH1 o HIFIL).

|

Remark. The iteration technique we just applied to prove the existence of solutions gives
us also the uniqueness. Namely, we showed two different ways to prove that the solution

(ue, ve) € Hp, () x H'(Q5) of problem — is unique.
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Chapter 3

Passage to the homogenization limit

The aim of this chapter is to determine the strong formulation of the microscopic
problem —. Since we need to use two scale convergence and homogenization
arguments, in the first section of this chapter we present some definitions and results of
the Homogenization theory. We refer to chapter 9 of [12], chapter 3 of [29], [4] for the
results related to homogenization theory and two-scale convergence; to [2], [16] when it
comes to the application of those results.

3.1 The concept of two-scale convergence

Let © be a bounded open set in RN and Y := [[¥,[0, 4], with £y,..., £ given positive
numbers, be the reference cell.

Definition 3.1.1. Let f. be a sequence of functions in L*(Q). One says that f. two-
scale converges to fo = wo(x,y) with wy € L2(Q xY) if for any function ¢ = ¢(z,y) €
D(Q,C%(Y)) one has

lim/QfE(x)gp (a:,z) dx = Dl/’/g/yfo(:c,y)gp(:c,y) dydz. (3.1.1)

e—0

We denote by fe = fo, e = 0.

The following is a compactness result that is important for our discussions, it allows
us to pass to the two-scale limit.

Theorem 3.1.1. (i) Let f. be a bounded sequence in L*(2). Then there exists a subse-
quence f! and a function fo € L*(Q x Y) such that f! = fo, € — 0.

(ii) Let f. be a bounded sequence in H' (), which converges weakly to a limit function
fo € HY(Q xY). Then there exists fi € L*(Q; Hy(Y)/R) such that up to a subsequence
fe two-scale converges to fo(z,y) and Vf. = V,fo+Vy,fi, e = 0.

Let 3. be a e-periodic surface.
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Definition 3.1.2. A sequence f. € L*(3.) two scale converges fo(z,y) € L*(2 x 2) if
for any v € D(; CF(X) we have

lim . fe(z)e (m, z) do, = /Q/Efo(a:,y)go(a:,y) doydx. (3.1.2)

e—0

s
We denote (3.1.2) by f-=fo, € = 0.

We present another compactness result related to e-periodic surfaces.

Theorem 3.1.2. (i) From each bounded sequence f. € L*(X.), one can extract a subse-
quence f. which two-scale converges to a function fy € L*(Q x ).

(ii) If a sequence of functions f. is bounded in L*°(X.), then f. two-scale converges
to a function fy € L>(2 x X).
For the proof of (i) and (ii), we refer the reader to [28] and [24], respectively.

The final result of this section is an extension result in Sobolev spaces. We need
it in order to be able to apply the two-scale compactness, since in Theorem we
consider the whole domain €2, and not a perforated domain 2°. For additional details on
extensions, see [I].

Theorem 3.1.3. Assume 0S¥ to be Lipschitz. If f. € H'(X), it exists an extension
f- € HY() of f., such that .
[fellmn@ < el fellm e, (3.1.3)

where ¢ is independent of €.

3.2 Homogenization of the microscopic problem

Step 1: Extension

From Proposition we have that u. and v, are uniformly bounded in H},(Q%) and
H'(Q5), respectively, namely there exist C' > 0 independent of £ such that

[uellm 0 < C,
”UEHHl(Q;)S C.
From (3.1.3) we obtain the existence of 4. € H},. () and 0. € H'(Qy) such that
a2 @)= C, (3.2.1)

HﬁsHHl(Qf)S C, (3.2.2)

with C' > 0 independent of . From now on, when it comes to the homogenization process,
we will always refer to the extended functions. However, for simplicity, we get rid of the
tilde " notation.
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Step 2: Compactness
Since wu, is uniformly bounded in H}.(£2,), applying Theorem [3.1.1] there exist
uy € Hy, (Q; L*(Y5)),

uy € L*(Q; Hy(Y;)/R)

such that
Ue j Ug,

Vu. = Vg + Vui,

as ¢ — 0. Similiarly, since v, is uniformly bounded in H*(€;), there exist
v € H'(Qp; L(Yy)),
v € L*(Qp Hy (Yy)/R)
such that
Ve = Vo,
V'Ug = V’UO + Vyvl,

as ¢ — 0.

We now rely on the following homogenization ansatz:

us(z) = [uo(z, y) 4+ eup(z,y) + 2ug(z, y) + h.o.t} (3.2.3)

ly:=

ve(z) = [vg(z, y) + evi(z,y) + 2vy(z, y) + h.o.t} (3.2.4)

\y::g

Proposition 3.2.1. Assuming and , we have ug = ug(z) and vy = vo(2).

Proof. If f = f (z, Z) is a sufficiently smooth function, then the following calculation
€

rule applies:

jzf (Z 9 —o.f (z §> n iay (z z>y:_z . (3.2.5)

We substitute (3.2.3)) in (1.3.2) to obtain

1 1
(vz n €Vy> : (—Du(y) (vz + gvy) (uo + g + ur + eus + h.o.t)> = =01 F(u: + g),

(3.2.6)
with ) (22
F(u€ +g) — a(u0+5ul + € 2;2_}_ (6 )2+ g) .
ﬁ‘i‘(Uo—f—ﬁul—i‘é UQ+O(€ )+g)

Multyplying both sides of (3.2.6)) by (8 + ug + cuy + £2ug + O(e?) + g), we get

1
(ﬁ -+ U + Euy + 52162 + 0(82) -+ g) <Vz + gvy .

1
(—Du(y) (VZ + Evy) (uo + g+ cur + %uz + 0(52))>
= —® a(ug + cuy + %uy + O(2) + g). (3.2.7)
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We consider the part of (3.2.7) corresponding to the term of power =%
—(B4wuo+g)Vy - (Du(y)Vyug) =0 in Yy,
that is satisfied either if ug = —f — g in Ys, which implies uy = uo(2), or if

-V, - (Du(y)Vyup) =0 in Y. (3.2.8)

We substitute (3.2.3)) in (1.3.3) to obtain

1
Du(y) (vz + 8vy) (uo + g + eur + 2us + ho.b)) - n(y)
= —6(e(up + g — Hvg) + £*(uy — Hvy) + h.o.t) on dYs. (3.2.9)

In (3.2.9), we just consider the terms corresponding to e~* and we get
— Dy (y)Vyuo - n(y) = 0 on 0Ys. (3.2.10)
Putting (3.2.8)) and (3.2.10) together we obtain the following problem
_vy ’ (Du(y)va'O) =0 in YSa
—Dy(y)Vyuo - n(y) =0 on 9Ys, (3.2.11)
uo(z, ) is Ys — periodic for each given z € €.
(3.3.7) implies ug = ug(2), z € Q.
We substitute (3.2.4)) in (1.3.1)) to obtain

1 1
(V:+29,) - (=Dufy) (V2 + 29, ) (60 + 201 + 220, + hout)

+ B(y)(vo + evy + €%va + h.o.t)) = 0. (3.2.12)
We consider the part of (3.2.12)) corresponding to the term of power =2
-V, - (Dy(y)Vyvp) =0 in Y. (3.2.13)

We substitute (3.2.4)) in (1.3.4) to obtain

1
(—Dv(y) (VZ + gvy) (vo + evy + €20y + h.o.t) + B(y) (v + vy + e%vg + h.o.t)> -n(y)

= O35 (c(ug + g — Hvg) + &*(uy — Hvy) + h.o.t) on dY;. (3.2.14)
In (3.2.14)), we just consider the terms corresponding to e~ and we get
— Dy(y)Vyvo - n(y) =0 on 9Y5. (3.2.15)

Putting (3.2.13)) and (3.2.15|) together we obtain the following problem

—Vy - (Du(y)Vyv9) =0 in Yy,
—D,(y)Vyvo - n(y) = 0 on 9Yy, (3.2.16)
vo(2, -) is Yy — periodic for each given z € Q.

(3.3.8) implies vy = vp(2), z € Qy. O
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Remark. If we were to develop the analysis in 3 dimensions, we could have proved
Proposition|3.2. 1] using a direct application of Rellich—Kondrachov theorem. We refer the
reader to section 5.7 of [1])]. Indeed, we can use the fact that, in 3 dimensions, H'(-) is
compactly embedded in L*(-). Since u. is bounded in H} (), it will converge strongly to
a function Gy = Gio(x) in L*(Q). From Theorem[3.1.1), we know that u. converges weakly

to a function Uy = Ug(x,y) in L*(Qy x Y;). Therefore, from the uniqueness of the weak
limit, we conclude

~

to(x) = To(z,y) = uo(z).

Step 3: Weak formulation of the limit two-scale problem

For simplicity of notation, we define ¥, := 0Q° \ I'. We also assume

V,|= |Y;|= 1. (3.2.17)

We now consider ([2.1.3)) and we choose ¢ = ¥(2) + iy <z, i), where ¢ € C5°(Qy) and
V1 € Cg°(Qy; CF(Yy)). We have

[ P15 3y (9000 5 () 9 ()
- gcbgfr/ (ue + 9 — Hu,) (w(z) + ey (z Z)) do. = 0. (3.2.18)

S

Rearranging the terms of (3.2.18]), we obtain

/Qf(Dw-:(Z)V'Us — B.v,) (Vw(z) + Vi (z, i)) dz
+ 5/Qf(Dvg(z)Vv€ — B.v.)V. 1, (z, '2) dat

+ 5(133&/2 (us + g — Hu)Y(2) do. + 52(I>36/E (ue + 9 — Hve )iy (z, z> do. =0
(3.2.19)

We now pass to the two scale limit for £ — 0. We recall Definition |3.1.1| and [3.1.2] and
the compactness step; notice that the second and fourth integrals on the left hand side
of (3.2.19)) go to zero when € — 0, we end up with

/Qf /Yf [Dy(y) (Vuo + Vyv1) — B(y)vo] (Vio(2) + Vytn (2, y)) dzdy

= —D035 /Qf /E(uo + g — Huv)y(z) dzdoy,.

We now consider (2.1.4) and we choose ¢ = 0(z) +e6; (z, §>, where 6 € C§°(€2) and
01 € C5°(S2; C(Y5)). We have
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/Dua vu5<ve( +avel( ’:) vel( )) dz
P

—6—0/ (ue + g — Hu,) < ) +¢ebr (z, )daE
(I)Q e

= — Qg(blF(ug—Fg)( +5¢91( Z))
01

_/Ew€<V9()+€V91( >+v ( ))d. (3.2.20)

Rearranging the terms of (3.2.20f), we obtain
/ Dy (2)Vu, (V@(z) +V,0: (z, Z)) dz + 6/ Dy (2)Vu.V 6, (z, Z) dz
Qg € Qs €
)

o P
—5530/ (us + g — Hv.)0(2) do, — * —30/ (ue + g — Huv.)0, (z, i) do
2 Ye e

,
—-/@F(+)9()d—/q>F +)9(Z>d
- Q: 1 Ue g z z € Q: 1 Ue g)v1\ =, c z
—/ W, (VG(z) +V,0; (z z)) dz — 5/ w.V .0, (z Z) dzdy. (3.2.21)
Qs Y Te Q5 e

Passing to the two-scale limit for ¢ — 0 in (3.2.21]), we obtain
o
/ . D, (y)(Vug + Vyuy) (VO(2) + V,0: (2,y)) dz — —35/ / (ue + g — Hv.)0(2) dzdo,
= —/ / Q1 F(ug + 9)0(2) dzdy — / / 2)+ Vb1 (2,v)) dzdy, (3.2.22)

with w(y) := D,(y)w. Notice that we used the continuity of F' in order to pass to the
limit.

Definition 3.2.1. The weak formulation of the two scale limit problem reads as follows:

Find
(0, oy ut, 1) € HA(9) x HY(Q) x LA(Qu; HY(V,)/R) x L3(Q; HY(Y7)/R)

that satisfies the following system:

/ / ) (Vo + V,01) — By)wo] (Vi(2) + Vi (2,1)) dedy

= —<I>30/Q / up + g — Hug)(2) dzdoy, (3.2.23)
P>

/ v D, (y)(Vug + Vyuy) (VO(2) + V01 (2,y)) dz — —a/ / up + g — Hup)b(2) dzdo,

—/Q /Y Q1 F(up + g)0(2) dzdy — / / )+ V01 (2,v)) dzdy, (3.2.24)

for all b € CF(Qy), 1 € C(Q: CE (V). 0 € CR(Q), b1 € C5(Qs CF (V2)).
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Step 4: Strong formulation of the two-scale limit problem Integrating (3.2.23))
by parts, we end up with

e </ny (v) (Voo + V1) = Bly)vo dy) W(z) dz
i /Qf/ —Vy y)(Vvo + Vyvr) — B(y)vo)vr (2,y) dzdy

=—¢w4%éwﬁy—H%W@WM%- (3.2.25)

Integrating (3.2.24) by parts, we end up with
V. ( Du(y)(Vuo + V,yur) dy )9(2) dz
+/‘Y — 9, (Duly)(Vug + V)0 (2,) dzdy

%N/S/ (ue +g — Hue)0(2) dzdo,

—/ / O F(ug + g) (z)dzdy—l—/svz'(/}/Sw(y)d?J)Q(Z)dz

-l—/ . Vy Y))01 (z,y) dzdy (3.2.26)

Choosing 1 = 0 in ((3.2.25)), we obtain
— Vy . (Dv(y)(VUO + Vyl)l) — B(y)vg) =0 in Qf X Yf. (3227)

Choosing ¥ = 0 in (|3.2.25]), we obtain
—V,- </Y D, (y)(Vvg + Vy,u1) — B(y)vg dy> = —030|X|(ug+9— Huvg) in Q. (3.2.28)
!

Choosing 8 = 0 in ((3.2.26]), we obtain
-V, - (Du(y)(Vug + 0 + Vyuy)) =0 in Q, x Y. (3.2.29)

Choosing 0, = 0 in ((3.2.26)), we obtain
_v. (/ Du(y) (Vo +Vyu1)dy)

D
= 56|E|(u0 +g— Huvy) — 1 F(ug + g) in g, (3.2.30)
2

where we used that V, - (st w(y) dy) =0.

Lemma 3.2.1. Let V, - B(y) = 0. We can write
2
Z 0, (uo + g) + 1 (2) (3.2.31)
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and

2
Z Y)0.,v0 + 1(2), (3.2.32)
where the cell functions w; are solutwns of the cell problems

=V, - (Du(y)Vyw;) = — 212:1 8y¢Dij(3/) in Y,
Jy, wi(y)dy =0 (3.2.33)
w; is Yy — periodic for all j € {1, 2},

and where the cell functions W; are solutions of the cell problems

=V, - (Du(y)Vyiy) = =32, 9, D (y) in Yy,
fy, by (y) dy = 0 (3:2.34)
W; is Yy — periodic for all j € {1,2}.

Proof. We substitute (3.2.31)) in (3.2.29)) to obtain

—Vy - (Du(y)Va(uo(2) +g9)) = ( Z Vyw;(y)0:, (uo + g))

which implies ((3.2.33)).
We substitute (3.2.32)) in (3.2.27)) to obtain

—Vy - (Dy(y)V,00(2) — B(y)ve(z)) = =V, - ( Z V,w;(y)0, Uo) .

Noticing that V,, - (B(y)vy) = voVy - (B(y)) = 0, we obtain (3.2.34)). O

Assuming B to be divergence free and using Lemma [3.2.1 we are able to derive the
strong form of the two-scale limit problem.

Proposition 3.2.2. The strong formulation of the two-scale limit problem reads as fol-

lows
akdez, — Bid.,v0| = —036(%|(ug + g — Hup) in Oy,
s .
Tt {Dikaizk 0] = §U|Z|(U0 +9— Huvg) — ®1F(up + g) in s,
2

(—=D,V.ug) -n =0 on ry \ 09y (3.2.35)

(—D,V.vg+ Byg) -n=0 onI NoQy

ug(z) =0 z € I'P

ug(z) =0 2 € TP,
where

2
D* .= / DiF — DUy, w,) dy,
jz::l Yf< v k) Y
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Yy

D¥ .= EQ:I/Y (Dik — Dif@ijk> dy.
g ¢

Proof. From Lemma [3.2.1, we substitute (3.2.31) in (3.2.30) and (3.2.32)) in (3.2.28),

respectively. O

Remark. If one removes the assumption , the final strong formulation of the
two-scale limit problem reads as follows

— Y2y [ D02 w0 — Bid.vo| = =35 |S||Yy|(ug + g — Hup) in Qy,

— Z?,k:l {fo@izkuo} = |Y;] <$26|E|(u0 +9— Huvy) — 1 F(ug + g)) in Q,
(=D, V. up) -n =0 on TN\ 98y

(—=D,V,v9+ Bvy) -n =0 onI'NoQy

up(z) =0 z €I'P

ug(z) =0 2 € TP,

where )
D¥ .= / D* — D19, 1iy,) dy,
j;l Yf< Y k) Y

B; :/ B;i(y) dy,
Yy
2

D=3 | (D — Do, wy) dy.
=177
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Step 5: Well posedness of the two-scale limit problem

The existence of a solution of the strong formulation of the two-scale limit problem
is a direct consequence of the existence of the two-scale limit. Therefore, we just present
the proof of the uniqueness. For details on the following result, we refer the reader to
section 2.3 of [§].

Lemma 3.2.2. The operators D" and D satisfy the following coercivity conditions:

There exists v > 0 such that
2

> Diieg; > alef?, (3.2.36)
i,k=1
2 .
Y. Dif&g; = alef, (3.2.37)
i,k=1
Ve € R
Proof.

2
Dt =Y / (Dif — Dig, i) dy =
j=1"Ys

— [ Do) (<t en) - esdy = [ (Duly) (e = V) - (ex = Ty .

Yy f
so from the coercivity of D,(y) we obtain (3.2.36)). The procedure to obtain (3.2.37) is

analogous.

Proposition 3.2.3. Let B € L>™(Sy) with || B[z~ be arbitrarily small and let & > 0
be arbitrarily small as well. There exists a unique solution (ug,ve) € H}. () x H(Qy)
of the problem (3.2.25)-(3.2.24).

Proof. Let us assume there exist two different solutions (ug, vy) and (g, Tp) of our prob-

lem in the sense of Definition 2.1.1 Then both (ug,vy) and (%, 7o) satisfy (3.2.23),

so we subtract the corresponding weak formulations, use , and choose 1, = 0,
= vy — Tg to obtain

/ / Y(I — W)V (vo — To)V (vo — To) dzdy = / / )(vo — To)V(vg — Ug) dzdy
Qs Jy; Yy

—@30/ / Uo—ﬂo)(vo—fo) dZde—i—q)gO'H/ / ’Uo—@o) dZde, (3238)
Qp JX Qp JX

where [ is the identity matrix and
W (aylwl aylzz@) _

6y2 w1 8y2 Wa

Similiarly, both (ug, vy) and (%o, Tp) satisfy (3.2.24)), so we subtract the corresponding
weak formulations, use (3.2.31]), and choose 6; = 0, 8 = ug — Uy to obtain

/ / Dy (y)(I — W)V (ug — o)V (up — o) dzdy = —0/ / uy — p)* dzdo,

P
—H—36/ / O_UO Ug — Ug dZdO'y—(I)l/ / U0+g F(ﬁ0+g>)(’U/0—ﬂ0> dZdy,
(3.2.39)
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with

— aylwl ay1w2
W= <6y2w1 8y2w2> '

Using Lemma [3.2.2| we get
CLHUO — @0”%{1 Q )_ / / I + W)V(UO — @Q)V(’UO - @0) dZdy

and
bl|ug — dio|[7p1 (0, < /Q /Y Du(y)(I + W)V (ug — o)V (uo — o) dzdy.

From this point on, the proof is analogous to the one of Proposition [2.2.2]

3.3 Corrector Estimates

We saw in section 3.2 that we can write
z z
us(2) = ug(2) + euy (z, ) + 2uy (z, ) + h.o.t.,
€ €

where u;(z, ) are periodic functions in Y; for each j € N, z € Q. It is possible to show

that we can write )
z Oug
) =— 3.3.1
w(a2) =- 2 (2) g 3.1

and

2 2
2\ Re (2) 97w
2 (Z’ 5) =2 (6) 02,07 (2), (3.3.2)

k(=1

with x¥ € H'(Y,) solving

—V, - (Du()xi () = ¥, 9, Dif (y) in Y,
—Du(y)xi(y) - n(y) = Dn; on dY, (3.3.3)
X7 is Ys — periodic,

and v¥ € H(Y,) solving

9 ot o 000 —wk) Yl
— - ij — . _ 1
Z a |:D (y) ( ay] 5€]X1( )>‘| Zé,j:l ay] |Y| qp” 1 YSa

2 ij 87% k
i,j=1 Dy (y) By; — diX] (y) | n; =0 on 0Yj,

7 is Y, — periodic,

(3.3.4)

where




Similarly, we can write
z 9 z
ve(2) = vo(2) + vy (z, 5) + vy (z, 5) + h.o.t.
It is possible to show that we can write
z 2 z
U1 <Z, > = Z X5 <) 67zk(z> (3.3.5)

and

2 2
LA ke (Z2) 9700
v2 (Z’ €> N Z T2 ( > 8zk8,zl (Z)’ (336)

with x5 € H*(Y}) solving

—V, - (Du(y)x5(y)) = X1, 0, D (y) in Yy,
—Dy(y)x5(y) - n(y) = D¥n; on dYy, (3.3.7)
X4 is Yy — periodic,

and v5¢ € H(Y}) solving

kel k _ —
2, 0 lDfﬂ' (v) (a%} —%x’é(y)ﬂ =—>70 00G —w) _ 1Yy |q§’“ in Yy,

= 9y . dy; dy; Y|
2 Di(y) (D2~ s — 0 on Yy,
i=1Dd (y) By, iX3(y) | ni =0 on 0Y,
j

7R is Y} — periodic,
(3.3.8)

where

o1 - S 0b() )
ik _ Dzk duy — D 2 d )
qs |Yf| (/Yf v <y> Y /Yf v (y) ay] Yy

We refer the reader to chapter 2 of [I3] for a complete discussion of the results that

we just mentioned, i.e the structure of (3.3.5)-(3.3.8)).

From now on, we denote with C' a generic constant independent of €. Let us define
two functions m,,. and m,,. such that

o My € D(Qy),

mye = 0 if dist(z,00;) < e,

Mmye = 1 if dist(z,00;) > 2¢,

.
™
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e My € 'D(Qf),

mye = 0 if dist(z,0Qy) < e,

Mye = 1 if dist(z,0Qy) > 2e,

Theorem 3.3.1. Let B(-) be divergence free. Let B. € L>(§03). Let us assume there
exists a constant v such that

| B: — B||Loo(9§,)§ ce7, (3.3.9)
with C' independent of €. The following estimate holds:
Hug_uo—mua(EU]_‘{’Eng)“HZIT(Qi)‘i_"UE_UO_mUE(€U1+€2U2)HHl(Q;)g cret? 67, (3.3.10)
with ¢y and cy independent of €.
Proof. We have to find an estimate for the function
Do 1= U — g — Mye(uy + 2up) = ¢ + (1 — mye)(sur + 2uy),

where ¢, := u. — (ug + cuy + £%uy).

We introduce the following operators:
Let us introduce the following notation:

of

aVUO ’

= DU<y)vyf - n.

Equating the coefficients corresponding to the powers e 2, ¢~ and €° in (3.2.7)) and the
ones corresponding to the powers e7!, €% and &' in (3.2.9)), respectively, we obtain:

U()u[) =0 in YS,
0

Y0 — 0 ondv,, (3.3.12)
al/UO

uo(z, +) is Yy — periodic for each given z € ),

Uour = —Uy(ug + g) in Y,

O D)V (o + ) - nly) on BY;, (3.3.13)
81/(]0

u1(z, ) is Yy — periodic for each given z € ),
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Uy Pia(uo +9) :
Upug = ———— [Ur(uo + g) + Upuy| — ———= — Uyuy — Us(ug + Ys,
aOUQ ®B+u0+g[ 1(uo + g) o] B+ o+ g 1U1 2(up + g) in
92 _ —25(up+ g — Huvg) — Dyu(y)Vaous - n(y) on dY,,
aVUO (I)Q

us(z, ) is Ys — periodic for each given z € €.
(3.3.14)

z
We can show that, if we consider a sufficiently smooth function f.(z) = f (z, ), the
€

following chain rule of differentiation holds:

V. (D VL) = (672U + £ Uy + Un)f] <z Z) . (3.3.15)

We have that on 2, the function ¢, satisfies
= V. (DuVa6) = 200+ U1 + U)ol (22
= —VZ . (Dusvzus) — 5_2U0U0 — 5_1(U0u1 + U1U0)
— (U()’LLQ + U1u1 + UQUO) — 8(U1U2 + Ugul) — €2UQU2
Dya(uo + g)

B+u+g
where we used (3.3.12)), (3.3.13)), (3.3.14)), and (1.3.2). Notice that we also used

V. . (D) <z j) _ [(vz + iw) - (DUE@D)]

= —(I)lF(UE + g) + — €(U1U2 + UQUl) — €2U2U2,

ly=2

Similarly, using ([1.3.3)), (3.2.9)), we obtain that on ¥, ¢. satisfies the relation:

)
D,.V.p.-n= 5535(% —up — H(v. —vg)) — £2D,.V.us - n.
2

Therefore, ¢. satisfies the following system:
_vz : (Dusvz¢6) = Ge in Qiu
)
Dy.V.¢p.-n= 5536(% —ug — H(v. —vg)) — €2Dy.V.us - n on 3¢,
2

(3.3.16)
¢ = —euy — e%uy on TP UTL,
Dy.V.b. -n = —e2Dy.Vous - n on TV \ 905,
where
Qra(ug + g) 2
e = —P F(u, —— — (U U. — e“Usus. 3.3.17
g 1F(ue +g) + B+ue+g e(Urug + Usuy) — *Usus ( )
Let ¢ € H} () be taken arbitrarily. We have
/ Duevz¢avz¢ dz = / ga¢dz
Qg Qg
D3 _ 2
+ —550(% —up — H(ve —vg)) +€°DyeVoug - | ¢do
3e 2
+ [ DV nido (3.3.18)
TN\OQ
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Pr0(uo + 9)

B+4ug+g
neighborhood of ug 4+ ¢, and we conclude that

Noticing that F(ug + g) = , we can use the Taylor expansion of F'(-) in a

|F(u: + g) — Flug + 9)|< e|F'(ug + g)). (3.3.19)
Using (13.3.19)), we can conclude that
19: ]l £2(02) < €C, (3.3.20)

with C' independent of . Indeed, we notice that using (3.3.5)), (3.3.6) and (3.3.11)), we
are able to express (3.3.38]) in terms of

o the derivatives of ug up to the fourth order, which are in L>(£y);

o x¥ and ¢, that are in HY(Y}), k,l € {1,2}.

Let us define
Q] ]9

=R
T ey Y|
we have

1/2
1/2 2
(L esaeca ) "< (¢ 2 [ b (2) d@)
Ze k(=1

. S N
(622/!7 (v) %) ( IYIZ/ Uy) = (=7,

kt=1i=1 k,t=1
(3.3.21)
where we used the periodicity of v¥¢.
From (3.3.20) we obtain
[ a0 < el (3822
while from (3.3.21]) we obtain
‘/Za 52Duevzu2 . n(b dO" < 053/2”¢||L2(25)§ C&jH(b“H}r(Qi)? (3323)

where we used (2.2.1). Recalling Proposition [2.2.1] and using again (2.2.1) and the

regularity of uy and vy, we get

3
/E —e—5(ue — ug — H(v: — v0))¢ do| < Cel|@| o < Ce' |Gl my e (3.3.24)

Recalling Lemma [2.2.1] we get

< C2(|9ll 2 0v\005) < C|| @y () (3.3.25)

/ 2D, V.us - né do
'N\0QE
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Combining (3.3.22)), (3.3.23)), (3.3.24) and (3.3.25) we get

|/QE Duavz¢avz¢d2’ < 052||¢||H[1T(Qg)+05||¢||H§T(Qg)+051/2||¢||H}T(Qg)§ 051/2||¢||H£1T(Q§)-
(3.3.26)
We observe that the following upper bound holds:
A Dy V. (1 — mye)(euy + e*uy))V.d dz
< V(1 = mac)ews + us)l exon 6] e (3327
and
V(1 = mue) (eur + €%us)) | 22(05)
< Cel| V(1 = mue) | L209) | (1 = muye) Ve (euy + 52U2))HL2(Q§), (3.3.28)

where we used the regularity of u; and us. Recalling again the properties of m,., we have

V(1 — my) || %2000 < V.mu|* d
V({1 = e 220y Qgﬁ{z\dist(z789~§)§2£}| M| dz
1 C
< 51950 {eldist(z,005) < 25} < =5 = Ce7. (3.3.29)

Similiarly,
11 = mue) Valewr + €%u2)) 720

/Qg|VZ(5u1 + 2uy) |2 dz] [/Qg(l — My )? dz]

s

< 052/ (1 — ma.)?dz
Qen{z|dist(z,00Q5)<2¢e}

< O Q8 N {z|dist(z,00°) < 2e}| < C&®. (3.3.30)

<

Using (3.3.28), (3.3.29), (3.3.30) we obtain

IV.((1 —mye)(euy + €2u2))HL2(Q§)§ Cel/? 4 032 < Ce'/2,

so that ([3.3.27)) becomes

[ DuV((1— me)(emr + ) V.o | < O]y ) (3331
Using (3.3.26)) and (3.3.31)), we obtain
[, DT85 5| < 0l (3.3.32)

Since ®,. € H}.(QF), we can choose ¢ = @,,. and, using the uniform ellipticity of D, we
obtain
”(I)UEHHI}T(Qg)S Ce'2,
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We now have to find an estimate for the function
Do 1= v — Vg — Mye (01 + 202) = e + (1 — my.)(ev1 + %0y),

where ¢, 1= v, — (vy + gv; + £%vy).
We introduce the following operators:
Vo= _vy ’ (Dv(y)vy) s

Vvl - _vz : (Dv(y>vy) - vy : (Dv(y)vz> ) (3333)
‘/2 = _vz ’ (Dv(y>vz) :

Equating the coefficients corresponding to the powers £72, e~ ! and €° in (3.2.12)) and
the ones corresponding to the powers e 71, €% and &' in (3.2.14)), respectively, we obtain:

Vovg = 0 in Yy,
(%0

=0 Y, .3.34
o, on dY7y, (3.3.34)

vo(z, ) is Yy — periodic for each given z € Qy,

Vovr = —Vivg in Yf,

0
a:‘i = —D,(y)V,vo - n(y) + B(y)ve - n(y) on Yy, (3.3.35)

v1(%, ) is Yy — periodic for each given z € Qy,

Vove = =Vivy — Vavg — B(y) (Vg + Vyv1) in Yy,

0
a:2 = —®35(up + g — Hug) — Dy(y) V.1 - n(y) + B(y)vy on 9Y7, (3.3.36)
Vo

va(z, ) is Yy — periodic for each given z € Q.

We have that on €%, the function ¢, satisfies

~ V. (DeVagn) = [+ Vi 4 V)¢ (2,2

= _vz ' (Dvavzvs) - 82‘/OWUO - 6_I(X/E)'Ul + ‘/IUO)
— (Vovg + Vivy + Vawg) — e(Vivg + Vauy) — Vo,

_ B (j) V.0, + B(y)(Vavo + Vyu1) — e(Vivs + Vaor) — e2Vau,

where we used (3.3.34)), (3.3.39)), (3.3.36), and (1.3.1). Similarly, using (1.3.4), (3.2.14)),
we obtain that on ¢, ¢, satisfies

D,V p.n= <B (Z> Vg — B(y)v()) n—eP35 (e —ug—H (v-—19)) — B(y)v1-n—e*D,.V ,vs.
€
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Therefore, . satisfies the following system:

—V. (D V.ipe) = he in Q3,
DV .p--n = (Bw. — B(y)vg) - n

3.3.37
—e®36 (u. —ug — H(v. —vg)) —eB(y)vy - n — 2D, V.vy on X¢, ( )
DV, -n = [Bov. — B(y)(vo + evy + €%v9)] - m on T N OO5,
where
he == —B:V,v. + B(y)(V,vo + Vyu1) — e(Vivy + Vauy) — 2V, (3.3.38)
Let ¢ € H'(Q5), we have
/ Do.V.0.V.pdz = / hep dz
Q5 Q5
+ [ (=(Bev. = Blyw) -
+ P35 (ue — ug — H(ve — o)) +eB(y)vy - n + 2D,V vo) o do
+ (—B.ve + B(y)(vo + v1 + £212)) - np do. (3.3.39)
Qs
We notice that
|B.v. — B(y)vo|= |(B: — B(y))vo + By + 2 B.vy + h.o.t.] (3.3.40)
and
|B:V v, — B(y)(V,vo + Vyv1)|
= |(B: — B(y))(V.vo + V,v1) + &(V,v1 + Vyug) +°V, vy + h.o.t.]. (3.3.41)

Using (3.3.9)), (3.3.40)), (3.3.41) and the same arguments we mentioned in the first
part of this proof, we obtain

/Q D,.V.,p.V, pdz

< C0llmy (33.42)

When it comes to the term (1 —m,.)(gv; + €%vy), the discussion is analogous. Therefore,
we obtain

‘ | DueV-0, Ve dz) < C 610y (3.3.43)
QS
f

Since ®,. € H I(Qjc), we can choose ¢ = ®,. and, using the uniform ellipticity of D,. we
obtain

[Puell (05 < Ce™.
O

Corollary 3.3.1. Under the same assumptions of Theorem the following estimate
holds:

[te — wollmp 02)Fl[ve — vollmr(o5) < c1eY? 4 ¢y, (3.3.44)

where ¢ and co are constants independent of €.
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3.4 Summary of homogenization results

Starting from the microscopic e-dependent problem ([1.3.1))-(|1.3.8)), we were able to
apply homogenization and two-scale convergence results in order to obtain the following
final strong form of the two-scale limit problem:

— Y2y D2 vo — Bid.ug| = —Ds5]N||Yy|(uo + g — Hup) in Qy,

Zi%k

, b, .

— ?,k:l [fo@iz,cuo} = |Y;| (@30|E|(u0 +g— Huvy) — P1F (up + g)) in Q,
2

(=D,V.ug) -n=0 on 'V \ 9Q;

(—D,V.vg+ Bug) -n=0 onI'N QY

ug(z) =0 2 € TP

ug(z) =0 2 € TP,

where

2
Dk = / Dk — D9, i) dy,
jz:l Yf( Yj k) Yy
Bi:/ Bi(y) dy,
Yy

D .= 22:1/5/ (D’uk - Dij@ijk) dy.
1YY

Namely, we were able to determine a system of macroscopic partial differential equations
with constant coefficients. On the homogenization point of view, the matrices D, and
D, are the averaged matrices and they are defined in terms of the oscillating matrices
D, and D,. This gives our final problem a simpler and nicer structure than the one of
the microscopic problem (1.3.1])-(1.3.8)), where we are dealing with the micro-oscillation
of both solution and diffusion matrices. Once the macroscopic two-scale limit system is
determined, we prove the following corrector estimate:

|lue — ug||]1,£1T(Q§)+HuE — UOHHl(Q?)S c16V? 4 9.

The latter is the most important result of this work, since we are able to understand the
quantity of information we loose via averaging, in term of powers of €. We want to stress
the fact that the hypothesis is determinant to let the corrector estimate work. It
is indeed curious how the drift vector B(-) needs to be controlled in order to let the whole
discussion work. The smaller « is, the better our estimate is.
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Chapter 4

Conclusion and outlook

In this work, we were able to formulate a mathematical model describing the flux
of oxygen from the blood vessels to the tissues. Using homogenization techniques, we
studied the well-posedness of the problem and finally we obtained the corrector estimate
in section 3.3. Corollary is the most important result of this work, because it closes
the whole circle, showing how the solution (., v.) of the microscopic problem and (ug, vg)
of the strong two-scale limit problem are linked to each other. It is worth pointing out
that (ue,v.) € Hj.(Q5) x H'(Q5) and (ug,vo) € Hy,(Qs) x H'(Qy). Therefore, when we
write (3.3.44)), we are implicitely saying that we consider uy and vy to be projected in the
spaces H, () and H'(3), respectively. It would have also been possible to consider
the norms Hj,(Q;) and H'(Q), in this case we would have considered the extensions of
u. and v, considered in section 3.1. Another aspect that needs to be highlighted is the
importance of the drift vector B(y) (or equivalently B.(z) for the microscopic model) and
the constant 6. Indeed, in order to prove the well-posedness of the problem, we had to
control both || B||z~ and 6. When it comes to the physical interpretation of the problem,
it makes sense that || B||~ needs to be arbitrarily small, since the drift vector B controls
the flux of the oxygen in the blood vessels. Having no control on B means having no
control of the oxygen flow in €2¢. Similarly, ¢ is correlated to the Robin-type boundary
condition . Physically, the latter regulates the difference of the concentration of
oxygen from blood vessels to tissues on the interface, therefore we also need to control it.

For what concerns the mathematical prospective, the discussion we have done in this
master thesis could be expanded. For instance, one could ask to consider the sequences
{u*}), and {v¥}, defined as in Definition and try to find an € and k-dependent bound
of the following quantity:

[ UOHHl}T(Qg)"f—”U? - U0||H1(Q;)- (4.0.1)

Finding such a bound would lead to ad interesting discussion, since we have already
determined and (2.2.18)). Notice that, to determine (4.0.1)), one could implement
a FEniCS code using finite element methods [2I]. In this way, we would be able to move
the oxygen problem to a numerical analysis prospective. Indeed, using FEniCS we are
able to solve PDEs on a python environment and, when it comes to the formulation of
the microscopic problem, FEniCS allows us to define perforated domains with relatively
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simple commands. It would be interesting to choose different values of ¢ and k£ and
compute to check how the error changes. Still from the computational perspective,
we could actually check how different values of 6 and || B(+)|| .~ affect the well-posedness of
the problem. Moreover, we could try to determine critical values of those two parameters.
Another mathematical question that may arise is the following:

What happens if |Yy| goes to zero?

Indeed, it makes sense to imagine a situation in which we just consider ), as domain,
since the tissues occupies a volume that is way bigger than the blood vessels. We refer
the reader to [6] for a similar setting.
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Appendix

Function spaces In this section we clarify the notation used for the function spaces.

Let Q C RY open subset, with N € N. Let Y be a periodic cell, in the sense of section
3.1.

o« C™(Q), n € N space of continuous functions defined on © which derivatives are

continuous up to the n-th order;

o D(Q) space of test function defined on €2, i.e. set of C§°(Q2) functions with compact
support in §2;

o LP(Q) := {u measurable on  and [,|ulP dz < o}, p € [1,+00);
o L*°(Q) := {u measurable on 2 and there exists C' such that |u(x)|< C a.e. on Q};

o« WkP(Q), k€N, p e [l,+00], space of functions u :  — R locally integrable such
that for all @ multindex, with |a|< k, there exists the weak derivative Du € LP(92).
In particular, we have W*?(Q) := H*(Q);

o C.(Y) space of continuous functions that are Y-periodic.
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