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Abstract

Consider the steady Boltzmann equation with slab symmetry for a monatomic,
hard sphere gas in a half space. At the boundary of the half space, it is assumed
that the gas is in contact with its condensed phase. The present paper discusses the
existence and uniqueness of a uniformly decaying boundary layer type solution of
the Boltzmann equation in this situation, in the vicinity of the Maxwellian equilib-
rium with zero bulk velocity, with the same temperature as that of the condensed
phase, and whose pressure is the saturating vapor pressure at the temperature of
the interface. This problem has been extensively studied, first by Sone, Aoki and
their collaborators, by means of careful numerical simulations. See section 2 of
(Bardos et al. in J Stat Phys 124:275-300, 2006) for a very detailed presentation
of these works. More recently, Liu and Yu (Arch Ration Mech Anal 209:869-997,
2013) proposed an extensive mathematical strategy to handle the problems studied
numerically by Sone, Aoki and their group. The present paper offers an alternative,
possibly simpler proof of one of the results discussed in Liu and Yu (2013).

1. Introduction

The half-space problem for the steady Boltzmann equation is to find solutions
F = F(x,v) to the Boltzmann equation in the half-space with slab symmetry—
meaning that F' depends on one space variable only, henceforth denoted by x > 0,
and on three velocity variables v = (v1, v2, v3)—converging to some Maxwellian
equilibrium as x — +o00. Physically, F'(x, v) represents the velocity distribution
function of the molecules of a monatomic gas located at the distance x of some
given plane surface, with velocity v € R3.

Assuming for instance that v is the coordinate of the velocity v in the x direc-
tion, this half-space problem is put in the form

V10, F(x,v) = B(F, F)(x,v),veR3, x >0,
F(x,v) > M ,1(v), asx — +00.
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The Boltzmann collision integral is defined as
B(F, F)(x, v);:// (F(x, V) F(x, 0,) = F(x, V) F(x, 0:)) | (v =v4) - |dwd vy,
R3x8?

where v and v, are given in terms of v, v, and w by the formulas

Vi= v —((v—1y) - 0o,

V= v+ (v —vy) - 0o .
For the moment, we assume that F is, say, continuous in x and rapidly decaying
in v as |[v| — o0, so that the collision integral—and all its variants considered
below—make sense.

The quadratic collision integral above is polarized so as to define a symmetric
bilinear operator as follows:

B(F, G)::%(B(F +G,F+G)—B(F, F) - B(G,G)).

An important property of the Boltzmann collision integral is that it satisfies the
conservation of mass, momentum and energy, i.e. the identities

1
v

/ w | BF.G)wydv =0, »)
R3
v3

P

for all rapidly decaying, continuous functions F, G defined on R®*—see §3.1 in [9].
The notation for Maxwellian equilibrium densities is as follows:

1% _ — N2 2 2 260
Mp wo(V):= ((v1—u)*+v5+v3)/ .
e (216)3/2

In the sequel, a special role is played by the centered, reduced Gaussian density
M 0.1, henceforth abbreviated as

M:=./\/l1’(),1 .

We recall that the Boltzmann collision integral vanishes identically on Maxwellian
distributions—see §3.2 in [9]:

BMp.ue, Mpug) =0 forall p,6 >0andu € R.
With the substitution
E=v—(4,0,0), 3)
on account of the identity B(M, M) = 0, the problem (1) is put in the form

E AW E+Lf(x,E) =09(f, /)x,86),EeR}, x>0,
)

f(x,6) =0, as x — 400,



On the Boundary Layer Equations with Phase Transition... 53

where f = f(x, &) is defined by the identity

Fx,v) =M1+ fx,v = (u,0,0)))
=M@ — (u,0,0)(1 + f(x,v— (u,0,0))),

while
Lf=—2M7"BM,Mf), Q. f)=M"'BMf, Mf). 5
As a consequence of (2),
1 1
&1 &
/ & | cremas = / & | o HEmaE =0
R3 R3

&3 &3
HE HE

for all rapidly decaying, continuous functions f defined on R3.
Now, for each R € O3(R) (the group of orthogonal matrices with 3 rows and
columns), one has

B(FoR,GoR)=B(F,G)oR,
so that

L(foR)=(LfHoR, Q(foR,foR)=0Q(f, floR (6)

for all continuous on R?, rapidly decaying functions F, G, f. (See §2.2.3 in [6] for
a quick proof of these invariance results.)
Assume that the problem (4) with boundary condition

f0.8)=fp§), & +u>0 (7

has a unique solution f in some class of functions that is invariant under the action
of O3(R) on the velocity variable & (such as, for instance, the Lebesgue space
LRy x R?; Mdgdx)). If

1,862, 83) = fo(§1, —§2, —83) forall§,863 € Randall§; > —u,
then (x, &) — f(x, RE) is also a solution of (4)—(7), where

0 0
10

- , ®)
0 —1

1
R=10
0

so that, by uniqueness, f(x, R§) = f(x,&) ae.in& € R3, for all x > 0. Hence-
forth, we restrict our attention to solutions of (4) that are even in (&, £€3), and
define

9:={¢p € L>(Mdv)|¢p o R = ¢},  where R is defined in (8).
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We recall that £ is an unbounded, nonnegative self-adjoint Fredholm operator
on L?(R?; Mdg) with domain

Dom(L):={¢ € L*(R*; Mdé) |vg € L*(R*; Md&)},

(see Theorem 7.2.1 in [9]), where v is the collision frequency defined as

S | R SR ER
R3xS?2
The collision frequency satisfies the inequalities

v_(1+ &) < v(E]) <vi(1+ &) forallé e R?, )

where v4 > 1 > v_ > 0 designate appropriate constants—see formula (2.13) in
chapter 7 of [9]. More specifically, the linearized collision operator L is of the form

LoE) =v(ENPGE) —Kp(§), ¢ € DomL, (10)

where /C is an integral operator, whose properties are summarized in the proposition
below.

Proposition 1. The linear integral operator K is compact on L*(R3; Md§) and
satisfies the identity K(¢ o R) = (K¢) o R, where R is defined in (8). With the

notation
LS (R):={p € L(R) | (1 +|§)’¢ € LXRY)},
the linear operator
M'2PKM™YV? ¢ VMK($/V M)

is bounded from L*(R3; dv) to L°V/?>(R3), and, for each s > 0, from L>*(R>)
to LS (R,

These results are stated as Theorem 7.2.4 in [9], to which we refer for a
proof. That /C is compact in L*>(R3; Md£) was proved by Hilbert in 1912; that
the twisted operator M 12,172 is bounded from L?(R3: dé) to L%°(R?) and
from L% (R?) to L% T1(R3?) was proved by Grad in 1962.

Henceforth, we denote

(¢>)i=/R3 ¢ (E)M(§)dE .

An important consequence of Proposition 1 is the following weighted relative
spectral gap estimate due to Bardos—Caflisch—Nicolaenko for £ (see equation (2.14)
in [3]): there exists ko > 0 such that

(fLf) > ko(v(f — I1f)?) foreach f € N DomL, (11)

where I7 is the L%(R3; Mdg)-orthogonal projection on KerZ.
In fact Proposition 1 is a consequence of the following lemma, which will be
needed later.
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Lemma 1. The linear integral operator IKC can be decomposed as

where

K1):= / f BENMEE — &) - wldedo,
R3xS2

Ko ()= / / SEIMEIE — &) - oldé,do,
R3xS2

’C3¢(§)1=// G EIM(E)N(E — &) - w|dédw .
R3 %82

For j = 1,2,3, the operator K; is compact on L*(R3; Md¢) and satisfies the
identity

Kj@oR)=(K;$)oR,
where R is defined in (8). Moreover the linear operators
MMV s VMK (/Y M)

are bounded from L*(R3; d§) ro L"O‘%(R3), and from L% (R3) to L>®5+1(R3)
foreachs > 0, and forall j = 1,2, 3.

Furthermore,
KerL = Span{X, Xo, X_, &, &3}
(see Theorem 7.2.1 in [9]) where,
—_L (g2 —_L g2 =
Xii= s (€] +J/15&)), Xo=5 (617 =5).

The family (X4, Xo, X_, &, &3) is orthonormal in L2(R3; Md§), and orthogonal
for the bilinear form (f, g) > (&1 fg)—see [10], with

E1X1) = +c, (81X} = (183) = (81&) = 0.

Here c is the speed of sound associated to the Maxwellian distribution M, i.e.

= /3
o 3.

In view of (6), the unbounded operator £ on L?(Mdv) induces an unbounded,
self-adjoint Fredholm operator on §) still denoted £, with domain $ N Dom £ and
nullspace $ N KerL = Span{X, Xo, X_}.
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Fig. 1. The curve C and the surface S in the space of parameters —u/c, poo/pw and Too/ Ty
near the transition from evaporation to condensation. Here as in the sequel poo = Too = 1
without loss of generality

2. Main Result

Y. Sone and his collaborators have arrived at the following result by formal
asymptotics or numerical experiments [1,2,18,19,22,25,26]. Consider the steady
Boltzmann equation in (1) with boundary conditions

F(0,v) = M, 0.1, ) forall vy >0,

F(x,v) > My uT, asx = +00. (12)

This boundary condition is relevant in the context of a phase transition in the kinetic
theory of gases. In this case, the plane of equation x = 0 represents the interface
separating the liquid phase (confined in the domain x < 0) from the gaseous phase
(inthe domain x > 0). The parameter T, is the temperature of the liquid phase at the
interface, and p,, is the density such that p,,:=p,, T, is the saturation vapor pressure
for the gas at the temperature T, while T, and posg = poo T are respectively the
temperature and pressure far away from the interface, and u is the normal bulk
velocity in the gas far away from the interface.

Near u = 0, the set of parameters Too/ Ty, Poo/Pw, and u for which this
problem has a solution is as represented in Fig. 1. It is a surface for u < 0 and
a curve for u > 0. The solution F converges exponentially fast as x — +o0;
however, the exponential speed of convergence is not uniform on the surface S as
u — 07, except on the extension of the curve C on the surface S. See Sect. 2 of [4],
or chapter 7 of [21] for a comprehensive review of these numerical results. The role
of slowly varying solutions—i.e. solutions whose exponential decay as x — 400
is not uniform as u — 0~ —in this problem is explained in detail on pp. 280-282 in
[4]. The original papers by Y. Sone and his group, on this problem, can be found in
the bibliography of [4,20,21]. Other parts of the set of parameters T/ Ty, Poo/ Pw
and u for which the half-space problem has a solution than the neighborhood of
(1, 0, 1) represented above have been analyzed in detail in [5,23,27].

Henceforth, we assume without loss of generality that poo = Too = 1.
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In the limit case u = 0, it is known that the only solution is the constant
F = M = Mj 0,1 corresponding to the point (1/Ty,, —u/c, 1/py) = (1,0, 1) on
the figure—see [4] Sect. 5 for a proof.

In the present paper, we prove the existence of the curve C corresponding to
solutions of (1)—(12) in some neighborhood of the point (1,0, 1) converging as
x — 400 with exponential speed uniformly in u.

2.1. Statement of the Main Theorem

Consider the nonlinear half-space problem for the Boltzmann equation written
in terms of the relative fluctuation of distribution function about the normalized
Maxwellian M

E+uwosfu+Lfu=Qfu fu), & € RS, x>0,
(13)
Ju(©0,8) = fp(§), E1+u>0.

Theorem 1. There exist ¢ > 0, E > 0, R > 0 andy > 0 — defined in (75),
(77), (52) and (78) respectively—such that, for each boundary data f, = fp(§)
satisfying

froR=fy and II(1+ [ED*VM foll o gs) < €.

(with R defined in (8)), and for each u satisfying 0 < |u| < R, the problem (13)
has a unique solution f, satisfying the symmetry

fulx, RE) = fu(x, &) forae (x,&) Ry xR,

and the uniform decay estimate

esssup(l + |E)° VM E)| fu(x, &) < EeT7*, x>0 (14)

£eR3

forall y such that 0 < y <y if and only if the boundary data f, satisfies the two
additional conditions,

(€1 + X [u]Ru[fp]) = (€1 + W) 2[u]Ru[fp]) = 0. 15)

The functions Y1[u] = Y1[ul(€) and Y>[u] = Y2[ul(€) are defined in Lemma 4,
while the (nonlinear) operator SR, is defined in (76).

Several remarks are in order before starting with the proof of Theorem 1.
First observe that Sone’s original problem falls in the range of application of
Theorem 1. Indeed, the boundary condition (12) translates into

Mpw;_u’Tw (é) - M(s)
M)

(&) = , (16)
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which is obviously even in (&2, £3). Since dM 10,1 - (o — 1, —(1,0,0), T, — 1)
is the real-valued function' of £ € R? defined by the formula
(dMio1 - (pw—1, =, 0,0), T, — 1)(§)
Mi0,1(8)
= pw — 1 —ut + (Ty = D3(IEP = 3),

one has
0w = 1+ lul + 1T = 1] < 1= [(1+ EDVM fyll poogsy < 1-

The two conditions (15) are expected to define a “submanifold of codimension
2” in the set of boundary data f. When specialized to the three dimensional sub-
manifold of Sone’s data (16), this “submanifold of codimension 2” is expected to
be the curve described by the equations

DPoo/Pw = h1(u/+/5/3), Too/Tw = ho(u/\/5/3),

referred to as equations (2.3) in [4], and defining the set of parameters for which
a solution of the half-space problem exists in the evaporation case. As explained
above, this curve is expected to extend smoothly in the condensation region if slowly
decaying solutions are discarded. Unfortunately, we have not been able to check that
the two equations (15) above, even when restricted to the 3 dimensional manifold
of Sone’s boundary data (16), are smooth (at least C 1y and locally independent (by
the implicit function theorem). We obviously expect this to be true, but this seems
to involve some rather delicate properties of half-space problems for the linearized
Boltzmann equation.

An a priori estimate to be found in Sect. 5 of [4] shows that the only solution
of (13)—(16) with u = 0 is f,, = 0, so that p,, = T\, = 1. One can differentiate
formally about this point both sides of the Boltzmann equation at u = 0 along the
curve u = (py (), Ty (1)) defined for 0 < u < /5/3 by the equations (2.3) of [4]
recalled above. Denoting fo(x &):=(0fy/0u)(x, &)|y=0, one finds that fo should
satisfy

E10xfo+Lfo=0, EcR}, x>0,
f0(0,&) = pl,(0F) + T, (0N (112 = 3) — &, & >0,

fo(x,6) =0 asx — +oo,

lIte : 2> V1s---sYn) > @(y1,...,yn) € E is a differentiable function from
the domain 2 C R with values in the Banach space E, the notation d®(j1, ..., Yn) -
(6y1, ..., 8yn) € E designates the differential of @ at the point (y1, ..., y,) € £2 evaluated
on the “tangent vector (8y1, ..., dy,) to the domain £2 at the point (y1, ..., y»)”,1.e. on the
vector (8y1, ..., dy,) of increments of the variables yi, ..., y, starting from yy, ..., y,.
Here (p,u, T) = M, , 7 maps 2:={(p,u, T) € R x R¥xRst.p>0andT > 0} to
the space Cp,(R3) of bounded continuous functions of the variable £ € R3, equipped with
the L°° norm.
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where p/,(07) and T}, (0") are the right derivatives of p,, and T, atu = 0 along the
evaporation curve. The Bardos—Caflisch-Nicolaenko [3] theory of the half-space
problem for the linearized Boltzmann equation implies that there exists a unique pair
of real numbers (p,,(01), 7, (07)) for which a solution fo exists. This is obviously
a very interesting piece of information as it provides a tangent vector at the origin
to the “curve” defined by the two conditions (15) of Theorem 1 specialized to
boundary data of the form (16). Unfortunately, whether f, is differentiable in u at
u # 0 is rather unclear, and we shall not discuss this issue any further.

2.2. Outline of the Paper

Our strategy for proving Theorem 1 is as follows: first we isolate the slowly
varying mode near p,, = T, = 1 and u = 0 on the condensation side. This
leads to a generalized eigenvalue problem of the kind considered by Nicolaenko
in [14,15] (see also [8,16]) in his construction of a weak shock profile for the
nonlinear Boltzmann equation. Next we remove this slowly varying mode from the
linearization of (13) by a combination of the Lyapunov—Schmidt procedure used
in [8,14,15] to establish the existence of the shock profile as a bifurcation from
the constant sonic Maxwellian, and of the penalization method of [28] for studying
weakly nonlinear half-space problems. Theorem 1 is obtained by a simple fixed
point argument about the solution of some conveniently selected linear problem, in
whose definition both the Lyapunov—Schmidt method of [14] and the penalization
method of [28] play a key role. In some sense, the paper [11] can be regarded as
a precursor to this one; it extends the very clever penalization method of [28] to
the case u = 0, but does not consider the transition from u > 0 (evaporation) to
u < 0 (condensation). We also refer the interested reader to the beginning of Sect.
4, where we explain one (subtle) difference between the results obtained on weakly
nonlinear half-space problems for the Boltzmann equation in [28] and the problem
analyzed in the present work.

The outline of the rest of this paper is as follows: Sect. 3 provides a self-contained
construction of the solution to the Nicolaenko-Thurber generalized eigenvalue prob-
lem near u = 0. Section 4 introduces the penalization method, and formulates the
problem to be solved by a fixed point argument. Section 5 treats the linearized
penalized problem, while Sect. 6 treats the (weakly) nonlinear penalized problem
by a fixed point argument. Theorem 1 is obtained by removing the penalization.
The main ideas used in the proof of Theorem 1 are to be found in Sects. 3—4; by
contrast, Sects. 5 and 6 are mostly of a technical nature.

A detailed sketch of the proof of Theorem 1 based on the ideas and results
obtained in Sects. 3 and 4 can be found in Sect. 4.3. We hope that it will help the
reader to orient himself in the technical intricacies of the argument.

Before starting with the proof of Theorem 1, we should say that Theorem 1
above is not completely new or original, in the following sense. A general study of
the Sone half-space problem with condensation and evaporation for the Boltzmann
equation has been recently proposed by T.-P. Liu and S.-H. Yu in a remarkable
paper [13]. Our Theorem 1 corresponds to cases 2 and 4 in Theorem 28 on p.
984 of [13]. Given the considerable range of cases considered in [13], the proof of
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Theorem 28 is just sketched. The analysis in [13] appeals to a rather formidable
technical apparatus, especially to the definition and structure of the Green func-
tion for the linearized Boltzmann equation (see Sect. 2.2 of [13], referring to an
earlier detailed study of these functions, cited as ref. 21 in [13]). Our goal in The-
orem 1 is much more modest: to provide a completely self-contained proof for
one key item in the Sone diagram, namely the evaporation and its extension to the
condensation regime obtained by discarding slowly decaying solutions. We also
achieve much less: for instance we do not know whether the solution M (1 + f,)
of the steady Boltzmann equation obtained in Theorem 1 satisfies M (1 + f,) > 0.
This is known to be a shortcoming of the method of constructing solutions to the
steady Boltzmann equation by some kind of fixed point argument about a uniform
Maxwellian. At variance, all the results in [13] are based on an invariant manifold
approach based on the large time behavior of the Green function for the linearized
Boltzmann equation. (Incidentally, the numerical results obtained by Sone and his
collaborators were also based on time-marching algorithms in the long time limit.)
Since the Boltzmann equation propagates the positivity of its initial data, one way
of constructing nonnegative steady solutions of the Boltzmann equation is to obtain
them as the long time limit of some conveniently chosen time-dependent solutions.
For this reason alone, the strategy adopted in [13] has in principle more potential
than ours. On the other hand, our proof uses only elementary techniques, and we
hope that the present paper could serve as an introduction to the remarkable series
of works by Sone and his collaborators quoted above, and to the deep mathematical
analysis in [13].

3. The Nicolaenko-Thurber Generalized Eigenvalue Problem

The generalized eigenvalue problem considered here is to find 7, € R and a
generalized eigenfunction ¢, € $ N Dom/ satisfying

Loy =151 + 1)y,
(17)

(& +wep) = —u
for each u € R near 0.
This problem was considered by Nicolaenko and Thurber in [16] for u near
c—see Corollary 3.10 in [16].% It is the key to the construction of a weak shock

profile for the Boltzmann equation [14,15]. (An approximate variant of (17) for u
near c is considered in [8] for molecular interactions softer than hard spheres.)

Proposition 2. There exists r > 0, a real-analytic function

(=r,r)sur> 1 €R,

2 The possibility of extending Corollary 3.10 of [16] to the case where |u| < 1 was
mentioned to the second author by B. Nicolaenko in 1999.
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and a real-analytic map
(=r,r)2u— ¢, € HNDomL

that is a solution to (17) for each u € (—r, r) and satisfies

ut, <0 forO<|u|l <r.
In other words,

10=0, ¢o=Xo, andrt, =ut’o+0(u2)asu — 0,
with
70 <0.

Furthermore, there exists a positive constant Cs for eachs > 0 such that ¢, satisfies

I+ 1€D° VMl < Cy
forall s > 0, uniformly inu € (—r,r).

The following observation is one of the key ingredients in the present paper:
the function (x, &) — e~ ™*¢,(£) is a solution of the steady linearized Boltzmann
equation, i.e.

Ju(x, &) =e " $u () = E1+u)dx fulx, §)+L fu(x,§)=0. (18)

Since 1, >~ uty as u — 0 with 7y < 0, one has
I fulx, g ~ ™" gyllg  asx — +oo. (19)

In other words, f,, grows exponentially fastas x — 4ooif u > 0 (evaporation) and
decays exponentially fast to 0 as x — +o0 for u < 0 (condensation). In the latter
case, the exponential speed of convergence of f; is |tp||u|, which is not uniform
as u — 07. The transition from the curve C to the surface S when crossing the
plane u = 0 on Figure 1—which represents the transition from evaporation to
condensation—corresponds to the presence of an additional degree of freedom in
the set of solutions. At the level of the linearized equation, this additional degree
of freedom comes from the mode f, (x, &), which decays to 0 as x — 400, albeit
not uniformly as u — 07, if and only if # < 0. The extension of the curve C on
the surface S is defined by the fact that solutions to the boundary layer equation (4)
decaying exponentially fast as x — 400 uniformly in # — 0~ do not contain the
fu mode.

One can arrive at the statement of Proposition 2 by adapting the arguments in
[16]—especially Theorems 3.7 and 3.9, and Corollaries 3.8 and 3.10, together with
Appendices B and D there. Their discussion is based on a careful analysis of the
zeros of a certain Fredholm determinant—in fact, of the perturbation of the identity
by a certain finite rank operator—that can be seen as the dispersion relation for
the linearized Boltzmann equation. For the sake of being self-contained, we give a
(perhaps?) more direct, complete proof of Proposition 2 below.
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Proof. Consider for each z € C the family 7'(z) = £ —z£&; of unbounded operators
on 9. In view of (9), T (z) is a holomorphic family of unbounded operators with
domain DomT (z) = $ N Dom.L whenever |z| < v_, in the sense of the definition
on p. 366 in [12]. (Defining the operator U : f +— %Iélf’ we see that U is a
one-to-one mapping of ) to HNDom L and that z — T (z)U is a holomorphic map
defined for all z such that |z| < v_ with values in the algebra of bounded operators
on $).)

The family 7 (z) is self-adjoint on $) in the sense of the definition on p. 386 in
[12], since L is self-adjoint on § and

T(R)=L—-76 =T()* whenever|z| <v_.

In addition, A = 0 is an isolated 3-fold eigenvalue of 7 (0) = L, corresponding to
the 3-dimensional nullspace $ N KerL (see Theorem 7.2.5 in [9]). As explained
on p. 386 in [12], there exist 3 real-analytic functions z — A4+ (2), A9(2), A—(2)
defined for z real near O and 3 real-analytic maps z +—> ¢;‘ , @Y, ¢, defined for z
real near O with values in $ N DomZ such that, for each real z near 0,

Ay (2) (resp. Ap(2), A—(2)) is an eigenvalue of T (z)
and

(qﬁf, qbg, ¢, ) is an orthonormal system of eigenfunctions of 7'(z) in §)
for the eigenvalues A1 (z), Ao(z), A—(z) respectively,

while
A+(0) =0, A9(0)=0.
For z = 0, one has
+ 0_ + 40
T(O)y¢y =TO0)py =0, sothat ¢y, ¢y € HNKerL.
Next we differentiate twice in z the identities
T@¢: =re(@d: and T (¢ = ho(2)¢y -

Denoting by " the derivation with respect to z and dropping the & or 0 indices (or
exponents) for simplicity, we obtain successively

Lo, — zE1h, — E10; = M), + A(2)¢- (20)

and

L — 2619 = 2616 = L@ + 242 + A(2)9: . @n
Setting z = 0 in (20) leads to
Lo = (€1 +1(0))o -
Since ¢ € $H N KerL and (&1 + 1(0))¢y L $ N KerL, we conclude that
1(0) € {+¢,0, —c}.
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(Indeed, in the basis {X 4, X0, X—}, the matrix of the quadratic form defined on
H NKerl by ¢ — (€] + u)p?) is

u+cO 0
0 u 0 ;
0 0 u-c

this matrix is degenerate if and only if there exists ¢ € $ N KerL \ {0} such that
(&1 +u)¢ L $ N KerLl, which happens only if # = £¢ or u = 0: see [10].)
Furthermore

J(0) = +c = ¢o € RX .,
%(O):O = ¢o € RXp,
AM0)=—c= ¢p € RX_,

and since (qbar , ¢8 , @y ) is an orthonormal system in §), each one of the three cases
above occurs for exactly one of the branches A (z), Ag(2), A—(2).

Henceforth, we label these eigenvalues so that At (0) = &=c and io (0) =0 and
concentrate on the branch Ao(z). In particular, up to a change in orientation, one
has qbg = Xo and

Ly = 19 - (22)
This being done, setting z = 0 in (21), we arrive at the identity
LF) — 26100 = ho(0)¢hg -
Taking the inner product of both sides of this identity with ¢8 , we see that
(BOLPG) — 2(510000) = %0(0)((#)*) = A0 (0).
Since ¢8 = Xo € KerL and £ is self-adjoint
(¢oLg) =0.
In view of (22), one has
(E1doge) = ($oLg) > 0,

since <i>8 ¢ KerL—otherwise Edﬁg = §1¢>8 = £ X9 = 0 which is obviously
impossible. Therefore

K0(0) = =2(¢)Lg) < 0. (23)

To summarize, we have obtained real-analytic maps z +— Ao(z) and z ¢>g
such that

20(0) = 30(0) =0, Kp(0) <0, and ¢ = X,
while

LY = 28180 + 1o (2)$] (24)
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for all z real near 0.
Set u(z):=xo(z)/z; since Ag(0) = Xo(0) = 0 while 1o(0) < 0, the function u
is real-analytic near O and satisfies

u(0) = io(0) =0, andu(0) = %};0(0) <0.

By the open mapping theorem (see Rudin [17], Theorem 10.32), z — u(z) extends
into a biholomorphic map between two open neighborhoods of the origin that
preserves the real axis. Denoting by # +— z(u) its inverse, one has Ao (z(#)) = uz(u)
and we recast (24) in the form

L0 = 2D, + uz)e?,, -

For u real sufficiently near 0, one has

v(I§D) — z) (1 +u) = %vf(l +1&)) >0 forallé e R®.

Then, returning to Hilbert’s decomposition (10) of the linearized operator £, we
see that

o _ b e
Y0 = G o

for all u near 0. By definition, ||¢?(u) s = 1; since K is a bounded operator on ),
the identity above implies that?

2
11+ 1§D95u s < —IKllss),  forall unear 0.

By Proposition 1, we improve this result and arrive at the bound of the form
IV MGl oes w3y < Cs

for all s > 0, uniformly in u near 0.
Furthermore

(61 + W@, = u(@)?) + 22 (E1dgg)) + OW®)
= u+2z(u) (Y LP)) + Ou?) = u — z(u)ko(0).

Since z(u) = 2u/xo(0) + O (u?), we conclude that u — ((&; + u)(¢>?(u))2) is a
real-analytic function defined near u = 0, satisfying

(&1 4+ 1) (92,)0) = —u+ 0@W?).

Finally, setting 7,:=z(u) and

0
Gu= ) , sothat ¢g = X,
1+ 005, /u
we arrive at the statement of Proposition 2. O

3 We denote by B(X, Y) the space of bounded linear operators from the Banach space X
to the Banach space Y, and set B(X):=B(X, X).
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Remarks. (1) The analogue of Proposition 2 in the case where A(0) = c is pre-
cisely what is discussed in Corollary 3.10 of [16]. The idea of reducing the
generalized eigenvalue problem (17) to a standard eigenvalue problem for the
self-adjoint family 7 (z), i.e. of considering ut, as a function of 7, near the
origin, is somewhat reminiscent of the identity (20) in [16].

(2) For inverse power law, cutoff potentials softer than hard spheres, one has

vo(1+[ED* < v(l&]) < ve (1 +ED* forsomea < 1.
In that case, the operator 7' (z) = £ — z& is not a holomorphic family on §,
since

1

DomT =
omT@) = e+ E )

9 forz #0,

while
1
I+ 1D« -
The argument used in the proof of Proposition 2 fails for such potentials, which

is the reason why Caflisch and Nicolaenko [8] consider an approximate variant
of the generalized eigenvalue problem instead of (17).

DomT7 (0) =

4. The Penalized Problem

Our strategy for solving the nonlinear half-space problem (4) near u = 0—i.e.
near the transition from evaporation to condensation at the interface x = 0—is as
follows:

Considered the nonhomogeneous, linear half-space problem

E+wd f(LE)+Lf(x,E)=0,6eR}, x>0,
£(0,8) = fp(&), El4+u>0, (25)

f(x,6) —0, as x — 400,

where

Q(x,-) L KerL foreachx > 0,

Q(x’ 519 527 53) = Q(xv gl’ _527 _53) ’ for each x > Ov é € R3 ) (26)
and Q(x,&) > 0asx — 400.

All solutions f to this problem considered below are assumed to be even in (&, £3):

[ &1, 6,8) = f(x, &, —&, —&), foreachx >0, R, (27)

Assume for now that we can prove existence and uniqueness of a solution f =
Ful fp, Q] to (25) provided that f; and Q satisfy some compatibility conditions,
which we denote symbolically as C,[ f», @] = 0. An obvious strategy is to seek
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the solution f of (4) with boundary condition (7) as a fixed point of the map
f = Fulfe, Q(f, )] in some neighborhood of f = 0.

There are two main difficulties in this approach. First, the nonlinear solution f
should satisfy the compatibility conditions C,[ f», Q(f, f)] = 0; these compatibil-
ity conditions are not explicit since they involve Q(f, f), and yet satisfying these
compatibility conditions is necessary in order to be able to define F,[ f, Q(f, )]
in the first place.

A second difficulty lies with the solution of the linearized problem (25) itself.
Since Q is a quadratic operator, one can indeed expect that the nonlinear opera-
tor f — Fulfp, Q(f, f)] will be a strict contraction in a closed ball centered at
the origin with small enough positive radius R, say in some space of the type
M~12L%®(R,; L% (R?)) for large enough s. In other words, solving the lin-
earized problem (25) in some appropriate setting is the key step. Once this is done,
handling the nonlinearity should not involve intractable, additional difficulties.

In fact, the work of Ukai—Yang—Yu [28] solves precisely both these difficulties.
Unfortunately, their result is not enough for the purpose of studying the transition
from evaporation to condensation, for the following reason.

Indeed, one faces the following problem: the radius R, of the closed ball cen-
tered at the origin on which one can apply the fixed point theorem to the nonlinear
operator f +— F,[fp, Q(f, f)] might be so small that

—u, T

M L BOR
M ¢ (s M)'

M
fo§) = =%
In other words,

I(Mp,—u,r — Mi,0,0/vVMio1lle 2 lulll 1| Mol

as u — 0, and it might happen that R, < |ul|| |§|M 1,01z for all u # 0.

The main ingredient needed to understand the transition from evaporation to
condensation in the context of the half-space problem (1) is therefore to obtain for
the operator F,—and for the radius R,—an estimate that is uniformin u asu — 0.

With the generalized eigenfunction ¢, constructed in the previous section, we
have constructed a special solution (18) of the linearized steady Boltzmann equa-
tion, and this solution is a slowly varying function of x for |u| < 1 (slowly ex-
ponentially increasing for 0 < u < 1 and slowly exponentially decaying for
0 < —u < 1), according to (19). Solutions of this type must be discarded in order
to obtain the desired uniform bounds as u crosses the value O (i.e. the transition
between evaporation and condensation).

Discarding slowly varying modes in solutions to the steady linearized Boltz-
mann equation (25) is achieved by a procedure similar to the Lyapunov—Schmidt
reduction used in the context of bifurcation theory.

4.1. The Lyapunov—Schmidt Method
We denote by 1, the $)-orthogonal projection on RX , i.e.

I g = (gX4) X+, (28)
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and likewise, by IT the $)-orthogonal projection on Span{X, Xo, X_}, i.e.
ITg = (gX 1) X4 + (gX0) X0 + (X)X . (29)

Moreover, we introduce, for all u € (—r, 0) U (0, r) as in Proposition 2, the
operators p, and P, defined by

Pu8 = —((&1 + M)I/fug>¢u s Pug = _<1/fug)($1 + )y , (30)
where

wu:=¢”_¢°, 0<ul<r. (31)
u

Since u +— 1, and u — ¢, are real-analytic on (—r, ) with 7p = 0, and since
Y =(¢y — ¢o)/u, the function u +— ¥, is also real-analytic on (—r, r) with values
in Dom/.

Lemma 2. The linear operators p, and P, are rank-1 projections defined on 9,
satisfying

P(1+uwf=E+wp.f, [fe9,
and
P,(Lf)=L(p.f). f€HNDomL such that (& +u)f L Xo.
Besides
(61 + u)py L Kerl, and therefore ImP, C Kerf™ .

Proof. The first property follows from a straightforward computation.
For each f € Dom/, one has

P (Lf) =—G1+wou(YuLf) = —GE1 +wdu(fLbu)
1 1
=—G+ u)%;(fﬁ(qﬁo +uy)) == + u)¢u;<f£(¢u))

1 1
=—(&+ M)%;m((él +uwouf) = —;((«51 + u)(¢o + u) f) Lpu
= —(G1+wvu f) Loy = LPuf),

where the penultimate equality follows from assuming that ((&; 4+ u) f Xo) = 0,
since ¢g = Xp.
Since 7, # 0 whenever 0 < |u| < r, one has

& + 10y = ti&pu € ImL = (KerL)",

and this obviously entails the last property.
Finally, we check that p,, and P, are projections:

P (/) = (1 + W) (1 + WV fldu = —(E1 + W Pud)Pu(f)
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P (f) = (1 + WV f) (Y ) E+ 1)y = —((E1 + ) Yudu)Pu(f) |

and we conclude since

(&1 + 1) Yudu) = 5(«51 +u)gn) — (€1 + wdodu)) = —1.
Indeed,
(&1 +w¢y) = —u. and (51 + u)puco) = 0.
in view of the third property in the proposition, since ¢g € KerL. |

The projection p,, is a deformation of the projection p used in [11] to study the
half-space problem (1) in the case # = 0. The role of p, and P, is reminiscent of
the Lyapunov—Schmidt method used by Nicolaenko—Thurber [16] to analyze the
shock profile problem for the Boltzmann equation.

The observations that follow explain the origin of the penalization method used
in the construction of the solution to (4).

Lemma 3. Assume that 0 < |u| < r. Let Q satisfy (26) and f be a solution to (25)
such that (27) holds. Assume that the source term satisfies

"0 e L¥Ry; 9) for some y > max(t,,0),
and that
e f e LRy ). (32)
Then
(a) the function f satisfies
(Er+u) fXy)=(E1+u)fXo)=(E1+u)fX)=0, x=0;
(b) one has

Er+wpuf(x,§) = —f e™P,Q(x +2z,6)dz, x=0.
0

In particular

(€1 4w f)(0) +f0 e™ (Y, @) (y)dy = 0. (33)

The content of Lemma 3 can be understood as follows: the exponential decay
condition (32) is uniform as |u| — 0. In particular, imposing y > max(t,, 0) elim-
inates the slowly varying solution (18) in view of (19). In other words, the uniform
exponential decay condition (32) implies the additional equality (33). While (33)
is satisfied automatically for 0 < u < 1 (i.e. in the evaporation case), it is used to
eliminate a slowly varying component of the solution of the form

- (((El + ) £)(0) +f0 e (Y, Q)(y)dy> e "y (§). (34)

This observation is at the heart of our analysis.
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Proof. Any solution of (25) satisfies

(G +wXsf) = —(X+Lf)+(X£0) =0,
(G +wXof) = —(XoLf) + (XoQ) =0.

Besides,

(1 +u) X+ f) — 0asx — +oo,
(1 +u)Xof) - Oasx — +o0,

so that statement (a) holds.
Now for (b). For 0 < |u| < r, applying the first and second identities in
Lemma 2 shows that

&1 +w)oxpuf + LPuf) = Pu(E1 +uw) f) +PuLf =P,O,
since (&1 + u) f L KerL. Besides

Lpuf) =—(E1+uw¥u )Ly
= —(E+ Wt +uwds = w1 +uwpuf

so that

¢E +w)Oxpuf +Tupuf) =P.0O,

or, equivalently

(&1 + W f) + 1l + Y f) = (¥ 0) .

For u small enough, one has 7, < y, so that

0 (" (G + Y f)) = €™ (Y Q) = 0™,

At this point, we study separately the cases u > 0 and u < O.
Step 1. 1If 0 < u < r, then 7, < 0, so that

e" (& + Wy f)(x) = —/ e™ (Y Q) (y)dy

X

== fo T e, 0) e+ )z
ie.
€+ )0 = = [ e 0,00+ 2z
Then

‘/ e™ (Y, Q) (x + 2, )dz
0

o0
= IIWIIfo/O " Q(x + 2)llpdz

o0
< 1ulls sup (7 1Q(r. )l / (76 g
y>0 0
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so that
e r¥

(&1 + w0 Pu )] < 1ulls sup (710, )lg)

y>0 Y —Tu

Step 2. If —r < u < 0, then 7, > 0, so that

((E1 + WP f)(x) = e (& + u) P £)(0) + /0 e (Y, 0) (y)dy

= <<<sl + 1Y £(0) + fo ef“"'(%Q)(y)dy>

o0
e [T e w0 0.
X
Since
oo o0
e / ef”y(lﬂuQKy)dy‘ = ‘/0 e (Y, Q) (x 4 2)dz
! (o 0]
< Wl sup(e? 1 Q(y. Ilgy) | ™ e 79 dz,
y>0 0
one has

‘((Sl + )P f)(x) —e ™ (((51 + )Y, f)(0) +/0 er“y(¢uQ>(y)dy>

e v

< IYulls supe 1 Q(y, )l s) .
y>0 Y — T

Therefore, if —r < u < 0, in general

(1 + WY flx) = 0™ ™).

Since 1, ~ tou as u — 0, this exponential decay is not uniform in u near u = 0,

unless

(&1 + ¥ £)(0) + /0 ¢ (1, ) (»)dy = 0,
in which case

(G +wPuf)(x) = 0@,
and this is precisely statement (b) in Lemma 3.

Thus we seek solutions f of (25) in the form

f=8—hou, (35)

where g satisfies

1 +uwdg+Lg=U-P)Q, x>0, R,

(G1+wiug)(x) =0, x>0, (36)

gx,)—>0in%H, asx — 400,
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while
h(x) = —/ e™ (Y, Q) (x + 2)dz. (37
0

Observe that the condition ((&1 +u)v, g) = 01is equivalent to the fact that p, g = 0,
so that

gx. &) = —pu)f(x.§) while —h(x)p,(€) =puf(x.§).

Notice also that

o]

(& + ¥ £(0) + fo ¢ (1, 0) () dy
— (& + 10¥8) (0) — h(O) (1 + W) Yudha) + fo ¢ (1, ) (»dy = 0,

since ((§1 + u)Yug)(0) = 0 and

1 1
(€ + 0uda) = (& +w <;X0 + m) bu) = (6 + Wl = 1.

In other words, the function f defined as in (35) satisfies indeed the uniform expo-
nential decay condition (33).

4.2. The Ukai—Yang—Yu Penalization Method

The formulation (36) is precisely the one for which we use a penalization method
to set up the fixed point argument described at the beginning of the present section.
Indeed, any solution g € L*°(R4; $ N DomL) to (36) satisfies

M1 +uwg) =0 —-P,)0 =010 =0, since ImnL 4+ ImP,, C (KerIT)* .
Since we have assumed that g(x, -) — 01in § as x — 400, one has

IT((& +u)g) =0, and in particular IT, (&1 +u)g) = 0.
Likewise,

p.g =0, since ((§&1 +u)y,g) =0.

Therefore, if g is a solution of (36) such thatx > e”*g(x, -) belongsto L*°(R4; ),
then

gy (x,§):=e""g(x, &) (38)
is a solution of the penalized problem

{ €1+ wdeguy + Lhguy =" I —PQ. x>0, EeR . 1

8u,y € LRy HNDomL),
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where the penalized linearized collision operator is defined by

Lhg:=Lg+ oIl (& +u)g) + Bpug — v (&1 +u)g, (40)

forall o, B > 0.

Conversely, we should seek under which condition(s) a solution of the penalized
problem (39) with appropriately chosen «, 8 defines a solution of the original
problem (36) via (38). This is explained in the next lemma.

Lemma 4. For 0 < |u| < r, let

a 0 —uB(uXy)
A, = 0 0 —BlguXo)
aWuXy) Lr o — BYudu)

There exists 0 < r’ < r such that, whenever 0 < |u| < r/, the matrix A, has 3
distinct eigenvalues

A(u) > ro(u) > 0> A3(u),
such that

inf A(m) >0> sup Az(u).

O<\u|<r’ 0<|u|<r/

Let (11 (w), lo(n), I3(u)) be a real-analytic basis of left eigenvectors of A, defined
for 0 < |u| < r/, such that

i) Ay, = x;)lju), O<lul<r, j=1,2,3.
Set

Yi[ul(§):= (X+(5), Xo(§), Vu(§)) - [1(u),
Ya[ul(§):= (X+(§), Xo(§), Vu(8)) - la(u) .

Then, if gy, satisfies (39) with

0<y < inf Ax(w),

O<|u|<r’
one has

(&1 +M)X+gu,y> = ((&1 +M)Wugu,y) =0

(&1 +wh [M]gu,y>|xzo =0,
=
(&1 +wYalulgu,y)|,_g = 0.
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Proof. A straightforward computation shows that

(1 +w) X1 guy)t+(@—y)E1 +uwXi8uy)
—uB (Y, X 1) (& + M)%gu,y) =0,
O ((&1 + M)XOgu,y) — (¢ + M)XOgu,y) — B{puXo)((§1 + u)wugu,y> =0,

1
O (1 +wWVugu,y) + ;Tu«gl +uw)Xogu,y) + w1 +wWVugu,y)
Fo(Yu X ) (€1 + W)X 8uy) — (¥ + BWudu))((E1 + W Vugu,y) =0.

Setting

Ap=(E1+uwXyiguy). Ao=(E1+uwXoguy), B=(E1+wVuguy).

we see that
d Ap Ay
o Ay |+ (A, —yD | Ap | =0. 41
B B

Since the function u — 1, is real-analytic on (—r, r) with values in $ N Dom/L,
the matrix field u — A, is real-analytic on (—r, r). Besides

o 0 0
Ay = 0 0 -B )
a(YoX+) T —B{YoXo)

with characteristic polynomial (o — 1) (A% — B{WoXo)A~+ toB). Since B > 0 while
79 < 0, the matrix Ay has 3 simple eigenvalues, two of which, including «, are
positive, while one is negative.

By a standard analytic perturbation argument, we therefore obtain 3 eigenvalues
A1(u), Aa(u), A3(u) for A, that are real-analytic functions of u defined on some
neighborhood of the origin, and satisfy the inequalities mentioned in the statement
of the lemma. The existence of left eigenvectors /1 (u), I («), [3(u) of A, that are
real-analytic functions of u defined in some neighborhood of 0 follows from the
same argument—see for instance chapter II, §1 in [12].

Choose y such that

0<y < inf Ax(u).

O<|ul<r’

Taking the inner product of each side of (41) with /1 (u), [2(«) and [3(u), we see
that

(A4, Ag, B)(x) - 1j(w)e®i M=7)% = Const.
Since

A3(u) —y < 0 and we have assumed that g, € L®[Ry; HNDomL),



74 N. BERNHOFF, F. GOLSE

we conclude that x — (A4, Ag, B)(x) - [3(u) is bounded on R, which implies
that

(A4, Ag, B)(0) - 13(u) = (A4, Ag, B)(x) - 3(u)e*3W=7¥ =0 forall x € Ry .

Therefore

_— _ (A+7A07B)'ll(u):07
L6+ 080) = 0and pugy =0 <= { (G040 D10 =0
(A-‘rv AO? B)|

o i) =0,
(Ay, Ao, B)|

0'12(’4):07

= (s

xX=
in which case g(x, &) = e7"*g, , (x, &) is a solution of the original half-space
problem (36). Obviously, these conditions can be recast as in the statement of the
lemma. O

4.3. Outline of the Proof of Theorem 1

We conclude with a summary of what has been achieved in sections 3 and 4, and
an outline of what remains to be done in the proof of Theorem 1. This subsection
should be used as a roadmap to the proof of Theorem 1. Consider the problem

E AW E+LF(x,E) =9(f, /)x,86),E R}, x>0,
(42)
f(x,8)—0, as x — 400,

with the boundary condition

f©0.8) = fp(§), & +u>0. (43)

For simplicity, we assume that f; is even in (&, &3) and look for solutions f to
(42) which are also even in (&2, &3).

4.3.1. Step 1: eliminating the slowly varying mode Assume that the function
u+— f, = fulx, &) is a family of solutions to (42) defined for 0 < |u| < 1,
satisfying the uniform bound (32) with y > max(t,, 0). The function ¢, = ¢, (&)
is the solution of the Nicolaenko-Thurber generalized eigenvalue problem (17)
constructed in Proposition 2, and t, is the corresponding generalized eigenvalue.

According to Lemma 3, treating Q:=9( f,,, fu) as a source term which satisfies
(26), we conclude that f,, must satisfy all the conditions in statements (a)—(b) of that
lemma. Thus, we isolate the component of the solution f;, proportional to ¢, (£) by
means of the Lyapunov—Schmidt projections p, and P, constructed in Lemma 2.
In other words, we seek f;, in the form

Jux, &) =gu(x, &) — hu(x)¢u(§)
gu=U —pu) fu and h,:=((E1 +w)Vu fu) s (44)
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where g, satisfies

(El"‘u)axgu'i‘ﬁgu:(l_Pu)Qs x>0, §€R3,

(61 +uw)Yugu)(x) =0, x>0, (45)
gx,)—>0in$, as x — +oo,
while
hy(x) = —/ e (Y, Q) (x + z)dz, (46)
0
with

O(x,8) = Qgu(x, &) = hy(x)$u (&), gu(x, &) — hy(x)Pu(8)) - (47)

Thus, we have transformed the original problem (42) into (44)—(45)—(46), for which
the uniform exponential decay condition (32) with y > |t,| forall 0 < |u| < 11is
automatically satisfied. This procedure automatically discards the slowly varying
component (34) in the solution f,. Notice that this part of the argument bears on
the qualitative asymptotic properties of the solution f,, and is therefore common to
all mathematical methods by which this solution is constructed.

4.3.2. Step 2: the penalization and fixed point methods Next, we forget about
the original problem (42), and seek to solve the coupled system (45)—(46) by a fixed
point argument, iterating on the source term (47) in an asymptotic regime where
both |g,| < 1 and |h,| < 1 in some appropriate sense. The key point is obviously
to prove that the size of the (small) ball centered at the origin of the function space
on which the fixed point theorem is applied is independent of |u| < 1.

Thus, we are left with the task of “inverting” the operator

g (E1+u)og+Lg. (48)

With the absorbing boundary condition g(0, §) = O for & 4+ u > 0, the advection
operator (£1 4+ u)d, is L>(Md&dx)-dissipative, but only the linearized operator £
contributes to the spectral gap of this operator, according to (11). Unfortunately,
the Bardos—Caflisch—Nicolaenko weighted inequality (11) provides a spectral gap
only relatively to Ker£, and this is not sufficient to invert the operator (48).

One way to get around this is to apply the Ukai—Yang—Yu penalization method.
The key idea in this method is to replace the linearized collision integral £ with its
penalized variant

Lig:=Lg + all (&1 +1w)g) + fpug — v (1 +u)g . (49)

One can prove that, for0 < a, 8, ¥ < 1, the operator £/, satisfies a full spectral
gap inequality, and that this spectral gap is independent of u: see Proposition 3
below.

This spectral gap estimate provides in turn a uniform in |u| < 1 bound for
the norm of the inverse of g > (&1 4+ u)d,g + L g, first on LZ(R4; ) (see
Proposition 4 below), then in L2(Md&; L (R..)), and finally in the weighted space
(1 + |EDTME)"V2L®R, x R3) (see Proposition 5 below). Improving the
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Lebesgue exponent from 2 to +o0 in both the x and £ variables is done first by
using the integral equation formulation of the inverse of the linear operator

g (&1 +u)deg +Llg

which implies the pointwise inequality (65), and then by using Grad’s inequalities
reported in Proposition 1.

At this point, the stage is set for a straightforward application of the fixed point
theorem leading to Proposition 6, which provides the existence and uniqueness of
a solution (gy,y , hy,,) to the nonlinear penalized problem

&1+ u)axgu,y + Eggu,y =e (I - Pu)Q(gu,y - hu,y¢u» 8u,y — hu,y¢u) ,

8u,y(0,8) = fp(§) + huy,y (0)p, (&), & +u>0, (50)

o0
ey () = —e " /0 220 Qg Ty b Gy Py Bu)) (r2)2,

for all boundary data f, = f,(§) even in &;, &3 such that /M f} is small enough
in L3 (RY).

4.3.3. Step 3: conclusion However, the equation (50) does not coincide ex-
actly with the original problem to be solved, i.e. (45)—(46)—(47). The difference is
twofold: first, if (g4, , 4., ) is a solution to (50), then g, (x, &) = e V" g, , (x, &)
and h,(x) = e"V"*h, , (x) satisfy a system of equations analogous to (45)—(46),
but with the linearized collision integral £ replaced by

Lg=Lg + oIl ((£1 +u)g) + ppug -

Another important difference is that existence and uniqueness of (g, , /., ) holds
for an open set of boundary conditions f, = f; (&) even in &>, £3. No compatibility
condition such as (15) appears at this stage.

One concludes by observing that the functions g, (x, &) = e "*g, , (x, £) and
hy(x) = e 7" hy,, (x) solve the original problem (45)—(46) provided that the extra
terms o f14 ((§1 + u)gy,) and Bp, g, entering the definition of L vanish identically.
By uniqueness in Proposition 6, imposing that

all (&1 +u)gy) = Bpugu =0

results in two constraints on the boundary data f;,, which are exactly the conditions
(15) in Theorem 1: see Lemma 4 and section 6.2. With this last observation, the
proof of Theorem 1 is complete.
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5. Resolution of the Penalized Linear Problem

5.1. The Penalized Linearized Collision Integral

Proposition 3. There exists R > 0 defined in (52), v* > 0 defined in (54), and I’
defined in (57), such that

(fLDf) > ﬁ(uﬂ, forall f € $NDomL,

for each u such that |u| < R, provided that
a=B=2y and O<y <T. 51

The penalized linearized collision integral £ is an important feature of our
analysis. In addition to the penalization idea coming from [28], it finds its ori-
gin in the Caflisch-Nicolaenko analysis of weak shock profiles for the Boltzmann
equation; see for instance the operator M appearing in Proposition 3.3 (i) in [8].*

Proof. An important tool in the proof is the weighted relative spectral gap estimate
(11) for £, due to Bardos—Caflisch—Nicolaenko [3]. Write

wi=f —IIf, q:=I1f .
Then
(flall (G +u) f) + Bpuf — v 1 +u) f))
=al{gX1) (€1 + W)X rq) — Blqdu) (1 + u)Yuq)
+a(g X4 ) (61 +uw) Xjw) — B{gdu)((§1 +u) P, w)

—B{weu) ((E1 + w)Pug) — Blwey) ((E1 + u) P, w)
—y (&1 +u)g?) =2y (& + wquw) — y (& +ww?).

Since (£ 4 u)¢, and £ Xo € ImL = (KerL)~, one has

(& + W Vug) = 2 (& +wdug) — ((E1 + 1) Xog))
= —N& +u)Xoq) = —(Xoq) .

Hence

(flald (& +u) )+ Bpuf —vE& +u) f)) =Silg] + Salg, w] + S3[w],
with

Silg] :==a(g X4 ) (& + )X 1q) + B(Xoq)(qgdu) — v ((E1 +u)g?) .
Slg, wl i=algX ) (G +wX1w) + B(Xoq) (wey)
—B{(&1 + W uw){qdu) — 2y (61 + u)quw),
Salw] := — B((E1 + W w)(wey) — ¥ (€1 + w)w?) .

4 We are grateful to C. Schmeiser for this remark.
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Note that
1
(&1 + w)qw)* < (&1 + ulg®) (&1 + ulw?) < U—2<vq2><vw2>.

Observe that
Silgl = (@ —y)(c+uwq? + (B —uy)gd +v(c —uwq*

— BlullVull2lq0l\/a% + a2 + q>

> (@ — y)(c+u) — BlulllVull2)g2
+ (B —uy — Blulllvull2)ad
+ (y(c —u) — Blullvull 2)g>
with
q+:=(fX+), qo:=(fXo) .
In particular
Silgl = (min((e — y)(c +u), (B —uy), y(c —u)) — Blulllvull2)
x(q% + g3 +49%).
Assume that

-1
1 1
lu] < R:=min zr’, c—1, 2 ( sup ||1pu||Lz) , (52)

|u|<min(r/2,1)

with r’ chosen as in Lemma 4, and pick
a=p=2y>0. (53)
Then
Silg] = (min(y (e = |ul). y 2 = [uD) = BlulllVull 2) (@F + g5 +q%)
(

v

y — Blulllvull2) (@3 + g3 +4%)

v

(vg?)

7@l +4a5+42) = g=
since) <c—1 :\/g— 1 < 1, where
V= max((in), wX3), (vXx2)). (54
On the other hand,
B 2 gu/v)' 2 +y

V_

S3[w]| < (vw?),
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so that, provided that u satisfies (52) while «, 8, y satisfy (53), one has

1
S3[w]| < 5K0<vw2>,

if
0<y <kKov- / <2+4 sup <vw3><¢5/v>) : (55)
[u|<R
Finally
2((vX3) + supy, <g (D) 2(wXP 2 + vy )H + 1)
1S20g, wl < z =

xy (vg*) 2 ow?) /2,

Thus, if u satisfies (52), and «, §, y are chosen as in (53), (55) and if
y < Kkovo /48\)*( sz) + sup (vo; )1/2((1)X2)1/2 (vllff)l/z) +1)% (56)
|lu|<R
one has

(fILf +adl (G +wf)+Bpuf —yvE +uwf)) >

0 2 2
4 )+ 12v* )
Therefore, the inequality in the proposition follows from the following choice of
I:

(vg

Kov—

I':=minBv*kgy, I, 13), with I':= ,
2+ 4sup), <p v (VP2 (D2 /v)

Kovt 67

48v*((vX2) + sup, < (o2) 2 (WX + (wy )2 + 127

IH:=

where k is the Bardos—Caflisch—Nicolaenko spectral gap in (11). Obviously

sup ([[vulls + Iviulls) < oo,
lul<R

since the map u +— v, is real-analytic on (—r, r) with values in § " DomL. 0O

5.2. The L? Theory

Consider the unbounded operator defined on the Hilbert space H = L* (R ; )
by

Tof =& +wdcf+ LIS,
Dom7,={¢ € H | (§]+u)dy¢ and v¢p € H while ¢ (0, &) =0 for & > —u},

whose adjoint is

Tre=—E +uwog+Lf+a& +wllig+Bpig —vE +u)g,

Dom7*={y € H| (& +u)d,¢ and viy € H while (0, §) =0 for & < —u},
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where

ng = -1 +wu{dug) .

Following the same argument as in the proof of Lemma 3.1 in [11], we arrive
at the following statements.

Lemma 5. Let R > 0 be defined by (52), and let « = B = 2y > 0 satisfy
0 <y <min(rl, %v_)
with I" defined in (57). Then there exists k = k (R, v—, y) > 0 such that

klvolly < 1 Tudplln.  foreach ¢ € Dom7,,
klvlin <17 ¥,  foreach y € Dom7 .

uniformly in |u| < R. In particular KerZ,, = {0} and Im7,, = $) whenever |u| < R.

Proof. We briefly recall the proof of Lemma 3.1 in [11] for the sake of complete-
ness.
If ¢ € Dom7,,, one has in particular

vg € L*(Mdédx) and (&) +u)g?) € C(Ry),

so that there exists L,, — oo such that ((§; + u)g?)(L,) — 0 as n — oo. Thus

L L,
/0 (g7ug)dx = L((&1 +w)g?)(Ly) — 2{(& + u)g?)(0) +/O (gLl g)dx

and letting n — o0, one arrives at

o0

Il Tugln = /0 (6 Taghdx = —L((E1 + g2 (O) + fo (gLl g)dx

o0
14 2
> Llg)dx > .
_/0 (gLyg)dx = A ||\/;g||7-(

Notice that

—3{(E1 +wg*)(0) = 0
for g € Dom7, because of the boundary condition at x = 0 included in the
definition of the domain Dom7,,. Hence

172

1708l = gl -

- 24v*
Next

I1Tugllr = I1G1 + wdeg + (v — y (& +u)glx
—1Kgli3 — eI+ (E1 + W)l — Blpugln
> &+ wdg + (v — y (& +u)glln
—(a(E + X))V + BlE + YD 2D 2+ IKID gl
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so that

11 +u)dg + v —yE +u)glrn < ClTuglin (58)
with

*

24
Ci=14=15 sup (a\/ <<s]+u>2Xi>+ﬂ\/<(sl+u>2w3><¢5>+||icn>. (59)

YV_ |ul<R

Given S € H, solve for h € Dom7, the equation
G +uwoh+@—-—yE +u)h=5, x>0.

Since 4 € Dom7,, it satisfies the boundary condition (0, §) = 0 for &, > —u, so
that

_ [ (v _ ) 50.8
h(x,;%)—/o exp( (&H y)oc y>) il Bru>0,

and hence

o v [S(y, §)I
|h(x,§)|§/0 GXP<—<m—V>(x—)’)> |$1+u|dy’ El+u>0.

On the other hand, since & € H, there exists a sequence x,, — 00 such that
(h(xy, )%) — 0, so that

Y B v B Sy, &)
h(x’g)_/x exp( (|a+u|+y>(y x)) GET AN

and hence

00 v [S(y, &)l
hix, < — — d
[ (x, &) </xooexr> Tl +y | —x) ||§‘( +§u)|| y
v Yy,
S/X P\ ra Y)Y g B0
Therefore
(-, ) < G(, &) * (IS, §)I1R,)
with
lz(§1+u)>0 ( < v ) )
G(z,6) = —=——— — — . 60
(z,8) &+ u] exp & Tl v )zl (60)

For future use, we compute, for all p > 1,

1 1
&1 + ul (P(ml— ynl/p

GG e <
(61)

T PUPIE +u P — ylE +u) /P
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Then we conclude from Young’s convolution inequality and (61) with p = 1
that

IhC, O2@,) < NIGCOINSE E)NL2
ISC. M2 _ NSC H.2
v=ylgr+ul T A= FvE)’

IA

for [u| < R, and hence
14
(1 - v—)”Vh”H < ISl
Applying this to

S:=(1 +u)dcg + () —y (& +u)g,
and using the bound (58) shows that

14
(1 - U—) gl < CllZuglix -

This obviously implies the first inequality in the lemma with

. Lc_ Y with C defined in (59). (62)

The analogous inequality for the adjoint operator 7, is obtained similarly.
Now the first inequality obviously implies that

Ker7, = {0} for|u| <R.

The second inequality implies that Im7,, = H, according to Theorem 2.20 in [7].
0

A straightforward application of Lemma 5 is the following existence and unique-
ness result.

Proposition 4. Let R > 0 be defined by (52), set « = B = 2y > 0 assuming
0 <y <min(Tl, %v_), where I' is defined in (57), and let k = k(R,v_,y) > 0
be given by (62).

Let Q satisfy e”* Q € 'H, while vgp € $). Then, for each |u| < R, there exists
a unique solution g, ,, € Dom7, of the linearized penalized problem

E1 +u)diguy + LUguy =" I —P,)0, x>0, £ €R3,

(63)
8uy(0,8) = gp(§), E4+u>0.
Moreover, this solution satisfies the estimate
kllvgu,ylln < (1 + |S\up \/Wf)((%'l + M)2¢3)> le”* Ollx
u|<R
(64)

V_ U_«/2)/ V_ lu|<R

uniformly in |u| < R.

V¥ 1Ll Bmonc. 2y
+< n (DomZ, $)) +2y + == sup (lﬁ%)((f),%) lveslls
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Proof. Set
h(x, &) = g(x,§) — gp(E) g us0e ™, x >0.
Then & € Dom7, if and only if
(61 +u)dyg € Handvg € H, and g(0,&) = gp(&) for&; +u >0,

in which case

Toh(x, ) =T,8(x, &) + ye " (&1 + )t gn(€) — e 7 L1 (gh1g,1u>0)(§)
=" (I=P)Q(x, &) +ye "  E1+u) T gp(§) —e 7 L1 (gh1z11u>0)(§)
=:5x.8)

if and only if g is a solution to the problem (63). (We use systematically the classical
notation z* = max(z, 0).) The right hand side is recast as

S, &) =" (I =P)Q(x, §)+2ye " (&1 + )  gp(§) —e " L(go1g11u=0) (§)

—ae VL (&) +u)Tgp)(§) — Be Y pu (gple +us0) ().
and estimated as follows:

ISl < (1 + supy, <g v/ (2 (E1 + u)22) e Qllx
V2v LI BDomL, $) L

'B 2 2
Ty T ek “””><¢’u>)””gb”ﬁ~

One concludes with the first inequality in Lemma 5. O

5.3. The L*° Theory

5.3.1. From H to L>(Mdg; L°(R;)) We recall that the linearized collision
operator £ is split as £ = v — K, where K is compact on L>(R3; Md&) (Hilbert’s
decomposition). With the notation

Q=e"" (I —P,)Q,

the solution of (63) in $) satisfies

8u.y (X, §) = exp (_ (aﬁ - V) X) gv(§)
X P ~
+[ e <_ (L _ y) . y)> (Kiguy + 00,6

&1 +u &l +u
& > —u,
Y N S S ) Klguy + O 8)
0= [ e"p( <|sl+u|+y>(y x)) PE

&1 < —u,



84 N. BERNHOFF, F. GOLSE

where IC} = v — £L. In particular

X

. 1Kt guy + 01, €)
0 (e, 1 < @)1 + [ exp (= (v ) ) dy,

&1 + ul
& > —u,
o0 v 1K guy + 01y, &)
|&u,y (x, 8)| E/x exp( <|§1+M| 7’) |x y|) &1 + ul dy,
El < —Uu.
Hence
18,y G, &) < 1gpE)| + G % |KE guy 1 £) + G+ 0I(, &), (65)

where the function G has been defined in (60).

Lemma 6. One has

oG, ElLemry)

V(&) — & +ul’
o€ 2R,

V2v(E) = 2y1E +ul

IGC. &) * b E)llLery)

L)) +uj=1G * @ (-, E)llLor,) <

Moreover, for each € > 0, one has

e g <10 G O Lo ry)
(4/3)3/4161 + ul V4 (v (&) — yl& +ul)¥/4
1 Lgqu<iloC O 2R,

2Jee 200(5) — 1§ +ul)

1Lg4uj<1G * @, E)llLory) <

Proof. The two first inequalities follow from Young’s convolution inequality and
the computation of the L” norms of G in (61) with p = 1 and p = 2.
For each ¢ > 0, write

Gxh(-, ) =Grexh(-,§)+Goexh(,§),
where

G],S(Za §) =Gz, €)1|z|<s and G .(z,§) = G(z, g)l\zlzs .
Then

1G1e* (. EL~®y) < 101G C 1R IGC. Elo®,)
< Mol 4@ IGC O pan®oy 16 ¢ Ol Lo®,)
_ e oL O Lery
@33 ME +ul A — ylE +ul)dA
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while

1G2e % & C.Ollxme) = ey GO Ol 2 166 Ol 2w,
(& —7)e) 190 O)llar,)
V2UE + ul 2w — 1+ ul)'

= im0 (st r)) 2

exp (—

1 166 DIew,) 1962w,
Jze V2 =yl +ul)  2Vee(v —ylE +ul)

Therefore, we deduce from (65) and Lemma 6 that

10¢,®)llx®y)
18y - Oy = 180+ Tom— "=

I1KCE 8y G 2R, 1 IK 8y G OI 2R,

~/2V(€) 2y +ul - Ve V20 (E) — y1& + ul)
1|§1+M|<1”Kugu y () Leory)

(4/3)3/4|$1 +ulAE) — yl& +ul)¥t

Denote by k; the integral kernel of the operator X; in Lemma 1 for all j =
1,2, 3, and set

kE O=ki(€ O + ka5, 0) + k(€. 0) 2 0,
kil (&, ©)=k(€, O)+altr+ul XL EIX - (OIM Q)+ BIE1+ullg E)1Yu (OIM (©).
Denote by K and K the integral operator with kernels k and k7 :

l€¢<s>=/R3 k&, )¢ 0)de, /€5¢(5>=fR3 ki (&, )¢ (0)de

and set

Gu,y E):=11gu,y (. E)llLry) -

Then, for each & € R3, one has
KLy . = [ RGOl (- Ollinds forac.x 0,
R.

so that

1 g (- )l < /R Kl €. O 8wy G O ledg = KiGuy 6).
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Hence, Lemma 6 and (65) imply that

1O, &)l
Guy(€) < |gr(®)] + &) — 7l +ul

ICH 8y G2 2R ) 1 1K 8uy G O,y

+ +

V2U(E) = 2v[E +ul  V2ee V2(v(E) — ylE1 +ul)
+ 81/41\51+u\§1’<:1];gu,y(§)

@4/3)3416 + ul A (E) — y1& +ul)¥4

At this point, we use the following lemma.

(66)

Lemma 7. For all a, B € R there exists K [«, B] > 0, and for each s > 0, there
exists Ky = Kla, B] > 0 such that

sup 1KY ps) < Kl B1,
|u|<min(1,r/2)

together with

sup ||M1/2]€,f||B(5§,Loc.l/2(R3)) < Kipla, B],

lu|<min(1,r/2)
and

sup ||M1/ZI€5M_1/2”B(Loo,s(R3)’Loo.As+l(R3)) < KS-‘,—I [a, /3] .

|| <min(1,r/2)

Proof. Since

Kf=Kif =allg +ull Xe | )IX1 ]+ B{E + ullVul Il

one has

sup  [(Kf =KL Pllg

|| <min(1,r/2)

o B
= —IvXilsliflls+—  sup Aviulsldullslfils .

— |u|<min(1,r/2)
and

sup (L + ED VMK f — KE HE N poms

lu|<min(1,r/2)

o
= o IvXillsli+ ED°VMX oyl flls

+2 s Yl 1+ 18D VMl ooy 1 £ 115 -

V— |u|<min(1,r/2)

Observe that

sup  [[vullg < oo,

|u|<min(1,r/2)
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since the map u +— 1, is real-analytic on (—r, r) with values in DomZL. One
concludes with Propositions 1 and 2, using especially the bound

sup (1 +[ED " VMyllpogs) < Cs < 00

|u|<min(1,r/2)
established in Proposition 1. O

Hence

H 1|§1+ulfll€1{:gu,y

, i
5 / ICAH1ED2M 2K Gy 17 e oy
1+ ul AA+1EDA T gz

&1 + ul1/2(1 4 §])°/2

< J K1 20e, B1PIGu 1%

([ Ltt)
= <
0 VT Jre L+ (&)

Henceforth, it will be convenient to use the notation

with

d¢
Tyyi= / 4 67)
P Jra (L[]S
Thus
J2=4]2’5/2.

Thus, Lemma 7 and (66) imply that

1012 p1ge: oo

1Guylls < llgnlls + oy
+ I ey gyl 1 IKElBesy) 8wy 7
N20-=y) V2ee  20_—y)
e IK ple, Bl

@Ay 1Gur s
Choosing

1 JKipla, Bl

2el/4 (4/3)3/4(])_ _ )/)3/4

leads to the inequality

1O1l22(mae: >R, ))

28wyl 2uag: v < N8l 2oy + ==
~ 68

KBl (| 3VE3TsaKipla P ”75 )

V2o V2e  --p)? e
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5.3.2. From L>(Md&; L®(R,)) to L® (R4 xR>?) We next return to the inequal-
ity (65). Obviously

K 8y o O)llpoowsy < KiGuy €), & €RY.
Then, the first inequality in Lemma 6 implies that
K Guy (€) 10, )l Loor3)
£)—vyl&+ul  vE) —ylE +ul

By the second inequality in Lemma 7, one has

1L+ 15DV MGy ll Loy < I+ 16DV Mgpll Lo r3)
as D" >V/M Ol 1, xR

Guy () < 1gp(E) + o

Ly 4
N I+ 16D 2V M Gy |l oo w3

v_ —y (69)
< 1A+ EDY 2V Mgyl oo vy

N I+ EDY2VM Ol g, xR

V. —y
Kipla, BllIGu,y Il s
+ .
V- —Yy
On the other hand, the third inequality in Lemma 7 implies that

I+ 1ED VMG ll Loy < 10+ 15D VM gp Il Lo )
Las ED° VM Oll o, <r?)

v_—y
N 11+ €D T'VMEL Guy Lo re)

Vv —y 70
< 1A+ ED VMgl Lo w3 7

N I+ 1D TIVM O o, xr?)

v —y
+Ks_1[a, BUIA + ED* 2V MGy ll Lo re)
Vo —y

foreach s > 1.

Applying this inequality with s = 3 and the previous inequality leads to the
following statement, which summarizes our treatment of the penalized, linearized
half-space problem. From the technical point of view, the proposition below is the
core of our analysis.

Proposition 5. Let R > 0 be given by (52), and o = 8 = 2y with
0 <y <min(rl, %v_)
and I" defined by (57). Let Q € H and gp € §) satisfy
(L +15D°VMgy € L¥RY),  and V(1 +1€)*VMQ € L®R+ x RY).
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with § > 0, and
QO(x,) LKerL forae x>0.

Then the solution g, , of (63) (whose existence and uniqueness is established in
Proposition 4) satisfies the estimate

10+ 1D VMg . v
< L (I + 18DV M gl ey + 1 (1 + 16DVM Qe v

uniformly in |u| < R, for some constant
L =Lly,vs,8, R, Ki[2y,2y], K12[27, 2y], K2[2y, 2y]] > 0.
Proof. Recall that

O(x,&) = e’ (I —P,)O(x, &)
= e’ Qx, &) + e’ (O (x, W) (E1 + 1) (£).

Hence
11+ ED*VM Ol Lo g, xr3) < lle?* (1 + [ED*VM Ol g, <r3)
) Y (6) M1 2d8
HIA+ENDV My |l o w3y lle?* A+EDVM Qll o (v, xk?) A

ke (D2
< [le” (1 + |ED*VM Q| .o (r, xR (1 + C1Ly} supy <p ||v1/2wu||ﬁ) .

By (69) and (70)

I+ 1ED°VMguy v,
a1+ |s|)2mQ||L;o§>

K )
< (1 4 M) (n(l 1D VMgl +
—y v —y

V_
+K2[0t, B1K 12, B] leus ]2
(v — )2 8u,y lL2(Mdg; L) -

With (68), this inequality becomes

27,/ Kol 1K oler B
(v_—y)?

||(1+|5|>2~/MQ\|L§CE

7’

1+ 1ED VMguy 1, < <1+ Balefly

< (NA+IED Mgyl g+

V2Kl B1K 1 oler, B1K (e, B] (1 + 3v3 TospKipole, B2

+ o—y SR RECIL) gyl

Next we inject in the right hand side of this inequality the bound on [ g, , %
obtained in (64), together with the bound for Q obtained above. Since we have
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chosen @ = 8 = 2y, one finds that

3 Ka[2y,2y] 2134K2[2y2le|/z[2y2yl
I+ 15DV Mguy i, < <1+ z2r2rl o—
140,72, Hv 2yl
<II<1+|5|>3~/ Mgpll e+ ——=——"1e” (1 + [§D* VM Qll .,

fK2[2V 2y1K1212y,2y 1K«[2y,2y] <1+ 3.3 Do spKipl2y.2y 17 27/ )
(v_—y)>/? V2o (_—p)F

LN 48) [Tt o493 (1 11812V HI Q)L
x.&
+<r+ IL1spome.o) | 200 +«/ 207 )) Il/z||(1+|$|)3«/_gb||Loo> ’

\_/v

Kv? kv2 2y
where « is given by (62). This implies the announced estimate with L given by

1/2
2737 K2 (2.2y 1K1 222y ]

._ K>[2y,2y]
L.— SuplmSR max ((1+ v_—y + (v —}/)2
+ﬁKz[Q%Z}']K|/2[2V52V]K*[27/,2V] (1 + 33 LaspKipl2y, 2y71? )
(v_—y)*/? V2e (v——p)?
% V2Zy + IIEIIB(Domﬁ 9 4 2y (v +«/ 1//u (92) 1/2
v kv 2y 1)
4 Kol2y2y] +223q4 Ka2[2y.2y1K12[27.27] 1+aI§{fnv1/2wunﬁ
v_—y (v——y)? v_—y
+«/§K2[2V,2V]K1/2[2V,2J/]||K*IZV,ZJ/] (1 + 33 La52 K122y, 2y)? )
(v_—y)I? V2e (v——p)?
V@28 [Toa
KV_ 28 :
O

6. Solving the Nonlinear Problem
6.1. The Penalized Nonlinear Problem
Given a boundary data f;, = f;,(§) satisfying the condition
VMfy e LR, fyoR = f,
consider the following penalized, nonlinear half-space problem

¢+ “)axgu,y + ﬁggu,y =e (I — PM)Q(gu,y - hu,y¢u’ Su,y — hu,y¢u) s

8uy (0.8) = fo(®) + huy 009 (&), E14+u>0, 72)
By (x)=—e" 7% fo T2 Oy —huy Bus Guy — Py Pu)) (x+2)dz.

In this section, we seek to solve the problem (72) by a fixed point argument assuming
that the boundary data fj, is small in L°3 (R?). Throughout this section, we assume
that R > 0 is given by (52), and that « = 8 = 2y with

0 <y <min([l, %v,)

and I" defined by (57).
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Proposition 6. There exists ¢ > 0 defined in (75) such that, for each boundary data
fo = fp(§) satisfying

froR=fy and ||(1+ED VM fyll g < &

(with R defined in (8)), the problem (72) has a unique solution (g, , hy, ) satis-
fying the symmetry

Guy (0. RE) = guy(x.§) forae (x.§) Ry xR,
and the estimate
I+ €DV Mguyll oo R, xr) + Ny lL>®,) < 2Le
where L is given by (71).
We first recall a classical result on the twisted collision integral Q.
Proposition 7. For each s > 1, there exists Qs > 0 such that

I+ 1ED* VMO, 9)ll w3
< QA+ ED VM £l oo gy I (1 + 1ED VMgl Lo g3

forall f, g € L5 (R%).

This inequality is due to Grad; see Lemma 7.2.6 in [9] for a proof.
Proof. (of Proposition 6) Set

X:={(g, h) s.t. (1 + [£])°VMg € L°(Ry x R?), h € L°(Ry)
and g(x, RE) = g(x, &) forae. (x,&) € Ry x R},
which is a Banach space for the norm
(g, W=l (1 + 1ED* VMgl Loow, xr3) + 1B, -
Given (gy,y, hu,y) € &, solve for (g, , fzu,y) the half-space problem

&1+ U)axgu,y + Ebl:gu,y =e 7 — Pu)Q(gu,y - hu,y¢us 8u,y — huy¢u) s
. 00
hu,y(x)z_e_yx/(; e(ru_zy)zhﬁug(gu,y_hu,y¢ua gu,y_hu,y¢u))(x+z)dzv

Zuy (0,8) = (&) + Ty (0)$u (€) §1+u=>0,

and call
Su,y X3 (Guys huy) (gu,}” EM;V) e

the solution map so defined.
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Applying Proposition 7 shows that

1L+ 1ED*VM Q(8uy — huybu- 8uy — huy i)l Lo g
< 0311+ [ED*VMguy 1R, <k
oy L@l + 1EDV My || o))
< Q31+ ED*VMguy | po®, <3 + Callhuy > ®,)?
< Qamax(1, C)1(8u.y- huy) % -

Hence
72y 2o R )
1/2
T Il
3,4
= 0+ ED VM Q8uy — By bu- gy = by b))
- tu
1/2
LWl g
3,4
e Wi 2 03 max(1, CHI(8uy» ) 13- (73)
V_Tu

On the other hand, we apply Proposition 5 with § = y and

g:=fp+ Eu,y(o)qbu ) Q5=€72ny(gy —hyu, 8y — hydu) .

Then
1A+ 1ED*VMgpll oo gy < I+ 1EDVM foll Lo s
1/2
L Wl g
+ 222 0y max(1, CHC3ll(8uy s u) Il »
2y — 1y
while

e YA+ 1ED* VMOl o r, xR
=1+ |§|)2 % MQ(gu,y - hu,y‘i’uy 8u,y — hu,y¢u)||L00(R+ xR3)
< Q3 max(L, CHI(gu,y» hu ) I%-

The bound on the solution to the penalized linearized problem in Proposition 5,
together with the estimate (73) for ||k, || LR, ), implies that

1y hu)llx < LIA +1ED VM fioll oo gy

L 1l ) )
+L2)/T O3z max(1, C)C31(gu,y» hu, ) Il
u

+LQ3max(1, CH(gu.y huy) %
1/2
+I3,4 AR

2 2
-1, Q3 max (L, C) 1 (8u,y» huy )y -
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which we put in the form

1@y Bl < LI+ ED VM fill oo rdy + Al Guys ) I3 -

with
1/2
Ly 1l
A:=Q3max(1, C3) (32’4—”(1 +LC3)+L). (74)
Y = Tu
Pick & > 0 small enough so that
0<e<1/4AL (75)

and assume that
A+ 1ED°VM fill ooy < & -
If |(gu,y» hu,y)llx < 2Le, one has
1(Gu.ys hu)lx < Le + AQ2Le)* = Le + 4AL%* < 2Le,

so that the solution map S, ,, satisfies

Su.y(Bx(0,2Le)) C Bx (0, 2Le) .
Let (gu,y, hu,y) and (g,'M,, h;’y) € By (0,2Le). We seek to bound

1+ EDYM Sy Suy huy) = Sy (8l My DIl
in terms of
1L+ 1ED3 VM (guy — 81y by — M )l
One has
(&1 4+ w3 (8uy — &hy) + LU (8uy — 81 )) =€ 7 U—P) X,

Y = Q((gu,y_gl;,y)_(hu,y _h/u,y)(bu, (gu,y +g;;,y)_(hu,y +h,/,4,y)¢u) s

o0
(huy = hy ) () = —e77* / e (4, 2) (x + 2)dz,
0

By = 8y (0.8) = (huy — By NO)pu(§), E1+u>0.

First, we deduce from Proposition 7 that

1L+ 1ED*VM 2| 1o g3y
< Q 3 _ / _ I
<O3(IA+IED7V M (8u.y gu’y)”Loo(R+><R3)+C3”hu,y hu,y||L00(R+xR3))
) (I(1+ 161V M (g, + Su Lo, xr3) + C3llhuy + 1y, Lo ®y))
< Q3max(1, C)I(8uy — &hyr Py = Hy Il @y + Gy huy + 1, ) x
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< 4LeQ3max(1, C)I(8u.y — &hy- huy — h)y ) v

With this estimate, we bound /2, , — /., as follows:

1 2
o lvlls 2 i
”hu,y - hu,y ||L°°(R+) 2]/— (1 + 18D EHLOO(R*)
l 2
s ,

< 4Le Q3 max(l, C3)?”(8u v = 8y Puy — iy )y

Finally, we apply Proposition 5 with § = y and
goi=(huy —h, )OOy,  Qi=e V"X,

Thus
11+ €DV Mgp | Lo v
1/2
AR
<4Le 2—Q3 max(1, CHC3(8uy = 8y huy — hly )l
V — Ty
while

le” XA+ 1ED* VM Qll oo, xry) = 11+ 1ED* VM E | oo, <R3
<4LeQ3max(1, C)I(guy — &hys huy — hly )l x-

Hence, the bound in Proposition 5 implies that

1@y = &y Py — hiy )l x

S LWl ) , ,
=4L%e———— Qamax(L, CH)C3ll(8uy = 8uy» huy = huy)llx
u
+4L%e Q3 max(1, C) 1 Guy = 81y huy — i)l x
1/2
Z3 4 ”Wu ”56
+aLe————— Qs max(l, CH(8uy = &y huy = i)l
Y — T
712
AR
s4LsQ3max<1,c§><L+2y—r<1+Lca> 1(8uy =81y Py = )l x
u

= 4Le Al (8uy — &1y huy — iy )l

The inequality above implies that the solution map S, ,, satisfies
1Su.y Guy - Puy) = Suy @lry - By )l < ALEAN 8y — 8y Puy — hyy ) llx

for all (gu,y, hu,) and (g,;’y, h;’y) € By(0,2L¢). Since 0 < ¢ < 1/4L A, this
implies that S, ,, is a strict contraction on By (0, 2L¢), which is a complete metric
space (as a closed subset of the Banach space &X'). By the fixed point theorem, we
conclude that there exists a unique (gy,y, fu,y) € Bx (0, 2Le) such that

Su,y(gu,yv hu,y) = (gu,y, hu,y) .
In other words, there exists a unique (gy, , h4,,,) Which is a solution of the problem
(72) in By (0, 2L¢). ]
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6.2. Removing the Penalization

Let f = fp(&) satisfy
froR=fp and [[(1+ [ED*VM follegs) < &

(with R as in (8)), and let (g, , hy4,,) be the unique solution to (72) given by
Proposition 6. Define

Rul f51(6):=8u,(0,&), &R, (76)

By Lemma 4,

(&1 + N [ulRl fp]) = (1 +w)X2[ulRu[f]) =0
— (E1+wX1guy) = (&1 +WVuguy) =0
= ﬁ{:gu,y = »Cgu,y -y + u)gu,y'

In that case, denoting
8u(x, g)::e_yxgu,y(xa &), hu(x)zze_yxhu,y(x) )
and

Ju(x,8):=gu(x, ) — hu(x)$u (&),

we see that

1 +u)dngu+Lgy=U =Py, fu) and g, = U —pu) fu,

while

hy(x) = —/0 e (Yu Q(fu, f))(x +2)dz and hy (xX)Pu(§) = —pu fu(x, §) .

In other words, f,, satisfies (13) together with the bound (14) with
E:=2Le max(1, Cz). 77)

(Notice that g, (0, &) = g,(0, &), so that the operator R, in (76) is indeed inde-
pendent of y.)

This estimate holds for all u satisfying |u| < R where R is defined in (52), and
all y € (0,y), where

7:=min<inf A(u), T, %v_> , (78)
|lu|<R

where I" is defined in (57), while Ay (u) is defined in Lemma 4. The constants L
and ¢ are defined in (71) and (75) respectively.

Conversely, if f, is a solution to the nonlinear half-space problem satisfying
the uniform exponential decay condition (14) for all u satisfying |u| < R and all
y € (0,7),wededuce from Lemma 3 that g,,:=(I —py) fu and hy,:={(E1 + )y, fu)
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satisfy (36) and (37) respectively, with Q = Q(f, f), while (gu.,, hy,,) defined
by the formulas

Buoy (6, 6) = €7@ (x, §) = € (I = Pu) fulx. §) 79
By = €7 hu(x) = €7 (1 + W)Y fu) ()

must satisfy the penalized nonlinear half-space problem (72).
And since (gy,» hy,y ) is a solution of (72) of the form (79) with f,(x,&) — 0
in $) as x — oo, one has

(1 + WXy guy)(x) =" (&1 + 1) X184)(x) =0

(because ((&1 + u)X 1 gy,) is constant and g, (x, -) — 0in $ as x — +00), and

(1 + W Pugu.y)(x) = e (1 + W Pugu)(x) =0

(because g,y (x, &) = e”* (I — py) fu(x, §)). Applying Lemma 4 shows that g, ,,
must therefore satisfy the conditions

(&1 + M)Y1[M]gu,y)(0) = ((&1 + M)Y2[M]gu,y>(0) =0,

or in other words,

(G +w N [u]Ru[ fp]) = (€1 + w2 [u]Ru[fp]) =0.

This completes the proof of Theorem 1.
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