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a b s t r a c t

Stochastic particle-based models are useful tools for describing the collective movement of large
crowds of pedestrians in crowded confined environments. Using descriptions based on the simple
exclusion process, two populations of particles, mimicking pedestrians walking in a built environment,
enter a room from two opposite sides. One population is passive — being unaware of the local envi-
ronment; particles belonging to this group perform a symmetric random walk. The other population
has information on the local geometry in the sense that as soon as particles enter a visibility zone, a
drift activates them. Their self-propulsion leads them towards the exit. This second type of species is
referred here as active. The assumed crowdedness corresponds to a near-jammed scenario. The main
question we ask in this paper is: Can we induce modifications of the dynamics of the active particles to
improve the outgoing current of the passive particles? To address this question, we compute occupation
number profiles and currents for both populations in selected parameter ranges. Besides observing the
more classical faster-is-slower effect, new features appear as prominent like the non-monotonicity of
currents, self-induced phase separation within the active population, as well as acceleration of passive
particles for large-drift regimes of active particles.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The pedestrian flows in agglomerated urban environments and
he dynamics of microscopic constituents in cellular membranes,
lasses, or supercooled liquids share an important feature: the
ynamics takes place in a crowded environment with obstacles
hat are often active (i.e., not necessarily fixed in space and
ime). The management of the dynamics in these kinds of sys-
ems is far from being understood mainly due to the fact that
he interplay between transport and particle–particle as well as
article–obstacle interactions is very complex; see, e.g., [1–4] and
eferences cited therein.

Exploring by means of computer simulations is an efficient
ool to shed light on the qualitative behavior of systems expe-
iencing countercurrent-like behavior, that are found extensively
n nature (think, for instance, of the heat exchange mechanism,
alled rete mirabile, in biological systems) and are advocated in a
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variety of engineering applications, e.g. in liquid chromatography
(in which the stationary phase is held in place by an external force
field), and in membrane-based gas separation technologies.

Depending on the level of observation, the modeling descrip-
tions refer to micro-, meso-, macro-levels, or to suitable (multi-
scale) combinations thereof (see, e.g., [5,6]). In this framework,
we consider a microscopic approach based on a modification of
the classical simple exclusion1 process formulated for two differ-
ent populations of interacting pedestrians (particles). Essentially,
two populations of particles, mimicking pedestrians walking in a
built environment, enter a room from two opposite sides with the
intention to cross the room and then exit from the door on the
opposite side of the room.

Because of its own unawareness or lack of prior knowledge of
the local environment, one population is passive, and hence par-
ticles belonging to this population perform a symmetric random
walk. On the other hand, the second population has information

1 A simple exclusion process refers to the stochastic motion of interacting
particles on a lattice where the interaction is given by the exclusion (excluded
‘‘volume’’ constraints) property, i.e., two particles may not occupy the same
site simultaneously. We refer the reader to [7] for rigorous considerations on
the simple exclusion model and its hydrodynamic limits and to [8] for a basic
modeling perspective.
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Fig. 1. Qualitative description of the model: red and blue dots represent active
nd passive particles, respectively. Active particles are pushed toward the exit in
he visibility zone. Outside the visibility region all particles move isotropically.
ctive particles enter the room through the left door and exit through the right
ne, while passive particles enter through the left door and exit through the
ight one. (For interpretation of the references to color in this figure legend,
he reader is referred to the web version of this article.)

n the local geometry, in the sense that as soon as particles enter
visibility zone, a drift activates them by sending them towards
he exit door, see Fig. 1. This type of particles is referred here as
ctive. The assumed crowdedness corresponds to a near-jammed
cenario. To fix ideas, the number of occupied sites in the room
s chosen to be of the order of the 60% from the total number of
vailable sites.2
In an evacuation due to an emergency situation (like fire and

smoke propagating in the building), the a priori knowledge of
the environment is certainly an advantage (cf., e.g., [10]). Hence,
from this perspective, if a quick evacuation is needed, then the
passive population has a disadvantage compared to the active
population. We are wondering whether we can compensate at
least partly this drawback, by managing intelligently the motion
of the active population. In other words, the main question we
ask in this paper is:

Q. Can we induce modifications of the dynamics of ac-
tive particles to improve the outgoing current of passive
particles?

The ingredients we have at our disposal are alterations either
n the drift parameter of the active particles, or in their visibil-
ty zone by fine-tuning a parameter for a nonlocal interaction
hat activates the drift-toward-exit. It is worth noting that the
atter feature is different from the nonlocal shoving of particles
roposed in [11].
To address the above question, we compute occupation

umber profiles and currents for both populations in selected
arameter ranges. Our numerical results exhibit the classical
aster-is-slower effect (see, e.g., [12] for experimental evidence
nd [13] for numerical simulations exhibiting this effect us-
ng Helbing’s social force model) and point out as well new
rominent features like the non-monotonicity of currents, the
elf-induced phase separation within the active population, as
ell as an acceleration of passive particles induced by a large drift
nd a large visibility zone of active particles.
This research was initiated in [14,15], motivated by our inten-

ion to estimate the mean residence time of particles undergoing
n asymmetric simple exclusion within a room in perfect contact
ith two infinite reservoirs of particles. Recent developments
eported in [3] brought us to study drafting effects via the dynam-
cs of mixed active–passive pedestrian populations in confined
omains with obstacles and exit doors, which mimicks a built
omplex environment.

2 Museums in highly touristic cities are examples of crowded areas; compare,
.g., with the situation of Galleria Borghese in Rome as described in [9].
Fig. 2. Schematic representation of our lattice model. Blue and red disks denote
passive and active particles, respectively. The rectangles of sites delimited by
the red contour denote the exit doors. Black and red arrows denote transitions
performed with rates 1 and 1+ ε1 or 1+ ε2 , respectively. (For interpretation of
he references to color in this figure legend, the reader is referred to the web
ersion of this article.)

. Model description

We consider a square lattice Λ = {1, . . . , L} × {1, . . . , L} with
L a positive odd integer, see Fig. 2. The set Λ is referred in this
context as room and its points x = (x1, x2) as sites. Two sites
at Euclidean distance one are called nearest neighbors. We call
horizontal and vertical the first and the second coordinate axes, re-
spectively. The horizontal and the vertical axes are, respectively,
right and up oriented.

The doors are the sets made of wL and wR neighboring sites in
the left-most and right-most columns of the room, respectively,
and symmetric with respect to its median row. This mimics the
presence of two distinct doors on the left and right boundaries of
the room. The odd positive integers wL, wR smaller than L will be
called width of the doors. Inside the room we define a rectangular
driven zone, namely, the visibility region V , made of the first Lv left
columns of Λ, with the positive integer Lv ≤ L called depth of the
isibility region. By writing Lv = 0, we refer to the case in which
o visibility region is considered.
The dynamics will be defined so that particles will be able to

xit the room only from sites belonging to the doors: jumps from
ther sites to the exterior of Λ will be forbidden.
We consider two different species of particles, i.e., active and

assive (we shall sometimes use in the notation the symbols A
nd P to refer to them), moving inside Λ with different dynamics.
he interaction of particles inside the room is modeled via a
imple exclusion random walk.
The passive particles enter through the left door and exit

hrough the right door. They perform a symmetric simple exclu-
ion dynamics on the whole lattice. Simultaneously, the active
articles enter through the right door and exit through the left
oor. They perform a symmetric simple exclusion walk outside
he visibility region, whereas inside such a region they experience
lso a drift pushing them towards the left door. In other words,
he whole room is obscure3 for the passive particles, while, for
he active ones, only the region outside the visibility region4 is
bscure. The model also includes two external particle waiting
ists, each of which is designed to collect particles of a given
pecies when these move out from the lattice Λ through their
xit door and to reinsert them back on the lattice through their
ntrance door.
More precisely, we consider NA active particles and NP passive

nes randomly distributed in the room at time zero, one per site.

3 We refer the reader to [14], where the authors discuss the gregarious
ehavior of crowds moving in the dark.
4 The concept of visibility region was introduced by the authors in [3].
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The motion of the particles is described by a continuous time
Markov chain that is rigorously defined in Appendix. In more
simple words, the dynamics is defined as follows: we first pick
two non-negative numbers ε1, ε2 ≥ 0 called the horizontal and
the vertical drift and, for any pair x = (x1, x2), y = (y1, y2) of
nearest neighbor sites in Λ we set ϵ(x, y) = 0, excepting for the
following cases:

– ϵ(x, y) = ε1 if x, y ∈ V and y1 = x1 − 1, namely, x and
y belong to the visibility region and x is to the right with
respect to y;

– ϵ(x, y) = ε2 if x, y ∈ V and y2 = x2 + 1 ≤ (L+ 1)/2, namely,
x belongs to the bottom part of the visibility region and x is
below y;

– ϵ(x, y) = ε2 if x, y ∈ V and y2 = x2−1 ≥ (L+1)/2, namely, x
belongs to the top part of the visibility region and x is above
y.

ext, we assume that particles move with the following rates:

– a passive particle leaves the room from a site in the right
door with rate 1;

– an active particle leaves the room from a site in the left door
with rate 1 + ϵ1;

– if the number nA of active particles in the room is smaller
than NA and the number of empty sites mR in the right door
is not zero then an active particle is added to a randomly
chosen empty site of the right door with rate [NA −nA]/mR;

– if the number nP of passive particles in the room is smaller
than NP and the number of empty sites mL in the left door
is not zero then a passive particle is added to a randomly
chosen empty site of the left door with rate [NP − nP]/mL;

– a passive particle moves inside Λ from a site to one of its
empty nearest neighbors with rate 1;

– an active particle moves from the site x inside Λ to its empty
nearest neighbor y inside Λ with rate 1 + ϵ(x, y).

We note that the quantities NA −nA and NP −nP represent the
umber of active, and, respectively, passive particles that exited
he room and entered their own waiting list at the considered
ime, whereas mL > 0 and mR > 0 are the number of empty sites
of the left and right doors at the same time.

The system will reach a stationary state, since passive particles
exiting the domain via the right door are introduced back in one
site randomly chosen among possible empty sites of the left door,
while active particles leaving the system through the left door are
introduced back also at one random site chosen among possible
empty sites of the right door. The total number of active and
passive particles in the room Λ is only approximatively constant
during the evolution. It slightly fluctuates due to the fact that
particles may enter waiting lists. On the other hand, the total
number of particles N in the system (considering both the room
and the waiting lists) is conserved.

In the study of this dynamics, the main quantity of interest
are the stationary outgoing fluxes or currents of active and passive
particles which are the values approached in the infinite time
limit by the ratio between the total number of active and passive
particles, respectively, that in the interval (0, t) exited through
the left and the right door and entered the waiting lists and the
time t . In order to discuss and to understand the behavior of
currents with respect to the model parameters, we shall also look
at the active and passive particles occupation number profiles of
active and passive particles, namely, we evaluate the stationary
mean value of the occupation numbers of active and passive
particles which is equal to one if a site is occupied by a particle
of the considered species or zero otherwise.
3. Numerical results

We compute the currents by applying directly the definition
given at the end of Section 2 and the occupation number profiles
as follows: we run the dynamics for a sufficiently long time (order
of 9 × 107 MC steps) so that the system reaches the stationary
state and then we average the occupation numbers for each site
of the room for the following 9 × 107 MC steps; we thus obtain
a function of x ∈ Λ taking values in the interval [0, 1].

The presence of two species fighting to get to opposing exit
doors reasonably reduces the intensity of the current that we
would expect to measure if a single species were present in the
room. We have tested this fact by running simulations for one
single species with the some dynamics as the one defined above
and with the same choice of parameters and we have found
currents that are typically three or four time larger.

In the following discussion the parameters are L = 30 and
A = NP = 280 and all of the simulations are done starting the
ystem from the same initial configuration chosen once for all
y distributing the particles at random with uniform probability.
ith such a choice of the parameters the number of occupied

ites in the room is of the order of the 60% of the total; indeed,
ur study, as explained in the introduction, aims at understanding
he behavior of the model in a crowded regime.

.1. The corridor model

In this subsection, the width of the doors is set equal to the
ize of the lattice, namely, wL = wR = L. In this case, it is natural
o limit the discussion to the scenario in which ε2 = 0, namely
nly the horizontal (longitudinal with respect to the position of
he doors) component of the drift is considered. To simplify the
otation, we shall also denote the longitudinal drift ε1 simply
y ε.
Among the different interesting results that we will discuss

n this section, we want to single out a very peculiar behavior:
ince only active particles experience the drift, changes of the
arameters Lv and ε act directly only on the active species.
evertheless, due to the exclusion interaction between the two
ifferent species, also the passive particles behavior will be af-
ected. In particular, we will see that a robust increase of the
isibility length Lv and the longitudinal drift ε will induce a
ignificant increase of the passive particle current.
In Fig. 3, we plot the passive and active particle currents for

our different values of the drift, i.e., ε = 0.05, 0.1, 0.15, 0.2,
hen the visibility length Lv is varied from 0 to L. We note that
he active particles current (open circles) increases with Lv up
o some value where it attains a maximum. This effect is visible
n all of the panels of Fig. 3, but the position and size of the
aximum changes. This effect is more prominent for the largest
alue of considered ε (see bottom right panel in Fig. 3). Moreover,
xcepting the smallest value of the drift ε = 0.05, soon after
he active particle current reaches its maximum, the passive and
ctive particle currents intersect so that, for the largest value of
he visibility length, the transport of passive particles becomes
ore efficient than that of active ones.
This behavior is interesting and not trivial for two reasons:

i) only active particles are driven and, hence, the parameters
e play with directly act only on their dynamics; (ii) when ε

nd Lv are increased, the active particle transport throughout
he corridor is expected to become more and more efficient.
o explain such an effect, we look at the stationary occupation
rofiles. In particular, we focus our attention to the case ε = 0.15,
amely, we closely analyze the bottom left panel in Fig. 3 and
he corresponding occupation number profiles plotted in Fig. 4.
n this figure, we have considered the cases L = 20, 25, 30 since
v



4 E.N.M. Cirillo, M. Colangeli, A. Muntean et al. / Physica D 413 (2020) 132651
Fig. 3. Corridor model: wide doors. Stationary currents of active (empty circles) and passive particles (solid disks) and cumulative current (empty squares) as functions
of Lv for ε = 0.05, 0.1, 0.15, 0.2 (lexicographical order). The black dashed lines are eye guides showing the value measured in the zero drift case.
Fig. 4. Corridor model: wide doors. Occupation number profile of passive (top row) and active (bottom row) particles at stationarity for ε = 0.15 and Lv = 20, 25, 30
(from left to right).
the switch in the active and passive particle currents is observed
around Lv = 25.

Looking at Fig. 4, we note that for Lv = 20, passive and active
particles mainly distributed close to their relative entrance doors,
namely, passive particles on the left and active particle on the
right. Nevertheless, a small depletion layer in the active particle
distribution can be observed around x = 20, which is precisely
the place where those particles enter the visibility regions. This is
an expected behavior: active particle entering such a region from
the right is accelerated towards the left and starts to accumulate
when they meet the passive particles standing at their left en-
trance. This behavior becomes more and more prominent when
the visibility length is increased; see the panels corresponding
to Lv = 25, 30, where the presence of the depletion region
and the accumulation of the active particles in the middle of
the room is more evident. As a consequence, when the visibility
length is increased, the right entrance is no more occupied by
active particles. This explains the observed increase in the passive
particle current.

Similar occupation profiles are found for the other values of
the longitudinal drift considered in Fig. 3. Hence, the behavior of
currents can be explained similarly. We do not report such pic-
tures because they do not add anything new to the understanding
of the behavior of our model.

In Fig. 5, we consider larger values of ε for a fixed visibility
length Lv = 7, 15, 23, 30. If Lv is smaller than 15, the passive
and, respectively, active particle currents decrease and increase
monotonically with respect to the drift ε ∈ [0, 1]. Moreover, to
a high current of active particle it corresponds a small current
of passive ones. This behavior is coherent with the occupation
number profiles reported in Fig. 6. We see an accumulation of
active particles at the right door, which prevents high passive
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o

Fig. 5. Corridor model: wide doors. Stationary currents of active (empty circles) and passive particles (solid disks) and cumulative current (empty squares) as functions
f ε for Lv = 7, 15, 23, 30 (lexicographical order). The black dashed lines are as in Fig. 3.
Fig. 6. Corridor model: wide doors. Occupation number profile of passive (top row) and active (bottom row) particles at stationarity for Lv = 15 and ε = 0.2, 0.4, 0.48
(from left to right).
particle currents, as well as a rather spread distribution of passive
particles in the left part of the room with minor accumulation at
the entrance, which allows high active particle currents.

The scenario changes drastically for larger values of the vis-
ibility length, see the bottom panels in Fig. 5 and, in particular,
focus the attention on the left one corresponding to Lv = 23.
Currents are not anymore monotonic functions of the drift, and,
at very low values of ε, the active particle current is higher than
the passive particle one, as soon as the drift exceeds a certain
value the latter overtakes the former. Consequently, we see again
that by increasing the drift of active particles, the transport of
passive ones is favored. This behavior can be explained as before
referring to the occupation number profiles reported in Fig. 7. The
first three columns are similar to those shown in Fig. 4 so that the
phenomenon can be explained similarly. However, in the fourth
column corresponding to ε = 0.35, a supplementary increase
in the occupation number profile of the active particles in the
middle region of the room is observed and this explains why for ε

large also the passive particle currents become negligible. In this
regime, a clogged configuration is eventually reached.

3.2. Room model: effect of the doors

In this section, we discuss the effect of the doors on the
dynamics of our model. In the sequel, the width of the doors
is taken to be smaller than the side length of the lattice. In
particular, we consider the case in which the doors have equal
widths wL = wR = 14, hence their capacity is reduced compared
to the corridor model described in Section 3.1. Longitudinal and
transversal (i.e., vertical) components of the drift, namely, ε1 and
ε are chosen equal and will be simply denoted by ε.
2
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Fig. 8. Room model: smaller doors. Stationary currents of active (empty circles) and passive particles (solid disks) and cumulative current (empty squares) as functions
f Lv for ε = 0.05, 0.1, 0.15, 0.2 (lexicographical order). The black dashed lines are as in Fig. 3.
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Since the results are similar to those that we have found in
he corridor case of Section 3.1, we do not repeat the discussion
n detail. Instead, we bound ourselves to highlight the few key
ifferences that can be observed.
Figs. 8 and 9 are analogous to Figs. 3 and 4. The only difference

s the shape of the region where particles accumulate which is
trongly influenced by the presence of the door and by the pres-
nce of the transversal drift. The door gives the rounded shape
o the occupation number profile of active particles close to their
ntrance, whereas the transversal drift induces the formation of
‘‘droplet’’ in the central region of the room.
Figs. 10–12 are analogous to Figs. 5–7. It appears that active

articles separate in two distinct groups. It looks to be a self-

nduced phase separation within the own population. The shape w
f the droplet is very much affected by the geometry of the room
nd the size of the door.
As a final comment, we report that, as we already mentioned

t the very beginning of Section 3, we have performed some
imulations of the model in absence of passive particles, namely,
hen just active particles are present in the lattice. The behavior
f the current that we find is absolutely standard: the current
ncreases monotonically both with respect to the drift and to the
isibility length.
We find an interesting effect to point out, see Fig. 13: due to

he transverse component of the drift, we see particles tending to
ccumulate in the central part of the room. Moreover, depending
n the visibility length, they can form a central droplet detached
rom the inlet right door. Additionally, we also remark that it

ould be worth investigating the highlighted sensitivity of the
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Fig. 9. Room model: smaller doors. Occupation number profile of passive (top row) and active (bottom row) particles at stationarity for ε = 0.15 and Lv = 21, 25, 30
from left to right).
Fig. 10. Room model: smaller doors. Stationary currents of active (empty circles) and passive particles (solid disks) and cumulative current (empty squares) as
unctions of ε for Lv = 7, 15, 23, 30 (lexicographical order). The black dashed lines are as in Fig. 3.
tationary currents to changes of either the drift parameter or
he length of the visibility region from the point of view of
tatistical mechanics. In particular, an open question is whether
he observed presence of a non-monotonicity in the behavior
f the current as a function of ε and Lv is compatible with the

validity of standard fluctuation-response relations [16,17].
As closing note for this discussion, we mention the refer-

ence [18]. Here the authors have collected pedestrian traffic data
in a railways station which contains detailed information on the
dynamics of single and bi-directional flows. As further research,
it would be interesting not only to attempt to identify based on
the recorded Kinect images from [18], which pedestrian is active
and which one is in fact passive, but also to measure in a suitable
way the overall effect of the dynamics of active pedestrians on
the passive ones. A suitable clustering of such sets of data could
provide us with a concrete framework to bring our model towards
the experimental range opening up this way possibilities for
an automatic pedestrian traffic management designed for mixed
populations of pedestrians.

4. Conclusion

Based on the results detailed in Section 3, we see that if
active particles undergo a non-zero drift and the visibility zone
is sufficiently large, then the outgoing flux of passive particles
improves. This is essentially the answer to the question Q. posed
in the introduction. It is due to the fact that, in this regime, active
particles move quickly far from their entrance door. In this way
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Fig. 11. Room model: smaller doors. Occupation number profile of passive (top row) and active (bottom row) particles at stationarity for Lv = 15 and
ε = 0, 0.15, 0.35, 0.45 (from left to right).

Fig. 12. Room model: smaller doors. Occupation number profile of passive (top row) and active (bottom row) particles at stationarity for Lv = 23 and
ε = 0, 0.15, 0.2, 0.3 (from left to right).

Fig. 13. Room model: smaller doors. Occupation number profile at stationarity in a simulation without passive particles. Top row: ε = 0.8 and Lv = 7, 15, 23, 30
(from left to right). Bottom row: Lv = 23 and ε = 0, 0.15, 0.5, 0.8 (from left to right).
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their entrance door becomes a free exit for the passive particles.
The dynamics is still slow mainly because active particles succeed
to jam around the center part of the room, slowing down the
overall dynamics.

The population of active particles segregates in two different
structures: one is an agglomeration located in the proximity of
the entrance door, the other is a droplet in the center of the
visibility zone. This is a consequence of the combined action
of longitudinal and transversal drifts. On the other hand, if the
transversal drift is not active, we still have an agglomeration in
the central part of the visibility region, as we have observed in the
corridor model. Its shape is not anymore a droplet but a vertical
strip.

The fact that the flux of passive particles can be controlled via
the active particle dynamics has been observed for a specific ge-
ometry and for a specific dynamics. The same kind of analysis can
be done for concrete urban geometries, multiple populations of
pedestrians, and different dynamics, providing potentially useful
information for large crowd management.
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Appendix. Rigorous definition of the dynamics

The state of the system is a configuration η ∈ Ω = {−1, 0, 1}Λ

and we say that the site x is empty if ηx = 0, occupied by an
active particle if ηx = 1, and occupied by a passive particle if
ηx = −1. The number of active (respectively, passive) particles in
the configuration η is given by nA(η) =

∑
x∈Λ δ1,ηx (respectively,

nP(η) =
∑

x∈Λ δ−1,ηx ), where δ·,· is Kronecker’s symbol. Their sum
is the total number of particles in the configuration η.

Picked the positive integers NA and NP and set N = NA + NP,
the dynamics is the continuous time Markov chain η(t) on Ω with
initial configuration η(0) such that nA(η(0)) = NA and nP(η(0)) =

NP and rates c(η, η′) defined as follows (recall the function ϵ(x, y)
is defined in Section 2): we let the rate c(η, η′) be equal

– to 1 if η′ can be obtained by η by replacing with 0 a −1 at
the right door (passive particles leave the room);

– to 1 + ϵ(x, y) if η′ can be obtained by η by replacing with 0
a 1 at the left door (active particles leave the room);

– to [NA −nA(η)]/mR if the number of empty sites in the right
door is mR > 0 and η′ can be obtained by η by adding a 1
at one of the empty sites of the right door;

– to [NP − nP(η)]/mL if the number of empty sites in the left
door is mL > 0 and η′ can be obtained by η by adding a −1
at one of the empty sites of the left door;

– to 1 if η′ can be obtained by η by exchanging a −1 with
a 0 between two neighboring sites of Λ (motion of passive
particles inside Λ);
– to 1+ ϵ(x, y) if η′ can be obtained by η by exchanging a +1
at site x with a 0 at site y, with x and y nearest neighbor
sites of Λ (motion of active particles inside Λ);

– to 0 in all the other cases.

We stress that, at time t , the quantities NA − nA(η(t)) and
NP − nP(η(t)) represent the number of active, and, respectively,
passive particles that exited the room and entered their own
waiting list at time t , whereasmL > 0 andmR > 0 are the number
of empty sites of the left and right doors at time t .

We simulate the model introduced above and in Section 2
using the following scheme: at time t , we extract an exponential
random time τ with parameter the total rate

∑
ζ∈Ω c(η(t), ζ ) and

set the time equal to t + τ . We then select a configuration using
the probability distribution c(η(t), ξ )/

∑
ζ∈Ω c(η(t), ζ ) and then

set η(t + τ ) = ξ .
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