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Abstract

In this thesis we study a mathematical model that describes task partitioning
in a colony of ants. This process of self-organization is modeled by a nonlinear
coupled system of first order autonomous ordinary differential equations. We
discuss how this system of equations can be derived based on the behavior of
ants in a colony. We use GNU Octave (a high-level programming language)
to solve the system of equations numerically for different sets of parameters
and show how the solutions respond to changes in the parameter values.

Finally, we prove that the model is well-posed locally in time. We rewrite
the system of ordinary differential equations in terms of a system of coupled
Volterra integral equations and look at the right-hand side of the system as
a nonlinear operator on a Banach space. By doing so, we have transformed
the problem of showing existence and uniqueness of solutions to a system
of ordinary differential equations into a problem of showing existence and
uniqueness of a fixed point to the corresponding integral operator. Addi-
tionally, we use Grönwall’s inequality to prove the stability of solutions with
respect to data and parameters.

Keywords: Social insects, Ants, Task partitioning, Self-organization, Non-
linear operators, Dynamical systems, Fixed point theorems.
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Chapter 1

Introduction

Population dynamics models are a useful tool in biology. Relying on such
models, we are sometimes able to predict the dynamics of a biological popu-
lation and to find in this way causes of why a population declines or growths.
One classical example, where population models have played an important
role, is the stopping of the decline of the loggerhead sea turtle population in
the United States [2]. Until the 1980s much effort had been focused on the
protection of the nests and eggs, but after an analysis of population models,
scientists could discover that the growth rate was much more proportional to
the survival of adult turtles compared to the survival of hatchlings. Turtle
excluder devices were then invented on the shrimp trawls which finally had
a very positive impact on the population of loggerhead sea turtles.

Many of the population dynamics models are based on differential equa-
tions and, in particular, on systems of first order ordinary differential equa-
tions (ODE’s). This comes up very naturally since we often want to see
how temporal changes for spatially homogeneous situations in one popula-
tion (or quantity) affect other populations. For practical purposes, we are
satisfied with having a model that one can solve numerically on a computer,
that gives good predictions when compared to experiments and is stable with
respect to perturbations in the data. From a mathematical point of view,
we are interested in putting the model equations in some more general theo-
retical framework to prove existence, uniqueness and stability of the solution.

In this thesis, we study the dynamics of a colony of ants. Ants are very
adaptable insects that can be found on all continents except for Antarctica.
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Ants form colonies that, for some species, can consist of millions of individ-
uals. It is simply fantastic how they manage to self-organize by handling
efficiently different tasks such as collecting food, defend the nest, brood care,
etc., without having a clearly defined hierarchical structure. Ants have a
clear division of labour, optimized communication between individuals, and
have a strong ability to solve complex problems together.

Ants are closely related to wasps and bees, which are all social insects
that share several abilities. We ask ourselves how a colony of ants, that con-
sists of millions of individuals, manage to communicate with each individual
member, such that every individual knows what to do. This self-organization
behavior is what we want to investigate here.

In this thesis, we consider a model for the hunting behavior in a colony
of Ectatomma ruidum ants. E.ruidum ants are found in a large area from
Southern Mexico to Northern Brazil, and is one of the most common ants in
Central America. In reality, E.ruidum are predators, scavengers, and collec-
tors of nectar [11], but in our model we are going to look exclusively at their
hunting behavior and neglect all the other activities they may have.

The model we are using here is taken from a paper published by Thomas
Schmickl and Istvan Karsai [11] and it is based on previous task partition-
ing models of ants. The model is based on empirical data and the modeled
colony reacts qualitatively similar to the real colonies tested in experiments
[11]. Many of these self-regulation models work in a similar way for many
kinds of social insects, since they are all based on variables that measures
saturation level of food, food sources etc. Such organisation behaviour can
also be of interest for other fields of science (ants are very good to optimize
the behaviour of a big colony by some small simple rules for each individual).
Maybe we can learn from ants how to optimize transportation-system, com-
puter systems and algorithms. Essentially, we are interested in how small
simple rules of individual objects can create complex and advanced systems
on larger scale.

To have a good model, the most important criteria include that the mod-
els predictions match the experimental data and that the model is math-
ematically well-posed. A model is said to be well-posed if it satisfies the
following conditions:
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• A solution exists;

• The solution is unique;

• The solutions behavior depends continuously with respect to initial
data and parameters.

It can sometimes be very hard to prove that a model is well-posed. For
instance, sometimes one might only be able to prove the existence of solu-
tions locally, or, the uniqueness might be out of reach. The concern of such
program depends on the structure of the model equations. The model that
we want to study here consists of a nonlinear coupled system of ordinary
differential equations.

The main tools that we are going to use to prove existence and unique-
ness of (classical) solutions is the fixed point theory for operators over Banach
spaces. To be able to use these tools, we will have to prove some topological
properties and different types of continuity for an operator that corresponds
to our system of differential equations.

The thesis is organized as follows: In Chapter 2 we discuss the structure
of the model in terms of a system of coupled nonlinear ordinary differential
equations. Trusting the paper [11], we divide the colony into two groups,
hunters and nestworkers. We are mainly interested in the hunting ants,
which are partitioned further into three groups, stingers, transporters, and
undecided. Stingers are specialized in killing prey and other ants, transporters
are specialized to transport corpses to the nest, while undecided are the
hunting ants without any task. In our model, we study how the colony
self-regulates the hunters depending on three quantities: the level of prey
around the nest, the level of corpses around the nest, and the level of corpses
inside the nest. We are going to measure the saturation level of these three
quantities in terms of common-stomach variables. The saturation level of
the common-stomachs provides information to each individual ant, so that
they can adjust their hunting behavior accordingly by engaging in or by
abandoning from the stinging or the transporting tasks.

In Chapter 3 we use GNU Octave to solve numerically the system of
differential equations from Chapter 2 and to see how the solutions react to
changes in the parameter values. This is the place where we explain the
effects of the model parameters on the solution.
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The well-posedness of the model is dealt with in Chapter 4. We prove
the existence (and uniqueness) with the help of Banach fixed-point theorem
and of Leray-Schauder fixed-point theorem. We will look at the right-hand
side of the equation as an operator on a Banach space where the fixed points
to the operator are in fact solutions to the evolution system. In the last part
of the chapter, we prove the stability of solutions by the help of Grönwall’s
inequality.

In Chapter 5 we briefly discuss our main findings. The appendices contain
proofs of some of the theorems used in Chapter 4.
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Chapter 2

Modeling tasks allocation

The role of this chapter is to present the model equations introduced in [11]
to capture numerically a possible policy for task allocation in big colonies of
ants. We refer to Fig.1.1 for a schematic overview of an ant colony.

2.1 Setting of the model equations

We are going to present the equations that describe the partition of tasks in
a colony of Ectatomma ruidum ants, based on the levels of prey and prey
corpses in the surrounding of a given nest. In this context, we handle five
unknowns, all functions of time, that describe the number of ants involved
in each task and the number of prey and corpses in and outside the nest.
These unknown functions are: the number of stinger ants S(t), the number
of transportation ants T (t), the number of prey in the hunting area P (t), the
number of corpses outside the nest C(t), and the number of corpses inside
the nest N(t). All these quantities are assumed to be homogeneous in space.

The ants that deal with transportation of corpses and with stinging preys
are called hunters. The number of hunters is measured by the parameter nhunt
and is calculated by the formula

nhunt = ncolony ·
0.0795

ncolony0.1309 − 1.22
,

which gives good estimates for colony sizes between 10 and 1000 ants; see
Ref.[11]. From this formula we also see that the share of hunting ants de-
creases as the colony size gets bigger. The function U(t) describes the number
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of undecided hunters at time t ≥ 0, which is the hunters without any task.
So, U(t) = nhunt − S(t)− T (t).

We model the change of the quantities of S(t), T (t), P (t), C(t), and N(t),
by a system of five first order ordinary differential equations. Each equation
consists of two blocks and has the simple structure

change in quantity = income - outcome ,

where the income, for example, can be the recruitment of stinger ants, the
influx of prey etc., while the outcome can be the abandonment of stinging
task, killed prey per minute, and so on. The big picture of the model is
very simple and intuitive, but, what makes it complex is that each equa-
tion contains a set of further quantities Ψ(t),Ω(t) and Φ(t) that we call the
common-stomach variables. The common-stomach variables measures the
saturation levels of prey P (t) and corpses in and outside the nest C(t) and
N(t) and they should all lie in the interval [0, 1]. In other words, when the
maximum capacity of corpses in the nest N(t) is reached, then, the common-
stomach variable, which measures the saturation level of corpses inside the
nest Φ(t), will be equal to 1. On the other hand, if N(t) ≡ 0, then Φ(t) ≡ 0.

In this framework, we make the following assumptions in our model:

• the hunting area is fixed;

• the influx of prey into the hunting area is constant and the prey does
not leave the hunting area;

• the only corpses around the nest is killed prey (killed by stinger ants);

• the ants do not die nor reproduce;

• the undecided hunting ants walk around randomly in the hunting area.

Modeling stinger behavior

The change in the number of stingers is modeled by means of two blocks, one
that measures the recruitment of stingers with respect to time and one that
measures the abandonment of stingers with respect to time. The difference
between these two blocks gives the rate of change of stinger ants with respect
to time.The recruitment process of stingers is modeled by αstingΨ(t)U(t),
where αstingΨ(t) is the recruitment rate of stingers and the function U(t) is
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the number of undecided hunting ants. Here, αsting is a constant and Ψ(t) is
the dimensionless common-stomach variable defined by

Ψ(t) =
number of prey(outside)

limit capacity of prey(outside)
=

P (t)

KpreyAarea
, t ≥ 0.

Ψ(t) measures the saturation level of prey in the hunting area. The constant
Aarea is the size of the hunting area (in cm2) and Kprey is the limit density
of prey in the hunting area (prey per cm2).

The second block βstingS(t) is a model for the abandonment process,
where the constant βsting is the abandonment rate of stingers which is equiv-
alent to one over the average time that an ant keeps up with the stinging
task. So, the following differential equation of first order describes the rate
of change of stinger ants in the colony

dS

dt
(t) = αstingΨ(t)U(t) − βstingS(t) for t ≥ 0. (2.1)

The common-stomach variable Ψ(t) plays a major role in the recruitment
process. If there for example are few prey in the hunting area, then the
recruitment rate αstingΨ(t) will be low. On the other hand, if there are a
lot of prey the recruitment rate αstingΨ(t) will be high (close to αsting). So,
one can say that the variable Ψ(t) represents some kind of communication
between the quantity of prey P (t) and the recruitment rate of stingers.

Modeling transporters behavior

We now describe the rate of change in the quantity of transporter ants. This
process is again modeled by two blocks: αtranΩ(t)U(t) and
βtranΦ(t)T (t). The first block describes the recruitment process of undecided
ants to the transporting task. The term αtranΩ(t) is the recruitment rate
of transporters, where αtran is a constant and Ω(t) is the common-stomach
variable defined by

Ω(t) =
number of corpses (outside)

limit capacity of corpses (outside)
=

C(t)

KcorpseAarea
, t ≥ 0.

Ω(t) measures the saturation level of corpses in the hunting area. The con-
stant Kcorpse is the limit density of corpses in the hunting area (corpse per
cm2), while C(t) is the number of corpses in the hunting area. The second
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block models the abandonment process of transporters. The term βtranΦ(t)
is the abandonment rate of transporters, where βtran is a constant and Φ(t)
is the common-stomach variable defined by

Φ(t) =
number of corpses (per worker)

limit capacity of corpses (inside)
=

N(t)

Knestnnestworkers
, t ≥ 0.

Φ(t) measures the saturation level of corpses in the nest. The constant Knest

is the limit density of corpses (corpse per nestworker) inside the nest and
nnest is the number of ants in the colony that are not hunters, i.e. they are
working in the nest. Hence, the following differential equation describes the
change in the quantity of transporter ants in the colony

dT

dt
(t) = αtranΩ(t)U(t) − βtranΦ(t)T (t) for t ≥ 0. (2.2)

Note that in (2.2), we have two common-stomach variables Ω(t) and Φ(t).
In other words, the change of transporter ants is affected by both the amount
of corpses in the hunting area and the amount of corpses inside the nest. If
the number of corpses in the hunting area increases, then the recruitment will
increase. On the other hand, if the number of corpses in the nest increases,
then the recruitment of transporters decrease.

Modeling the behavior of the prey

In this model we have a constant influx of prey into the hunting area, rep-
resented by the constant ξprey. So, the first block in the prey equation is
simply ξprey. The second block describes the number of prey that are killed
each minute. This process is modeled by λkillΨ(t)S(t), where λkillΨ(t) is the
killing rate per minute, i.e. the quantity of prey that are killed each minute
per stinger ant. So, this process depends on both the number of prey (Ψ(t)
is a function of P (t)) and the number of stinger ants.

The following differential equation describes the change in quantity of
prey in the hunting area

dP

dt
(t) = ξprey − λkillΨ(t)S(t) for t ≥ 0. (2.3)

When the quantity of prey P (t) increases, the number of corpses will increase
as well. This will reduce the growth of prey or even make it negative. Hence,
the increase of prey will always slow down as the number of prey is getting
bigger.
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Modeling the number of corpses in the hunting area

The block that describes the income of new corpses in the hunting area is the
same as the second block in the previous model, that is λkillΨ(t)S(t). The
only way to get new corpses in the hunting area is to kill a prey (this is one of
the assumptions we made). The second block of the equation describes how
many corpses that are transported away from the hunting area into the nest.
This role is played by the transporter ants. We choose λtranΩ(t)(1−Φ(t))T (t),
where λtranΩ(t)(1 − Φ(t)) is the transportation rate per minute, that is,
the quantity of corpses that are transported to the nest each minute per
transporter ant. As we can see, the transportation rate depends on both the
saturation level of corpses in the hunting area and the saturation level of
corpses in the nest. If there are no corpses in the hunting area (Ω(t) = 0),
then, naturally, it is not possible to transport any corpses. On the other
hand, if the nest is full of corpses (Φ(t) = 1), it is not possible to transport
any more corpses into the nest. In both these cases, the transportation rate
will be zero. The biggest transportation rate occurs when the hunting area
is full and the nest is empty, then Ω(t)(1− Φ(t)) = 1.

The following differential equation describes the change in quantity of
corpses in the hunting area:

dC

dt
(t) = λkillΨ(t)S(t) − λtranΩ(t)(1− Φ(t))T (t) for t ≥ 0. (2.4)

Equation (2.4) includes all three common-stomach variables and depends
on all the five unknowns. That makes the evolution of C(t) quite hard to
predict a priori.

Modeling the number of corpses in the nest

In this context, the first block λtranΩ(t) (1− Φ(t))T (t) is a model of the in-
come of corpses in the nest. This is the same as the second term in the
previous equation, since the only influx of corpses into the nest is provided
from the ones that get transported from the hunting area to the nest by
the transporter ants. The second block of the equation describes the con-
sumption of corpses in the nest. We assume that the colony has a constant
consumption rate of corpses λconsume. That is, the colony consumes a certain
percentage of the corpses in the nest N(t) each minute. So, the second block
is λconsumeN(t).
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This equation describes the change in quantity of corpses in the nest

dN

dt
(t) = λtranΩ(t) (1− Φ(t))T (t) − λconsumeN(t) for t ≥ 0. (2.5)

2.1.1 Common-stomach variables

The common-stomach variables are dimensionless communication variables
that give ants information about the saturation levels of prey and corpses.
They also regulate the number of ants in each working task, trying to increase
efficiency.

Since,

Ψ(t) :=
number of prey (outside)

limit capacity of prey (outside)
=

P (t)

KpreyAarea
,

we see that Ψ(t) should lie in the interval [0, 1]. Since,

Ω(t) :=
number of corpses (outside)

limit capacity of corpses (outside)
=

C(t)

KcorpseAarea
,

we see that also Ω(t) should lie in the interval [0, 1]. Similarly,

Φ(t) :=
number of corpses (inside)

limit capacity of corpses (inside)
=

N(t)

Knestnnest

should lie in the interval [0, 1].
So to have a physically relevant meaning, we should have

0 ≤ Ψ(t),Ω(t),Φ(t) ≤ 1 for all t ∈ [0, Tfin). Here Tfin denotes the final time
which we observe in the evolution of our ant colony. If the common-stomach
variables are out of the legal bounds, then P (t), C(t), N(t) are either negative
or they exceed their maximum values. These are physically unacceptable
solutions.

The common-stomach variable Φ(t) can never be greater than one, since
if we look at (2.5) we can see that the left block will turn negative right
when Φ(t) = 1 and this will decrease Φ(t). This fact is equivalent to say that
we expect N(t) to be bounded above by Knestnnest i.e. N(t) ≤ Knestnnest
for all t ∈ [0, Tfin). Note that this eventually implies the positivity and
boundedness of S(t), T (t), P (t), C(t), and N(t). However, a rigorous proof is
still needed to reach this conclusion.

The stock and flow diagram (Fig. 2.1) is a good way to illustrate the
overview of the task partitioning in an ant colony.
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Fig. 2.2: Stock and flow diagram.

2.1.2 Summary of the equations

Let Tfin ∈ (0,∞) be the final observation time of the colony. For all t ∈
(0, Tfin), the vector (S(t), T (t), P (t), C(t), N(t)) is supposed to satisfy the
following coupled system of first order nonlinear differential equations:

dS

dt
(t) = αstingΨ(t)U(t) − βstingS(t)

dT

dt
(t) = αtranΩ(t)U(t) − βtranΦ(t)T (t)

dP

dt
(t) = ξprey − λkillΨ(t)S(t)

dC

dt
(t) = λkillΨ(t)S(t) − λtranΩ(t)(1− Φ(t))T (t)

dN

dt
(t) = λtranΩ(t)(1− Φ(t))T (t) − λconsumeN(t),

(2.6)
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Parameters Value Unit
αsting 0.06 1/min
αtran 0.04 1/min
τsting 33 min
τtran 48 min
βsting 1/τsting 1/min
βtran 1/τtran 1/min
λkill 0.33 (prey/ant)/min
λtran 0.22 (prey/ant)/min
λconsume 0.01 1/min
Kprey 7 prey/cm2

Kcorpse 7 prey/cm2

Knest 0.1 prey/ant
Aarea 52.8 cm2

ncolony 500 ants
ξprey 0.25 prey/min

Standard initial values are: S(0), T (0), P (0), C(0), N(0) = 0.

Table 2.1: Standard parameter values for the model (2.6)-(2.7).

with the initial conditions

S(0) = S0, T (0) = T0, P (0) = P0, C(0) = C0 and N(0) = N0. (2.7)

In (2.7) we take S0, T0, P0, C0, N0 ∈ [0,∞). It is also worth noting that all
parameters entering (2.6) are positive.

The standard values for the model parameters are indicated in Table.
2.1. All values are taken from Schmickl, Karsai [11] and are experimentally
verified.
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2.2 Reformulation of the model (2.6)-(2.7)

By using the definitions of the common-stomach variables Ψ(t),Ω(t),Φ(t),
and of the function U(t), the system (2.6) can be rewritten as

dS

dt
(t) =

αsting
KpreyAarea

P (t) (nhunt − S(t)− T (t))− βstingS(t)

dT

dt
(t) =

αtran
KcorpseAarea

C(t) (nhunt − S(t)− T (t))− βtran
Knestnnest

N(t)T (t)

dP

dt
(t) = ξprey −

λkill
KpreyAarea

P (t)S(t)

dC

dt
(t) =

λkill
KpreyAarea

P (t)S(t)− λtran
KcorpseAarea

(
1− N(t)

Knestnnest

)
C(t)T (t)

dN

dt
(t) =

λtrans
KcorpseAarea

(
1− N(t)

Knestnnest

)
C(t)T (t)− λconsumeN(t).

Set χ(t) := (S(t), T (t), P (t), C(t), N(t)) and,

f1(χ(t)) :=
αsting

KpreyAarea
P (t) (nhunt − S(t)− T (t))− βstingS(t),

f2(χ(t)) :=
αtran

KcorpseAArea
C(t) (nhunt − S(t)− T (t))− βtran

Knestnnest
N(t)T (t),

f3(χ(t)) := ξprey −
λkill

KpreyAarea
P (t)S(t),

f4(χ(t)) :=
λkill

KpreyAarea
P (t)S(t)− λtran

KcorpseAarea

(
1− N(t)

Knestnnest

)
C(t)T (t),

f5(χ(t)) :=
λtran

KcorpseAArea

(
1− N(t)

Knestnnest

)
C(t)T (t)− λconsumeN(t).

We can now rewrite our system of differential equations in vector form

dχ(t)

dt
= f(χ(t)) (2.8)

with the initial condition χ(0) = χ0, where

f(χ(t)) := (f1(χ(t)), f2(χ(t)), f3(χ(t)), f4(χ(t)), f5(χ(t))),

χ0 := (S0, T0, P0, C0, N0). (2.9)
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Furthermore, we can rewrite the above system of differential equations
as a nonlinear system of integral equations of Volterra type on some local
interval [0, τ ] ⊂ [0, Tfinal), that is

χ(t) = χ(0) +

∫ t

0

f(χ(s))ds. (2.10)

2.3 Nondimensionalization of (2.6)-(2.7)

Parameter/Variable Unit Description
S(t) ants Number of stinger ants
T (t) ants Number of transporter ants
P (t) preys Number of prey in the hunting area
C(t) preys Number of corpses in the hunting area
N(t) preys Number of corpses in the nest
Ψ(t) 1 Saturation level of prey in the hunting area
Ω(t) 1 Saturation level of corpses in the hunting area
Φ(t) 1 Saturation level of corpses in the nest
ncolony ants Number of ants in the colony
nhunt ants Number of hunting ants
nnest ants Number of ants that are not hunters (ncolony − nhunters)
U(t) ants Numbers of undecided hunting ants
αsting 1/min Recruitment rate of stinger ants
αtran 1/min Recruitment rate of transporters ants
τsting min Average time keeping the stinging task
τtran min Average time keeping the transporting task
βsting 1/min Abandonment rate of stinger ants
βtran 1/min Abandonment rate of transporter ants
λkill (prey/ant)/min Stinging rate
λtran (prey/ant)/min Transporting rate
λconsume 1/min The fraction of corpses consumed in the nest
Kprey prey/cm2 Limit capacity of prey in the hunting area
Kcorpse prey/cm2 Limit capacity of corpses in the hunting area
Knest prey/ant Limit capacity of corpses in the nest
Aarea cm2 Size of the hunting area
ξprey prey/min Influx of prey in the hunting area

Table 2.2: Overview on the notation.

All functions and parameters entering our system (2.6)-(2.7) have di-
mensions (except for the common-stomach variables, which are by definition
dimensionless) as we can see in Table 2.2. By rescaling we can obtain a
dimensionless system. Dimensionless formulations are useful because they
allow the analysis of the system, regardless of the units used to measure the
variables and parameters. It can also be helpful to rescale the parameters and

19



variables so that all computed quantities are of relatively similar magnitudes.
Sometimes this procedure reduce the number of parameters.

If we divide each of our solutions S, T, P, C,N by some constants S∗, T∗, P∗, C∗, N∗
with the same unit as the solutions, we create the dimensionless functions:

x1(t) = S(t)/S∗, x2(t) = T (t)/T∗, x3(t) = P (t)/P∗, x4(t) = C(t)/C∗,

x5(t) = N(t)/N∗.

Similarly, our time variable can be turned into a dimensionless variable by
τ = t/γ. Herewith we are led to dimensionless functions depending on a
dimensionless variable.

With the notations from Table 2.2 at hand, the original system becomes:

S∗dx1
γdτ

(τγ) =
αsting

KpreyAarea
P∗x3(τγ) (nhunt − S∗x1(τγ)− T∗x2(τγ))

−βsting · S∗x1(τγ)

T∗dx2
γdτ

(τγ) =
αtran

KcorpseAarea
C∗x4(τγ)(nhunt − S∗x1(τγ)− T∗x2(τγ))

− βtran
Knestnnest

N∗x5(τγ)T∗x2(τγ)

P∗dx3
γdτ

(τγ) = ξprey −
λkill

KpreyAarea
P∗x3(τγ)S∗x1(τγ)

C∗dx4
γdτ

(τγ) =
λkill

KpreyAarea
P∗x3(t)S∗x1(τγ)

− λtran
KcorpseAarea

(
1− N∗x5(τγ)

Knestnnest

)
C∗x4(τγ)T∗x2(τγ)

N∗dx5
γdτ

(τγ) =
λtran

KcorpseAarea

(
1− N∗x5(τγ)

Knestnnest

)
C∗x4(τγ)T∗x2(τγ)

−λconsumeN∗x5(τγ).

We choose the following combination of parameters:

P∗ := KpreyAarea, C∗ := KcorpseAarea, N∗ := Knestnnest,

S∗ := T∗ = nhunt, γ :=
1

λconsume
.
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Now, we obtain the dimensionless system

dx1
dτ

(τγ) =
αsting
λconsume

(x3(τγ)− x1(τγ)x3(τγ)− x3(τγ)x2(τγ))

− βsting
λconsume

x1(τγ)

dx2
dτ

(τγ) =
αtran

λconsume
(x4(τγ)− x4(τγ)x1(τγ)− x2(τγ)x4(τγ))

− βtran
λconsume

x5(τγ)x2(τγ)

dx3
dτ

(τγ) =
ξprey

KpreyAareaλconsume
− λkillnhunt
KpreyAareaλconsume

x1(τγ)x3(τγ)

dx4
dτ

(τγ) =
λkillnhunt

KcorpseAareaλconsume
x1(τγ)x3(τγ)

− (1− x5(τγ))
λtrannhunt

KcorpseAareaλconsume
x2(τγ)x4(τγ)

dx5
dτ

(τγ) =
λtrannhunt

Knestnnestλconsume
(1− x5(τγ))x2(τγ)x4(τγ)− x5(τγ)

with initial condition

x(0) = (S0/S∗, T0/T∗, P0/P∗, C0/C∗, N0/N∗).

As a consequence of the nondimensionalization, we reduced the number
of distinct parameters from eleven to nine. We remark that nondimension-
alization can help us with understanding the numerical simulations of the
system. For instance, note:

• If the computed quantities vary much in magnitude it can sometimes
be hard to see how they affect each other. But if we choose proper
constants to rescale the solutions such that they are all of relatively
similar magnitudes, comparison is then easier.

• Rescaling the time variable allows zooming-in and zooming-out per-
spectives on the behavior of the solutions.

We will not use any rescaling or nondimensionalization in our simulations,
but it could be helpful if we would like to extend the results later.
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Chapter 3

Simulation of (2.6)-(2.7)

In this chapter, we are going to solve numerically the system of differential
equations (2.6)-(2.7) for different choices of parameter values. By means of
simulations, we want to see how the vector of solutions behaves with respect
to changes in parameter values. The hope is to obtain behaviors compatible
with the physical/biological features implemented in the model.

3.1 Model equations

We recall our model equations from Chapter 2, viz.

dS

dt
(t) = αstingΨ(t)U(t) − βstingS(t)

dT

dt
(t) = αtranΩ(t)U(t) − βtranΦ(t)T (t)

dP

dt
(t) = ξprey − λkillΨ(t)S(t)

dC

dt
(t) = λkillΨ(t)S(t) − λtranΩ(t)(1− Φ(t))T (t)

dN

dt
(t) = λtranΩ(t)(1− Φ(t))T (t) − λconsumeN(t)

(3.1)

with the initial value

(S(0), T (0), P (0), C(0), N(0)) = (S0, T0, P0, C0, N0). (3.2)
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Parameters Value Unit
αsting 0.06 1/min
αtran 0.04 1/min
τsting 33 min
τtran 48 min
βsting 1/τsting 1/min
βtran 1/τtran 1/min
λkill 0.33 prey/ant/min
λtran 0.22 prey/ant/min
λconsume 0.01 1/min
Kprey 7 prey/cm2

Kcorpse 7 prey/cm2

Knest 0.1 prey/ant
Aarea 52.8 cm2

ncolony 500 ants
ξprey 0.25 prey/min

Standard initial values are: (S(0), T (0), P (0), C(0), N(0)) = (0, 0, 0, 0, 0).

Table 3.1: Standard parameter values.

In Table 3.1 we state the standard values for the parameters and the initial
values. These numbers are taken from the paper [11] and are experimentally
verified.

3.2 Numerical approximation of (3.1)-(3.2)

The simulation of the system (3.1)-(3.2) relies on numerical computations
in GNU Octave (which is a high-level programming language). We use the
built-in ODE solver LSODE [10] (Livermore Solver for Ordinary Differential
Equations), that solves both stiff and non-stiff systems. In our case, we have
a non-stiff system (at least for large range of parameter values). For more
information about LSODE; see, e.g. the reference [10]. We will measure
quantities of ants, prey and corpses in terms of real numbers. For a better
practical picture, one should of course round off to the nearest integer.

We solve (3.1) numerically provided the initial values for the unknown
functions, i.e. the values S0, T0, P0, C0 and N0 in (3.2), are known. We can
then see how the solutions behave when changing the value of the various
parameters and initial conditions. If not otherwise mentioned, we use in the
simulations the standard values from Table 3.1.
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Fig. 3.1: The common-stomach variables with standard values. Red curve:
Ψ(t), pink curve: Ω(t), black curve: Φ(t)

(a) (b)

Fig. 3.2: Solution profiles for standard values. Red curve: S(t), pink curve:
T (t), black curve: P (t), blue curve: C(t), green curve: N(t).

In Fig.3.1 we can see that the common-stomach variables have a good
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behavior when we use the standard values. Looking at Fig.3.2a, we deduce
that the solution of the system with the standard values of the parameters
seems to tend towards a constant steady-state. That is, the colony of ants
seems to tend to fixed quantities of ants in the different task groups. As
expected, the killing of prey balances the influx of prey, the transportation
of corpses becomes equal to the killing of prey and the consuming of corpses
in the nest.

In Fig.3.2b, one can see that the first quantity that increases is the number
of prey P (t). This is obvious since this is the only influx from the outside
and, as can be seen in (2.3), the second block is 0 at t = 0, and starts to
grow at a rate which is less than λkillS(t). As a reaction to the increase of
prey, the second quantity which grows is the number of stingers S(t).

If we look at (2.1), then we can see the reason for this growth (note
U(0) = nhunt, S(0) = 0 and S(t) is increasing). So, the left block in (2.1)
will be the first one to increase and, as a reaction to that, the second block
increases.

The third quantity to grow is the number of corpses in the hunting area
C(t). This is a consequence of the fact that the number of prey and stingers
has increased. From (2.4), we can see this since the first block λkillΨ(t)S(t)
depends on the numbers of prey and stingers and

λtranΩ(t)(1− Φ(t))T (t) ≤ λtranT (t),

which holds until the number of transporters will start to increase. All this
depends on the number of corpses in the hunting area C(t) (see (2.2)).

The fourth quantity to increase is the number of transporters T (t). This
depends on the number of corpses in the hunting area C(t), the number of
undecided ants U(t), the saturation level of corpses in the nest Φ(t), and
the number of transporter ants already existing. Both the number of trans-
porters and the number of corpses in the nest N(t) depend on the quantity
of transporters and will, therefore, be small. This makes the second block in
(2.2), βtranΦ(t)T (t), to be small. The first block αtranΩ(t)U(t) depends on
the saturation level of corpses in the hunting area Ω(t), which has already
started to increase.

The fifth and last quantity to increase is the number of corpses in the
nest N(t). The increase depends on the number of transporters T (t), on the
number of corpses in the hunting area C(t) (i.e. the saturation level of Ω(t))
and on the saturation level of corpses in the nest (i.e. the number of corpses
in the nest N(t)).
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(a) (b)

Fig. 3.3: Solution profiles for ξprey = 0.50 and λconsume = 0.01. Red curve:
S(t), pink curve: T (t), black curve: P (t), blue curve: C(t), green curve:
N(t). In (a) the timescale is between 0-100,000 and in (b) 0-200,000.

3.2.1 Increase in the influx of prey

If we increase the influx of prey (in terms of prey per minute) from ξprey =
0.25 to ξprey = 0.5, then we see in Fig.3.3 that the number of corpses blows
up. This is a consequence of the fact that the number of corpses in the
nest N(t) is bounded and should not go above Knestnnest ≈ 46.2 corpses (see
2.1.1). So, the nest becomes quickly saturated. Since the consumption of
corpses λconsume is low and the stinger ants keep killing prey, the hunting
area will become more and more filled with corpses.

If we look at (2.4), then we can see that the left block, λkillΨ(t)S(t), will
not be so much affected by the increase of corpses but will rather increase as
P (t) is getting bigger. The right block, λtranΩ(t)(1−Φ(t))T (t), will be smaller
than the left block, since although Ω(t) increases, the quantity Ω(t)(1−Φ(t))
is small; compare Fig.3.4b.

We also see in Fig.3.3 that it takes a very long time for the number
of stingers and transporter ants to stabilize. Since the common-stomach
variable Ω(t) > 1 the model with these parameters can not be valid because
the limit capacity of corpses is exceeded.
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(a) (b)

Fig. 3.4: Common-stomach variables with ξprey = 0.50. (a): Red line: Ψ(t),
pink line: Ω(t), black line: Φ(t). (b): Ω(t)(1− Φ(t)).

3.2.2 Increase in the influx of prey and in the consum-
mation of corps

If we keep the influx of prey (in terms of prey per minute) high ξprey = 0.50
and just increase the consumption of corpses (fraction of the corpses eaten
in the nest per minute) from λconsume = 0.01 to λconsume = 0.013, then we
get a big change in the solutions.

We can see from Fig.3.5 that all solutions tend pretty quickly to a steady
state. We can also see from Fig.3.5 that all common-stomach variables lie in
the wanted range 0 to 1. One can ask: Why do we get such a good behavior
with just a small change in one of the parameters? The reason for this is
that the number of corpses in the nest N(t) converges to a number close to
38.46 which implies that the common-stomach variable that measures the
saturation level of prey Φ(t) converges to a number close to 0.83. If we look
at (2.4) then we can see that the right block λtranΩ(t)(1−Φ(t))T (t) is getting
bigger since Ω(t)(1 − Φ(t)) is bigger. Compare Fig.3.6a with Fig.3.4b. So,
here the quantity Ω(t)(1−Φ(t)) converges to a number big enough such that
that (2.4) tends to zero. In the previous case, Ω(t)(1 − Φ(t)) was too small
to make the growth of corpses stabilize.
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(a) (b)

Fig. 3.5: Solution profiles for ξprey = 0.50 and λconsume = 0.013. (a): Red
curve: S(t), pink curve: T (t), black curve: P (t), blue line: C(t), green curve:
N(t). (b): Red curve: Ψ(t), pink curve: Ω(t), black curve: Φ(t).

(a) (b)

Fig. 3.6: Common-stomach and hunters/colony. (a): Ω(t)(1 − Φ(t)). (b):
nhunt/ncolony.
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3.2.3 Effect of change in the colony size

We now go back to the standard parameter values and start to vary the
number of ants in the colony ncolony (i.e. the colony size).

When we increase the colony size, we get only stable steady state solutions
and valid common-stomach variables. The only big change we obtain from
increasing the colony size is that we get a lot more transporter ants than
stinger ants, and also that the fraction of hunting ants gets smaller as the
colony size increase (see Fig.3.6b). In this situation the number of prey will
naturally decrease. Since we have more transporters, they will keep down
the number of corpses in the hunting area.

If we decrease the colony size, we do not always get stable solutions. If,
for example, we change the colony size to ncolony = 200 ants and keep all
the other parameters to their standard values, then we obtain the solutions
presented in Fig.3.7. We can see from Fig.3.7 that both the quantity of
corpses in the hunting area C(t) and prey P (t) blow up. This implies that
the common-stomach variables that measure the corresponding saturation
levels Ψ(t) and Ω(t) will be out of the legal bounds. The reason for the blow
up of corpses in the hunting area C(t) can be seen from Fig.3.7c. In general,
if Φ(t) converges to 1 too fast, then we will almost always have trouble with
C(t) getting too big. This is due to that the right block in (2.4) will be too
small to make C(t) decrease, since the term Ω(t)(1−Φ(t)) will be too small
compared to Ψ(t).

In Fig.3.7 we see that the number of prey P (t) keeps growing. The reason
for this is that the colony size is too small to handle the influx of prey, ξprey =
0.25 prey/min, namely there are too few stingers. It is worth mentioning
that when the size of the colony is 500 ants, we will have approximately 38
hunters but when the colony size is 200 ants there will only be approximately
20 hunters.

3.2.4 Decreasing the colony size and increasing the sat-
uration capacity of corps

If we increase the saturation capacity of corpses in the nest from Knest = 0.1
to Knest = 0.4 prey/ant and keep the colony size small ncolony = 200, then
the solutions tend to steady-states as we can see in Fig.3.8.

Since we doubled the parameter Knest, the common-stomach variable that
measures the saturation level of corpses in the nest Φ(t) = N(t)/(Knestnnest)
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(a) (b)

(c) (d)

Fig. 3.7: Solution profiles for ncolony = 200. (a),(b): Red curve: S(t), pink
curve: T (t), black curve: P (t), blue curve: C(t), green curve: N(t). (c): Red
curve: Ψ(t), Blue curve: Ω(t)(1 − Φ(t)). (d): Red curve: Ψ(t), Pink curve:
Ω(t), Black curve: Φ(t).
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(a) (b)

(c) (d)

Fig. 3.8: Solution profiles for ncolony = 200 and Knest = 0.4. (a),(b): Red
curve: S(t), pink curve: T (t), black curve: P (t), blue curve: C(t), green
curve: N(t). (c): Red curve: Ψ(t), Blue curve: Ω(t)(1 − Φ(t)). (d): Red
curve: Ψ(t), Pink curve: Ω(t), Black curve: Φ(t).

31



will be halved. It leads to the fact that (1 − Φ(t)) does not converge to
zero. Such fact will make (2.4) negative when the number of corpses in the
hunting area C(t) becomes too big. This is the reason why the number of
corpses in the hunting area C(t) does not blow up. If we compare Fig.3.8c
and Fig.3.8a, then we can see that the number of corpses in the hunting area
C(t) reaches its steady-state around the same time as Ω(t)(1−Φ(t)) ≈ Ψ(t).
The reason why the number of prey P (t) now is controlled can be understood
from Fig.3.8b. We now have a bigger stabilized quantity of stingers that will
keep a steady-state of prey in the hunting area.
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Chapter 4

Well-posedness of the model
(2.6)-(2.7)

In this chapter, we prove that our model is well-posed. In other words, we
show that the system (4.1)-(4.2) below admits exactly one solution which is
continuous with respect to initial data and parameters.

4.1 Formulation of the problem

We study here the same system of equations as in our model (2.6)-(2.7),
but we let the parameters take real values (without requiring them to be
positive).

dS

dt
(t) = a1P (t)− a2P (t)S(t)− a3P (t)T (t)− a4S(t)

dT

dt
(t) = b1C(t)− b2C(t)S(t)− b3C(t)T (t)− b4N(t)T (t)

dP

dt
(t) = c1 − c2P (t)S(t)

dC

dt
(t) = d1P (t)S(t)− d2C(t)T (t) + d3N(t)C(t)T (t)

dN

dt
(t) = e1C(t)T (t)− e2N(t)C(t)T (t)− e3N(t),

(4.1)

where a1, a2, a3, a4, b1, b2, b3, b4, c1, c2, d1, d2, d3, e1, e2, e3 ∈ R and with the ini-
tial value

(S(0), T (0), P (0), C(0), N(0)) = (S0, T0, P0, C0, N0). (4.2)
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We rewrite (4.1)-(4.2) as a nonlinear system of Volterra integral equations,
namely

S(t) = S(0) +

∫ t

0

a1P (s)− a2P (s)S(s)− a3P (s)T (s)− a4S(s)ds

T (t) = T (0) +

∫ t

0

b1C(s)− b2C(s)S(s)− b3C(s)T (s)− b4N(s)T (s)ds

P (t) = P (0) +

∫ t

0

c1 − c2P (s)S(s)ds

C(t) = C(0) +

∫ t

0

d1P (s)S(s)− d2C(s)T (s) + d3N(s)C(s)T (s)ds

N(t) = N(0) +

∫ t

0

e1C(s)T (s)− e2N(s)C(s)T (s)− e3N(s)ds.

(4.3)

We denote χ(t) = (S(t), T (t), P (t), C(t), N(t)) and

f1(χ(t)) = a1P (s)− a2P (s)S(s)− a3P (s)T (s)− a4S(s),

f2(χ(t)) = b1C(s)− b2C(s)S(s)− b3C(s)T (s)− b4N(s)T (s),

f3(χ(t)) = c1 − c2P (s)S(s),

f4(χ(t)) = d1P (s)S(s)− d2C(s)T (s) + d3N(s)C(s)T (s),

f5(χ(t)) = e1C(s)T (s)− e2N(s)C(s)T (s)− e3N(s).

The system (4.3) may be written in vector form in the following way:

χ(t) = χ(0) +

∫ t

0

f(χ(s))ds, (4.4)

where f(χ(s)) = (f1(χ(s)), f2(χ(s)), f3(χ(s)), f4(χ(s)), f5(χ(s))).

4.2 Existence and uniqueness of solutions of

the system (4.4)

Since the functions S(t), T (t), P (t), C(t), and N(t) are continuous on the time
interval [0, Tfin), there exists τ , 0 < τ < Tfin such that S(t), T (t), P (t), C(t),
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N(t) are bounded on the interval [0, τ ]. We will now prove that (4.1)-
(4.2) has a solution on the interval (0, τ) for a given initial value χ(0) =
(S0, T0, P0, C0, N0) ∈ R5 and for a given set of parameters

a1, a2, a3, a4, b1, b2, b3, b4, c1, c2, d1, d2, d3, e1, e2, e3 ∈ R.

Definition. A normed vector space (X, || · ||X) over the field of real num-
bers R, is called a Banach space if it is complete, that is, for every Cauchy
sequence {xn} ⊂ X there exists an element x ∈ X such that

lim
n→∞

||xn − x||X = 0.

Consider the Banach space

X :=
(
C([0, τ ],R)5, || · ||

)
,

of all continuous vector valued functions x : [0, τ ]→ R5, with the norm

||x|| := sup
t∈[0,τ ]

|x1(t)|+ sup
t∈[0,τ ]

|x2(t)|+ sup
t∈[0,τ ]

|x3(t)|+ sup
t∈[0,τ ]

|x4(t)|+ sup
t∈[0,τ ]

|x5(t)|.

Let f : R5 → R5 be defined by

f(x) :=


f1(x)
f2(x)
f3(x)
f4(x)
f5(x)

 =


a1x3 − a2x3x1 − a3x3x2 − a4x1
b1x4 − b2x4x1 − b3x4x2 − b4x5x2

c1 − c2x3x1
d1x3x1 − d2x3x2 + d3x5x3x2
e1x3x2 − e2x5x4x2 − e3x5

 ,
where a1, a2, a3, a4, b1, b2, b3, b4, c1, c2, d1, d2, d3, e1, e2, e3 ∈ R.

We can see that all functions fi : R5 → R are polynomials and therefore
continuous with continuous partial derivatives on R5.

Let A : X → X be an operator defined by

Ax(t) := q +

∫ t

0

f(x(s))ds =


q1 +

∫ t
0
f1(x(s))ds

q2 +
∫ t
0
f2(x(s))ds

q3 +
∫ t
0
f3(x(s))ds

q4 +
∫ t
0
f4(x(s))ds

q5 +
∫ t
0
f5(x(s))ds

 , (4.5)
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where q ∈ R5 is constant (q is actually the initial value of the corresponding
system of ODE’s). A fixed-point of operator A is then a solution of (4.1)-
(4.2).

The plan is as follows:

• Firstly, we prove the existence of classical solutions to (4.1)-(4.2) on
the interval (0, τ) ⊂ [0, Tfin). Our argument here relies on the Leray-
Schauder’s theorem.

• Secondly, we prove the uniqueness of solutions on a smaller interval
(0, τ1) ⊂ (0, τ). Our proof is based on the Banach fixed-point theorem.

• Finally, we use Grönwall’s inequality to show the continuous depen-
dence of the solutions to (4.1)-(4.2) with respect to initial data and
parameters on the time interval (0, τ).

Hence, the system (4.1)-(4.2) is well-posed on (0, τ1).

As we could see in Chapter 3, the solutions to (4.1)-(4.2) did not immedi-
ately blow up for different sets of parameters. By this fact and since f consists
of polynomials, we make the assumption that all solutions to (4.1)-(4.2) are
uniformly bounded by some constant M , on the interval (0, τ) ⊂ (0, Tfin).
Note that the upper bound M > 0 depends on the choice of τ .

Assumption 1. All solutins to system (4.1)-(4.2) are uniformly bounded on
some arbitrary small interval (0, τ).

We first recall the following theorem which is used in the first step of the
plan we outlined above.

Theorem 1 (Leray-Schauder fixed-point theorem [4]). Let (X, ‖ · ‖) be a
Banach space and suppose that T ∈ C(X,X) and compact. Suppose that any
solution x of x = λTx, 0 ≤ λ ≤ 1 has an priori bound ||x|| ≤ M for some
constant M > 0, then T has a fixed point in X.

Essentially, we have to prove that the operator (4.5) is continuous, com-
pact (see Appendix C for the definition) and that all solutions to the equation
x = λAx are bounded by some constant M > 0. The last fact follows from
Assumption 1. We now only have to prove the continuity and compactness
of the operator A.
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Theorem 2. The operator A : X → X defined in (4.5) is continuous.

Proof. Let {xn} ⊂ X be an arbitrary convergent sequence of functions that
converge to some function x ∈ X. Thus, we have

||Ax− Axn|| =
5∑
i=1

sup
t∈[0,τ ]

∣∣∣∣∫ t

0

fi(x(s))− fi(xn(s))ds

∣∣∣∣
(by the mean-value theorem, see Appendix)

=
5∑
i=1

sup
t∈[0,τ ]

∣∣∣∣∫ t

0

[x(s)− xn(s)] • [∇fi(ξix(s) + (1− ξi)xn(s))]ds

∣∣∣∣
≤

5∑
i=1

∫ τ

0

sup
s∈[0,τ ]

|[x(s)− xn(s)] • [∇fi(ξix(s) + (1− ξi)xn(s))]|ds

(by Cauchy-Schwartz inequality)

≤
5∑
i=1

∫ τ

0

sup
s∈[0,τ ]

[|x(s)− xn(s)||∇fi(ξix(s) + (1− ξi)xn(s))|] ds

≤
5∑
i=1

∫ τ

0

sup
s∈[0,τ ]

|x(s)− xn(s)| sup
s∈[0,τ ]

|∇fi(ξix(s) + (1− ξi)xn(s))|ds

≤
5∑
i=1

∫ τ

0

||x− xn||||∇fi(ξix + (1− ξi)xn)||ds

= ‖x− xn‖
5∑
i=1

||∇fi(ξix + (1− ξi)xn)||τ.

Since all functions fi(x) are polynomials of continuous functions we get
that

∑5
i=1 ||∇fi(ξix+ (1− ξi)xn)|| <∞. Hence ||Ax−Axn|| → 0 as n→∞,

since xn converges to x; i.e. A is continuous.

Theorem 3. The operator A : X → X defined in (4.5) is compact.

Proof. Let S be a bounded subset of X i.e. ||x|| ≤M <∞ for all x ∈ S and
for some M > 0. We first prove that A(S) is a bounded subset of X. Let
x ∈ S. Then

||Ax|| =
5∑
i=1

sup
t∈[0,τ ]

∣∣∣∣qi +

∫ t

0

fi(x(s))ds

∣∣∣∣
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≤
5∑
i=1

(
|qi|+ sup

t∈[0,τ ]

∣∣∣∣∫ t

0

fi(x(s))ds

∣∣∣∣
)

≤
5∑
i=1

(
|qi|+

∫ τ

0

sup
s∈[0,τ ]

|fi(x(s))|ds

)
.

Let

K := sup
x∈S

[
5∑
i=1

(
|qi|+

∫ τ

0

sup
s∈[0,τ ]

|fi(x(s))|ds

)]
<∞.

Then ||Ax|| ≤ K for any x ∈ S, hence A(S) is bounded.

Now we prove the equicontinuity of A(S). Let 0 ≤ t′ < t′′ ≤ τ and x ∈ S.
Then

|Ax(t′′)− Ax(t′)| ≤
5∑
i=1

∣∣∣∣∣
∫ t′′

0

fi(x(s))ds−
∫ t′

0

fi(x(s))ds

∣∣∣∣∣
≤

5∑
i=1

∫ t′′

t′
|fi(x(s))|ds

≤
5∑
i=1

∫ t′′

t′
sup
s∈[0,τ ]

|fi(x(s))|ds

=
5∑
i=1

Ci|t′′ − t′|

= C|t′′ − t′|,

where C =
∑5

i=1Ci, with Ci = sups∈[0,τ ] |fi(x(s))|. Hence, A(S) is equicon-
tinuous. By Arzela-Ascoli theorem (Theorem 8 in Appendix C) we get that
the closure of A(S) is compact in X for any bounded set S ⊂ X. Hence, A
is a compact operator.

We conclude that the operator defined by (4.5) is continuous and compact.
Since all solutions of the equation x = λAx are supposed to be uniformly
bounded (Assumption 1), it follows by the Leray-Schauder’s fixed-point the-
orem that A has a fixed-point, i.e. the system (4.1)-(4.2) has a solution in X.
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Since the function f consists of five polynomials, f will be Lipschitz con-
tinuous on X, with some Lipschitz constant C = C(τ) > 0, i.e.

||f(x)− f(y)|| ≤ C||x− y||,

for any x,y ∈ X. Note that the Lipschitz constant C = C(τ) itself is a
polynomial depending on τ .

We now prove the uniqueness of solution of (4.1)-(4.2) on a possibly
smaller time interval (0, τ1) ⊂ (0, τ).

Theorem 4. There exists 0 < τ1 < τ such that the system x = Ax has a
unique solution in (C([0, τ1],R)5, || · ||).

Proof. Let τ1 ∈ (0, 1/C), where C is the Lipschitz constant above. Let x,y
be two continuous vector functions on [0, τ1]. Then

||Ax− Ay|| = ||
∫ t

0

f(x(s))− f(y(s))ds||

≤
∫ τ1

0

||f(x)− f(y)||ds

≤
∫ τ1

0

C||x− y||ds

= τ1C||x− y||, where τ1C < 1.

Hence, the operator A is a contraction. By Banach fixed-point theorem (see
Theorem 7 in Appendix B) A has a unique fixed-point. Hence, the system
x = Ax has a unique solution in (C([0, τ1],R)5, || · ||).

4.3 Stability of solutions to (4.1)-(4.2)

We will now show that the classical solutions to the system (4.1)-(4.2) are
stable with respect to all parameters and initial values.

We first prove a special case of Grönwall’s inequality. We will use it later
to show that the difference between two distinct solutions, corresponding to
two different sets of parameters and initial values is uniformly bounded on
the interval [0, τ ], see section 4.2. The method is taken from [9].
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Lemma 1 (Grönwall’s inequality). Assume that the real valued function f
is continuous, f(t) ≥ 0 on the interval [0, τ ], and that

f(t) ≤ c+ k

∫ t

0

f(s)ds for any t ∈ [0, τ ],

for some real numbers k, c > 0. Then

f(t) ≤ cetk for any t ∈ [0, τ ].

Proof. Let

G(t) := c+ k

∫ t

0

f(s)ds.

Then G(0) = c, G′(t) = kf(t) ≤ kG(t) and∫ t

0

G′(s)

G(s)
ds ≤

∫ t

0

kds = kt,

which implies that ln(G(t))− ln(G(0)) ≤ kt.
Hence, G(t) ≤ G(0)ekt = cekt, which finally leads to f(t) ≤ cetk for any

t ∈ [0, τ ]. This completes the proof of the lemma.

Let λ := (a1, a2, a3, a4, b1, b2, b3, b4, c1, c2, d1, d2, d3, e1, e2, e3) be a set of
parameters and let χ0 := (S0, T0, P0, C0, N0) be an initial condition for the
system (4.1). Then D(0) := (χ0, λ) is a given set of data for (4.1). We will
now prove that (4.1) is stable with respect to initial values and parameters
on the interval (0, τ) ⊂ [0, Tfin).

Theorem 5. Assume that S(t), T (t), P (t), C(t), N(t) are continuous on the
interval [0, τ ] ⊂ [0, Tfin) and satisfy (4.1)-(4.2). Then the solutions to the
system (4.1)-(4.2) depends continuously on initial data and parameters.

Proof. To deal with the continuity of solutions with respect to parameters
and initial values, we proceed as follows. Let D, D′, where

D(t) := (χ(t), (ai), (bi), (ck), (dl), (el))

and
D′(t) := (χ′(t), (a′i), (b

′
i), (c

′
k), (d

′
l), (e

′
l)),
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with i ∈ {1, 2, 3, 4}, k ∈ {1, 2}, l ∈ {1, 2, 3}, be two vectors containing
solutions and parameters of two corresponding versions of system (4.1)-(4.2).

Let
D(0) = (χ0, (ai), (bi), (ck), (dl), (el)),

and
D′(0) = (χ′0, (a

′
i), (b

′
i), (c

′
k), (d

′
l), (e

′
l)),

be the initial data.

We can subtract the left-hand sides of the corresponding versions of sys-
tem (4.1)-(4.2) term by term. We have(
dS

dt
(t)− dS ′

dt
(t)

)
= (a1 − a′1)P (t) + a′1(P (t)− P ′(t))− [(a2 − a′2)P (t)S(t)

+ a′2(P (t)S(t)− P ′(t)S ′(t))]− [(a3 − a′3)P (t)T (t) + a′3(P (t)T (t)− P ′(t)T ′(t))]
− [(a4 − a′4)S(t) + a′4(S(t)− S ′(t))].

Hence,

(S(t)− S ′(t)) = (S0 − S ′0) + (a1 − a′1)
∫ t

0

P (s)ds+ a′1

∫ t

0

(P (s)− P ′(s))ds

+ [(a′2 − a2)
∫ t

0

P (s)S(s)ds+ a′2

∫ t

0

(P ′(s)S ′(s)− P (s)S(s))ds]

+ [(a′3 − a3)
∫ t

0

P (s)T (s)ds+ a′3

∫ t

0

(P ′(s)T ′(s)− P (s)T (s))ds]

+ [(a′4 − a4)
∫ t

0

S(s)ds+ a′4

∫ t

0

(S(s)′ − S(s))ds].

Then, we obtain

|S(t)− S ′(t)| ≤ |S0 − S ′0|+ |a1 − a′1|
∫ t

0

|P (s)|ds+ |a′1|
∫ t

0

|P (s)− P ′(s)|ds

+ |a′2 − a2|
∫ t

0

|P (s)S(s)|ds+ |a′2|
∫ t

0

|P ′(s)S ′(s)− P (s)S(s)|ds

+ |a′3 − a3|
∫ t

0

|P (s)T (s)|ds+ |a′3|
∫ t

0

|P ′(s)T ′(s)− P (s)T (s)|ds
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+ |a′4 − a4|
∫ t

0

|S(s)|ds+ |a′4|
∫ t

0

|S(s)′ − S(s)|ds

≤ |S0 − S ′0|+ τKS

4∑
i=1

|ai − a′i|

+ |a′1|
∫ t

0

|P (s)− P ′(s)|ds+ |a′2|
∫ t

0

|P ′(s)S ′(s)− P (s)S(s)|ds

+ |a′3|
∫ t

0

|P ′(s)T ′(s)− P (s)T (s)|ds+ |a′4|
∫ t

0

|S(s)′ − S(s)|ds,

whereKS = max{maxs∈[0,τ ] |P (s)|,maxs∈[0,τ ] |P (s)S(s)|,maxs∈[0,τ ] |P (s)T (s)|,
maxs∈[0,τ ] |S(s)|}.

We also have the following relation

|P ′(s)S ′(s)− P (s)S(s)| = |P (s)S(s)− P ′(s)S(s) + P ′(s)S(s)− P ′(s)S ′(s)|
≤ |S(s)||P (s)− P ′(s)|+ |P ′(s)||S(s)− S ′(s)|
≤ (|S(s)|+ |P ′(s)|)(|P (s)− P ′(s)|+ |S(s)− S ′(s)|)
≤M ′

S(|P (s)− P ′(s)|+ |S(s)− S ′(s)|),

and similarly,

|P ′(s)T ′(s)− P (s)T (s)| ≤ (|T (s)|+ |P ′(s)|)(|P (s)− P ′(s)|+ |T (s)− T ′(s)|)
≤M ′

S(|P (s)− P ′(s)|+ |T (s)− T ′(s)|),

where M ′
S = max{maxs∈[0,τ ](|S(s)|+ |P ′(s)|),maxs∈[0,τ ](|T (s)|+ |P ′(s)|)}.

We finally obtain,

|S(t)− S ′(t)| ≤ |S0 − S ′0|+ τKS

4∑
i=1

|ai − a′i|

+ |a′1|
∫ t

0

|P (s)− P ′(s)|ds+ |a′2|
∫ t

0

M ′
S(|P (s)− P ′(s)|+ |S(s)− S ′(s)|)ds

+ |a′3|
∫ t

0

M ′
S(|P (s)− P ′(s)|+ |T (s)− T ′(s)|)ds+ |a′4|

∫ t

0

|S(s)′ − S(s)|ds

≤ |S0 − S ′0|+ τKS

4∑
i=1

|ai − a′i|

+

∫ t

0

MS|P (s)− P ′(s)|ds+

∫ t

0

MS|S(s)− S ′(s)|ds+

∫ t

0

MS|T (s)− T ′(s)|ds,
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where MS = max{(|a′1|+ |a′2|M ′
S + |a′3|M ′

S), (|a′2|M ′
S + |a′4|)}.

Analogously, we have(
dT

dt
(t)− dT ′

dt
(t)

)
= (b1 − b′1)C(t) + b′1(C(t)− C ′(t))

− [(b2 − b′2)C(t)S(t) + b′2(C(t)S(t)− C ′(t)S ′(t))]
− [(b3 − b′3)C(t)T (t) + b′3(C(t)T (t)− C ′(t)T ′(t))]
− [(b4 − b′4)S(t) + b′4(N(t)T (t)−N ′(t)T ′(t))].

Hence,

(T (t)− T ′(t)) = (T0 − T ′0) + (b1 − b′1)
∫ t

0

P (s)ds+ b′1

∫ t

0

(C(s)− C ′(s))ds

+ [(b′2 − b2)
∫ t

0

C(s)S(s)ds+ b′2

∫ t

0

(C ′(s)S ′(s)− C(s)S(s))ds]

+ [(b′3 − b3)
∫ t

0

C(s)T (s)ds+ b′3

∫ t

0

(C ′(s)T ′(s)− C(s)T (s))ds]

+ [(b′4 − b4)
∫ t

0

N(s)T (s)ds+ b′4

∫ t

0

(N ′(s)T ′(s)−N(s)T (s))ds],

and hence,

|T (t)− T ′(t)| ≤ |T0 − T ′0|+ |b1 − b′1|
∫ t

0

|C(s)|ds+ |b′1|
∫ t

0

|C(s)− C ′(s)|ds

+ |b′2 − b2|
∫ t

0

|C(s)S(s)|ds+ |a′2|
∫ t

0

|C ′(s)S ′(s)− C(s)S(s)|ds

+ |b′3 − b3|
∫ t

0

|C(s)T (s)|ds+ |b′3|
∫ t

0

|C ′(s)T ′(s)− C(s)T (s)|ds

+ |b′4 − b4|
∫ t

0

|N(s)T (s)|ds+ |b′4|
∫ t

0

|N ′(s)T ′(s)−N(s)T (s)|ds.

If we denote

KT = max{max
s∈[0,τ ]

|C(s)|, max
s∈[0,τ ]

|C(s)S(s)|, max
s∈[0,τ ]

|C(s)T (s)|, max
s∈[0,τ ]

|N(s)T (s)|},
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we get

|T (t)−T ′(t)| ≤ |T0 − T ′0|+ τKT

4∑
i=1

|bi − b′i|

+ |b′1|
∫ t

0

|C(s)− C ′(s)|ds+ |b′2|
∫ t

0

|C ′(s)S ′(s)− C(s)S(s)|ds

+ |b′3|
∫ t

0

|C ′(s)T ′(s)− C(s)T (s)|ds

+ |b′4|
∫ t

0

|N ′(s)T ′(s)−N(s)T (s)|ds.

We have the following inequalities:

|C ′(s)S ′(s)− C(s)S(s)| ≤ (|S(s)|+ |C ′(s)|)(|C(s)− C ′(s)|+ |S(s)− S ′(s)|)
≤M ′

T (|C(s)− C ′(s)|+ |S(s)− S ′(s)|),

|C ′(s)T ′(s)− C(s)T (s)| ≤ (|T (s)|+ |C ′(s)|)(|C(s)− C ′(s)|+ |T (s)− T ′(s)|)
≤M ′

T (|C(s)− C ′(s)|+ |T (s)− T ′(s)|),

and

|N ′(s)T ′(s)−N(s)T (s)| ≤ (|T (s)|+ |N ′(s)|)(|N(s)−N ′(s)|+ |T (s)− T ′(s)|)
≤M ′

T (|N(s)−N ′(s)|+ |T (s)− T ′(s)|),

where

M ′
T = max{ max

s∈[0,τ ]
(|S(s)|+ |C ′(s)|), max

s∈[0,τ ]
(|T (s)|+ |C ′(s)|),

max
s∈[0,τ ]

(|T (s)|+ |N ′(s)|)}.

We finally obtain

|T (t)− T ′(t)| ≤ |T0 − T ′0|+ τKT

4∑
i=1

|bi − b′i|

+ |b′1|
∫ t

0

|C(s)− C ′(s)|ds
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+ |b′2|
∫ t

0

M ′
T (|C(s)− C ′(s)|+ |S(s)− S ′(s)|)ds

+ |b′3|
∫ t

0

M ′
T (|C(s)− C ′(s)|+ |T (s)− T ′(s)|)ds

+ |b′4|
∫ t

0

M ′
T (|N(s)−N ′(s)|+ |T (s)− T ′(s)|)ds

≤ |T0 − T ′0|+ τKT

4∑
i=1

|bi − b′i|

+

∫ t

0

MT |C(s)− C ′(s)|ds+

∫ t

0

MT |S(s)− S ′(s)|ds

+

∫ t

0

MT |T (s)− T ′(s)|ds+

∫ t

0

MT |N(s)−N ′(s)|ds,

where MT = max{(|b′1|+ |b′2|M ′
T + |b′3|M ′

T ), (|b′3|+ |b′4|)M ′
T}.

Analogously, we get(
dP

dt
(t)− dP ′

dt
(t)

)
= (c1 − c′1)− (c2 − c′2)P (t)S(t)− c′2(P (t)S(t)

− P ′(t)S ′(t)).

Hence,

(P (t)− P ′(t)) = (P0 − P ′0) + (c1 − c′1)
∫ t

0

ds− (c2 − c′2)
∫ t

0

P (s)S(s)ds

− c′2
∫ t

0

(P (s)S(s)− P ′(s)S ′(s))ds.

We get

|P (t)− P ′(t)| ≤ |P0 − P ′0|+ |c1 − c′1|
∫ t

0

ds+ |c2 − c′2|
∫ t

0

|P (s)S(s)|ds

+ |c′2|
∫ t

0

|(P (s)S(s)− P ′(s)S ′(s))|ds

≤ |P0 − P ′0|+ τKP

2∑
i=1

|ci − c′i|+ |c′2|
∫ t

0

|(P (s)S(s)− P ′(s)S ′(s))|ds,

45



where KP = max{1,maxs∈[0,τ ] |P (s)S(s)|}.
In the same spirit, we obtain the following inequality

|(P (s)S(s)− P ′(s)S ′(s))| ≤ (|S(s)|+ |T ′(s)|)(|P (s)− P ′(s)|+ |S(s)− S ′(s)|)
≤M ′

P (|P (s)− P ′(s)|+ |S(s)− S ′(s)|),

where M ′
p = maxs∈[0,τ ](|S(s)|+ |T ′(s)|).

We also have

|P (t)− P ′(t)| ≤ |P0 − P ′0|+ τKP

2∑
i=1

|ci − c′i|

+ |c′2|
∫ t

0

M ′
P (|P (s)− P ′(s)|+ |S(s)− S ′(s)|)ds

≤ |P0 − P ′0|+ τKP

2∑
i=1

|ci − c′i|

+

∫ t

0

MP |P (s)− P ′(s)|ds+

∫ t

0

MP |S(s)− S ′(s)|)ds,

where MP = |c′2|M ′
P .

We now estimate,(
dC

dt
(t)− dC ′

dt
(t)

)
= (d1 − d′1)P (t)S(t) + d′1(P (t)S(t)− P ′(t)S ′(t))

− [(d2 − d′2)C(t)T (t) + d′2(C(t)T (t)− C ′(t)T ′(t))]
+ (d3 − d′3)N(t)C(t)T (t) + d′3(N(t)C(t)T (t)−N ′(t)C ′(t)T ′(t).

Hence, we have

(C(t)− C ′(t)) = (C0 − C ′0)

+ (d1 − d′1)
∫ t

0

P (s)S(t)ds+ d′1

∫ t

0

(P (t)S(t)− P ′(t)S ′(t))ds

+ [(d′2 − d2)
∫ t

0

C(s)T (s)ds+ d′2

∫ t

0

(C ′(s)T ′(s)− C(s)T (s))ds]

+ [(d3 − d′3)
∫ t

0

N(t)C(t)T (t)ds+ d′3

∫ t

0

(N(t)C(t)T (t)−N ′(t)C ′(t)T ′(t))ds].
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Obviously, we now get

|C(t)− C ′(t)|

≤ |C0 − C ′0|+ |d1 − d′1|
∫ t

0

|P (s)S(s)|ds+ |d′1|
∫ t

0

|P (s)S(s)− P ′(s)S ′(s)|ds

+ |d′2 − d2|
∫ t

0

|C(s)T (s)|ds+ |d′2|
∫ t

0

|C ′(s)T ′(s)− C(s)T (s)|ds

+ |d3 − d′3|
∫ t

0

|N(s)C(s)T (s)|ds

+ |d′3|
∫ t

0

|N(s)C(s)T (s)−N ′(s)C ′(s)T ′(s)|ds

≤ |C0 − C ′0|+ τKC

3∑
i=1

|di − d′i|+ |d′1|
∫ t

0

|P (s)S(s)− P ′(s)S ′(s)|ds

+ |d′2|
∫ t

0

|C ′(s)T ′(s)− C(s)T (s)|ds

+ |d′3|
∫ t

0

|N(s)C(s)T (s)−N ′(s)C ′(s)T ′(s)|ds,

where

KC = max{max
s∈[0,τ ]

|P (s)S(s)|, max
s∈[0,τ ]

|C(s)T (s)|, max
s∈[0,τ ]

|N(s)C(s)T (s)|}.

We obtain the following estimates:

|P (s)S(s)− P ′(s)S ′(s)| ≤ (|S(s)|+ |P ′(s)|)(|P (s)− P ′(s)|+ |S(s)− S ′(s)|)
≤M ′

C(|P (s)− P ′(s)|+ |S(s)− S ′(s)|),

|C ′(s)T ′(s)− C(s)T (s)| ≤ (|T (s)|+ |C ′(s)|)(|C(s)− C ′(s)|+ |T (s)− T ′(s)|)
≤M ′

C(|C(s)− C ′(s)|+ |T (s)− T ′(s)|),

and

|N(s)C(s)T (s)−N ′(s)C ′(s)T ′(s)| = |N(s)C(s)T (s)−N ′(s)C(s)T (s)

+N ′(s)C(s)T (s)−N ′(s)C ′(s)T ′(s)|
≤ |C(s)T (s)||N(s)−N ′(s)|+ |N ′(s)||C(s)T (s)− C ′(s)T ′(s)|
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= |C(s)T (s)||N(s)−N ′(s)|
+ |N ′(s)||C(s)T (s)− C ′(s)T (s) + C ′(s)T (s)− C ′(s)T ′(s)|
≤ (|C(s)T (s)|+ |N ′(s)T (s)|+ |N ′(s)C ′(s)|)(|N(s)−N ′(s)|

+ |C(s)− C ′(s)|+ |T (s)− T ′(s)|)
≤M ′

C(|N(s)−N ′(s)|+ |C(s)− C ′(s)|+ |T (s)− T ′(s)|),

where

M ′
C = max{ max

s∈[0,τ ]
(|S(s)|+ |P ′(s)|), max

s∈[0,τ ]
(|T (s)|+ |C ′(s)|),

max
s∈[0,τ ]

(|C(s)T (s)|+ |N ′(s)T (s)|+ |N ′(s)C ′(s)|)}.

We finally get

|C(t)− C ′(t)| ≤ τKC

3∑
i=1

|di − d′i|

+ |d′1|
∫ t

0

M ′
C(|P (s)− P ′(s)|+ |S(s)− S ′(s)|)ds

+ |d′2|
∫ t

0

M ′
C(|C(s)− C ′(s)|+ |T (s)− T ′(s)|)ds

+ |d′3|
∫ t

0

M ′
C(|N(s)−N ′(s)|+ |C(s)− C ′(s)|

+ |T (s)− T ′(s)|)ds

≤ |C0 − C ′0|+ τKC

3∑
i=1

|di − d′i|

+MC

∫ t

0

|S(s)− S ′(s)|ds+MC

∫ t

0

|T (s)− T ′(s)|ds

+MC

∫ t

0

|P (s)− P ′(s)|ds+MC

∫ t

0

|C(s)− C ′(s)|ds

+MC

∫ t

0

|N(s)−N ′(s)|ds,

where MC = M ′
C max{|d′1|, (|d′2|+ |d′3|)}.
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Finally, we have(
dN

dt
(t)− dN ′

dt
(t)

)
= (e1 − e′1)C(t)T (t) + e′1(C(t)T (t)− C ′(t)T ′(t))

− [(e2 − e′2)N(t)C(t)T (t) + e′2(N(t)C(t)T (t)−N ′(t)C ′(t)T ′(t)]
− [(e3 − e′3)N(t) + e′3(N(t)−N ′(t)].

Hence,

(N(t)−N ′(t)) = (N0 −N ′0)

+ (e1 − e′1)
∫ t

0

C(s)T (s)ds+ e′1

∫ t

0

(C(s)T (s)− C ′(s)T ′(s))ds

+ (e′2 − e2)
∫ t

0

N(s)C(s)T (s)ds+ e′2

∫ t

0

(N ′(s)C ′(s)T ′(s)−N(s)C(s)T (s))ds

+ (e′3 − e3)
∫ t

0

N(s)ds+ e′3

∫ t

0

(N ′(s)−N(s))ds.

This leads to the following upper bound:

|N(t)−N ′(t)| ≤ |N0 −N ′0|

+ |e1 − e′1|
∫ t

0

|C(s)T (s)|ds+ |e′1|
∫ t

0

|C(s)T (s)− C ′(s)T ′(s)|ds

+ |e′2 − e2|
∫ t

0

|N(s)C(s)T (s)|ds

+ |e′2|
∫ t

0

|N ′(s)C ′(s)T ′(s)−N(s)C(s)T (s)|ds

+ |e′3 − e3|
∫ t

0

|N(s)|ds+ |e′3|
∫ t

0

|N ′(s)−N(s)|ds.

Hence, we have

|N(t)−N ′(t)| ≤ |N0 −N ′0|+ τKN

3∑
i=1

|ei − e′i|

+ |e′1|
∫ t

0

|C(s)T (s)− C ′(s)T ′(s)|ds
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+ |e′2|
∫ t

0

|N ′(s)C ′(s)T ′(s)−N(s)C(s)T (s)|ds

+ |e′3|
∫ t

0

|N ′(s)−N(s)|ds,

where

KN = max{max
s∈[0,τ ]

|C(s)T (s)|, max
s∈[0,τ ]

|N(s)C(s)T (s)|, max
s∈[0,τ ]

|N(s)|}.

We obtain the following inequalities:

|C(s)T (s)− C ′(s)T ′(s)| ≤ (|T (s)|+ |C ′(s)|)(|C(s)− C ′(s)|+ |T (s)− T ′(s)|)
≤M ′

N(|C(s)− C ′(s)|+ |T (s)− T ′(s)|),

and

|N ′(s)C ′(s)T ′(s)−N(s)C(s)T (s)| ≤ (|C(s)T (s)|+ |N ′(s)T (s)|
+ |N ′(s)C ′(s)|)(|N(s)−N ′(s)|+ |C(s)− C ′(s)|
+ |T (s)− T ′(s)|)
≤M ′

N(|N(s)−N ′(s)|+ |C(s)− C ′(s)|+ |T (s)− T ′(s)|),

where

M ′
N = max{ max

s∈[0,τ ]
(|T (s)|+ |C ′(s)|),

max
s∈[0,τ ]

(|C(s)T (s)|+ |N ′(s)T (s)|+ |N ′(s)C ′(s)|)}.

Finally

|N(t)−N ′(t)| ≤ |N0 −N ′0|+ τKN

3∑
i=1

|ei − e′i|

+ |e′1|
∫ t

0

M ′
N(|C(s)− C ′(s)|+ |T (s)− T ′(s)|)ds

+ |e′2|
∫ t

0

M ′
N(|N(s)−N ′(s)|+ |C(s)− C ′(s)|+ |T (s)− T ′(s)|)ds

+ |e′3|
∫ t

0

|N ′(s)−N(s)|ds
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≤ |N0 −N ′0|+ τKN

3∑
i=1

|ei − e′i|+
∫ t

0

MN |T (s)− T ′(s)|ds

+

∫ t

0

MN |C(s)− C ′(s)|ds+

∫ t

0

MN |N(s)−N ′(s)|ds,

where MN = max{M ′
N(|e′1|+ |e′2|), (M ′

N |e′2|+ |e′3|)}.

By summing up the inequalities, we obtain the following inequality

|S(t)− S ′(t)|+ |T (t)− T ′(t)|+ |P (t)− P ′(t)|+ |C(t)− C ′(t)|+ |N(t)−N ′(t)|

≤ |S0 − S ′0|+ |T0 − T ′0|+ |P0 − P ′0|+ |C0 − C ′0|+ |N0 −N ′0|

+ τKS

4∑
i=1

|ai − a′i|+ τKT

4∑
i=1

|bi − b′i|+ τKP

2∑
i=1

|ci − c′i|

+ τKC

3∑
i=1

|di − d′i|+ τKN

3∑
i=1

|ei − e′i|

+ (Ms +Mt +Mp +Mc)

∫ t

0

|S(s)− S ′(s)|ds

+ (MS +Mt +MC +MN)

∫ t

0

|T (s)− T ′(s)|ds

+ (MS +MP +MC)

∫ t

0

|P (s)− P ′(s)|ds

+ (MT +MC +MN)

∫ t

0

|C(s)− C ′(s)|ds

+ (MT +MC +MN)

∫ t

0

|N(s)−N ′(s)|ds

≤
(
|S0 − S ′0|+ |T0 − T ′0|+ |P0 − P ′0|+ |C0 − C ′0|+ |N0 −N ′0|

4∑
i=1

|ai − a′i|+
4∑
i=1

|bi − b′i|+
2∑
i=1

|ci − c′i|+
3∑
i=1

|di − d′i|+
3∑
i=1

|ei − e′i|

)
Kτ

+M

∫ t

0

(|S(s)− S ′(s)|+ |T (s)− T ′(s)|+ |P (s)− P ′(s)|+ |C(s)− C ′(s)|

+ |N(s)−N ′(s)|)ds,
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where
M = (MS +MT +MP +MC +MN)

and
K = max{KS, KT , KP , KC , KN , 1/τ}.

By Lemma 1 (Grönwall’s inequality), it follows that:

|S(t)− S ′(t)|+ |T (t)− T ′(t)|+ |P (t)− P ′(t)|+ |C(t)− C ′(t)|
+ |N(t)−N ′(t)|

≤
(
|S0 − S ′0|+ |T0 − T ′0|+ |P0 − P ′0|+ |C0 − C ′0|+ |N0 −N ′0|

+
4∑
i=1

|ai − a′i|+
4∑
i=1

|bi − b′i|+
2∑
i=1

|ci − c′i|+
3∑
i=1

|di − d′i|

+
3∑
i=1

|ei − e′i|

)
KτeMt,

for all t ∈ [0, τ ], and then obviously,

|S(t)− S ′(t)|+ |T (t)− T ′(t)|+ |P (t)− P ′(t)|+ |C(t)− C ′(t)|
+ |N(t)−N ′(t)|

≤
(
|S0 − S ′0|+ |T0 − T ′0|+ |P0 − P ′0|+ |C0 − C ′0|+ |N0 −N ′0|

+
4∑
i=1

|ai − a′i|+
4∑
i=1

|bi − b′i|+
2∑
i=1

|ci − c′i|+
3∑
i=1

|di − d′i|

+
3∑
i=1

|ei − e′i|

)
KτeMτ ,

for all t ∈ [0, τ ]. As a consequence the solutions to the system (4.1)-(4.2)
is therefore continuous with respect to parameters and initial values on the
interval [0, τ ].

In other terms, the continuity of the solution to the system (4.1)-(4.2)
means that small changes of the initial and parameter values will not lead
to dramatic changes in the solutions behavior. Therefore, the system (4.1)
is locally stable with respect to the parameters and initial values.
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Chapter 5

Discussion

In this thesis we studied a mathematical model for task allocation in a colony
of ants. For a suitable parameter range the model is well-posed (locally in
time). Interestingly, the allocation of tasks translates into the appearance of
thresholds in the large-time behavior of the solution (see e.g. Fig.3.2, Fig.3.5
etc.). As we could see in Chapter 3, the model has a good, stable behavior
for a large set of parameter values. The convergence of solutions to the corre-
sponding steady-states seems to happen very fast. On the other hand, some
parameters are critical. When we change their values drastically the num-
ber of corpses C(t) blows up, and, as a consequence, the common-stomach
variable increases unphysically fast. One of these very sensitive parameters
is the consumption of corpses λconsume. Also, when we decreased the colony
size from 500 to 200 we got a very unstable behavior of the solutions.

We did about 200 simulations for different sets of parameters. If param-
eters are chosen outside the critical regions, small changes in their values
led to small changes of the output. Such behavior was expected from the
structure of the model equations. This is in agreement with our result on the
stability of the solution with respect to data and parameters (see Theorem
5).

To prove existence and uniqueness of solutions of the system of differential
equations we assumed that all solutions were uniformly bounded on some
time interval (0, τ). This assumption can in principle be relaxed by proving
suitable positivity and L∞ estimates.

The tools that we used to prove the existence and uniqueness of solu-
tions of the differential system were the fixed-point theorems of Banach and
Leray-Schauder type. Fixed-point theorems are classical tools in tackling
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these types of problems. To prove stability estimates for our system we
used suitable test functions and Grönwall’s inequality. To be able to use the
Leray-Schauder theorem we had to prove some basic compactness properties.

As further work, we plan to investigate the following aspects:
a) Prove L∞ bounds on the solution vector and extend the solvability interval
from (0, τ) to (0, Tfin).
b) Prove the positivity of the solution vector.
c) Establish the large time behavior of the colony, i.e. prove the convergence
of the solution toward a unique steady-state.

We found it interesting to combine abstract mathematics with connected
aspects of a biological problem. Of course, much more experimential (biol-
ogy) effects and mathematical insights in the obtained data are needed to be
able to come closer to the real-life situation.
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Appendix A

Mean-value theorem

The mean-value theorem for functions of one variable (see [3], p 182) can
be extended to multivariate functions in a natural way. We present a short
proof of it.

Theorem 6 (Mean-value theorem for multivariate functions). Let f be a
function f : Rn → R, differentiable in some open convex domain D ⊂ Rn.
Then, given any two vectors x,y ∈ D, there exists a number ξ ∈ (0, 1) such
that

f(x)− f(y) = ∇f(ξx + (1− ξ)y) • (x− y).

Proof. Given two vectors x,y ∈ D, define a function g : [0, 1] → R by
g(t) = f(tx + (1 − t)y) for t ∈ [0, 1]. Then g(0) = f(y) and g(1) = f(x).
Since g is differentiable on (0, 1) and continuous on [0, 1], it follows from the
Mean-value theorem (for functions of one variable) that there exists a point
ξ ∈ (0, 1) such that

g(1)− g(0) = g′(ξ).

But,

g′(t) =
d

dt
f(tx + (1− t)y) = ∇f(tx + (1− t)y) • (x− y),

hence,
f(x)− f(y) = ∇f(ξx + (1− ξ)y) • (x− y).
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Appendix B

Contraction and fixed point
theorem

Definition. Let (X, d) be a metric space. An operator T : X → X is called
a contraction if there exists a real number c, with 0 ≤ c < 1, such that

d(Tx, Ty) ≤ cd(x, y), for all x, y ∈ X.

Definition. Given an operator T : X → X and a point x ∈ X, we have that
Tx ∈ X and T 2x = T (Tx) ∈ X. By induction we can define an operator
Tm : X → X, for any m ∈ N, where

Tmx = Tm−1(Tx) = . . . = T (Tm−1x).

Theorem 7 (Banach fixed-point theorem [6]). Let T : X → X be a contrac-
tion on the complete metric space (X, d). Then there exists a unique point
x ∈ X such that Tx = x.

Proof. Given any point x0 ∈ X, consider the sequence {xn} defined by

Txn = xn+1 for all n ∈ N.

We now show that {xn} is a Cauchy sequence. Let n ≥ m > 0. Then
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d(xm, xn) = d(Txm−1, Txn−1)

≤ cd(xm−1, xn−1) = cd(Txm−2, Txn−2)

≤ c2d(xm−2, xn−2)

...

≤ cmd(x0, T
n−mx0)

≤ cm
[
d(x0, Tx0) + d(Tx0, T

2x0) + . . .+ d(T n−m−1x0, T
n−mx0)

]
≤ cm

(
n−m−1∑
k=0

ck

)
d(x0, x1)

≤ cm

(
∞∑
k=0

ck

)
d(x0, x1) =

(
cm

1− c

)
d(x0, x1).

Since 0 ≤ c < 1, it follows that
cm

1−c → 0 as m→∞. So for any ε > 0 there

exists N ∈ N such that

d(xm, xn) < ε for all n,m ≥ N with m,n ∈ N.

Hence, {xn} is a Cauchy sequence.
Since (X, d) is a complete metric space it follows by definition that {xn}

converges to some point x ∈ X. Since T is continuous we have that

Tx = T
(

lim
n→∞

xn

)
= lim

n→∞
Txn = lim

n→∞
xn+1 = x.

Hence, x is a fixed-point of T .
We now show that x is unique. Assume there are two fixed points x, x′ ∈

X. Then
d(x, x′) = d(Tx, Tx′) ≤ cd(x, x′),

since c < 1 this can only be true if and only if x = x′.
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Appendix C

Compactness

Definition. Let X and Y be two metric spaces. An operator T : X → Y is
said to be compact if, for every bounded set S ⊂ X, T (S) is relatively compact
in Y . In other words, the closure T (S) is compact in Y .

Definition. Let C(E) be the space of all continuous real-valued functions
f : E → R. A subset A ⊂ C(E) is said to be equicontinuous if, for every
ε > 0 there exists a δ > 0, depending only on ε, such that for all f ∈ A and
for all x, y ∈ E satisfying |x− y| < δ we have |f(x)− f(y)| < ε.

Theorem 8 (Arzela-Ascoli theorem [5]). Let (E, d) be a compact metric
space and let A be a bounded nonempty closed subset A ⊂ C(E). Then A is
compact if and only if A is equicontinuous and uniformly bounded.

Proof. Suppose that A is compact in C(E), with the supremum norm ||·||∞ =
sup{|f(s)| : s ∈ E}. Let ε > 0 and let {

⋃
Bε/3(f) : f ∈ A} be an open cover

of A, where Bε/3(f) = {g ∈ C(E) : ||f − g||∞ < ε/3} is an open ball of
radius ε/3 around f . Since A is compact there exits a finite set of functions
f1, . . . , fN ∈ A, such that

A ⊂
N⋃
i=1

Bε/3(fi).

The set A is uniformly bounded since, given any function f ∈ A there exist
1 ≤ i ≤ N such that f ∈ Bε/3(fi), and hence, we have

||f ||∞ <∞.

We now show that A is equicontinuous. Let B = {f1, . . . , fN}. Since all
continuous functions on compact metric spaces are uniformly continuous, B
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is equicontinuous. Hence, there exists δ > 0 such that d(x, y) < δ implies
that |fi(x)− fi(y)| < ε/3, for any fi ∈ B and for all x, y ∈ E. Let f ∈ A. It
will then exist fi ∈ B such that ‖f − fi‖∞ < ε/3. Then we have

|f(x)−f(y)| ≤ |f(x)−fi(x)|+|fi(x)−fi(y)|+|fi(y)−f(y)| < ε/3+ε/3+ε/3 = ε.

Hence, A is equicontinuous.

For the inverse implication, suppose that A is equicontinuous and uni-
formly bounded. Take ε > 0. Since A is equicontinuous there exists δ > 0
such that for all x, y ∈ E with d(x, y) < δ, we have that

|f(x)− f(y)| < ε/3,

for all f ∈ A.
Since E is compact there exists a finite set of points x1, · · · , xN ∈ E such

that

E ⊂
N⋃
i=1

Bδ(xi).

Given the points x1, · · · , xN ∈ E we can define a function f̂ : A → RN , by
f̂ = (f(x1), . . . , f(xN)).

Consider the set Â = {f̂ : f ∈ A} ⊂ RN . We can define a normed space
({f̂ : f ∈ A}, || · ||max), with the norm

||f̂ ||max = max{|f(x1)|, . . . , |f(xN)|} ≤ ||f ||∞,

for all f ∈ A. So, the boundedness of A implies the boundedness of Â. Since
A is a closed set the limit f of any convergent sequence {fn} ⊂ A belongs
to A. As a result of this we can easily see that any convergent sequence
{f̂n} = {(fn(x1), . . . , fn(xN)} ⊂ Â will also converge to some function f̂ ∈ Â.
Hence Â is a closed and bounded subset of RN and by Heine-Borel theorem
Â is compact (see e.g.[7]). That is, for any open cover {Bε/3(f̂) : f̂ ∈ Â} of

Â, there exists a finite number of functions f̂1, . . . , f̂M ∈ Â such that

Â ⊂
M⋃
i=1

Bε/3(f̂i).

We now show that A ⊂
⋃M
i=1Bε(fi). Let f ∈ A. Then there exists

1 ≤ j ≤ M such that ||f̂ − f̂j||max < ε/3. Let x ∈ E, then there exists
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1 ≤ k ≤ N such that d(x, xk) < δ and |f(x) − f(xk)| < ε/3 for any f ∈ A,
since A is equicontinuous. We get

|f(x)− fj(x)| ≤ |f(x)− f(xk)|+ |f(xk)− fj(xk)|+ |fj(xk)− fj(x)|
< ε/3 + ε/3 + ε/3 = ε,

for all x ∈ E and j = 1, 2, . . . ,M .
So, any f ∈ A is contained in some of the open balls {Bε(fi) : i =

1, . . . ,M}. Hence, A is compact.
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