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1 Introduction

Our main motivation is to develop multiscale mathematical modelling strate-
gies of gas transport processes through paperboard that can describe, on sev-
eral space scales, how internal structural features and local defects affect the
permeability of the material, perceived as a thin long permeable membrane.

To this end, we study the diffusion of particles through a thin heteroge-
nous membrane under a one–directional nonlinear drift. Using mean-field
equations derived from a Monte Carlo lattice dynamics for the problem at
hand (for details, see [2]), we study the possibility to upscale the system and
to compute the effective transport coefficients accounting for the presence
of the membrane, adding this way analytic results to our simulation study
[3]. For a special scaling regime, we perform a simultaneous homogenization
asymptotics and dimension reduction, allowing us not only to replace the het-
erogenous membrane by an homogeneous obstacle line, but also to provide
the effective transmission conditions needed to complete the upscaled model
equations. The heterogeneities we account for in this context are assumed
to be arranged periodically, but the same methodology can be adapted to
cover also the locally periodic case. As working techniques, we employ scal-
ing arguments as well as two-scale homogenization asymptotics expansions
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to guess the structure of the model equations and the corresponding effective
transport coefficients.

The research presented here goes on the line open by M. Neuss-Radu
and W. Jäger in [5] by adding to the discussion the presence of nonlinear
transport terms and is remotely related to our work on filtration combustion
through heterogeneous thin layers; compare [4].

2 Results

We apply simultaneously two conceptually different limiting processes – a pe-
riodic homogenization upscaling designed for a thin layered composite mate-
rial and the dimension reduction of this layer to a sharp interface. Depend-
ing strongly on the choice of the microstructure model, a typical result of
this procedure is a macroscopic model with nonlinear transmission boundary
conditions. Hinting to the results reported in [1], a typical outcome is the
following reduced upscaled model:

Find the triplet (U l, um
0 , Ur) satisfying the following set of mass-balance

equations:

∂U i

∂T
−∇ ·Di[∇U i + G(U i)] = F i in Ωi (i ∈ {l, r}), (1)

where Ωi are two domains separated by a sharp interface (the flat support of
the collapsed thin layer the thin layer). ”Inside” the sharp interface, in the
lower dimensional domain it holds

∂um
0

∂T
−∇y2 ·Dm[∇y2u

m
0 + G(um

0 )] = Fm. (2)

Further, boundary and initial conditions complete the model equations, viz.

um
0 is periodic in y2, (3)

um
0 (z2, y2, T ) = U i(0, z2, T ), for i = l,r and um

0 (z2, y2, 0) = V m(X1, z2),
(4)

−Dl(∇U l + G(U l) · n =

 
Γl

Dm
11

∂um
0

∂z1

+ Dm
12

∂um
0

∂y2

+ Dm
11 g(um

0 ), (5)

−Dr(∇Ur + G(Ur)) · n =

 
Γr
−Dm

11

∂um
0

∂z1

−Dm
12

∂um
0

∂y2

−Dm
11 g(um

0 ), (6)
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U l(X,T ) = ul on Γv ∩ Γl and Ur(X,T ) = ur on Γv ∩ Γr, (7)

J i(X,T ) · n = 0 on Γh ∩ Ωi for i = l,r, (8)

U i(X, 0) = V i(X) in Ωi for i = l,r. (9)

The coupling between the equations (1) and (2) is done via the micro-
macro boundary conditions (4), (5), and (6). Note that the structure of the
nonlinearity in the transmission conditions (5) and (6) depends on both the
initial geometry of the thin later as well as of the balance laws incorporated
in the microscopic model.

Currently, we work on estimating the quality of such nonlinearly coupled
model from a multiple points of view: mathematical analysis, multiscale
approximation perspective as well as validity with respect to the physical
transport scenario supposed to be described.
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